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Abstract 

Self dual pseudoparticle sclutions for the classical Yang-Mills field equation 

with finite action have be e.n constructed in Minkowski space. It is shown that 

the topological structures apparent in Euclidean space are no longer present 

in Minkowski space. Topolcgical charges become fractional leading to the unquan-

tized axial cha r ge violaticn in the process invo lving 
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I. INTRODUCTION 

Recently the existance of the finite ac t ion pseudopartic l e solutions for 

the c lassical Yang-Mills theor y at tracted a lot of a ttention due to its rami -

ficat ions to the quark confinement and violation of parity and time reversal 

invariance as well as the poss i bility of the existance of Axion. (l) Furthe r more 

the pathology of the present formulation of quantum field theory man i f ested by 

the non-uniqueness of t he gauge conditions empl 0yecl «o far as pointed out by 

Gribov(Z) indicates the need for mor e fundamental understanding of the Yang­

Mills theories and its classical solutions . Much work( 3) ha s been done by many 

authors to find the classical solutions in the framework of many differ ent ga uge i 

gr~ups in Euclidean space simpl y because functional formulation of quantum 

field theory is based on the Euclidian func tional integrals . However it may be 

most interesting to find the solutions i n Minkowski space that r ender finite 

action, finite non-zero topological char ge . Severa l solut ions exist in the 

litera ture~ 4 ) However, all the Minkowski space solutions known so far lead t o 

the vanishing t opologica l charges . The purpose of this paper i s to present 

infinite number of Minkowski space solutions which are regular everywhere and 

give finite non-zero actions and topological cha rges. The me thod is in the 

ana l ytic continua tion of the finite Euclidean space pseudopartic l e s olutions 

prescribed by changing all the fourth componen t of f our vec t or s t o be imagina r y , 

i.e ., 
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(l) 

whe re b.,u is an arbitrary four vector in the solution. T:1e Mi<kowski space 

so lutions obtained this way are in th e most cases imag-!i.na:-y and singular. For 

examolc, the topological charge density for the pseudo:>ar : io:le solution due to 

Belavin ~ t al i s 

(2) 

i n .1inkm<ski space . which is singular at 

On ~.· lJf the objections for the complex solu tion is th.;tt, i'J genera l, isotopic 

spin and Hami I ton ian are complex . However, if the Min..-<ow-oki S?eCe solution is 

qelf Jual. i.e .. 

(3) 

e nergv momentum tensor i s identically zero, which is manicest from the fo rm of 

it v1ritten as, 

3 

(4) 

Thus the se.lf dual solution;; in either Min'<owski or :':uclid o>a n space mu s t be 

closely related t:> the prop:rtie> of Yang-·'ills vacuum, v'hi le the •1 ther finit ~ 

energy so:.utions in Minkcws'<i space corres?ond t o the parti cles in the the0n. 

II. FINI':E TO?OLJGICAL CHA3.GE SC•LUTIQt;s I~ HINKOWSKI SPACE 

Most of be self dual ;;o:.utions ir. Eu=lidean spgce wh en thPv ,;ere anal "· 

tically contin·.Jed to Minkow;;k:: SF ace be come singular, thus result in!< in the 

diverging actions and topol:>gical cha r ges . However, we find that following 

Minkowski SFace solution derive d from the following <f> lead s to th e regular 

so:..ution. ~ 4 ) 

(5) 

.l.\ 
! ,.<-•1' 
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where 

(6) 

The finite action gauge field analytically continued from Eq. (5) is(5) 

(7) 

where B = l ~~-tt-)Y\Jl ~- -tx.+)l) "tl-)n) 
O.L~ '1 A1 :;o c-o...:a 

')'}o.iJ'I) ' 11 0, (tq} "l(!! == (.~~ ; - 'l-i~ 

'tct>-n = l r-•t:\) ± ( Xo-bno:· 
and ~ln are arbitrary n~zero real_ numbe~s ~ N is.an arbitrary 

integer. 
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Notice that 

XJ :2.}.,,,:1. ( ~"" -l--hwrh~ ") 
l3J + l~~ t"t(~VV\)(~+iBM) 

~ -X~ [ 3~~4- +~~l ~)~ +"tt-~)t~~l-h+)lv\-~)~~J / 0 

~: ( ~"' :\ ~~ )l ~'M:l_ + -q:)\01\) 

(9) 

for every m. 

A1~lM) Therefore r is regular for arbitrary space time points in Minkowski 

space and integer N. 

· An interesting feature is that topological charge given by Eq. (6) in 

Euclidean space is 2N, i.e., we have to combine two pseudoparticles at the 

same space but separated by time only in order to produce the regularity of 

the solutions (7). (6) 

III. ACTION AND TOPOLOGICAL CHARGE FOR A MINKOWS~I SPACE SOLUTION 

The action integrals though finite are not known for arbitrary N. However, 

we present the result of the topological charge calculation for N = 2 in Eq. (7). 

For the self dual solution in Minkowski space the following relation holds as ·· 

in Euclidean Space. 

(10) 

where 

(11) 

For simplicity, if we put ~~ 
..lo. 

a, b1 = b
10 

= 0, the action density is given by 
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(12) 

where A=-J2l + lb0.2.X6- 8C\\l(4t~O.bX~+\80.g-I28£AxYo~ 

- 44S C\ "\>fXo:l- 384- C\ 6x~ + {4 o4 Xc4 

B=~ 0(\C\.:t):l..+ ¥ 2 Xo2 +J..O..:>.(Xia-a.JJ
4 

(13) 

In order to evaluate the action integral analyticaily we c•ange the variables 

such that 

(14) 

where ) t- = r-xo 
Then for N = 2, topological charge and action integral turL out to be finite 

[see Appendix for detailed calculations), 

Notice that for the corresponding Euclidean space solution 9 = 2. 

As was expected, the topological characters of Euclide-an spa:e solutions are 

no longer present and become fractional. However, the action imp[ied by these 

complex self dual solutions is fi3ite. 

Furthern.ore, the e>:istance of classica~ pseudopartic~e ·solution in SU(N) 

Yang-Mills field theory wit!: ferm-ion implies the violation of axial charge given 

by 

(16) 

Thus these complex solutions are .;imilar to the conplex pctential in the classical 

-qm.ntum me·:banics which absoo:'b el<!ctric charge. The fractional topological charge 

shc·uld not be a surprise since. th" mapping r.efined by gi is not from s3 to s3
, 

but to the :uemannian manifolc(7) "'here gi ;.,; the SU(2) grcup matrix that appears 

when we re...rite Eq. (5) in Minkow=ki space, i.e., 

(17) 

In conclJsion, we see that t~e solLtio~s (5) violate axial charge in real 

time, while t,ey are responsible Jor the tunneling of vacuum in imaginary time. 
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Notice that <:p contains many peculiar complex spa·:e time translations. 
However, this is not a fundamental feature becaus> one can obtain exactly 
same gauge fields starting.from 

expanding foun vpctor s~uared (x - bm - am) 2 in Euclidian space first 
and treat V""V:oQ,.-4) as a real number rather ;than the fourth component 
of a four vector when we analytically conti~ue it, while we treat bm as 
a four vector both in Euclidian and Minkowski space as Alfaro et al in 
Reference (4). 

Another form 

(7) 
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where 

~ = ~ ~~{ XoV<-~a~r-~ 4Z~~·)();)_ -t4£\"(xa,\)(f--{t~)J 
~ lX+by.,) The above solution is translation invarient, thus is 

also solution. 

In the case of Alfaro et al in Reference (4) this combination resulted 
in the vanishing topological charge density, thus zero topological charge 
automatically. This is due to the fact the meron charge density is 
confined at the singularities only. 
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APPENDIX. EVALUATION OF THE I~~EGRAL 

I. Procedure to follow. 

Step 1. After angle integration and contour integrati·>n of "U.+> variable 

defined in Eq. (14), let t:-: t<..-), 

Step 2. Use the expansion 

to obtain the integral of the forms 

and 

Ste~ 3. 

\ . (.a tbF-) . clt 
.) Cv t4+-~2+·)Y'' 

( dt 
.J ( Ht'-)11 l V t4+j-f2+~)~'._1 

For the integral of the form Eq. (A-a), use fo:lowing formula 

+ l b t> (. n i ) ( r; 1 .. l, 
o T, 2. -.2oB -y, -i~ -J 

(A-1) 

(A-2) 

(A-3) 

11 

/ 

wt:.ere use has been made of the well known for:r.ula, 

f X:!. t\lZ = .) .. C~3 +.IJX . C{ 4f..:'7) ( i\\t 
j (L\+':J\..2.te~Y' 2tf·~)\ ~c-b~)~P-i + (~-1)(44c-l~)) ~-P-i 

--~ 

- b -~ 
· ..l.q-\)(4-'\C-\?} \ ~P-1 

.s2.. = ca. +"b><:\c_x4. 
Step 4. F~r the integral of tr€ for~ Eq. (A-3), the change of variable 

leads 1:0 

whe:r.e 

S1:ep 5. Use 

13
·, nx;nyJ 
LX.:))=·-.-----

, fl~ty.) 
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