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THERMAL MODELS OF ULTRARELATIVISTIC HEAVY ION COLLISIONS

Henrique Prado VON GERSDORFF

Brookhaven National Laboratory, Physics Department, Upton, N.Y., 11973

Single-particle pseudorapidity, rapidity and transverse momentum distributions of
secondaries produced in nucleus—-nucleus central collisions at 14.6 and 200 A GeV are
analysed using the isotropic fireball, Boltzmann and hydrodyramical models. Calcu-
lations using a transverse hydrodynamical model with a first order phase transition
in the equation of state from quark-gluon plasma to final state hadrons are compared
to experiinental transverse .;nomentum spectra.

I. Introduction

When heavy ions collide at energies above 1 A GeV (or GeV/nucleon) a large number
of particles are prodvced. The underlying mechanism behind this production is a two-step
process: first, a fireball of highly excited hadronic matter is generated. Subsequently, it
breaks up into the observed finel state hadrons. This break up may be gradual or extremely
fast depending on several initial factors such as the size of the fireball, its energy density,
how much nuclear transparency is present, the rates of the reaction kinetics within the dense
nuclear environment and so forth. If the kinetic energy of the incident nucleus is sufficiently
randomized and equipastitioned among the coustituent particles of the fireball, so that the
entropy of the system reaches a maximum, thermodynamic equilibrium is established and a
unique temperature parameter can be unambiguously attributed to the system as a whole.
Futhermore, if the mean free path of these constituent particles is small compared to the
nuclear radius one is justified in using relativistic hydrodynamics to characterize the systems
expansion and consequent cooling. Modeling the full dynamical evolution of the system, from
initial formation to final decoupling and fragmentation, is then tremendously simplified.

In this paper, we will explore, within the context of specific models, the consequences of
assuming that the above conditions are established in central heavy ion collisions’(chemical
equilibrium among pasticle species will also be assumed). We start, in section II, by
comparing pseudorapidity distributions obtained by the KLM collaboration? and E802
collaboration® to models that use thermalized distribution functions to calculate particle
spectra. Then, in section III, we employ relativistic hydrodynamics to compute transverse
momentum distributions and compare these to NA35 data? in search for evidence of collec-
tive flow behavior. Finally, in section IV, we briefly list and summarize the main points of

this analysis.

This manuscript has been authored under contract number DE-AC02-76CH00016 with
the U S. Department of Energy.



II. Thermalized fireball models for dN/dy distributions
Single-particle pseudorapidity distributions are one of the main global observables of
high-energy collisions. Recall that the definition of pseudorapidity 7 is

1 P+ p:
=—ln( >=-ln tan (6/2 1
T s (ten (6/2)) (1)
where p; and 6 are the longitudinal momentum and angie with respect to the incident

projectile direction, respectively. It is thus a straightforward quantity to measure, but

clearly not a Lorentz invariant one. Rapidity y, on the other hand, is defined by

1 E +p, -
y=§l“(E-z,) = tenh™ (8)) (2)

where E is the total energy of the particle and ) its velocity along the beam axis. This
quantity is much harder to measure then pseudorapidity, but has the advantage of being
additive under Lorentz boosts (¢ = 1). For massless particles n = y. For massive particles
the difference between n and y is 7 —y ~ In (m¢/pr), where mp = ,/p% + m2. For pions on
average n — y =~ 0.07, since their average transverse momentum is (pr) ~ 350MeV/c. This
difference is therefore significant only for low pr pions. It is of course quite large for kaons

and protons. Caution must be exercised thus when we interchange these variables.
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Figure 1: The charged particle pseudorapidity distribution for O + AgDBr
central collisions at 14.6 A GeV averaged over 107 events. The solid line is the
best fit for the isotropic fireball model, Eq. (5) , with normalized chi-square
x? = 6.35 for the range 0.0 < 5 < 5.0. Only statistical errors are shown.

In Fig. 1 we show the KLM pseudorapidity distribution for 14.6 A GeV %0 projectiles
incident on 197Ag8%Br emulsions, which serve both as target and 4 solid angle detectors?
This distribution was obtained by averaging over 107 low impact parameter events, where all
the polar angles § of charged secondaries N, (shower particles) where measured using micro-
scopes. In Fig. 2 the pseudorapidity distribution at 200 A GeV averaged over the 31 highest

multiplicity events (N, > 208) is shown. It can be seen immediately that the distributions do



not exhibit a wide midrapidity plateau. The application of Bjorken’s scaling-hydrodynamic
model® to the 200 A GeV data is thus limited to particles within a one-unit rapidity win-
dow centered around midrapidity, where the 200 A GeV distribution is approximately flat.
Complete transparency of the colliding nuclei is thus not present at these energies and must

await the much higher center-of-mass energies of RHIC.
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Figure 2: The charged particle pseundorapidity distribution for O + AgBr
central collisions at 200 A GeV averaged over 31 of events with N, < 208,
The solid line is the best fit for the isotropic fireball model, Eq. (5) , with
normalized chi-square X? = 28.2 for the range 0.0 < 7 < 6.0. Only statistical
errors are shown.

Another extreme model we may consider is a single fireball formed at midrapidity which
subsequently explodes, spraying out particles isotropically in its own rest frame. In that

frame the angular distribution is

dN, N,
— T —— 3
dQp 4m (3)
which becomes, in terms of pseudorapidity,
dN, N, 1

dnp ~ 2 [cosh (nF))? )

In the laboratory frame (assuming massless particles)

dN, _]& 1
dn 2 [cosh (7 — yp)]2

(8)

where yp = tanh™! vy is the fireball rapidity and vp its velocity in the laboratory frame. A

good approximation to an isotropic distribution is a Gaussian with a width § ~ 0.88,

Ny N [_(n - yp)’}

dn = (2m62)'/? 262 (6)

This distribution has a constant energy-independent full width at half its maximum value

Anpwpnm = 1.75. A best chi-square fit to the functional form Eq. (5) is shown in Figs.



1 and 2. An isotropic fireball is thus roughly consistent with the 14.6 A ‘GeV data, but is
definitely ruled out for higher energies. Since the data show a marked monotonic increase
of Anpwpgm with energy we consider the roughly good fit at 14.6 A GeV to be only an
accident.

We have also fit these distributions to Gaussian functions

2
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and obtained much better fits with the width o equal to 1.02+0.03,1.33+0 02 and 1.5140.02
for 14.6, 60 and 200 A GeV, respectively. In Fig. 3 we show the fit for the 200 A GeV
high multiplicity sample of events. In Landau's hydrodynamical model? which assumes the
initial hadronic matter is stopped by shock waves traversing it (full stopping), a Gaussian
is obtained under suitable approximations. This model assuines the matter of the initial
firehall has an equation of state of the form P = cle, where P is the pressure, ¢ the energy
density, and ¢, is the (constant) speed of sound. For ¢Z = 1/3 (an ideal relativistic Stephan-
Boltzmann gas) one gets a% = In (Ye.m.), where y..m. is the Lorentz contraction factor in the
projectile-target center—of-mass frame, assuming 4 + 4 collisions (the effects of spectator
nucleons are completely ignored). One thus get o equal to 1.03, 1.31 and 1.53 for 14.6,
60 and 200 A GeV, respectively, which is in good agreement with our previous fits to data.
This model is thus, at least with respect to dN/dn, consistent with this data.
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Figure 3: The charged particle pseuclorapidity distribution for O + AgBr
central collisions at 200 A GeV averaged over 31 of events with N, < 208. The
solid line is the best fit for a Gaussian, Eq.(7), , with normalized chi-square
X% = 2.14 for the range 0.0 < n < 6.0. Only statistical errors are shown.

Before leaving the subject of rapidity distributions it is instructive to consider one more
thermal fireball model? the relativistic Boltzmann gas model® First, lets define a particle

four-flow vector

3
N(e) = [ ZE P f(a0p) ()




where f(z,p) is the particle phase-space distribution function and p* = (E, p) is the particle
four-momentum vector (we use the signature g¥ = diag(1, -1, -1, —1)). Notice that both
f(z,p) and the combination d’p/E are Lorentz scalar invariants. The time-component of
NH#(z) is the particle density, while the space-components represent the particle flow, both
measured with respect to the observer’s frame of reference. By contracting this four-vector

with the surface four-vector d3cr,, one can construct the Lorentz scalar
3 dp
AN(z) = & oy~ p* f(2,p) (9)
Ado

Here the time-like four-vector d*o, is an oriented three-surface element of a plane space-
like surface o. In the frame where it is purely time-like, expression Eq. (9) reduces to the -

familiar form for the number of particles in a small volume A3z located at x
AN (z) = // d*zd®p f(z,p) (10)
A3z

where A3z is a volume element orthogonal to the surface 0. We now introduce the Boltzmann

equilibrium distribution function (¢ =h =k = 1)
1 pn— ptu
i) = g exp (25 (1)
m

where j is the chemical potential, T the temperature and u, the ccllective fluid or gas

four-velocity. Notice that for this integral to converge |u| < m and u, should be time-like
(in our metric p* is time-like and its length positive, pp, = E? — p? = m?). One can now

integrate over the whole volume V and rewrite expression Eq. (10) in the following form

&N _ gV (wmyT |
= - 12
d?p @wﬁe (12)

where we have set p#u, = E (fluid rest frame) and introduced the degeneracy factor g. The

total number of particles N in the volume V is thus
N=2 e“/T/ e BT p = IV b/T 4rm?T Ky (mT) (13)
(27) 0 (2m)

where K,(z) is the modified Bessel function of the n’th kind which has the following possible

integral representation
| 2’1_‘] (n - 1)' 1 o 2 2 n-3/2 —r
Kn(Z) = w;/; dr (T - 2 ) TE (14)

and the asymptotic limits

Kn(z) ~

X g2 when z — oo
{ 2z (15)

2"~1(n-1)z7" when z — 0



so that the small mass or large temperature limit of Eq. (13) reduces to the familiar Stephan-
Boltzmann N ~ T3 law. Using this equation for N, one can now renormalize expression

Eq. (12), eliminating its dependence on e#/T,

d*N N
_ o EIT (16)
d’p  4mm?TKy(m/T)
By performing some simple kinematics, remembering that
E = mgpcoshy
p. = mrsinhy (17)

y =In((E + p:)/m7)

and that d’p = 2rprdprdp, = 2rm7?dFdy, we can now integrate expression vK. (16) with

respect to E and obtain

dN N 1 %
ey _ dE E? ¢ BIT
dy 2m2TK2(m/T) (COSh y)2 -/mcoshy
N
— 1 -1 -2 -z
ZKz(m/T)( a2 e

where @ = mcoshy/T.

In Fig. 4 we present a fit to data of Eq. (18) presented by the E802 collaboration?
for 28Si + 1%TAu at 14.6 A GeV central trigger events. Notice that these data are shifted
backwards with respect to nucleon-nucleon center-of-mass rapidity at 14.6 A GeV, y¥V =
1.75, whereas the KLM data tended to be approximately centered at ygnN. The center of
the fit yf; = 1.46 though does not correspond to that expected from a fireball formed by the
incident nucleus boring a cylinder with radius R = 1.14 A'/3 through the target nucleus at
zero impact parameter, which gives yZm™ = 1.25 (i.e. a fireball made of 28 + 78 nucleons).
On the other hand, the difference between the KLM 7, fit parameter and yﬁnN is probably
due to the difference between rapidity and pseudorapidity and to the asymmetry between
target and projectile; the former tends to make 7, > yg,,N, whereas the later tends to make
no < yYN. The KLM “trigger” that N > 15, together with the condition that there are no
fragments with Z > 2 and N, > 208, means that there is complete overlap of the oxygen
with the target nucleus, so that the effective target-projectile asymmetry in baryon number
is probably more like 2 or 3 to 1 (ignoring spectator nucleons), rather than 5 or 7 to 1.

It is interesting to note that in the m = 0 limit, the Boltzmann expression (18) reduces to
the isotropic fireball expression (4), which is to be expected since this procedure eliminates
all scales from the problem. Another interesting feature of the fits of Fig. 4 is that the
kaon curve has a smaller Anpw gy than the pion curve. This is a general feature of the
Boltzmann distribution (18), which tends to a delta function in the large mass and fixed
rapidity limit.

The fits to the Kt and K~ data are not very good and, moreover the temperature
parameter T = 160 MeV for kaons, but T = 125 MeV for pions. We thus conclude that
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Figure 4: Rapidity distribution for Si 4+ Au central collisions at 14.6 A
GeV averaged over the number of events? The solid lines are eye fits for &
Boltzmann fireball, Eq. (18). Only statistical errors are shown.
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this model too is ruled out by experiment. While the 7+ and =~ yields are nearly equal, as
this model predicts, the K* yield is approximately 5 times the K~. Several models have
attempted to explain this enhancement of strangeness and since it is not observed in pp
collisions this may be due to the high energy and/or baryon density achieved in nucleus-
nucleus collisions? Clearly, very interestir,g phenomena are occurring here that lie beyond
the ability of this naive model to explain.

Finally, before leaving the subject of dN/dy, a comparison with pp collisions at the same
cnergy should be mentioned (only meson dN/dy distributions are discussed here, but recently
baryon dN/dy distributions have also become experimentally available)!? This comparison
was performed for 32S 4 325 central collisions at 200 A GeV by the NA35 collaboration.
They obtain a dN/dy distribution for negatively~charged particles which peaks at about
yNN — 3.03 to a value of approximately 30 particles per unit rapidity. It is well approximated
by a Gaussian with width o = VInvyem = 1.53, as Landau would have liked. It is also
well approximated by rescaling the pp data at the same energy, so that the sulfur + sulfur
dN/dy =~ 37.5% dN/dy|pp. The fact that the proportionality factor is larger than 32 probably
is due to rescattering effects. The sulfur + sulfur Anpwpyam = 3.2 and is thus slightly
narrower than that for minimum bias 200 GeV pp collisions: Angiyvgp = 3.5. Perhaps, for
larger colliding nuclei (at the same c.m. energy), this tendency towards narrower widths,
approaching the isotropic fireball Anpwam = 1.75, will continue, contrary to Landau’s
prediction, in which case, the isotropic fireball model may turn out to be eventually useful.
At higher energies a flattening of dN/dy will probably occur at midrapidity, as observed in

»p collisions, and Bjorken’s model may turn out to be the appropriate asymptotic scenario.
1 J ppIop 1



I1. Flow, entropy and pr distributions

Clear evidence for the collective phenomenon of flow in heavy ion collisions has been
found'! for #Nb + 9Nb central collisions at 400 A MeV. It was also found that 4°Ca + 4°Ca
central collisions exhibit a much weaker flow effect at the same bombardment energy, so that
large nuclei, which endure longer as a cohesive whole before the final decoupling into the
observed secondaries, were crucial in the conclusive establishment of flow in these reactions.
One concludes that to get collective flow one needs a copious amount of rescatterings among
the constitnent particles of the fireball formed by the collision.

At higher energies pion production dominates the multiplicity and the previous analysis
of flow becomes untenable. Nevertheless, the highly excited fireball still has to expand
and cool off before it breaks up, since if it breaks up immediately after the collision its
temperature and therefore the average transverse momentum (pr) of the secondaries will
be too high to agree with experiment. Moreover, as emphasized by Pomeranchuk!? too
many heavy particles would be produced without a preliminary expansion. A collective flow
should therefore also develop at higher energies in the initial stages of the collision when
the constituents of the system are still interacting strongly. The search for evidence of this
expected behavior is the main motivation behind this paper and of a series of others!3

‘The observable we will calculate in this search for evidence of flow is the pr distribution
of the produced secondaries. The data is from the NA35 collaboration! and was taken over
the central rapidity range 2 < y < 3, where dN/dy is approximately constant as we assume
in our longitudinal boost invariant hydrodynamics!*

The calculation of pr distributions starts from Eq. (9) which can be recast in the form

d3N
EdTp = /f(“”P)P"ds"'u (19)

since most produced particles are mesons (90% pions, 10%kaons) the phase space distribution
should be the Bose-Einstein

1 1
(2m)® exp(Ptup—w)/T 1

f(z,p) = (20)

: 3

We now adopt a cylindrical geometry for our fireball which has as initial boundary
conditions Bjorken’s scaling solution in the longitudinal direction and a zero velocity profile
in the transverse direction. The azimuthal symmetry and the scaling solution in the z
direction thus reduce the hydrodynamics from 3 + 1 to 1 + 1. The system is now descrii.. |
by the Lorentz invariant independent variables 2 (longitudinal direction), T (proper time)
and 7 (radial coordinate). If we assume a flat rapidity plateau, scalar physical quantities
can depend only on 7 and r. One is therefore led, by imposing invariance under longitudinal
boosts, to the following expression for the fluid four-velocity

t T z
wh = 5,(r,r) = (1, Ze(r,1) 10, %) (21)



where we have explicitly factored out' the longitudinal ¢/7 and radial 4.(r,r) Lorentz fac-
tors from the four-velocity, so as to exhibit the transverse (v/t)v,(7,7) and longitudinal

components of the fluid velocity. If one now defines the transverse fluid rapidity as

0:%111(1“') (22)

the expression for the four-velocity, Eq. (21), can be written as

u# = cosh @ cosh a (1, tanh §/cosh , 0, tanh ) (23)

where cosh o is the longitudinal Lorentz factor. Noting that dp, = Edy and expanding f(p),
given by Eq. (20), in a power series and using  and r as integration variables over the

surface o, Eq. (19) can be written in terms of the Bessel functions I, and K,

d*N g > npr sinh | nmT cosh
i = 20 [, (TR (PR o

n=1.

o npr sinh 6 nmT cosh §
pTIl( Tec > KO( Tec dT]

where the integral is carried out over the surface o, defined as the isothermal curve with
temperature T(7,7) = Tge = constant. This decoupling temperature comes from the
following considerations. We assume that a hot and non-interacting pion gas is created
by the collision, surrounding the fireball, and that its subsequent expansion is governed by
hydrodynamics. Initially, the pressure (P ~ T%) will be very high and thus the expansion
very fast. At a later stage, after the gas has cooled, the expansion will be quite weak, until
eventually the mean free path of the pions becomes comparable to that of the system which
then decouples into the free streaming pions observed by the detectors. We assume, as a
first approximation, that this occurs at the constant temperature Ty,.

Before proceeding further it is instructive to look at the weak and strong flow limits of
Eq. (24). In the case of vanishing radial flow velocity (v, = 0) and mp > Ty, Eq. (24)

reduces to the Hagedorn thermal model!®
dN dN —mr
e~ g~ e () | 9

where A is a constant with respect to mp. The NA35 collaboration has fit? this expression
to the pion spectrum with mp > 0.8 GeV and to K,, p and A spectra, which were measured
only for mp > 0.8 GeV. For all these particles they get that the parameter Ty, = 200MeV .
The low pr pions though lie at parameters Ty, < 200 eV . One can therefore rule out the
presence o a strong transveise flow in the high pr data, but not the presence of a weak
transverse flow due to a mixed phase scenario, as we will see shortly. For a strong flow

(vy > 0) and for pp > Tyec, one can show, using the saddle point method!® that Eq. (24)

LA o~Omas )
—— =B exp | —— 26
o Pr P . (26)

reduces to




where B is a constant with respect to pr and 64, is the maximum fluid transverse rapidity.
Notice now that the temperature is modified effectively by the presence of flow, so that one
can define an effective T,fr = Ty, e = Tdec\/g% > T4 (blue Doppler shifted). Thus
a strong collective transverse flow affects the “slope” of the pr distributions, when these
are plotted on semi-log graphs. One cannot therefore naively interpret these slopes as the
temperature of the system. Notice also the different pre-exponential factors in the above
two cases, which causes a slight convex curvature for the thermal model and a slight concave
one for the strong flow case.

The equation of state we will use in these calculations is a Stephan-Boltzmann gas (non-
interacting due to “asymptotic freedom”), with a MIT bag constant (the negetive confining
pressure of the vacnum), and with the appropriate degrees of freedom for quarks and gluons
(9q¢ ~ 37, with half a degree of freedom for the strange quark, to take into account some
strangeness content), if the initial energy density exceeds the critical valie for quark-gluon
plasma formation. If the initial energy density is less then this critical value, the system is
in a mixed phdse, with a fraction of the matter in the plasma phase and the rest in the pion
phase, which is approximated to a Stephan-Boltzmann gas with g» = 3 degrees of freedom.

To estimate the initial energy density one uses the experimentally known total multiplic-
ity per unit rapidity dN/dy and entropy conservation, as emphasized by Landau. Particle
number and entropy are proportional to each other for a massless pion gas since they have

the same temperature dependence. Namely, entropy density is given by

47 3

and particle number density by

* dp 1 3¢(3) .
L =3 - 2
" /0 @) P T -1 a1 T (28)

so that s, = 3.6 x n,. Therefore, dS/dy|fing =~ 3.6 dN/dy and if entropy is conserved as in
Bjorken’s model dS/dy|initiat = TR?T080 = TRirssp = dS/dy|finat (where R is the nuclear
radius, 7o the initial formation proper time and s the initial entropy density, while 7; and

s¢ are the corresponding final quantities) one finds that

3.6 dN

. 36 dN¥ 29
0= TR27, dy (29)

3

Entropy conservation thus provides us with a window into the earlier stages of the collision.
The NA35 data for 325+ 328 collisions at 200 A GeV has a dN/dy ~ 30 at mid-rapidity (y

= 3.03) for negatively charged particles (90% pions), so that the total dN/dy ~ 90. Assuming
70 = 1.25 fm/c and R = 3.5 fm, one finds from Eq. (29) that sp = 6.7 fm~2 = gx(47?/90)T?
which gives T' >~ 334 MeV (gx = 3) and initial energy density eo = %soT ~ 1.6 GeV/fm? This
temperature is barely consistent with even a super-heated pion gas and fur values larger
than this the system cannot be considered an ideal gas since interactions cannot be neglected

when the density of the gas is comparable to that of one pion (extra hadronic resonances
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Figure 5: The pr distribution for a pion gas and the NA35 S + S preliminary
data for negatively charged particles at 200 A GeV.

resonances like p, w and 7 must be included, thereby increasing the number of deg:ees of
freedom and reducing the initial temperature of the gas).

Keeping in mind the above caveats, we plot in Fig. 5 the pr distribution calculated with
the above initinl conditions supplemented with a decoupling temperature Ty, = 140 MeV
and compare it to the preliminary NA35 32S 4 325 data. Notice the slight positive curvature
of the distribution in the range 0.5 GeV/c < pr < 2.0 GeV/c and the large difference
between the massive and massless cases. At high pr the pion mass is comparatively small
so that the two scales coincide. Integrating the curve for the massless case dN/dy = 91 and
the (pr) = 455 MeV/c, so that the pion gas assumption underestimates the contribution of
the low pr component of the distribution and overestimates the high pr component.

If, instead of a pure pion gas, a first order phase transition to a quark-gluon plasma
occurs at T. = 160 MeV, the critical entropy deusity for the pion and quark gluon phases
are: 3x(Te) = 0.704 fm~3 and s49(T:) = 8.6 fm~% The initial high density state formed
by the 328 4 328 collisions at 200 A GeV is thus a mixed phase of pions and quark-gluon
plasma. From the equation 6.7 = 0.704(1 — f) + 8.6f, we obtain the fraction of the matter
that is in the quark—gluon plasma phase, f = 76%. The initial energy density can now he
calculated: €9 = e;(1 — f) + €go f, where €, = 0:084 GeV/fm® and ¢gg = 1.03 GeV/fm? which
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Figure 6: The pr distribution for a mixed phase scenario.

results in ¢g = 0.8 GeV/fm? In Fig. 6 we show the pr distribution one finds assuming these
initial conditions and a decoupling temperature of Ty, = 120 MeV. For the massless case
(ms = 10 MeV to avoid divergences in the decoupling integral) d¥V/dy = 75 and (pr) = 330
MeV/c, whereas the experimental values are total dN/dy = 3 x 28 = 84 and (pr) = 350
MeV/c. When the pion mass is included a disegreement of almost an order of magnitude
with the data is found at low (pr), where the bulk of the multiplicity resides (in the NA35
data 76% of the charged particles observed have pr < 500 MeV/c). The enhancement of
the low pr component for the massless case is due to the singular behavior of the Bose-
Einstein distribution in the decoupling integral in the limit when pr and m, vanish. The
striking feature of this curve is its complete lack of curvature, except at very low pr values.
Compared to the pure pion gas, a much softer flow is now generated. This is due to the
mixed phase which causes the system to last longer (the velocity of sound vanishes), thus
making it more susceptible to the pr attenuating effects of the longitudinal expansion. A
suppression of strong transverse flow effects is thus obtained.

Before concluding we mention some of the shortcomings of the calculations presented
here: they assumne zero impact parameter and equal A colliding nuclei for all events (no
multiplicity or energy fluctuations are put into the individual event generated). In addition,

Bjorkeu’s longitudinal scaling solution is used throughout the systems expansion (note tha



Landau’s model also obtains the same scaling solution for short times, when the transverse
dimensions of the system can be neglected) and the phase transition is assumed to occur
smoothly. Finally, truly three-dimensional hydrodynamical calculations with a finite longi-
tudin.! extent, capable of incorporating phenomenologically the strong stopping observed
at these energies, and with more realistic equations of state, that include viscosity and
temperature dependent velocity of sound effects, should be carried out!3

In conclusion we emphasize the following points: (i) Rapidity and pseudorapidity distri-
butions are approximately Gaussian in shape for energies in the range 14.6 to 200 A GeV.
The widths increase monotonically with beam energy, but are essentially independent of the
multiplicity at a fixed beam energy. Quantitatively, the widths are consistent with Landau’s
hydrodynamical model and inconsistent with the aa isotropic fireball and Bjorken's Lydro-
dynamical scaling model. A Boltzmann model seems to be consistent with the pion rapidity
distribution at 14.6 A GeV, but is inconsistent with the kaon data. The distributions are
also not centered at the rapidity one would expect from a fireball formea by the projectile
boring a eylindrically excited region through the target. From this failure of the isotropic
model, one can conclude that an ellipsoidal momentum configuration is more appropriate
then a spherical one in describing events at these energies. (ii) A non-zero collective flow
velocity tends to give transverse momentum distributions a concave shape for effectively
massless particles. (iii) An ideal pion gas is ruled out by the data since it generates too
strong a transverse flow. (iv) The presence of a mixed phase in the equation of state tends
to soften the transverse flow, leading to lower values of the (pr) as compared to the ideal
pion gas case. On a semi-log plot these distributions have a linear behavior for a large
pr range and are thus nearly indistinguishable from the thermal model ones, which have
zero flow velocity!® (v) The non-zero slope cf the experimental pr distribution at small
pr values cannot be understand solely within the framework of relativistic hydrodynamics.
Some new physics is needed here (note that we have ignored entirely the role of nucleons
and of interactions among the constituent particles in these models). {(vi) No unambiguous
evidence for collective flow has emerged from our analysis. Perhaps this will only happen

when higl.er energies and heavier nuclei become available at CERN and RHIC.
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