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ABSTRACT

Relation between the equations of motion for the massless fields in the het-
crolic string theory, and the conformal invariance of the & mode! describing the
propagation of the heterotic string In arbitrary background massless fields is dis-
cussed. It is emphasized that this & model contains complete informalion about
the string theory. Finally we discuss the extension of the Hull-Wilten proof of
local gavge and Lorentz invariance of the o-model to higher order in o', and
the modification of the transformation laws of the antisymmetric tensor field un-
der these symmetries. Presence of anomaly in the naive N = i!" supersymmetry

transformation is also pointed out in this context.
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I shall begin my talk by discussing tha relation between the fixed point equa-

tions of the ¢ model and the equations of motion for the various massless fields

-3 g shall work in the light cone gauge and

in the heterotic string theory.
consider a background where the graviton feld g,,(z), the antisymmetric tensor
field By;(z), and the gange field AM(z) acquire vacuum expectation value (vev)
only in the eight transverse diwrections and are independent of the longitudinail
coordinates z¥ and 2%, The dilaton feld & is taken to be independent of all
space-time coordinates, in which case it may be absorbed in various fields and

)

and never appear explicitly in our analysis.” The action
}) 1)-31.6)

coupling constants 4

for the first quantized heterotic strings in such a background is given by,
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where @' is the string tensian, X" are the eight basonirc fields, A* are the eight [eft-
handed Majorana-Woeyl spinors and ¢* are the 32 right-handed Majorana-Weyl
spinors respectively. We are working in the Neveu-Schwarz-Ramond representa-
tion, so that the A%s transform in the vector representation of 5O(8), whereas the

¥*s transform in the 32 representation of SO(32) or (16,1} +(1,16) representation
of the SO(18) ® SO(16) subgrovp of Es @ E;. Also here,

1
Sk = E(a:‘Bjk + 8, By; + & By;). (2)

1
I‘s'jk = E(ajg‘lk + atgu - :gjk)- (3)

and F.ﬂ" is the field strength associated with the vector potential A} The action

« These constraints on the background Gelds are needed to ensure that the 0 and 9 directions
remain fat as a solution of the classical equations of motion, thus allowing us 1o choose the
light-cone gauge.
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(1) hazan N==1 supersymmetry:}

X1 =ity 6N = (3, - 3} Xe.
59 =(~eATAM) (TM) (4)

For a consistent formulation of the string theory in a given background, we
require the sigma model deseribed in Eq.(1) to be conformally invariant. This
requires all the A-functions of the theory to vanish. Since there are three in-
dependent sets of dimension two operatars in the theary, namely, 3, X'3° X/,
€773, X135 X7, and $*{TM)ug®y'd, X", that are not related to each other by
supersymmetry transformation, we get three different sets of consistency condi-
tions on the background fields, A fourth consistency condition comes from the
requirement that the central charge of the Virasoro algebra in this conformally
invariant field theory should be the same as in the corresponding free field theory.
We have carried out a complate one loop calculstion and part of the two loop

calculation in this model. The consistency conditions turn out to be,

o
Ril + sl'imstkm + T(Fkhl_fpthfl - R‘_m“’R:'lﬂP) +-a=0 [5)

: ! A—-uw
D‘(S,-,-,,—;—%[(A#‘F,’;‘+A?‘F,&'+A£’ﬂ%’) - (F__‘ R)]) +...=0 (6)

DEFE'-{ - IM'NPANka!: - S:J'Fil\f =0 {7)

R+35%=0 (8)

where w is the spin connection and fMN? are the structure constants of the
group. Here ...denotes terms from two loop contribution of order A* and w3,

1 The translormation Jaw of ¥ given here was not needed in Rtef. 1 to prove sypersymmetry
of the action (1), since we used the equntions of motian of v in our proof. I we da nat use
the equations of motion of the ¢ fields we need Lo use the explicit transformation laws of
given here.



as well as terms which vanish when we set the background antisymmetric tensor
field and the Ricci tensor to zero. Eq.{7) contains only the complete one loop
result, whereas Eq.(8) contains the complete two loop result. These equations
turn out to be identical to the equations of motion for the massless fields derived
from the Green-Schwarz, Gross-Witten modified Chapline-Mantan action n.

' o
Sr= [ VIR + L7 + TESFA — Rino R7Y 2 ()
where,
a’ o
Htjk = S:Jk + 303[A)l;£ - 303{9-’):1& “n)
Ry(A)e = 2 [AMFA _ B a0t 4% gpp M pr)] (1
Al gk = 2 E ]t 1k] 3 Ay AL ( J‘

and a(w) is obtained by replacing A} by the spin connection w in Eq.(11}. From
this we conjecture that there is an exact one to ane carrespandence hetween the
consistency conditions for the propagation of a stri1g in a given hackground,
and the classical equations of motion for the mas-' ss fields derived froe the fen
dimensional effective action. The higher loop corrections in the o model w.!
correspond to the higher dimensional operatars in the effertive arting for tiy

massless Relds.
I now want to emphasize the following points:

1) If we set the gauge connection to be equal to the spin connection. and =it
Bi; to zero, the action (1) reduces to that of an N = 1 supersymmietric non.
linear & model, plus the action for free fermions. Such models are known to have
vanishing 8- function if the background is Ricci flat and Kahler™' .

2) The exact one to one torrespendeiice between the clissivil eyuations »f

motion and the equations for the vanishing of the J-function 1rlls ns 1har vverny
solution of the classical equations of motion provide a consistent Lachuneeol fur

the lormulation of the string theory. This includes noL only the vavunn: ~oltior,
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but also various topological and non-topological excitations a:ound the vacuum,

e.g. a classical monopole solution.

3} Action (1) ia classically invariant under a gauge symmetry transformation,

AMX)TM - AM(X)TM™ =U(X)AM (X)) TMU - (X) + U(X)ig U~ (X),
ﬂ;—bljy' =U(X]1p, . (12)

where U(X) is any map from the manifold spanned by the coordinates X' to the
gauge group Ey ® Ej or 50(32). Thus naively one would expect the equations
for the vanishing of the 8-functions to be invariant under the above symmetry
transiormation. Eq.{6), however, is not invariant under such symmetry, due to
the presence of the gauge non-invariant terms of the form Af:.‘f Fﬁ"l'. This is due
to the fact that the symmetry (12} is anomalous due to the chiral nature of the
fermions ¢*. This is also responsible for the appearance of the Chern-Simons
term in the effective action (8), which is not explicitly gauge invariant. Similar

remarks hold also for the local Lorentz transformations.

4) Next 1 want to point out that the criterion that the fixed point equations
of the o-tnodel are derivable from an action is a very strong canstraint on the
o-model itself, and is probably true only for those o-models which represent the
propagation of strings in background fields. For example, in the ¢-model ap-
proach, the S:'f F“;‘ term in Eq.(7) appears from one loop fermion self-energy
graphs, whereas the D’(Aﬂ"F,Ti) term in Eq.(6) appears from a two loop graph,
one of whose interna: loap is a fermion loop with anomalous contribution. When
we derive these equations from the effective action (9), both these terms come
from the variation of the S;;f13(A)Y* term in (9). Thus the criterion for the
fixed point equations Lo be derivable from an effective action relates a non-
anomalous one-loop contribution to the f-function to an anomalous two loop
contribution. In particular, if we construct a new o-model by adding 32 left-
handed fermions which couple to the gauge ficld AM(X) in the same way as the
32 right-handed fermions ", the gauge symmetry (12} ceases to be anomalous,
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and the D'(Af:’f-ﬁ'l) term must disappear from Eq.(6). The 5? I’I:f term. com-
ing from the one-loc.p fermion selfenergy contribution, knows nothing about the
addition of the new fermions, and continues to be present in Eq.(7). Thus in
the new o-model constructed this way the fixed point equations are no longer

derivable from an action.

5) The action {9) contains cubic as weil as quartic and higher order Lerms
in the massless fields, occuring due to the interchange of heavy intermediate
states. This indicales that the calculation of the o-model f-functions Lo all
orders in the perturbation theory reproduces the full effective action {or the
massless fields, obtained by summing all the tree graphs with massless fields
as external lines and massive fields as intermal lines. (This is also equivalent
to constructing the elfective action by elimninating the massive ficlds by their
classical equations of motion). In string theory, knowinp, this cfiective action we
may caleculate the scattering amplitude involving arbitrary external massless and
massive states, by using the factorization properties of the amplitudes. Henee

the o-model described by the action (1} contains complete information abiout the

helerotic siring theory,” although we have not coupled the string 1o the mias~ive

fields explicitly.

Now [ want to show how the result that the fixed point rquations of the
g-model are identical to the classical equations of mation for the massless fiells
may be used to derive nou-irivial information about the string elfective action
We shal! show, for example, that the Lorentz Chern-Simons term in the effective
action must have as its argument the generalized spin connection which inclids -
torsion. ! Among other Lthings, this will imply that the consiutency comdition '
fFAF-[RAR =0mustbe replaced by [ FAF - f R~R - 0in he preserce

of torsion, where R is the generalized curvature. The simplest way to see why

+ This statement is not completely correct, since (1) does not contain the mest gener ] mass.
leas background Relds. This difficulty may be avoided by working in the conformal yauge
ar in Ref.2.

t This investigation waa inspired by a queation asked by A. Stroninger during the 1akk
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this should be so is to write the part of the action (1)} quadratic in ) as,
A0(P8s + 2 (wi® — S)0a XN = iX7([P6yy + p DB XF|A (13)

where ¢ and b are tangent space indices, w is the ordinary spin canncction,
and & is the generalized spin connection. [The only other term in the action
involving A is the four-fermion coupling, but we may ignore it completely in a
two loop calculation of the f-function]. During the calculation of the §-function
using the background feld method,g’ we may lreat @ as a new parameter,
independent of g;; and B;;. The connections @?* and AM then appear in the
o~model Jagrangian exactiy in the same way except for the fact that @ couples o
the left handed fermions A, whereas AM couples to the right handed fermions .
The presence of the Chern-Simons term involving A;” in the fixed point equations
then automatically implies the presence of a similar Chern-Simons term with &

as its argoment.”

This result leads us naturally to ask whether the torsion St-“b appearing in
the expression for ©f should be replaced by the covariant torsion H§® defined in
Eq.{10) when we calculate the higher order terms in the g-function. The answer
to this question is connected intimately as to how the local gauge and Lorentz
invariance is restored in higher orders in the world sheet perturbation theory.
Under local gauge and Lorentz transformation of the background fields, the one

[oop effective action involving the bosonic fields transforms as'® ,

§50—toor) = aiw f dr f do 2 (,0M Al — 80709 X" (14)

where #* and #*! are the gauge and Lorentz transformation parameters respec-

1)

tively. As was pointed out by Hull and Witten ' , the anomalous variation of

s ‘This can also be seen from the analysis of Ref, 11,

e et o liA VY iy 7t e A o e i =& — e



the effective action to one loop ordir may be cancelled by redefining the trans-

formation laws of H;; under local Lorentz and gauge transformations:
o' oag A ot o -.ab .
8By = (0¥ a5 - 0 3w)) {15)

This anomalous variation of By, however, induces an anomalous variatian of §,,,
and hence also an anomalous variation of @, which induces a further variation of
the action in order a2, A simple way to get rid of this problem is to replice 58
by HI'."' in the original o-model lagrangian, since H trapsforms covariantly under
local gauge and Lorentz transformation, The new transformation law of [, is
then given by Eq.{15) with @ replaced by w — H, and the covariant torsion f,,;

is now delermined from the equation,
l:t’
lI\‘j‘k = a{l'BJ'gi + E{ﬂ‘g{zl) - ﬂ;(u - H”‘]t !!G)

which can be solved iteratively for H.

In order to restore local gauge and Lorentz invariance in higher order in o',
we must also take care of the fact that the presence of the four fermion coupling
in (1) gives rise to new contribution o local Lorentz and gauge anomaly other
than those discussed in Ref. 11. This may be analyzed by introducing auxiliary

filds 52, B3, and replacing the four fermion cou ling term in (1) by,
_—l — T . -
- 4,‘.‘1;[5;&1'-'35{(1’7‘“9"!# +URZ XS, A 4 4590 pota) a7

where § and R are defined to transform covariantly under the local gauge and
Lorentz transformation. We may now construct an cffective action invelving
the fields X*, §% and R°® by inlcgrating out the ¢ and A ficlds. Since the
connections coupling to ¢ and A fields contain new terms proportional tu § anid

R respectively, the variation of this efcctive action under local gauge and Lorentz




transformation now contains new terms given by,
—51; f dr f do e°F(3,6M N 85° — i3,0° RY) (18)

besides those given in Eq. {14). This extra vatiation may be cancelled by adding
new terms to the lagrangian given by,

sl” f dr f do e*P3, X (AMFMSE - iwf RY) (19)

Adding (18) to (17} and eliminating the auxiliary Belds by their equations of
motion wa get the following extra terms in the actiorn besides the four fermion

cotpling:

' yp— ‘ a
-E;-;meagfa,x*x“p,.\"aﬂﬁ - wftag X PpaTM e + S8, X707 X A upt).
(20)
The addition of these new terms, as well as the replacement of § by H
in the o-model action destroya the naive N = %- supersymmetry of the action.
This symmetry, however, is anomalous,” since it involves field dependent phase

transformation of the chiral fermions:

828 =ed ;(ieM) N — (3, — 8,) Xe
¢ =(—eXAM)(TM) 0! (21)

It Is concelvable that the extra terms added to the lagrangian in order to
restore the ten dimensional local gauge and Lorentz invariance will also restore
the two dimensional N = } supersymmetry.

I wish to thank J. Attick, W. Bardeen, S. Das, A. Dhar, . Martinec,

R. Nepomechie, M. Rubin, B. Sathizpzlan, A. Strominger, T. Taylor, H. Tye,
Y. §. Wu., 5, Yankielowicz, and C. Zachos for useful discussions during various

stages of this work.

% This has been noted by Attick, Dhar and Ratra in a different context??
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