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VARIED APPLICATIONS OF A NEW MAXIMUM-LIKELIHOOD CODE 
WITH COMPLETE COVARIANCE CAPABILITY 

F. Schmittroth 
Hanford Engineering Development Laboratory 

Rich1 and, Washington , USA 

ABSTRACT 

Applications of a new data-adjustment code are given. 
The method is based on a maximum-likelihood extension of gen- 
eralized least-squares methods that allow complete covari- 
ance descriptions for the input data and the final adjusted 
data evaluations. The maximum-likelihood approach is used 
with a general ized log-normal distribution that provides a 
way to treat problems with large uncertainties and that 
circumvents the problem of negative values that can occur 
for physically positive quantities. 

The computer code, FERRET, is written to enable the user 
to apply it to a large variety of problems by modifying only 
the input subroutine. The following applications are dis- 
cussed: A 75-group a priori damage function is adjusted by 
as much as a factor of two using 14 integral measurements in 
different reactor spectra. Reactor spectra and dosimeter 
cross sections are simultaneously adjusted based on both 
integral measurements and experimental proton-recoil spectra. 
The simultaneous use of measured reaction rates, measured 
worths, microscopic measurements, and theoretical models are 
used to evaluate dosimeter and fission-product -cross sections. 
Applications in the data reduction of neutron c m s s  section 
measurements and in the evaluation of reactor afeer heat are 
a1 so considered. 

INTRODUCTION 

In recent years, the methods of generaliled least-squares1-6 have 
been successfully applied to a variety of data-adjustment and unfolding 
problems; not only in the fields of reactnr physics m d  nuclear data, 
but in fields as diverse as aerospace and communicattons. In this study, 
we discuss a useful extension of these ideas and present several examples 
that illustrate the method. Brief consideration is also given to the 
computer-code implementation of the method. 



The term,'generalized least-squares, connotes two important exten- 
sions of the usual least-squares in. the 'present context: .the use of 
complete covariance matrices rather than diagonal matrices to describe 
both input and output information, and the use of a priori information 
to obtain solutions for what are otherwise underdetermined problems. 

METHOD 

' Review of Least-Squares 

A detailed description of the method will be given elsewhere. 
Here, we present important features.that distinguish it from earlier 
work and enough detail to discuss subsequent examples. 

The usual least-squares equations may be obtained by minimizing 1 

where gm is a vector of measured values, and where w is a vector-of 
least-squares parameters that are to be determined. The vector function 
g(w) may be 1 inearized as g(w) 2 g(w*) + vwg. (w-w*) if g is not already 
linear. The covariance matrix M describes the known uncertainties and 
correlations in the measured date g,: 

A priarb ' knowi edge of the parameters w can be incl uded by 
minimizing 

rather than S alone where 
9 

t -1 
So = (w0-W) MWO (wO-W) . 

The a priori values are denoted by the vector w . The uncertainties and 
correlations in the values w are also considergd as a priori knowledge 
and are described by the cov8riance matrix Mwo. With the definitions, 



the so.lution to the minimization problem is given by 6 

where 

a 

and where x denotes the "best" estimate of the parameters x = w-w*. The 
uncertainties and correlations in this estimate are described by the 
covariance matrix Mx which can be calculated from 

t 1 
Mx - Mxo = Mxo A D- A Idxo . (8) 

A s  is well known, the least-squares method is equivalent to a maximum-l 
likelihood approach that makes the assumption of normal distributions. 
It is also well known that the least-squares equations can be derived 
without the assumption of nor ality from the principle of a "minimum- T variance unbiased estimator". 

Description of A Priori Information 
'and its Inclusion in a Maximum-Likelihood Approach 

The description and use of a priori information plays an important 
role in the present method. As mentioned earlier, a priori' knowledge - 
includes covariance information, M w  , as well as a priori values, w . 

- A common reason for using a priori Bata is to provide a unique solufion 
' .  to the least-squa.res equations in a situation that would be mathemati- 

cal ly underdetermi~ed otherwise . However, mathematical 1 y overdetermiried 
problems do not negate the practical use of a priori knowledge. 

A particular type of a priori information led us to consider a 
maximum-likelihood approach in contrast to a least-squares approach. 
Many physical values, especial ly in reactor physics and nuclear data, 
are a priori positive. In fact, their physical character frequently 
dictates that they be described (e.g. plotted) logarithmically. For 
instance, one might be able to estimate a particular nuclear cross 
section to within a factor of 2. The a priori value might be 10, for 
example, with upper and lower bounds of 2x10=20 and 10/2=5, respec- 
tively. The factor of 2 uncertainty might itself be quite uncertain; 
and yet, one might be very certain that the value sought was not a 
factor of 100 smaller. The least-squares equations do not allow the 
accurate description of this type of a priori knowledge. The problem 
is evident in Eq. (4) if one considers a diagonal covariance matrix 
M The value So is a sum of squared residuals and gives a measure of 
tv8'deviation of w from the a priori values w Clearly, So is a 
symmetric function of w about the values w a8i does not adequately 
represent the asymmetric limits discussed 8bove. In fact, for large 
uncertainties as described by Mw , the value of S may not even strongly 
dictate against negative values ?or w, even thousR it may be a priori 
known with complete assurance that w cannot be negative. 



An obvious solution is to replace S by a term that explicitly 
accounts for a logarithmic description o? the a priori information. 
Very simple treatments have been considered previously. Specifically, 
we replace So by 

where 

so that the minimization of S in Eq. (4) requires that ln(w) be close 
to 1n(w ) in lieu of the requirement that w be close to w . Negative 
values ?or w are completely ruled out.. The covariance matrix MZo in 
Eq. (9) is related to Mwo by 

Analytic solutions that correspond to Eqs. (6), ( 7 ) ,  and (8) are 
no longer possible. However, Eq. (6) can be used in an iterative 
fashion to find the desired minimum of . .  

. . 
1: In line with a logarithmic picture, it is desirable to express, 

. . .  uncertainties. (covariances) .in fractional form as alluded to. in. 
Eq. ( 1 1 )  At..the same time, we .take a step toward a:.more.practical . . . . 

description of the needed covariance matrices. One can show that Mwo 
can be rewritten as 

where c is a fractional normalization uncertainty (c=l implies a 100% 
uncertainty completely correlated for a1 1 values {wi1). The values 
{ri }denote any additional point by point fractional uncertainty, and 
p.. is a matrix that describes any further correlations, From Eqs. (11) 
aAd (I 2) , we now find 

Even for relatively large uncertainties, one can usually use 

M,, 5 c2 + rpr . 
In any .event, M can be completely specified in terms of fractional as 
opposed to absof 8te uncertainties. : . . 



A completely rigorous replacement for Eq. (8) is not available. 
A solution that one can show works well in many cases is given by 
Eq. (8) with Mx replaced by M and with A appropriately redefined 
to reflect the !?hange from abs6Yute to relative values. For small 
uncertainties, the method is equivalent to the usual least-squares 
treatment. 

The FERRET Code 

?he formal ism sketched above was implemented in the FERRET' computer . 

code. Additional features include maximum use of partitioning to 
eliminate unneeded subspaces in covariance matrices and to allow se- 
quential use of independent data subsets. Also, indexing techniques 
were used that make maximum use of available core memory. A secondary 
advantage of the indexing method is a computational module that can 
handle vastly different types of problems' ,by simply modifying the input 
subroutine. Practical experience has demonstrated the a1 gori thms to 
be reasonably fast and efficient. The examples discussed below were 
all easily treated with less than 38K with running times on the,order 
of a minute or less on a CDC 6600 computer. . .  . .  . -  

Before proceeding to specific examples, we .want'to. discuss a 
further parameteri'zation used in'the description of the a'priori covar- , . . .  . -- - 
iance matrix. The computational module of the code does not impose any . 

restrictions on the a1 lowable covariance matrices. However ,.- in' . - .  . . . .  

practice we have relied on an intuitive parameterization of the covar- 
iance matrices for the measured and a priori data. Equations (12-14) 
a1 ready display one step toward this parameteri.zation.. . As discussed 
above, t he  covariance matric,es are separated into two compone.nts: an. .: 
overall fractional. normal ization uncertainty, c, and. a second term, 
r .r .p  . . , that describes any additional uncertainties and correlations. 
I A  $rh!tice, the correlation matrix p has been used primarily to 

'j ' describe short-range6correl ations, and we have further parameterized 
it by a form such as 

where e denotes the strength of short-range correlations and y denotes 
their range. For example, completely uncorrel ated, data or a priori 
values are described by 8.0 so that p..=Bij. The values {ril are the 
point-by-point fractional uncertaintiel. 

It i s  Irnportaril: Lo e~~~phasime the role of the correlation matrix 
P . ~  for the a priori covariance matrices. A priori knowledge consis'ts 
of more than prel iminary estimates wo of least-squares parameters. For 



highly underdetermined problems, . s t i f fness  or smoothness constraints  can 
be crucial  i n  obtaining f ina l  solutions with uncertainties small enough 
t o  be ,of practical value. Any unfolding code must apply some constraint. 
of t h i s  nature to' obtain useful' solutions fo r  t h i s  type of problem.(e.g., 
minimization of second derivative terms). Note tha t  p . .  does not nec- 
e s sa r i ly  d i c t a t e  smoothness, only a par t icular  degree d f  correlation 

. . . . among neighboring points. An advantage o f .  using covariance .matri.ces to  .... .. 

obtain unique solutions i s  t h a t  f ina l  uncertainties are. obtained tha t  
describe the  uniqueness of these solutions.  If  insuf f ic ien t  data or 
a pr ior i  information are supplied, the problem will be apparent from 
large f ina l  uncertainties.  The user must then seek additional physical 
information such as new data values or  stronger a pr ior i  correlations.  

75-Group Damage Function Analysis 

The f i r s t  example i s  a 75-group damage function unfolding problem 
chosen f o r  i t s  large uncertainties and adjustments. The damage Di  in 
a neutron flux m i  i s  assumed to  be given by 

where {o 3 are  the multigroup values of the damage function oD(E) being 
sought. D g ~ h i s  equation i s  1 inearized by the expansion 

The flux spectra 4 .  are assumed t o  have small uncertainties 'and a re . .  
adjusted simul tanedusly with the damage function oD(E). . .  . 

This example included 14 "measured" damage values corresponding to  
, '  14 separate .spectra and which were computed from a so-called "exact" 

'damage function. These 14 values were then used t o  adjust  an a pr ior i  
damage function which can then be compared w i t h  the "exact" solution. 
Figure 1 ,shows the resu l t s  fo r  the damage function oD(E) 

A principle feature t o  be noted i s  the outstanding agreement 
between the  adj~rsted function and .the exact funct.ion:. fo r  neutron ener- 
gies between about 30 keV and 1 MeV where the f a s t  spectra have a 
strong response. Thermal spectra were included among the 14 fluxes 
but Figure 1 centers on the higher energies. The agreement i s  pa r t i -  
cular ly good in l i g h t  of adjustments of nearly a'decade. In regions 
of lower sens i t iv i ty  as near the edges of Figure 1 ,  there i s  l i t t l e  
adjustment of the a pr ior i  values, a desirable feature.  

Very br ie f ly ,  a few of the covariance parameters used are  as 
follows. The 14 damage values were assumed t o  have an uncertaipty 
of 15% independent of each other.  The uncertainties on the multigroup 
fluxes were typical ly  10-15% fo r  the be t te r  known energy groups. No 



Damage Function Analysis 

Apriori values 
met v2du@3 

Energy, MeV 
Figure 1. ' 75-group damage "unction analysis .  Although the  analysis  extended t o  

thf:rmal energies ,  only the top 39 groups a re  shown f o r  c l a r i t y .  



normalization uncertainty was assumed, and neighboring groups were taken 
t o  be par t ia l  ly  correlated over about +2 groups (c=O,. r 5. lo-.  15, 8=0.5, 
u . 2 ) .  A pr ior i .  uwer t a in t i e s  for  the damage function wgre taken. to  be. . . , 

much la rger ,  1000% n.ormalization uncertainty and 300% group-by-group 
uncertainties (c=10, r =3) ; a1 though somewhat stronger 'short-range 
c o r r e l a t i ~ ~ s  were aisu8ed (8=0.4, Y=5).  One e f fec t  of the short-range 
correlations i s  readily discernible a t  the high-energy.end of Figure 1 
where the adjusted damage function departs in a gradual way from the 
exact value. 

A number of features of the f ina l  uncertainties (not i l l u s t r a t e d )  
should be mentioned. Typical uncertainties calcu1ated:for the individual 
groups of the f ina l  adjusted damage function are on the order of 300% 
in ttios.e regions of low sens i t iv i ty  t o  the integral damage values. This 
value simply r e f l ec t s  the original 300% a pr ior i  group-by-group uncer- 
ta in ty .  Of course, even a s ingle  integral damage value. would suff ice 
t o  eliminate the 1000% a pr ior i  normalization uncertainty. The energy 
ranges of high sens i t iv i ty  t o  integral values are  sharply de.1ineated by 
about an additional factor-of-3 reduction of the f ina l  group damage- 
function uncertainties to  about 100%, a value s t i l l  large in the face 
o f , t h e  s t r ik ing  agreement shown in Figure 1.  In par t ,  the good agree-.  
ment in Figure 1 i s  an a r t i f a c t o f  an a r t i f i c i a l  problem (e.g.  in 
real . i ty ,  exact damage values cannot be known) and i l l u s t r a t e s  the 
potential danger j n  using such comparisons a s . a  means f o r , t e s t i n g  the 
accuracy o f - t h e  f ina l  solution.. However, although the present algorithm 
gives re l iab le  uncertainties fo r  more constrained systems or .where the 
uncertainties are smaller, there are indications i t .overest imates  the 
f inal  uncertainties in loose systems such as the present exampl-e.. Even 
so, one .can show by. .d i rect . .ca lcuja t ion.  t h a t  a1 1 the correlat ions in the 
f ina l  -damage function induced by the integral values are  present t o -  the - . . . .  . 

follow.ing extent.  I f  one computes the uncertainty i n . a  par t icu lar  
damage value from the adjusted covariance matrix, uncertainties a s '  
small as the or.igina1 "measured" uncertaintjes are obtained.. - :  

.. . . . . . 

Fast-Neutron Spectrum Analysis 

A second example we consider i s  the unfolding o r  adjustment of 
fast-neutron spectra based on. dosimeter and proton recoil  measurements. 
This example i s  similar in form to  the p.revious example. I t  does show, 
however, how. many-channel data ( i n  t h i s  case proton-recoil data)  .can- .: 

be eas i ly  included in the few-channel problem. Dosimeter reaction 
ra tes  are related t o  multigroup fluxes and cross sections by 

where i specif ies  the various dosimeter f o i l s .  As an aside,  we note 
tha t  the present code can include multiple spectra (e.g. from di f ferent  
locations within a reactor)  a t  the same time as multiple f o i l s .  



This example i s  based on 12 actual dosimeter measurements in the 
Engineering Mockup Cri t ical  (EMC) as well as proton recoil  measurements. 
I t  was reported on ear l  ier9 b u t  w i t h o u t  the proton-recoil measurements 
which are included d i rec t ly  i n  the analysis here. The 12 dosimeters 
include resonance detectors,  threshold detectors ,  and broad range detec- 
tors .  Dosimeter cross sections are  based on ENDFIB-IV, The reported 
reaction r a t e  measurements were typical ly  3-6% uncertain. The calcula- 
t ion used t o  generate an a pr ior i  f lux was assumed t o  have a normaliza- 
t ion uncertainty of 100c=50% and additional group-by-group uncertainties 
of lOOr =30% w i t h  short-range correlat ions specified by 8=0,5 and y=5, 
Cross sgction uncertainties were evaluated and typical ly  were much 
smaller. The analysis was carried out i n  42 energy groups and proton- 
recoil  measurements were included f o r  the high-energy groups 4-22, 
Proton-recoil uncertainties were taken t o  be 5% with an  additional 10% 
overall normal ization uncertainty, 

Results fo r  the neutron flux are  shown in Figure 2, Rather than 
pursue a detailed discussion, we draw at tent ion t o  one par t icu lar  feature 
of t h i s  example. Prior to  inclusion of the proton recoil  r e s u l t s ,  the 
neutron flux along with the multigroup representations of the 12 cross 
section s e t s  were adjusted based solely on the dosimeter reaction ra tes ,  
As shown by the dotted l ine  in Figure 2 ,  there was a rather  noticeable 
upward adjustment of the neutron flux near 20 keV, Moreover, t h i s  
adjustment was not confirmed by comparisons w i t h  proton-recoil measure- 
ments. Therefore, the proton-recoil measurements were included in the 
same analysis to  provide a more d i r ec t  constraint on the adjusted f lux,  
As seen from the dashed l ine  in Figure 2 ,  the comparatively small 
uncertainties fo r  the proton-recoil measurements e f fec t ive ly  eliminate 
the previously noted upward flux adjustment, Instead the nuclear cross 
sections a re  adjusted, i n  par t icu lar  4 5 ~ c ( n , y )  which has a response in 
this energy region. Figure 3 shows tha t  the scandium cross section had 
been adjusted upward a l i t t l e  pr ior  t o  the inclusion of the proton- 
recoil  data.  B u t  w i t h  the proton-recoil data ,  the adjustment i s  greater ,  
more than 9% in sp i t e  of assigned uncertainties of only 6% f o r  the 
a pr ior i  cross section in t h i s  energy range. There is a strong impli- 
cation tha t  the scandium cross section should be reexamined. 

Mu1 tichannel Unfolding 

The FERRET code was used t o  reduce .data.on recent D-Li neutron 
yield s tudies .  The data reduction r equ i red the  subtraction of a back- 
ground measurement from a foreground measurement and accounted fo r  
detector response broadening, Also, although the'problem was not 
underdetermined as in the previous examples, important a pr ior i  infor- 
mation was included: a presumed smoothness was specified by the use 
of a pr ior i  short-range correlat ions,  and conservation of energy 
dictated tha t  the neutron yield was rigorously zero above a known 
energy. .The problem i s  summarized by Figure'4 which shows both the 
experimental r~eu.Lr.or~-yield measurements and the reduced data as a 
function of the neutron energy. The fluctuations seen in the measure- 
ments are  due t o  counting s t a t i s t i c s ,  Relative channel 30 corresponds 



ENERGY, eV 

Figure 2.  42-group analysis f0.r the -Engineering Mockup Cri tic21 HEDL 7806-13.4 
( E M C )  , neutron spectrum: -'a p.riori' value, 

without - - -  with proton rezoil resu l t s  , ---- 
proton recoi 1 resu l t s .  
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Figure 3. 42-group analysis for the Engineering .Mockup Critical 
(EMC), 45~c(n,y) cross sect icn :  - ENDF/B-IV, 
---  with proton recoil results, ---- 

. . 
without proton 

recoi 1 results. . . 
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to 50 MeV neutrons, and represents the highest energy for which neutrons 
are emitted. 

I 

A particular advantage of the present method is apparent in Figure 
5 which shows a sharp rise in the reduced-yield uncertainties above 
channel 25. As the foreground values become smaller at the higher 
energies (channels), one obtains the increased error associated with 
the background subtraction as the background becomes increasingly 
important. 

Cross Section Evaluation . . 

Figure 6 summarizes the results of an evaluation for the neutron- 
capture cross section for the fission-product 109~~. Space precludes 
a detailed discussion. An important feature of this example is the 

. simultaneous use of different types. of .integ?al measurements along with . ,  

direct microscopic data to obtain a final evaluation. . In addition to 
the microsco ic data shown, integral worth measurements from several 
STEK cores 2,70 and a reactio rate measurement from the Coupled Fast 
Reactor Measurement Faci 1 i tyP1 (CFRMF) were included. Another feature 
is the use of a pointwise representation for the cross section in 
contrast to the mu1 tigroup-1 i ke representations used in the earl ier 
examples. It is interesting to note that the integral measurements, in 
a sense, rule in favor of the Weston microscopic measurements. ,The 
different.microscopic measurements, had comparable uncertainties. A . . 

' final point concerns the character -of the uncertai.nties. ' By the.ir. 
. . .  nature, neutr0.n-capture measurements are. often subject ..to' overall nor-. . . , 

.malization errors. This important correlation must be included if a . , 

measurement with a relatively large-number of data points is not to be 
unduly weighted. The statistical weighting of the single degree-of- 
freedom associated with normalization generates less weight than a. set 
of statistically-independent values. 

The uncertainties are shown in Figure 6b. .For low energies, the 
reductions in the uncertainties for the adjusted values are due to 
integral measurements. At the highest energies, the uncertainty reduc- 
tion to 12% arises from the elimination of a 40% a priori normalization 
error assumed above 1 keV. 

SUMMARY 

The examples discussed illustrate the diversity of problems that 
can be treated by the present method. Their common link is the need to 
simultaneously consider integral and differential data in a common eval- 
uation. In common with a generalized least-squares approach, final 
uncertainties and covariances are generated that describe the accuracy 
of the final results. Particular attention was devoted to the problem 
of large a priori uncertainties for physical quantities known to be 
positive. 
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