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Abstract

We review the thermoelectric properties of metallic
compounds which contain rare-earth atoms. They are the
group of metals with the largest value ever reported of
the Seebeck coefficient. An increase by 50% of the See-
beck would make these compounds useful for thermoelec-
tric devices. The largest Seebeck coefficient is found for
compounds of cerium (e.g., CePd3) and ytterbium (e.g.,
YbAls). Theoretical predictions are in agreement with
the maximum observed Seebeck. We discuss the theoret-
ical model which has been used to calculate the Seebeck
coeflicient. We are solving this model for other configu-
rations (4f)™ of rare-earth ground states.

Introduction

There is a need to find new materials suitable for ther-
moelectric applications[ 1-5]. Present materials are good
at room temperature and above. New materials at high
temperature are always useful for power generation de-
vices. There is also a need for new materials at low tem-
peratures for refrigeration. They would be used in cooling
for superconducting magnets and electronics. Generally,
a good thermoelectric material must have high values of
the electrical conductivity and Seebeck coefficient, while
having a small value of the thermal conductivity.

Most metals are unsuitable for thermoelectric appli-
cations because they have a small Seebeck coefficient|
6]. Metallic compounds containing rare-earth compounds
are an exception to this rule-of-thumb| 7]. The highest
values of the Seebeck coefficient are obtained in rare-
earth compounds of cerium or ytterbium| 5, 8] such as
YbAl; or CePd3 where |S| ~ 100V /K. Some of the ma-
terials with high value of the Seebeck and power factor
are shown in table 1. We also include bismuth telluride
for comparison.

Compound| T (K) S ref. P ref.} Py
BizTes 300| 240 1700 35

CeSna| 150{ 50 [9-11)| 25 [9,12]| 100
CePds|  140| 125 [13,14]] 170 [13,14]| 92
YbPd|  250| -104 [15]] 145 [15)| 75
YbAls| 300 -90 [16]] 45 [16]] 180

TABLE 1. Seebeck coefficient S in units of uV/K, resistiv-
ity p in units of zflcm, and Power factor (P; = 5%/p) in units
of uW/(K? cm).

These are the highest values of the Seebeck coefficient
ever reported for metals. Also note the large power fac-
tors compared to bismuth telluride. Unfortunately the
large value of the thermal conductivity prevents these
materials from having large values of the figure of merit
Z. CePds has a value of ZT =~ 0.4. Many other com-
pounds containing Ce or Yb have been found to have
values of the Seebeck coefficient which are lower[ 5, §]
than those in table 1.

The large value of the thermal conductivity in these
materials is due to thermal conduction by electrons. This
contribution is given accurately by the Wiedemann-Franz
law([ 17, 18] which relates the electronic part of the ther-
mal conductivity K, to the electrical conductivity o

712 kB ?
= —ogT | =
Ke 3 a ( e > (1)

The W-F law can be used to prove an inportant inequal-
ity for the figure of merit. Since everything in the denom-
inator of the formula for ZT is positive

oTS? oT5? '
T=% TR <K @)
S 2
So = % (’feﬁ) = 156uV/K (4)

where we used the W-F law in arriving at eqn. (3). Both
theory [ 19] and experiment [ 20] suggest that the W-F
law is valid in rare-earth compounds. However, experi-
mental data[ 21, 22] shows that the phonon part of the
thermal conductivity is relatively large at low tempera-
ture. Thus (2) is really an inequality, and the Seebeck
needs to be larger than Sy at low temperatures in order
that ZT > 1.

The large value of the Seebeck coefficient in Ce and Yb
compounds is caused by the Kondo resonance| 23]. This
resonance is a sharp feature in the density of states of the
conduction electrons at energies very near to the chem-
ical potential. This feature appears to be a delta func-
tion when plotted on a large energy scale. However, when
plotted on a fine energy scale, one finds that the Kondo
resonance has an energy width AE = kpTx, where kg is
Boltzmanns constant and Tk is the Kondo temperature.
The actual method of calculating the Kondo resonance,
and temperature, are described in the next section. When
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calculating the Seebeck coefficient, the Kondo resosnance
causes a broad peak in the Seebeck coefficient S(T') as a
function of temperature T'. This broad peak has its maxi-
mum at, or at least very close to, the Kondo temperature.

The Kondo resonance is due to spin fluctuations. Most
rare-earth ions in metals have a magnetic moment due
to the partially occupied f-shell. A conduction electron,
when scattering from the rare-earth ion, can flip its spin
while also flipping the moment of the f-electrons. This
process causes the resistivity p(T") to rise at low temper-
ature, which is called the Kondo effect. Later theoretical
work showed that this spin-flip scattering caused the en-
ergy resonance near to the chemical potential, which we
now call the Kondo resonance. The Kondo resonance, and
the high value of the Seebeck coefficient, are caused by
the conduction electrons interacting with the spin fluctu-
ations. Most theoretical calculations of this phenomena
start from a theoretical model proposed by Anderson|
39).

Numerous theoretical calculations have solved the An-
derson model to obtain the Seebeck coefficient for Ce or
Yb. They generally predict the value of 100 uV/K, in
agreement with the observed maximum| 24- 38]. These
values are obtained by four different methods: Gunnars-
son and Schénhammer| 24, 25], the non-crossing approxi-
mation] 26, 28-30] slave-boson techniques| 27], and renor-
malization group techniques| 33-36]. The non-crossing
approximation is described below.

An interesting question is whether other rare-earth
compounds, besides Ce or Yb, can have a Seebeck co-
efficient which is higher than 100 4V/K. In talking with

_ experimentalists in this field, most admit that they have

not tried very hard to find mixed valent materials com-
posed of other rare-earths, once the Ce and Yb com-
pounds became fashionable. However, compounds have
been made with other rare-earths, and none show a See-
beck as large as 100xV/K. This raises the interesting
question of whether any of them are capable of hav-
ing a larger Seebeck coefficient than this apparent max-
imum. Theoretical calculations of energy levels indicate

‘that mixed valent materials are possible with other rare

earths. So we have started a series of calculations to cal-
culate the Seebeck coefficient for the general configura-
tion (4f)™ where the occupancy integer spans the range
1<n<14.

We have used the non-crossing approximation to ex-
tend these calculations to all values n of the f-orbital
occupancy. We solve the single site Anderson model| 23]
for the case of a level with degeneracy N;. We find the
Kondo resonance for the case that the ground state has
L electrons in the f-orbital, where 0 < L < N;. The See-
beck coefficient is calculated as a function of temperature
for every value of L. We find that the Seebeck coefficient
is largest for L = 1 and declines in value as L increases.
This suggests that large Seebeck coefficients are not pos-
sible in mixed valent systems besides those of cerium or
ytterbium. Generally we find that the Kondo resonance
becomes smaller when L is increased.

A realistic calculation of the Seebeck for the configu-
ration (4f)™ requires that one include the various split-
tings of the f-levels due to spin-orbit and other interac-
tions.This has only been done for Ce [ 25, 26, 38] which
has L = 1. We are in the process of doing this calcula-
tion for L = 2 which corresponds to Pr. It is difficult to
guess the results which will be found when we split the
levels. The Seebeck coefficient is sensitive to a number of
features of the Kondo resonance, such as the width and
aymmetry. Any change in parameters changes both these
features, which compete against each other for determin-
ing the size of the Seebeck coefficient.

Single-Site Anderson Model

The most popular theoretical model for describing the
rare earth compounds was introduced by P.W. Anderson][
39, 23]

H=Hy+V (5)

Hy = ZskC}:uCku +ef an +U Zn“n,, (6)
kv u u>v

nu:f;zfu (M)
1

V=" VilfiCu +Cl 1 8
777 2 Vilf 1O + Ol £ (®)

where V is the hybridization interaction between the
band electrons (k) and the localized electrons f,. It de-
scribes processes whereby the conduction electrons hop
on and off the localized f-shell of the rare-earth. The on-
site Coulomb repulsion is U and ¢ is the eigenvalue for
a single f-electron. The eigenvalue and degeneracy factor
Zn, for the f-electrons are, in the absence of hybridization

E, =nes + MJ—)U 9)
_ [ Ny

Zn = < n ) (10)
34| aoff S| L J 20+1]  A-| A
Ce| 1| 12| 3] s/2 6 18] 32
Pr| 2 1 5 4 9 38| 19
Nd| 3] 3/2] 6| 9,2 10 52| 15
Pm| 4 2 6 4 9 55 16
sSm| 5| /2] 5| 52 6 54| 03
Eul 6 3 3 0 1 7.9
Bul| 7| 772 of 772 8 19| 86
ad] 7| 720 of 12 8 85] 37
To| 8 3 3 6 13 32| 22
Dy| 9| /2| 5] 15/2 16 49| 15
Ho| 10{ 2 6 8 17 58 14
Br| 11| 3/2| 6| 152 16 59| 18
Tm| 12 1 5 6 13 55 1.1
vb| 13| 12| 3| 72 8 74| 09

TABLE II. Ground state degeneracy (2J+1) for mostly 3+
rare earths ions according to Hund’s Rules. Values for A4 and
A_ from Herbst and Wilkins[40).
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The ground state degeneracy of a rare-earth ion are
given according to Hund’s rules. These are shown in table
2. The Anderson model ignores the splittings of the f-
orbital due to spin-orbit and other factors. It gives the
wrong degeneracy Z, instead of (2J + 1). In a future
paper we will include these realistic splittings of the f-
levels. The present calculation is intended to be a solution
of the Anderson model as given in eqns (5)-(8).

The eigenvalue expression (9) is parabolic in the level
occupancy n. Since €7 < 0 then the minimum energy is
_ found near to n ~ 1/2—€y/U. Define L as the value of n
which has the lowest value of E,,. We can increase L by
decreasing the value of ¢ towards larger negative values,
while keeping U fixed.

Mixed valence occurs when the number of f-electrons
can flucturate between n and n 4 1. This fluctuation is
the origin of the spin fluctuations. The hybridization in-
teraction causes mixing whenever |Ey, — Ey 14| is a small
energy. The standard nomenclature[ 40] is to define the
two excitation energies out of the ground state as

A_ =E[,_1—EL=—[€)€+(L—1)U] (11)
A+:EL+1—EL :€f+LU (12)
U=Ay +A_ (13)

Values of A1 have been calculated for the rare-earth met-
als in ref. { 40] and are shown in table 2. Generally they
find one value which is small (A ~ 1.0eV) while the other
is larger so that U ~ 6 — 8 eV. We assume that similar
values apply to the rare-earths when they are in metallic
.compounds. -

- We are doing a series of numerical calculations where
we keep fixed the important values of Ay = Ep 41 — By,
while varying €5 = —0.5 — U(L — 1) to change L. We
choose A_ = 0.5eV.

First we discuss the properties of the Hamiltonian Hy
without the hybridization V. This interaction is included
in the following section. The Green's function for the f-
states in the absense of the hybridization term is

L
Gr(iwm) = — Z/ dre*m" < T,.f#(T)f; > (14)
o Jo

This can be written exactly for the nonintracting states.
We employ the notation Ny = 14 to denote the number
of states for a single f-electron. The degeneracy of the
having n-electrons in the f-state is Z,, as defined above.

Nf*n
+En_En+1

Ny
Osliom) = 5 3 Zac™Pn {1
n=0 m
V13
Yo T BB (15)
Af(w) = —29[Gf(w)] (16)

Ny
2 _
Ap(w) =% > " Zne™PE{(Nf —1)6(w + Ep — Eny1)
n=0

+ né(w + Eny — En)} (17)
Ny

Z=) Zne FEn (18)
0

The spectral function Af(w) is obtained by the analytic
continuation iw, — w + i and then taking twice the
imaginary part.

Let Ef, be the lowest eigenvalue (n = L) and assume
that L is neither 0 nor Ny. The most important terms in
the summation is when n = L — 1, L, L 4+ 1 which gives
the approximation

7 = ZLZe—ﬁEL (19)
L Nf—-L
_ = pa.  Nf— L A,
SRR o gy /L e B 0
2
A7) = L8 + A )(1+e7P5) @
+ (Ny = L)é(w — Ay)(1 + e7PA¥)
- L(L-1)
Ba- T 7T -
e N, 1o Lé(w +EL2—Ep_1)
~L)(N;—L-1
4o Phe (Ny )If +f1 )6(w + Ery1— Epyo)]

The spectra has four peaks. T'wo are below the chemical
potential and two above. We follow custom and ignore
the last two terms in Af(w) and include only the peaks
at w = —A_, A. For the case that L = 1 then the third
term is missing since there is no state L — 2. For the case
that L = Ny — 1 the L + 2 term is missing.

Self-Energy of Electrons

The hybridization interaction V in eqn(8) describes the
processes whereby a conduction electron can hop on or
off the f-shell of the local atom. This process leads to
several important new effects. The first is a new energy
parameter defined as

[(E) = ]—’\} > VRS(E - ex) (22)
k

This function is assumed to be a constant, independent of
energy. Its value for the rare-earths is about 0.1 eV. The
second effect is that the resonance lines at w = —A_, A,
become broadened by an amount proportional to I'. The
third new effect is that a new resonance peak appears in
Af(w) near to zero energy. This is the Kondo resonance,
and it is the important feature for the calculation of the
Seebeck coefficient.

In the prior section we showed that there were energy
levels associated with having n-electrons in the f-state.
Introduce a Green’s function for this state

1

T N )

(23)

The hybridization interaction causes the self-energy
Zn(w). We calculate this function using the method of




ref.[ 26]. First consider the result for the self-energy in
the second-order of perturbation theory

Sa(@) =S, @)+ (V; - n)SU @) (24)
© () L Véne 5
Sn-l-l(w)— N;w'—(En-{—l—ek)"‘iT] ( 5)

‘ 1 V2(1 - ny)
SOy = L k
n-1(%) N;w—(En_l +ex) +in

(26)

There are two terms. The first term (f1Cy) in V adds an
electron to the f-level, which changes n to n + 1, while
destroying a band electron in the state k. This process
is proportional to the occupation number ny, of the band
electrons. The second term (C); f) in V takes an electron
out of the f level, which changes n to n~ 1, while adding
an electron to the band. This process is proportional to
the probability (1—ny) that the band state is unoccupied.

Arguments of S are Green’s functions G, with-
out the self-energies. The "Non-Crossing Approximation
"(NCA)[ 26, 38] is to evaluate these Green's functions
while including these self-energies. Put the self-energies
in the denominators

Za(@) = nS oy (@) + (Nf = n)Snpiw)  (27)

Sn+1(w) = _]]'V Z sznan-;—l(w + Ek) (28)
k

5 L (w) = % S VR = n)Gaot(w—er)  (29)
k

The above equations are a self-consistent definition for
the self-energies. They are solved by iteration on the com-
puter. We find that self-consistency is obtained only after
many iterations.

We assume a Lorentzian density of states

2D

g(e) = 2107 (30)

and place the chemical potential at ¢ = 0. The param-
eter D is an effective band width and the hybridization
width is T = mg(0)V(0)2 = 27V(0)%/D. In S (w) we
can change variables € — —¢ which now makes S, = ,,.
Thus we actually only evaluate the integrals of the form

r de
Sp{w) = ;/FZE/—D)_Z—RF(E)GH(M +€) (31)

f-electron Green’s Function

The final step is to calculate the spectral function of
the f-electron in the NCA. We must also include in the
thermal averages the feature that the interactions give a
spread in energy. Our result is

Ny
1 dE _
Af(w) = 5 Y Zn e PE A (B) {nAn_1(E - w)
n=0

+ (Nf —n)An1(E +w)} (32)
Ny

2=3 7. [ 2P anB) (33)
n=0

A detailed derivation of these equations is given in refs.
[ 26, 41]. These equations are similar in spirit to those of
ref.[ 26]. They took the limit that U — oo which elimi-
nated all states with n > 1. They only had the two states
of n = 0,1 in their system and L = 1. Here we include
all of the states with different values of n. We fix the
value U=6 eV. We choose €7 = —0.5—U(L —1) (in units
of electron Volts) to have a variety of values so that we
have different occupancies L in the f-state, while keep-
ing fixed the values of AL = —0.5 eV, Ay = 5.5 eV.
We make an approximation in our numerical solution of
retaining only the states withn =L —1,L, L + 1 in our
self-consistent solution. We also choose N s =6 in order
to compare with previous calculations.

Results and Discussion

Fig. 1 shows a graph of the spectral function 4(E) as
a function of E (in eV) for the case that: L = 1,N; =
6,6 = —0.5eV,U = 6.0eV at a temperature T=50 K.The
narrow peak near to zero energy is the Kondo resonance.
The two broad peaks, one above and one below zero,
are at the energies of Ay. The Kondo resonance is quite

visible.
100.0 . —
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FIG. 1. The spectra function A;(E) of the f-electron as a
function of energy E in eV. The Kondo resonance appears at
2€ro energy.

The Kondo resonance is a real feature of the density
of states of rare-earth compounds. It can be observed
directly in photoemission and related spectroscopies, al-
though the results are often controversial| 42- 47].

We calculated the Kondo resonance in more detail as a
function of temperature and L. We fixed Ny =6,UA_,
and Ay, as described above, and varied the value of L
by using ef = ~0.5 — U(L - 1). The size of the Kondo
resonance decreases in value as L increases. The largest
Kondo resonance is the case L = 1 and the smallest is
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the case with I = 5..The factors which are changing
in these calculations are (n, Ny — n) or (L,N; — L) in
eqns (27,32). These factors relate to the degeneracy of
the various levels as given by the factor of Z,. If we do a
more realistic calculation for f-electrons, with the factors
which split the levels into sublevels, then we will reduce
these factors| 38].

40 T T T T T

0 50 100 150 200 250 300
T(K)

FIG. 2. Seebeck coefficient as a function of temperature
between 25K and 300 K. The maximum value of the Seebeck
coefficient occurs near to the Kondo temperature Tx. The
maximum value of the Seebeck coefficient, and T, both de-
cline with increasing values of L. Other parameters the same
as in fig.2.

Figure 2 shows the Seebeck coefficient for Ny = 6 as
a function of temperature for different values of L. The
Seebeck coefficient is calculated in the usual fashion| 5,
26]. Start from the usual formulas

o= 62/00 dE (_Q@;_;E_)> S(E) (34)
ToS = e/: dE (—gngT(E)) SE)E-p)  (35)
$(E) = Cr(E) (36)

11
B " A e

The factor £(E) contains the density of states of the band
electrons as well as their average velocity and mean free
path. We assume that the lifetime 7(E) has the only sig-
nificant energy dependence in £(E), which arises because
the band electrons hybridize with the local electrons on
the f-shells of the rare-earth atoms. The constant lifetime
7o is from impurity scattering and perhaps phonons. The
factors of ¢ and C are constants. Note that it is the in-
verse of ¥(E) which is proportional to A¢(E). The Kondo
resonance makes a dip in the energy dependence of L(E).

The above formulas are derived in [ 5]. The Seebeck co-
efficient for these cases is shown in fig.(2) as a function
of temperature. The largest Seebeck value is for L = 1,
and the values decrease in size when L increases. This
agrees with the observation that the Kondo resonance is
getting smaller. The Kondo resonance causes the large
values of the Seebeck [ 5, 26]. The Seebeck coefficient
peaks at a temperature near to the Kondo temperature.
The peak in our calculated Seebeck coefficients declines
with increasing values of L. For L > 3 it is below 50 K
and the peak is off the figure to the left. However, one
can see that even at the peak value the Seebeck will be
small for these cases. Besides this peak, due to the Kondo
resonance, the Seebeck coeficients tends to rise linearly
with temperaure, as is typical of metals.
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FIG. 3. Calculated Seebeck cofficient as a function of tem-
perature for L = 1, U=6.0eV, A_. =05eV, Ay = 55¢eV
for different values of Ny.

The Seebeck coefficient has a large value when the
Kondo resonance is large and asymmetric. The largest
asymmetry is when L, Ny — L differ by as much as pos-
sible. This happens when L = 1, or when L = 5 in the
case of Ny = 6. However, because of our choice that A_
is smaller than A, the large Kondo resonance happens
for L = 1. If we reverse the magnitudes of A_ and A,
then the largest result is for L = 5. The mapping of
A — Ay, Ay — A_,L — Ny — L leaves the results
unchanged. The case for Yb corresponds to Ny = 8, A,
small and A_ large. It will have values similar to those
for Ny =6,L = 1 shown in the figures.

Since the largest Seebeck coefficient is for the case of
one f-electron in the ground state, we were curious how it
varied with Ny. One can choose different values of Ny, in
steps of two, depending upon the crystal field, spin-orbit,
or other factors which split the original degeneracy of 14.
These results are shown in figure 3. Again we used U = 6
and A_ = 0.5 and A; = 5.5, all in electron volts. The



maximum Seebeck is for Ny in the range of 6-8, which
are the cases of Ce and Yb, respectively.

So far our calculations show that the Seebeck and
Kondo temperature decline in value as one considers val-
ues L of f-level occupancy larger than one. The same
conclusion applies to f-holes. Of course, in mixed va-
lence systems, the ground state configuration (4f)% will
change as the occupancy fluctuates. Here we denote L as
the principle valence. These results suggest that Ce and
Yb will have the largest values of the Seebeck coefficient
among all of the rare-earth compounds. This theoretical
conclusion is in accord with the experimental observa-
tions.| 8.
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