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Abstract: 
A treatment of nuclear masses and deformations is described which combines the 

Droplet Model with the folding model surface and Coulomb energy integrals. An ad­
ditional exponential term, inspired by the folding model, but treated here as an an 
independent contribution with two adjustable parameters, is included. With this 
term incorporated, the accuracy of the predicted masses and fission barriers was 
improved significantly, the ability of the Droplet Model to account for isotope 
shifts in charge radii was retained, and the tendency of the Droplet Model to over-
predict the surface-tension squeezing of light nuclei was rectified. 

1. Introduction 
1 ? For almost fifty years the Bethe-Weizsacker, ' ) or Liquid Drop Model (LDM), 

nuclear mass formula has been spectacularly successful in predicting the binding 
energy of atomic nuclei. Even in its simplest form the accuracy over the whole 
periodic table is within a percent or so (10 MeV out of 1000 MeV). The invention 
of the two-part approach for adding shell corrections ' ) and various other re-

5 g finements (see refs. )) have led to an order of magnitude improvement in the 
accuracy (predictions within 1 MeV). In addition, the LOM and its associated re­
finements have been applied to predictions of nuclear radii, fission barriers, and 
dynamical situations such as giant monopole and dipole resonances. 

The work described here was undertaken in order to combine the features of two 
different approaches to improving the LDM ' ). In ref. ) (and in earlier 
work cited there) a Droplet Model (DM) was developed that introduced the possi­
bility of nuclear compression (or dilatation) and the possibility of a neutron skin 
for nuclei with a substantial neutron excess. The introduction of these degrees of 

-1/3 ' freedom allowea the LDM expansion of the binding energy in terms A ' and I~ 
(where I = (N-Z)/A) to be carried to one higher order in a consistent way. The 
folding model approach of ref. ) had other virtues. The use of a finite range 
force for calculating the surface energy automatically generates various correc­
tions necessary for bringing the calculated fission barriers into better agreement 
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w i t h the measured values. In addi t ion we have recen t l y begun to invest igate the 

possible importance of exponential terms s im i l a r to those associated w i th the f o l d -
12 ing in teg ra ls ) . 

In the next sect ion we describe how the f o l d i ng model surface energy and an 

improved ca l cu la t i on o f the Coulomb energy can be incorporated in to the DM. Sec­

t i o n 3 presents the complete mass formula cons is t ing of DM terms and various other 

c o n t r i b u t i o n s , such as the odd-even mass d i f f e rence , the Wigner term and the b ind ­

ing of the atomic e lec t rons . A subsequent sect ion is devoted to comparisons be­

tween the ca lcu la ted and measured values of masses, deformations, f i s s i o n b a r r i e r s , 

r a d i i and isotope s h i f t s . 

2. F i n i t e Range Droplet Model 

In r e f . ) the general Droplet Model (DM) expression fo r the energy of a 

nucleus i s w r i t t e n as a func t ion of the neutron skin thickness and bulk densi ty 

degrees of freedom fo r a r b i t r a r y nuclear shapes. Then the spec i f i c form of the DM 

needed f o r p red ic t i ng masses, r a d i i , e tc . is obtained by ana ly t ic minimizat ion of 

the energy wi th respect to these new degrees at freedom. The F i n i t e Range Droplet 

Model (FROM) can be derived in exact ly the same way. Since the basic elements of 

the discussion are i den t i ca l to those in r e f . ) , we w i l l use the sane notat ion 

here and address only those points where the f i n i t e range approach brings in some­

th ing new. F a m i l i a r i t y w i th the e a r l i e r work w i l l be assumed. 

The volume terms are the usual DM ones, 

[-a : + jf + \ (Kl 2 - 2U«"2 + MT 4)^ . (1) 

The first important difference is that the DM surface energy term, a,A ' (1 + 2c)B 
13 in eq. (35) of ref. ) is replaced by an analogous term which can be derived on 

o / o 
the basis of the f o l d i ng model, a»A ' (F + 2 F

s ? e ) > w n e r e > 

< 3 
F s (x.shape) = — J - J / / (2-5) £ ^ - d ^ d ^ , (2) 

8ir X J J 

i d ( x 2 F s ) 
F s 2 ( x , shape) = ^ ^ r - • 

In t h i s expression the two volume in tegrat ions are over a uniform densi ty d i s t r i b u ­

t i on of volume •? irR, and x = R/a, E; = |r . - r . | / a , a = range. F i n a l l y , i t should be 

noted that eq. (2) i s simply the genera l izat ion of the expression, 

a I { r .a.AiShape), from eq. (2.3) of r e f . ) tha t is necessary when adapting 

the f o l d i n g approach to the DM where the nuclear volume is allowed to vary . 

The DM surface energy also depends on the neutron excess. From studying the 
13 de r i va t ion in r e f . ) we were able to determine that th is dependence could also 

be incorporated in to the f o l d i ng model by making the replacement, Q - (F /B )Q, 

where B is the usual r a t i o of the surface area to that of a sphere of eaual 
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volume. The quant i t y B also appears in the a u x i l i a r y expression, 3TB = 
— 1/3 — 

2(1 - «)A~ , tha t re la tes the bulk and global nuclear asymmetries (s and I ) to the 
average skin thickness T . 

2 1/3 — 
The Coulomb energy was calculated using the expression, c.Z A ' (F - eF ? ) , 

where the shape dependence is included and the diffuseness cor rec t ion is ca lcu lated 

exact ly by usi-ig the f o l d i ng in tegra l of r e f . ) , 

FJx.shape) = _ 1 | ^ Jj I [i - (i • fje^d^dl. 

2 d ( F c / x ) <3> 
F c 2 (x ,shape) = -x — ^ 

and x = R/a^pp. 5 = \r, - r 2 i / a

c i e n > a,jen = r a n 9 e ° f t n e densi ty f o l d i n g f u n c t i o n . 
In addi t ion to the revised s j r face and Coulomb energy expressions wi th t h e i r 

corresponding dependences on shape (through the fo ld ing i n teg ra l s ) and scale 
(through the terms l i nea r in e) we added a new term, 

- v A 1 / 3 --C A e ™ c , (4) 

wi th two new adjustable parameters C and y. 

This type of exponential term, non-analyt ic in the Droplet Model expansion 
-1 /3 parameter A ' , appears in fo ld ing- type expressions fo r the in te rac t i on energy. 

I t becomes important q u a n t i t a t i v e l y fo r nuclear conf igurat ions in which port ions of 

the surface approach each other to w i th in the range of the f o l d i ng f u n c t i o n . A 

well-known example is the proximi ty po tent ia l represent ing the i n te rac t i on energy 

of two nuclei about to come in to contact . For a s ing le nucleus th i s type of term 

becomes important when the nucleus is small enough so that one side of the nucleus 

can fee l the e f fec t of the surface on the other side ( i . e . the absence of nuclear 

matter beyond a ce r ta in d is tance) . The usual Yukawa or Yukawa-exponential f o l d i n g 

in tegra ls have in them th i s type of term, but we found that adding an independent 

con t r i bu t i on of the type of eq. (4) had s t r i k i n g advantages. 

Once the DM has been reformulated along the l ines described above, the next 

step is to minimize the energy wi th respect to va r ia t ions in e and s j us t as was 

done in r e f . ) . When the new expressions given above are used the f i n a l form 

of the FROM part o f the ma=>s formula is given by, 

[-a x + J&2 + | (Kl 2 - ZHS2 + Mfi 4)^ 

+ ( a 2 + | ( J 2 / Q ) « 2 { B S / F S ) 2 ) A 2 / 3 F S .. (5) 

+ ^ X + \ + C 1 Z 2 A " 1 / 3 F C " c 2 Z 2 A 1 / 3 B r - c / ( B w B s / F c ) , 

where 

«" = [ I - i f ( c 1 / Q ) 2 A _ 2 / 3 ( B v B s / F s ) ] / [ l + | ( J / Q ) A - 1 / 3 ( B J / F S ) ] (6) 
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e = [-2a 2A" •1/3-
s2 + C e V

/ 3 -2 cxlh-^c2V, (7) 

3. The Complete Mass Formula 
In addi t ion to the FROM of eqs. (5-7) the expression fo r the atomic mass 

defect includes the terms, 

MUZ + MM 
n M 

a e * z 
2.39 (8) 

where MM and M are the mass defects of the hydrogen atom and of the neutron, 

r espec t i ve l y . The las t term represents the binding energy of the atomic e lec t rons . 

Also included are the terms, 

A" 1 

'+ UA- 1 ' 2 - \ .A"1] Z and N odd 
A" 1 , f o r Z = N odd 

- UA" 1 ' 2 

- \ .A"1] 
+ < 

- UA" 1 ' 2 

Z or N odd 
0 , otherwise 

- UA" 1 ' 2 
- \ . A " 1 ] - UA" 1 ' 2 
- \ . A " 1 ] Z and N even 

which are a "Wigner term" and a conventional even-odd cor rect ion ), 

Three other terms that are included are, 

- c 4 Z 4 / V 1 / 3 - ca(N - Z) + f0 (10) 

The f i r s t of these is an exchange cor rect ion to the Coulomb energy, the second is 

re la ted to a small charge asymmetry of the nuclear f o r ce , and the las t is a small 

co r rec t ion to the Coulomb energy from the proton form fac to r ) . 

F i n a l l y , we have also included the s h e l l , pa i r ing and zero point energies from 

r e f . n ) , 

she l l pa i r i ng zero point * ' ' 

but w i th add i t iona l e f fec ts added in two reg ions. For radium and some nearby 

nucle i we added a cor rec t ion associated w i th the octupole degree of freedom 

o r i g i n a l l y proposed by Leander, ) and in the act in ide region we used an ana ly t ic 

approximation ( f i t t e d to two points from r e f . ) and to some l a te r studies we 

have made) f o r inc lud ing the e f fec t of an egPg term in the s ing le p a r t i c l e 

p o t e n t i a l . The greatest e f f ec t t h i s term has is -1 .4 MeV and the values we used 

were taken from the expression, 

AEn 
[Z - 100)' 

36 
(N - 150)' 

50 - 1.4 MeV 

when the value is negat ive. Whan the quant i ty on the r i g h t hand side is pos i t i ve 

aE i s set to zero. 

A p re l im inary set of values fo r the various coe f f i c i en ts that enter the f i n a l 

mass formula a re , 
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a = 16.2663 MeV 
a 2 = 23.0 MeV 
a Q =2.5 MeV 
J = 32.5 MeV 
Q = 29.4 MeV 
K = 240 MeV 
C = 230 MeV 

1.16 fm 

1 r2! 9

 +

 l ) 

7 (3/2TT) 

w ( c ? / 0 ) 

?/3, 

= 1.27 

L = M = 0 (12) 

MH = 7.289034 MeV 

a Q . = 1.433 x 1 0 - 5 MeV 

12 MeV 

c = 0.428 MeV 
a 

a = 0.68 fm 

e 2 = 1.4399764 MeV fm 

Mp = 8.071431 MeV 

W = 3 4 MeV 

6 = 20 MeV 

f o = ~S ( r p e / r o> ( Tf f> 
(0.99/V?) fm 

= 0.8 fin 
aden 

4. Results 
Of the preliminary parameters listed in eq. (12) only 9 were actually adjusted 

in the final fit to masses and fission barriers. These were the primary coeffi­
cients a,, a ?, a , J and Q; the two new coefficients C and y in the Dhenomen-
ological exponential term, and the Wigner and charge asymmetry coefficients W and 
e . The quantity r was not easy to vary because of the way the fittina pro-a o 
gram was originally organized, and comparisons of measured and calculated charge 
radii suggest that its value should probably be about 1% larger. The quantity ac­
tually minimized was S = oWN" 2JJ(im,.) + m (1 - <*)\n*Z S ) A h . ) , where the sums 
are over the N mass deviations Am. and the N. barrier deviations ah.. We m i b i 
used a weight of o = 0.8 but found that the fit was rather insensitive to this 
choice. 

The data set to which our fitting procedure was applied consisted of 1323 
masses (with N and Z = 8 or greater, and experimental errors less than 1 MeV) from 
the 1977 compilation of Wapstra and Bos ) supplemented by 165 additional masses 
from ref. ) The set of 28 fission barriers was the same as the one used earlier 
by Mb'ller and N i x 1 1 ) . 

The r.in.s. deviation that we obtained was 0.676 MeV for the masses and \ A3* 
Mev for the fission barriers. The upper part of fig. 1 comnares the -neasured and 
calculated deviations from the smooth part of the mass formula (the shell effect). 
The bottom part of fig. 1 displays the difference between the two, which is also 
the difference between calculated and treasured atomic masses . There is no syste-
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matic long-range structure (either along or across the valley of beta-stabi l i ty) as 
far as we can t e l l . The measured and calculated f ission barriers are compared in 
f i g . 2. 

- Cip*rim»nlal 

- CotculoUd * 

j " 1 ^ - . 

DiscrtpancT ( rmis0 . t76 l*»V) 

^̂ JL^LV Ĵ " 

' * l U X " • 

0 10 » M 4* 3* M T» M H IN 110 IN IN Ml IM iM 

111 B48.3S9? 

Experimental 

' i 

" - i 

1 ^J: 
L 

Calculated 
_; 

r J 

-1 
: Discrepancy (rmi = .135 UeV} ^ 

n f. — I — I — t-- . . I . . a . „ j _ 
Q 10 20 30 40 M 60 70 CO 90 100 110 120 130 140 150 ISO 

Neutron Number 
<3L SJ8-U9B 

Fig. 1 Comparison of measured and calculated Fig. 2 Comparison of measured and 
ground-state shell effects for 1488 calculated f ission-barr ier 
nuclides. heights for 28 nuclei. 

The key to the substantially improved results we have obtained here seems to be the 
empirical, exponential term of eq. (4). We had hoped that a l l f i n i t e range effects 
would be adequately represented by the folding model surface energy expression but 
this was not the case. Fig. 3 serves to i l lus t ra te this point. The quantity p lo t ­
ted here versus A~ is ( W o ) b l k , which is the fractional deviation of the 
central density of a nucleus from the nuclear matter value. For the idealized case 
of N = Z nuclei without Coulomb energy the FROM expression for this quantity i s , 

-1/3-^ ' " • A u H t = 6 (a 2 /K )A _ 1 ' ° F s 2 - 3(C/K)e' -rA 1/3 
(13) 

The sol id l ine in the figure is the old DM prediction obtained by keeping only the 
f i r s t term and setting F s ? = 1. Inclusion of the F - folding model term (using 
eq. (2)) produces a small reduction in ao/o that is negligible on the scale of 
this f igure. The dashed l ine i l lustrates the much more dramatic effect which is 
produced by including the second term in eq. (13). The behavior of this co^lete 
expression corresponds very closely to that found in earlier Thomas-Fermi calcu-

1 ? 
la t ions. (See f i g . 30 of ref . ' ) . ) I t also corresponds quite closely to the 
behavior we have noted recently in studies of Hartree-Fock calculat ions") . This 
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is all the more remarkable when we recall that the coefficients of this new pheno-
menological term were determined solely from a least squares fit to masses and fis­
sion barriers. No considerations regarding density distributions governed thei. 
determination. 

[ jy ' 
t 0.1 jS*'^ -_ f ^y^ 

Q. - N ^ 0.0 - ̂  ^ 0.0 
v-

. . i . i .. i . . i • 

• 

c.e 

0.5 

o.< 

C 0.3 

< 
\ 0.1 

or-
0.0 

Liquid drop model 
/ 

20 10 60 
Proton number 

F i g . 3 Frac t iona l dev ia t ion of the 
cen t ra l densi ty versus A - l / 3 
predicted by the model fo r 
hypothet ica l uncharged nucle i 
w i th N = Z. 

F ig . 4 The slope aRn (times A 2 / 3 ) of 
the equivalent sharp change radius 
versus neutron number is p lo t ted 
against the charge number Z of the 
iso top ic sequence being considered. 

Ea r l i e r DM f i t s to masses had suffered from a d i s tu rb ing tendency of some of 

the parameters (notably K and L) to take on unphysical values unless they were 

const ra ined. The f i t that resu l ted from f i x i n g the values of such q u a n t i t i e s 1 0 ) 

gave values of J and Q tha t resu l ted in poor mass pred ic t ions fo r nuclei fa r from 

s t a b i l i t y . Discussions of these discrepancies often centered around the asymptotic 

nature of the DM expansion, and t h i s is j u s t the point that is being addressed by 

eq. ( 4 ) . I t s inc lus ion (which must be regarded as empir ical at th is po in t ) resu l t s 

in substant ia l improvement in the p red ic t ions , e l iminat ion of the problem of un­

physical parameter values, and s i g n i f i c a n t improvement for nuclei fa r from 

s t a b i l i t y . 

We f i n d that the quant i t y L is approximately zero (and not wel l determined). 

This r e s u l t also character izes a number of Skryme forces whose nuclear asymmetry 

proper t ies have been studied in d e t a i l 1 8 ) , we also f i n d that the value of Q has 

increased subs tan t i a l l y over e a r l i e r determinat ions. The increase in Q and r e ­

l i c t i o n in I combine to leave near ly unchanged the predic t ions of the model fo r 

isotope s h i f t s in nuclear charge r a d i i . In f i g . 4 , from r e f . i 9 ) , the quant i t y 

p lo t ted against the charge number 2 is A ' times the slope governing the increasing 

s ize of the charge d i s t r i b u t i o n wi th increasing neutron number, «R . As can be 

seen in the f i g u r e , the L iquid Drop Model predicts that th is quan t i t y should be a 

constant, {«* 0/35, which is Jbout twice as large as the measured values for nuclei 
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throughout the per iodic t a b l e . The Droplet Model of r e f . ) is represented by 

the dashed l i ne in the f i g u r e , and the pred ic t ions of the FROM described here are 

given by the dot dashed l i n e . 

I t is i n te res t i ng to note that the fu r the r developments of the Droplet Model 

tha t are described here are br ing ing the values of the c o e f f i c i e n t s more in l i n e 

w i th those associated wi th the Skyrme force Hartree-Fock ca lcu la t ions discussed by 

F. Tondeur in these proceedings. 

5. Final Remarks 

The development of nuclear mass formulae since the t h i r t i e s has been charac­

te r i zed by a dramatic improvement in the treatment of she l l e f fec ts in the s i x t i es 

and by a more gradual improvement in the smooth part of the equations. Very 

roughly speaking, the standard Liquid Drop formula considered energy terms of order 
?/3 1/3 

A and A ' , the Droplet Model extended the expansion to order A ' , and r e f . 

) brought out a s i g n i f i c a n t improvement in the f i t s associated wich an A 0 

term (a cons tan t ) . In the past few years the fo ld ing model has also begun to focus 

a t ten t i on on the existence of an exponent ia l , non-analyt ic term in A ' , inacces­

s i b l e to a Dmplet Model type of expansion in th is parameter (see also 
20 

Grammaticos ) ) . The development described in the present paper, based on 
inc lud ing an adjustable exponential term of t h i s type, demonstrates the p rac t i ca l 

u t i l i t y of such a term and i t s r e l a t i o n to the problem of surface-tension squeezing 

of l i g h t n u c l e i . I t seems to us that the l i m i t of a useful Droplet Model type of 

power expansion in A ' is probably reached around A 0 , and that fu tu re e f f o r t s 

should concentrate on a bet ter understanding of the "exponen t ia l , " non-analyt ic 

term. This term focuses a t ten t ion on a s p e c - f i c feature of a l i g h t system, for 

which the range of the i n t e rac t i on begins to be comparable wi th i t s s i ze . This is 

the opposite extreme from the l i m i t under ly ing the standard (leptodermous) t r e a t ­

ment of sa tu ra t ing systems. Such non-analyt ic terms might be described as dealing 

w i th "desatura t ing" e f f e c t s , which begin to dominate for small (holodermous) sys­

tems. A general discussion of such terms and t he i r incorporat ion in mass formulae 

i s an outstanding problem fo r the f u t u r e . 

The authors wish to acknowledge s t imu la t ing discussions w i th J . R. Nix con­

cern ing a number of important features of t h i s work and the continued c r i t i c a l 

i n te res t of 0. M. Pearson and F. Tondeur in the Droplet Model and i t s l i m i t a t i o n s . 
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