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ACCOMPLISHMENTS AND ACTIVITIES 
UNDER CONTRACT DE-LSO8-77DP40003, 

Theoretical Studies of Plasma Turbulence and Hydrodynamic 
Instability in Fusion Targets 

by R. L. Morse 

University of Arizona 

Under this contract, which ended November 14, 1979, the following 

items have been completed or carried to the point of obtaining useful 

results: 

Development of the steady-flow model of ablation to include: 

a) Implosion of thin spherical shells 

b) Charged particle beam-driven ablation 

c) Calculation of exhaust velocities for comparison with long 

pulse experiments and simulations 

d) Inverse bremstrahlung absorption 

e) Ablative flows with critical/sonic point discontinuities for 

application to low power and/or high Z target cases 

2. Calculation of linear instability growth rates in planar and 

spherical geometry using the steady flow model of ablatively 

accelerated shells to provide zero-order solutions. Comparisons 

of results of these calculations with full two-dimensional 

simulations shown good agreement of instability growth rates. 

3, Analytic theory of the maximum ion velocity found in expanding 

laser-produced plasmas. This work has contributed to an 

understanding of hot electrons produced by laser light absorption. 

4. Development of a triangular zone, two-dimensional hydrodynamics 

and thermal conduction code for study of the nonlinear develop- 

ment of Taylor instability. 

5. Studies with the triangular code (Item 4 above) of the nonlinear 

development of Taylor instability and the mechanics of large 

amplitude saturation phenomena. These studies have suggested 

recently that under some conditions of interest ablation-driven 



Taylor instability in ablation-accelerated shells saturates 

without destroying the integrity of the shell. This area is 

believed to be very important to the future of the ICF program. 

6. Analytic basis of the steady-flow theory of nonlinear saturation 

of Taylor instability. 

7 .  Analytic theory of the scaling of large compressions ablatively 

driven by highly shaped pulses. 

i 8. Time development of ablation from the short to long pulse regimes 
F 

and the identification of a signature of ablation that can be 

seen experimentally in ion diagnostics. This work, which was 

done with colleagues at Sandia showed good agreement with 

Thompson parabola data from long pulse experiments done at 

Sandia. 

9. Inclusion of rates of growth and transport of ion acoustic micro- 

turbulence in macroscopic models of laser-produced. plasmas. This 

work contributes to an understanding of flux-limiting phenomena. 

10. In addition, the author has helped with various programatic 

tasks at DOE Laboratories'. 

Included here as a part of this report are reprints of two papers 

written under this contract and preprints of two other papers.which are 

to be published8These papers. contain the principal technical results 

obtained under this contract. 



S t a t i o n a r y  Flow Plodel of 

A b l a t i v e l y  Imploded S p h e r i c a l  S h e l l s  

L. Mont ie r rh  and R .  Morse 
U n i v e r s i t y  of Arizona 
Tucson, Arizona 85721 

A b s t r a c t  

The s t a t i o n a r y  f low model of s p h e r i c a l  a b l a t i o n  i s  extended t o  

s h e l l s ,  s o l u t i o n s  w i t h  a  d e n s i t y  d i s c o n t i n u i t y  a t  ehe c r i t i c a l  sur faee ,  

and charged p a r t i c l e  beam d r i v e n  a b l a t i o n .  Pa rame te r  s t u d i e s  of t h e  

s h e l l  s o l u t i o n s  shoe  t h e  r e l a t i o n s h i p  between s h e l l  a s p e c t  r a t i o ,  

r e l a t i v e  a b l a t i v e  mass removal o r  bu rn  t h r u ,  laser power, and s h e l l  

m a t e r i a l  t y p e .  The d i s c o n t i n u o u s  s o l u t i o n s  a r e  shown t o  occur  when 

t h e  c r i t i c a l  s u r f a c e  and s o n i c  s u r f a c e  c o a l e s c e .  The r e l a t i o n s h i p  

of t h e s e  s o l u t i o n s  t o  p a r t i c u l a r  p h y s i c a l  s i t u a t i o n s  i s  shown t o  b e  

ambiguous i n  a  way t h a t  must be  r e s o 1 v e d . b ~  mic roscop ic  t r a n s p o r t  

c a l c u l a t i o n s .  Charged p a r t i c l e  d r i v e n  a b l a t i v e  implos ion  p r o c e s s e s  

a r e  shown t o  resemble laser d r i v e n  a b l a t i o n .  However, q u a l i t a t i v e l y  

d i f f e r e n t  a b l a t i o n  p r o c e s s e s  occur  i n  d i f f e r e n t  reg imes  of t h e  power 

and range  of the.  i n c i d e n t  beam. P rocedures  a r e  d e s c r i b e d  by which 

s t a t i o n a r y  s o l u t i o n s  can  be  used t o  i n t e r p r e t  and p r e d i c t  t h e  r e s u l t s  

of experiments  and n u s e r i c a l  s i m u l a t i o n s .  



STL.T'JO:;hRY FLOU ElODEL OF ABLATIVELY 
II3'LODED SPHERICAL SHELLS 

b Y 
L. Mon t i e r th  & R. Morse 

Department of Nuclear  Eng inee r ing  
U n i v e r s i t y  o r  Arizona 
Tucson, Arizona 85721 

I .  I n t r o d u c t i o n  

Compression by a b l a t i o n  p r e s s u r e  i s  needed i n  t h e  implos ion  p r o c e s s  

t o  o b t a i n  t h e  l a r g e  t a r g e t  compression r a t i o s  r e q u i r e d  f o r  i n e r t i a l  con f ine -  

ment f u s i o n  (I .C.F.) .  01 A b l a t i o n  a p p l i e s  con t inuous  p r e s s u r e  t o  t h e  

o u t s i d e  of t h e  dense ,  compressed c o r e  o f  a  t a r g e t  i n  a narrow r e g i o n  c a l l e d  

t h e  a b l a t i o n  f r o n t  which may b e  thought  of as c o n s t i t u t i n g  t h e  s u r f a c e  of  
\ 

t h e  co re .  Th i s  cont inuous  a b l a t i o n  p r e s s u r e  compresses  t h e  c o r e  by c a u s i n g  

one o r  more inward moving shocks  and by a d i a b a t i c  compression,  which u s u a l l y  

I 
fo l lows  t h e  shock compression and h e a t i n g .  By f a r  t h e  most e f f e c t i v e  schemes 

f o r  o b t a i n i n g  l a r g e  compressions u s e  a b l a t i v e  compress ion  of  a t a r g e t  c o n s i s t i n g  

of one o r  more t h i n  s p h e r i c a l  s h e l l s  i n s i d e  o f  which t h e r e  i s  e i t h e r  a  low 

dens i ty  gas o r  a  vo id .  
(1,2) 

1 

Pfost s t u d i e s  o f  I.C.F. imp los ion  sys tems are done w i t h  t i m ;  dependent  

numerical  s i m u l a t i o n  codes. Such computat ions a r e  e s s e n t i a l  t o  d e t a i l e d  

unders tanding  of  p a r t i c u l a r  t a r g e t  and p u l s e  sys t ems .  However, t h e  l a r g e  

number of d i f f e r e n t  p h y s i c a l  phenomena involved  makes i t  d i f f i c u l t  t o  do 

s u f f i c i e n t l y  thorough parameter  s t u d i e s  t o  i d e n t i f y  and unders tand  r e g i o n s  

of optimum performance. A n a l y t i c ,  o r  a t  l e a s t  p a r t i a l l y  a n a l y t i c ,  models 

of implosion p roces ses  can ,  t h e r e f o r e ,  b e  v e r y  h e l p f u l  n o t  o n l y  because  of  

t he  gene ra l  q u a l i t a t i v e  i n s i g h t  t h a t  t hey  g i v e ,  b u t  a l s o  because  t h e  s c a l i n g  

laws t h a t  they  y i e l d  can i n d i c a t e  optimum per formance  r e g i o n s .  The l a t t e r  

can then  be s t u d i e d  i n  more d e t a i l  by  s i m u l a t i o n  methods and e x p e r i m e n t a t i o n .  



An a d d i t i o n a l  ixporrant  use of a n a l y t i c  models of s p h e r i c a l l y  symmetric 

imploding s h e l l s  i s  a s  a  s t a r t i n g  p o i n t  f o r  hydrodynamic s t a b i l i t y  a n a l y s i s .  

Because of t h e i r  continuous inward a c c e l e r a t i o n ,  a b l a t i v e l y  imploded t h i n  

s h e l l s  a r e  usual ly  hydrodynamically u n s t a b l e  n e a r  t h e  a b l a t i o n  f r o n t  i n  a  

way t h a t  i s  b a s i c a l l y  t h e  R a ~ l e i g b T a y l o r  i n s t a b i l i t y  b u t  i s  considerably  

complicated by h e a t  flow. The a u t h o r s  have begun a  p e r t u r b a t i o n  a n a l y s i s  

of t h i s  s t a b i l i t y  problem us ing  t h e  model of imploding s h e l l s  presented  

below a s  the  zeroth  order  s o l u t i o n .  

(3)  
I n  a  previous paper ,  Gitomer,  Morse & Newberger have developed a  

s t a t i o n a r y  flow model of l a s e r  d r i v e n  s p h e r i c a l  a b l a t i o n .  The bas i -c  assumption 

of t h i s  s t a t i o n a r y  flow model is t h a t  an a b l a t e d  element of  f l u i d  passes  

through t h e  a b l a t i o n  f r o n t ,  and as f a r  beyond a s  i s  necessa ry  f o r  t h e  problem 

of i n t e r e s t ,  i n  a  time s h o r t  compared wi th  t h e  t ime d u r i n g  which t h e  a b l a t i o n  

f r o n t  moves inward by a  s i g n i f i c a n t  f r a c t i o n  of i t s  r a d i u s .  Under t h e s e  

cond i t ions  a b l a t i o n  i s  viewed a s  coupled s t a t i o n a r y  h e a t  and f l u i d  f low . 

i n  t h e  frame of t h e  a b l a t i o n  f r o n t .  The a b l a t i o n  p r e s s u r e ,  mass a b l a t i o n  

r a t e ,  and o the r  p r o p e r t i e s  of t h e  implos ion system are t h e n  c a l c u l a t e d  from 

t h e  l a s e r  power and wavelength., and t h e  s t a t i o n a r y  energy,  momentum and 

c o n t i n u i t y  equations.  It i s  shown i n  t h a t  paper t h a t  p h y s i c a l  s o l u t i o n s  

t h a t  a r e  re levent  t o  I.C.F. can o n l y  b e  obta ined i n  t h e  p resence  of a c c e l e r a t i o n ,  

i . e . ,  an e f f e c t i v e  g rav i ty  i n  t h e  model, and/or. t h e  n o z z l i n g  e f f e c t  o f  

d ive rg ing  flow such a s  i s  produced by t h e  s p h e r i c a l l y  symmetr i c  geometry t h a t  - 

i s  considered.  It i s  a l s o  shown t h a t  continuous s o l u t i o n s  cannot be o b t a i n e d  

i n  which t h e  c r i t i c a l  d e n s i t y ,  P,' a t  which t h e  l a s e r  energy i s  depos i t ed ,  

i s  g r e a t e r  than t h e  dens i ty ,  Ps, a t  t h e  s o n i c  p o i n t  i n  t h e  flow. 



Kumerically in teg ra ted  s o l u t i o n s  of t h e  s t a t i o n a r y  f low equa t ions  

a r e  shown f o r  s p h e r i c a l l y  symmet r i ccases  w i t h  no inward a c c e l e r a t i o n .  

The family of t h e s e  s o l u t i o n s  h a s  two pa ramete r s ,  a  parameter  M c h a r a c t e r i z i n g  

t l i r  ab la t ion  front.  p r o f i l e s ,  and p . T h i s  fami ly  of  s o l u t i o n s  shows s e v e r a l  
C 

A2 
appr'uximate s c a l i n g  laws,  i n c l u d i n g  a  X dependence o f  energy t r a n s f e r  

e f f i c i e n c y  on l a s e r  wavelength,  A, i n  a d d i t i o n  t o  t h e  e x a c t  s c a l i n g  laws 

der ived from p u t t i n g  t h e  s t a t i o n a r y  f low e q u a t i o n s  i n  d imensionless  form. 

These solu t ions  wi thou t  t h e  gravity  t e r m  correspond t o  ~ p l o s i o n  cases i n  

which the re  is  no void  i n s i d e  of t h e  t a r g e t  and inward a c c e l e r a t i o n  f o r c e s  

a r e  not  s i g n i f i c a c t .  It i s  po in ted  ou t  t h a t  s d l u t i o n s  w i t h  a  g r a v i t y  term 

i n  the  momentum equa t ion  comparable t o  o r  g r e a t e r  than t h e  s p h e r i c a l  d ivergence  

term correspond t o  imploding s p h e r i c a l  s h e l l s ;  t h e  e f f e c t  of g r a v i t y  i n  t h e  

s t a t i o n a r y  model is  t o  make t h e  d e n s i t y  d e c r e a s e  i n s i d e  of t h e  a b l a t i o n  f r o n t .  

An a n a l y t i c  s o l u t i o n  t o  t h e  s t a t i o n a r y  f low equa t ions  w i t h  g r a v i t y  

h a s  been obtained by ~ e l b e r ' ~ )  w i t h  g r a v i t y  and i n  t h e  l i m i t  of  z e r o  s p h e r i c a l  

divergence by us ing d i f f e r e n t  approximat ions  i n  t h e  q u a l i t a t i v e l y  d i f f e r e n t  

regions  of the  flow. This  c a s e  corresponds  t o  a  p l a n e  s l a b  a c c e l e r a t e d  by 

a b l a t i o n  and is  t r e a t e d  below i n  Sec t ion  111-C. 

The occurrence  of s t a t i o n a r y  f low s o l u t i o n s  w i t h  d e n s i t y  and v e l o c i t y  

d i s c o n t i n u i t i e s  a t  t h e  c r i t i c a l  s u r f a c e  h a s  been shown by C .  Th i s  

work was the  beginning p o i n t  f o r  our  work on d i scon t inuous  s o l u t i o n s  i n  

Sect ion  I V  below. 



li-iis pnpcr c x t c n d s  t h c  dcvclopment and z p p l i c a t i o n  of t h e  s t a t i o n a r y  

f low model of a b l a t i o n  d r i v e n  imp los ions  t o  t r e a t  a d d i t i o n a l  t a r g e t  t y p e s  

and phenomena which are i m p o r t a n t  i n  I.C.F. The t o p i c s  t r e a t e d  a r e :  

1) S h e l l  s o l u t i o n s  and t h e  r e l a t i o n s h i p  between a  number of 

phys i ca l  pa rame te r s  o f  t h e s e  s o l u t i o n s  i n c l u d i n g  s h e l l  a s p e c t  r a t i o ,  

absorbed power, a b l a t e d  mass f r a c t i o n ,  c r i t i c a l  d e n s i t y  and e x h a u s t  

v e l o c i t y .  

2) So lu t ions  w i t h  a d i s c o n t i n u i t y  i n  d e n s i t y  and f low v e l o c i t y  a t  

t h e  c r i t i c a l  s u r f a c e .  These s o l u t i o n s  o c c u r  when t h e  c r i t i c a l  d e n s i t y ,  

i s  made t o  exceed t h e  s o n i c  d e n s i t y ,  
P s  

, by r e d u c i n g  l a s e r  wave- 

l eng th  and/or  abso rbed  l a s e r  power. 

3) S o l u t i o n s  r c p r e s e n t i n g  a b l a t i o n  d r i v e n  by charged p a r t i c l e  

beams. It  i s  shown t h a t  q u a l i t a t i v e l y  d i f f e r e n t  a b l a t i o n  p r o c e s s e s  

occur i n  d i f f e r e n t  r eg imes  of t h e  power and  r a n g e  of t h e  i n c i d e n t  

beam. These d i f f e r e n c e s  have  n o ' p a r a l l e l  i n  l a s e r  d r i v e n  a b l a t i o n .  

The s u b j e c t s  o f  t h e  r ema in ing  s e c t i o n s  are, by number, 

11. S t a t i o n a r y  Flow l o d e 1  Equa t ions  and Method o f  S o l u t i o n .  

111. S h e l l  S o l u t i o n s  and '  Pa rame te r  S t u d i e s .  

IV . Solu t ions  w i t h  C r i t i c a l  S u r f a c e  Dens i ty  D i s c o n t i n u i t i e s .  

V .  Charged P a r t i c l e  Beam Dr iven  A b l a t i o n .  

V I  . ,Scal ing Laws and A p p l i c a t i o n s .  

V I I  . Acknowledgement 

Th i s  paper d i f f e r s  from t h e  e a r l y  v e r s i o n ,  wh ich  w a s  p r e s e n t e d  a t  t h e  
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s h e l l  s o l u t i o n  s e c t i o n  (111) .  



'1'111:. s e c t i o n  con tz ins  e s s e n t i a l l y  t h e  same m a t e r i a l  i n  t h e  same 

n o t a t i o n  as Sec t ion  I1 of Ref.  3 ,  w i t h  m o d i f i c a t i o n s  t o  accommodate t h e  

a d d i t i o n a l  phenomena t r e a t e d  i n  t h i s  pape r .  

I n  t h i s  model t h e  f low i s  s p h e r i c a l i Y  symmetr ic ,  r a d i a l l y  outward.  

and s t a t i o n a r y .  S t a t i o n a r y  f low i s  a  r e a s o n a b l e  approximat ion  i n  most c a s e s  

of  i n t e r e s t  because t h e  t ime r e q u i r e d  t o  e s t a b l i s h  t h e  f low between t h e  

p e l l e t  s u r f a c e  and t h e  o u t e r ,  l ower  d e n s i t y  r e g i o n  where most of t h e  i n c i d e n t  

energy i s  depos i ted  i s  l e s s  t h a n  t h e  c h a r a c t e r i s t i c  imp los ion  t ime and because  t h e  

p r e s s u r e  g rad ien t  f o r c e s  i n  t h e  a b l a t i o n  r e g i o n  a r e  l a r g e r  than  t h e  f o r c e s  

a s s o c i a t e d  with t h e  average inward  a c c e l e r a t i o n .  

A .  The Model and Sca l ing  

For our purposes ,  v e r y  l i t t l e  g e n e r a l i t y  i s  l o s t  and c o n s i d e r a b l e  

s i m p l i c i t y  i s  gained by assuming a s i n g l e  t e m p e r a t u r e  i n s t e a d  of s e p a r a t e  

e l e c t r o n  and ion  tempera tures .  The s t e a d y  s t a t e  hydrodynamic e q u a t i o n s  

a r e  then 

con t inu i ty :  

momentum : 

energy: 

where p i s  the f l u i d  mass d e n s i t y ,  v  i s  t h e  r a d i a l  f l u i d  v e l o c i t y ,  r i s  t h e  

r a d i u s ,  P i s  t h e  p r e s s u r e ,  $ i s  t h e  g r a v i t a t i p n a l  p o t e n t i a l  which r e p r e s e n t s  

t h e  inward a c c e l e r a t i o n  of a  s h e l l ,  y i s  t h e  r a t i o  o f  s p e c i f i c  h e a t s  which 

2 
w i l l  b e  513 i n  a l l  t h a t  f o l l o w s ,  a  E 4nr  i s  t h e  c r o s s  s e c t i o n a l  a r e a ,  and 

2 
v (>O) i s  the  S e r n o u l l i  energ; f lo.7 

b  



c o n s t a n t .  hn inward n c c s l c r a t i o n  co r r e sponds  LV a n  outward d i r e c t e d  

g r a v i t y  gE-d','l/dr>o. Although i n  t r e a t i n g  t h e  h i g h  d e n s i t y  p a r t  o f  a  s h e l l  g 

might b e t t e r  be t aken  t o  i n c r e a s e  w i t h  r ,  a n  i n c r e a s i n g  g ( r )  t e n d s  t o  make 

t h e  lower d e n s i t y  r e g i o n  n e a r  t h e  s o n i c  p o i n t  and beyond less r e a l i s t i c .  On 

ba l ance  f o r  t he  c a l c u l a t i o n s  p r e s e n t e d  h e r e ,  we have chosen  $J = ( r s - r )g ,  where 

r i s  t h e  son ic  r a d i u s  ( s e e  be low) ,  w i t h  g ( r )  = c o n s t a n t .  
s 

The model r e q u i r e s  

a non-zero va lue  o f  v 2  t o  b e  c o n s i s t e n t  w i t h  the  s t a r i n n a q ,  f l o w  f r o m  i n o i d c  
b  

t h e  a b l a t i o n  r e g i o n .  However, i n  c a s e s  o f  i n t e r e s t  v2 i s  much smaller t h a n  
b  

t h e  va lues  of v2 which occur  i n  t h e  a b l a t i o n  r e g i o n  and beyond. The term 

2 (~K/S) ( d ~ / d r )  r e p r e s e n t s  thermal  c o n d u c t i o n .  Here a E 4 r r  i s  t h e  s u r f a c e  a r e a  

a t  r ,  S-pva i s  t h e  m a s s  f low r a t e ,  a c o n s t a n t  of  t h e  mot ion  by Eq.  ( I ) ,  ,T i s  

tempera ture ,  and K i s  t h e  thermal  c o n d u c t i v i t y  c o e f f i c i e n t  g iven  by 

a -B  
K = G(Z)T P , ( 4 )  

Here Z i s  t h e  i o n  c h a r g e  number. Fo l lowing  s p i t z e r 6  we t a k e  a = 512 and 

f3 = 0, where numer i ca l  s o l u t i o n s  are o b t a i n e d  below. 

Although G(Z) = K ~ / Z  i s  v a l i d  f o r  Z > > 1 ,  and t h i s  form ,* 

w i l l  be used i n  some s c a l i n g  d i s c u s s i o n s  below, i t  shou ld  b e  b o r n e  i n  mind 

t h a t  f o r  sma l l e r  Z ,  G(Z) i s  more complex. 
6 

V(>O) i s  t h e  inward energy  f l o w  r a t e  r e p r e s e n t e d  by t h e  f l u x  of i n c i d e n t  - 

l a s e r  Gadiat ion o r  charged p a r t i c l e s .  I n  t h e  l a s e r  c a s e ,  i n  which t h e  i n c i d e n t  

energy i s  taken t o  be  d e p o s i t e d  a t  t h e  c r i t i c a l  r a d i u s ,  r W i n c r e a s e s  c ' 

d i scon t imous ly  from ze ro  i n s i d e  r t o  Wm, t h e  i n c i d e n t  laser power, o u t s i d e  
C 

o f  r . I n  t h e  charged p a r t i c l e  beam c a s e  K i n c r e a s e s  c o n t i n u o u s l y  from z e r o  
C 

a t  t h e  sma l l e s t  r a d i u s  which p a r t i c l e s  r e a c h ,  t o  Vm a s  r-. 



\ 

P i s  r e l a ~ e d  t o  c and T through t h e  i d e a l  gas  e q u a t i o n  of s t a t e ,  

p = R o ~ ,  where R ~ ( l + Z ) k / r n ~ ;  and k  and m a r e  t h e  Boltzman c o n s t a n t  and i o n  
i 

mass r e s p e c t i v e l y .  A f t e r  some m a n i p u l a t i o n ,  Eqs. ( I ) ,  ( 2 ) ,  and ( 3 )  become 

pva = S, (5 

I n  t h e  charged p a r t i c l e  beam case i n  which W v a r i e s  c o n t i n u o u s l y  w i t h  

r ,  we u s e  the  s i m p l i f i e d  r e l a t i o n s h i p  

which would be s a t i s f i e d  by a  monoenerge t ic  beam of p a r t i c l e s  w i t h  r a n g e  

i n v e r s e l y  p r o p o r t i o n a l  t o  e n e r g y  squared .  m ere Wm i s  t h e  i n c i d e n t  beam power, 

i .e. ,  t h e  beam power a t  i n f i n i t y ,  and am i s  t h e  r a n g e  i n  m a s s . p e r  u n i t  a r e a  

of  t h e  inc iden t  p a r t i c l e s .  A more complex r a n g e  ene rgy  r e l a t i o n s h i p  could  be  

used ,  inc luding  such  e f f e c t s  as a  t e m p e r a t u r e  dependent  r ange  o r  a  sp read  of  

i n c i d e n t  p a r t i c l e  e n e r g i e s ,  b u t  many o f  t h e  charged p a r t i c l e  beam phenomena 

o f  i n t e r e s t  can b e  modeled w i t h  Eq. (8) .  
- 

Because t r a n s o n i c  s o l u t i o n s  are o f  p a r t i c u l a r  i n t e r e s t  t o  u s ,  i t  i s  

u s e f u l  t o  s c a l e  t h e  e q u a t i o n s  i n  t h e  f o l l o w i n g  way. Def ine  5 = p/ps,  

where p 
s7 TSy 

and v  a r e  t h e  v a l u e s  o f  t h e  f low v a r i a b l e s  a t  t h e  i s o t h e r m a l  s o n i c  
s + p o i n t ,  r . t h a t  i s ,  a t  r v  = (RT ) . Using t h i s  s c a l i n g ,  Eqs. ( 6 ) ,  (7 )  

s s 7  S S 

and (8) become 



The d i inens ionless  q u a n t i t y  N i s  d e f i n e d  as 

and i s  t h e  only  p l a c e  i n  t h e  e q u a t i o n s  where  d imens iona l  pa rame te r s  appear  

e x p l i c i t l y .  

B. Methods of I n t e g r a t i o n  and L i m i t s  on S o l u t i o n  P a r a m e t e r s  

The numer ica l  s o l u t i o n  of E q s .  (9), (10)  and (11)  i s  accomplished by 

i n t e g r a t i n g  inward ( r < l )  and outward ( ? > I )  from the s i n g u l a r i t y  of Eq. (9)  

a t  ? = 1. The f l o w  is seen  t o  b e  s u p e r s o n i c  f o r  ?>l and s u b s o n i c  f o r  ?<l, 

e x c e p t  t h a t  t h e r e  is i n  g e n e r a l  a second s o n i c  p o i n t ,  ? 
s 2  ' between f = 0 

and ? = 1. However, t h e  s t a t i o n a r y  f l o w  model i s  n o t  a p p l i c a b l e  a t  r a d i i  

t h i s  s m a l l  and s m a l l e r .  We w i l l  d i s c u s s  t h i s  p o i n t  below i n  connec t ion  w i t h  

s p e c i f i c  s o l u t i o n s  of Eqs. ( 9 ) ,  (10) and ( 1 1 ) .  I n  t h e  s o l u t i o n s  t h a t  a r e  

con t inuous  a t  ? = 1, d</d? i s  f i n i t e  t h e r e .  Thus, s i n c e  t h e  v a l u e  of t h e  

denominator  of t h e  r ight-hand s i d e  o f  Eq .  (9 )  becomes z e r o  a t  ? = 1, t h e  

numera tor  must a l s o  b e . z e r o  t h e r e .  



The. va lue  of t h e  tempera ture  d e r i v a t i v e  a t  r=l must t h e n  be  

d? ' /d~l ; ,~= 2 - d$/d? 2 + g, (13)  

- 2 
and from Eq. (13) and Eq .  (10)  a  r e l a t i o n s h i p  between v and M i s  o b t a i n e d ;  b 

N U h) rY 

where n=y/(y-l), and W i s  t h e  v a l u e  o f  W a t  r=r =I, which i s  o n l y  non z e r o  f o r  
s S 

t h o s e  charged p a r t i c l e  beam c a s e s  i n  which p a r t i c l e s  p e n e t r a t e  i n s i d e  of  r . I n  
S 

o r d e r  t o  o b t a i n  v a l u e s  o f  dG/df a t  t h e  s i n g u l a r  p o i n t ,  f = 1 ,  t o  beg in  t h e  inward 

and outward i n t e g r a t i o n s ,  L t H o s p i t a l ' s  r u l e  i s  a p p l i e d  t h e r e  and w i t h  E q .  (11)  g i v e s  

where B = PI- (1+B) (2+;) 

C d i f f e r s  s l i g h t l y  from Ref .  3 because  d i f f e r e n t  forms of  

- 
$ a r e  used.  I n  t h o s e  c a s e s  i n  which W =0, d J l d l = 0 ,  and  t h e  % / 2 G  6 t e r m  in C 

s S * 
above,  which comes from Eq. (11)  , is. a b s e n t .  

L i m i t s  When $ =9 
s 

- 2 l a e n  g=O t h e  lower l i m i t  on v  i s  z e r o ,  and i t  w i l l  b e  s een  t h a t  t h i s  
b  

l i m i t  corresponds t o  v a n i s h i n g l y  small s p e c i f i c  e n t r o p y  and,  t h e r e f o r e ,  i n f i n i t e  - 

d e n s i t y  a t  t he  p e l l e t  s u r f a c e .  However, ~..-?~exl g>O t h e  n e t  energy i n  t h e  f low 

a t  t h e  s o n i c  p o i n t  must b e  g r e a t e r  t h a n  z e r o  i f  i t  i s  t o  have t h e  l i m i t i n g  z e r o  

v a l u e  a t  t h e  p e l l e t  s u r f a c e  because  t h e  f l u i d  f a l l s  th rough a  d i f f e r e n c e  i n  pc: e n t i a h  

-2 $, ( E q - ( 7 ) )  between t h e  s h e l l  and t h e  s o n i c  p o i n t .  The lower l i m i t  on v  i s  
b  



'1 

t11en d e t r ~ - ~ ~ i i n c d  1)y s e t  t i n s  <;/? equal  t o  t h i s  p o t e n t i a l  energy d i f  f e r c n c c .  

Consequently f o r  E > O  t h e  lower ,  ( 1 9  ( g ) ,  i s  of  t h e  fbrm 0<v2 (g) -7'; 
bL bL b  

Values of <iL ( a )  cannot  b e  known a  p r i o r i  b e c a u s e  t h e  d i s t a n c e  between t h e  

p e l l e t  s u r f a c e  and t h e  s o n i c  p o i n t  must b e  found by s o l v i n g  Eqs. ( 9 ) ,  . ( l o ) ,  

and (11) .  Values of i2 w i l l  b e  found below i n  p r a c t i c e  by s e e k i n g  t h e  
bL 

2 
l owes t  va lue  of C f o r  a  g i v e n  g f o r  which s o l u t i o n s  e x i s t .  The upper  l i m i t  

b  

-2 on v  i s  s e t  i n  p r i n c i p l e  by t h e  r equ i r emen t  t h a t  d?/d?>o a t  r "= l .  From 
b  

Eq. (15 ) ,  t h i s  i s  e q u i v a l e n t  t o  C<O, o r  

26 W 
ODs 

There fo re ,  from Eq. (14) 

g=o, o 1 
s ( 2+i) [4+20+a(2+:) ] -2 

For t h e  parameter  v a l u e s  a=5 /2 ,  B=0, y=5 /3  s o  t h a t  ~ = 5 1 . 2 ,  g=0, and =0, 
s 

-2 Eq. (17) g ives  0<$;<19/4. For  t h e  same v a l u e s  e x c e p t  f o r  61, v '2415. 
b  

- 2 For t h e  same v a l u e s  excep t  f o r  g-, vb<24/5.  These  upper l i m i t  v a l u e s  of 

-2 
v  a r e  equ iva l en t  t o  t h e  c o n v e c t i v e  energy  f l o w  from t h e  o r i g i n  b e i n g  a  major  

b 

f r a c t i o n  of t h e  convec t ive  ene rgy  f low th rough  t h e  s o n i c  p o i n t  ( s e e  Eq. 7 ) .  

Hence i t  w i l l  n o t  be  s u r p r i s i n g  t h a t  i n  c a s e s  f o r  which t h e s e  pa rame te r  

-2 
v a l u e s  a r e  r e p r e s e n t a t i v e  t h e  upper  l i m i t  v a l u e s  of  v  w i l l  n o t  b e  o f  p h y s i c a l  

b  

i n t e r e s t  and a r e  i n  f a c t  n e a r  t h e  b u m  t h r o u g h ,  o r  exp lod ing  p u s h e r ,  l i m i t  

where the concept of a b l a t i o n  does  n o t  app ly .  



I n  those p a r t i c l e  bean c a s e s  i n  which t? > O ,  a  s l i g h t l y  d i f f e r e n t  s - 2 
s i t u a t i o n  occurs .  The upper l i m i t  v a l u e s  of v  can  b e  of i n t e r e s t  because  

b  

t h e  upper l i m i t  czn be  xuch less t h a n  one  and can  i n  f a c t '  go t o  ze ro ,  f o r  t h e  

fo l lowing  reason. It i s  u n p h y s i c a l  t o  have M<O because  from E q .  (12) i t  can  

- 
be  s e e n  t h a t  t h i s  i s  e q u i v a l e n t  t o  K < O .  Thus t h e  l i m i t i n g  p h y s i c a l  c a s e  i s  s 

K -+ + 0, M - + w. From Eq, ( 1 4 ) ,  PI < + i s  e q u i v a l e n t  t o  
s 

-2 -2 
Consequently, s i n c e  0 < vbL < vb, where +ZL = 0 f o r  g=0, ( r e c a l l  t h a t  

t2 (g) i s  the  p h y s i c a l  lower  l i m i t  on t2 f o r  a g i v e n  v a l u e  o f  g ) ,  s o l u t i o n s  
bL b  

o n l y  e x i s t  then  

ii <_ 2q + 1 -v2 
K4 

= 6 when y = 513 and g = 0 .  
S 

Equat ion  (19) w i l l ,  t h e r e f o r e ,  b e  a n  uppe r  l i m i t  on t h e  p a r t i c l e  energy  f l u x  

through t h e  sonic  p o i n t  i n  cha rged  p a r t i c l e  beam d r i v e n  a b l a t i o n .  I n  g e n e r e l  

t h e  upper l i m i t  g iven  by Eq. (18)  , f o r  p a r t i c l e  beam d r i v e n  c a s e s ,  i. e. ,  

w i l l  be  seen  t o  correspond t o  t h e  i n t e r e s t i n g  t y p e  of  a b l a t i v e  f low i n  which 

thermal  conduction p l a y s  no r o l e  ()I=+ K = 0)  and a l l  energy  i s  t r a n s p o r t e d  
S 

by convect ion  and t h e  p a r t i c l e  beam. From Eqs . (14)  and ( 1 8 ) ,  a s  w e l l  a s  on i n t u i t i v e  

grounds,  f o r  such f lows  t o  o c c u r  t h e  beam p a r t i c l e s  must p e n e t r a t e  i n s i d e  
- 

r i e ,  J > 0.  
S s 

C.  D i s t i n g u i s h a b l e  I n t e r v a l s  i n  f f o r  L a s e r  and P a r t i c l e  Cases and De te rmina t ion  

o f  6, is, t and Qm 
R 

I n  t h e  case  of l a s e r  d e p o s i t i o n ,  t h e  i n c i d e n t  power, 1\60, which is. d e p o s i t e d  

a t  r , i s  ad jus t ed  ti3 g i v e  a  s o l u t i o n  T ( r )  v h i c h  approaches  0  a s  r approaches  
C 

i n f i n i t y  ( s ee  asymptot ic  s o l u t i o n s  i n  Ref .  3 ,  Sec .  111) .  S i n c e  dT1ar i s  

p o s i t i v e  a t  r and n e g a t i v e  beyond r l a s e r  d e p o s i t i o n  must a lways occu r  a t ,  
S c , \ 

o r  a t  r a d i i  l a r g e r  t han ,  t h e  i s o t h e r ~ a l  s o n i c  r a d i u s .  I n  t h o s e  l a s e r  c z s e s  



s t i l l  e s s e n t i a l l y  t r u e  but  some m o d i f i c a t i o n s  i n  d e t a i l  a r e  r e q u i r e d .  

There a r e  f o u r  d i s t i n g u i s h a b l e  i n t e r v a l s  i n  i i n  t h e  l a s e r  c a s e s ;  

1. r < f < f ; ip is tho p o i n t  ut whii lr  dU/dP = U 
52 P 

and i s  t h e  po in t  which i s  t o  be i d e n t i f i e d  wi th  the  p e l l e t  s u r f a c e .  

I n  most cases because d</d? i s  a  s t r o n g  f u n c t i o n  of ? near ? and 
P 

- S = r  -2- pv = 1, Z i s  very  c l o s e  t o  t h e  p o i n t  of maximum 5 i n  a  s h e l l .  
P  . 

Heat flow i s  not ve ry  important  i n  t h i s  r e g i o n .  

- 
, 2 .  r < ? <1. This  i s  t h e  s u b s o n i c  p a r t  of t h e  a b l a t i o n  f r o n t .  

P 

3 .  1 < ? < ? . asymptotic s o l u t i o n s  can be obtained when approaches c C 

i n f i n i t y  (see Ref. 3) and a r e  h e l p f u l  i n  i n t e r p r e t i n g  numerical  s o l u t i o n s  

when Z 1 .  This  i n t e r v a l  d i s a p p e a r s  i n  t h o s e  c a s e s  i n  which rc + rS and a  
C 

discont inui ty  occurs  a t  r . 
S - 

4 .  r > 2 : t h e  asymptot ic  s o l u t i o n s  i n  t h i s  r eg ion  (Ref. 3)  f o r  ? + 
C 

i n d i c a t e  tha t  T  + 0 i s  t h e  proper  boundary c o n d i t i o n .  Values of t h e  jump i n  

from 0 t o  a t  i = i - a r e  a d j u s t e d  t o  s a t i s f y  t h i s  cond i t ion .  Values of 
C 

- 
t h e  asymptotic, o r  exhaust  v e l o c i t y ,  vm a r e  obta ined from t h e  numerical  i n t e g r a t i o n  

f c r  t h e  case g=O. 
I n  the  charged p a r t i c l e  beam ca.ses t h e r e  a r e  a l s o  four  d i s t i n g u i s h a b l e  

i n t e r v a l s  i n  2.  The i n t e r v a l  scheme i n v o l v e s  t h e  r a d i u s  r de f ined  t o  be . . R 

t h e  end point  of t h e  p a r t i c l e  t r a j e c t o r i e s ,  which i s  determined by t h e  range,  

am ( see  Eqs. (8) and (11)) . The f i r s t  i n t e r v a l ,  t h e  a d i a b a t i c  f low regime - 

* 
r < < f  , i s  t h e  same a s  i n t e r v a l  (1) i n  t h e  l a s e r  c a s e  above. I f  f s <<, i e -  Y 

s 2  P  

1 < 4 t h e  r e s t  of t h e  i n t e r v a l s  a r e  a l s o  s i m i l a r  t o  t h e  l a s e r  c a s e .  I n t e r v a l s  
R' 

(2) and (3)are the same a s  i n  t h e  l a s e r  c a s e  excep t  t h a t  t h e  o u t e r  end of i n t e r v a l  

(3) i s  ins tead of i i e . ,  i n t e r v a l  (3)  becomes 1 < i < ? c y R ' 
I n t e r v a l  ( 4 )  

i s  then ? < <, and t h e  s o l u t i o n  procedure  h e r e  i s  analogous t o  t h a t  i n  the  
R 



F .: 
give  a  sol11t io2 r h n t  s a t i s f i e s  t h e  boundary c o n d i r i o n  ? 7 0  a s  r - u!.. T h i s  

can be shovn to  be a  p h y s i c a l  boundary c o n d i t i o n  f r o n  a  l a r g e  T a s ) m p t o t l c  

s o l u t i o n  which i s  s i m i l a r  t o  t h a t  o b t a i n e d  f o r  t h e  l a s e r  c a s e ,  Eq.  (13d) i n  

Ref. 3, 

- 
v 2  = ; : + G 2  m im, 

where m = -  
(I+ 28) 
(1-1 

... - - - 
and vw i s  t h e  l i m i t i n g  v a l u e  o f  v as ? -+ w. Both I?= and v w  a r e  o b t a i n e d  as  

r e s u l t s  of t h e  i n t e e r a t i o n ' .  

- I n  t h e  even t  t h a t  r < r i e . ,  rR < I ,  t h e  s o l u t i o n  p rocedure  i s  
I? s - 

d i f f e r e n t .  A v a l u e  of  W i s  chosen ,  c o n s i s t e n t l y  w i t h  E q .  ( 1 8 ) ,  and E q .  (11)  
s 

i s  i n t e g r a t e d  inwards  and ou twards  from t h e  s i n g u l a r i t y  a t  ?=l, t o g e t h e r  w i t h  
- - 

E q s .  (9) and (10) .  Again Rs Is a d j u s t e d  t o  g i v e  t h e  boundary c o n d i t i o n  T + o  

a r  ? -+ w. The a s y m p t o t i c  s o l u t i o n s ,  E q .  ( 2 l ) , a r e  a l s o  a p p l i c a b l e  i n  t h i s  c a s e .  

iR, a n d ,  when 8=3, v a l u e s  of 0 _  a r e  o b t a i n e d  as r e s u l t s  of t h e  inward 

and outward i n t e g r a t i o n s .  I n  t h e  p a r t i c u l a r  z e r o  h e a t  f l o v  c a s e  i n  which c2 has  t h e  b  

l i m i t i n g  v a l u e  i n  Eq. (18)  and consequen t ly ,  M=o? ( o r  K ~ =  0 ) .  i t  w i l l  b e  s e e n  

- 
t h a t  ? = r . That  i s ,  t h e  beam p a r t i c l e s  p e n e t r a t e  a l l  the way th rough  t h e  

R P  

a b l a t i o n  f r o n t ,  a s  t h e y  n u s t  b e c a u s e  they  p r o v i d e  a l l  of  t h e  i n u a r d  ene rgy  t r a n s p o r t  



In the  l a s e r  case  on ly  E q s .  (9) and (10) are used, t o g e t h e r  wi th  the  

form of ~ ( r )  t h a t  s p e c i f i e s  t o t a l  energy d e p o s i t i o n  a t  t = f 
c 

s o l u t i o n s  
The family of ...;... :-.: of t h i s  system h a s  t h r e e  parameters  0 

a  t h i r d  parameter which was taken t o  be  M i n  Ref.  ( 3 ) .  Hwever when we, vary 

g, Lhe allowed range of M changes, and M becomes a  l e s s  in fo rmat ive  parameter .  

Ins tead  of M, which p r i m a r i l y  c h a r a c t e r i z e s  t h e  f low i n  t h e  r e g i o n  t<l, we 

w i l l  u se  a s  t h e  t h i r d  parameter 0 p /p  . The i n t e r e s t i n g  range  of 
? 1. 3 p ,i P 

i s  t y p i c a l l y  from about 1 0  up t o  1 0  . For s m a l l e r  v a l u e s  t h e  a b l a t i o n  r a t e  

i s  so  l a r g e  t h a t  t h e  a b l a t i o n  f r o n t  s t r u c t u r e  becomes i n d i s t i n c t  and t h e  

s t a t i o n a r y  flow approximation becomes less a p p l i c a b l e .  

Figures l a  and l b  show l i n e a r  and l o g a r i t h m i c  p r o f i l e s  of t h e  c a s e  

6  = l o L ,  fj = 0, f o r  v a r i o u s  v a l u e s  o f . 6  . This  s o l u t i o n  is  t y p i c a l  of those  
P  C 

p resen ted  i n  Ref . (3 ) .  The second s o n i c  p o i n t  i s  on t h e  l e f t  a t  f = 0.305. 
s 2 

For comparison, F ig .  l c  shows l o g a r i t h m i c  p r o f i l e s  f o r  t h e  c a s e  6 = 1 0  and 
l-3 
I 

-2 g = 0. Note t h a t  i n  t h i s  c a s e  v  and, co r respond ing ly ,  the  s p e c i f i c  ent ropy 
b 

2 
of t h e  dense p e l l e t  m a t e r i a l  a r e  l a r g e r  than i n  t h e  6 = 1 0 .  case .  F i g u r e  2 

, P 

shows va r ious  r a t i o s  of q u a n t i t i e s  at f and i ( Z l ) ,  and o t h e r  c h a r a c t e r i s t i c s  
P S 

of the  a b l a t i o n  reg ion ,  f o r  t h e  g = 0 fami ly  of s o l u t i o n s .  These p r o p e r t i e s  

a r e  independent of 6 because r >1. The q u a n t i t y  6 i s  the  d imensionless  mass 
C C 

between r on t h e  l e f t  s i d e  of  a  s h e l l  and a  g iven po in t  ';, and i s  de f ined  a s  
s 2 



The q u a n t i t i e s  G and iii a r e  t h e  masses between r on t h e  l e f t  and r and 
P S s 2 P  

r respec t ive ly ;  
6 - _ - -  i 

m = m(rp) , ms ;(Fs). 
P (23b) 

The s t a t i o n a r y  model approximation t o  t h e  s h e l l  maGs is ,  t h e r e f o r e ,  6 . The 
P  

a d d i t i o n a l  mass i n  6 i s  mass i n  t h e  a b l a t i o n  r e g i o n  which h a s  a l r e a d y  been removed 
s - 

from t h e  s h e l l .  It w i l l  be  seen  t h a t  f o r  smal l  v a l u e s  of .i, i . e . ,  g  < 1, 

(6 -6 6 << 1. That is, t h e  amount of mass a t  any t ime i n  t h e  a b l a t i o n  reg ion  
s P  

.between t h e  maximum d e n s i t y  and s o n i c  p o i n t s ,  r and r i s  r e l a t i v e l y  smal l .  
P  S 

For l a r g e r  g, on t h e  o t h e r  hand, i t  w i l l  be s e e n  t h a t  more than  a  t h i r d  of 

t h e  mass between r and r i s  between r and r . This  p a r t  i s  expected t o  
s 2 S p  S 

b e  s i g n i f i c a n t  f o r  t h e  Taylor i n s t a b i l i t y  problem because  t h e  i n s t a b i l i t y  

develops i n  t h e  a b l a t i o n  r e g i o n  and a d d i t i o n a l  mass t h e r e  should reduce  t h e  

growth r a t e .  

A r e l a t e d  q u a n t i t y ,  A?, which w i l l  be  used below i n  connect ion wi th  

- 
g* s o l u t i o n s ,  i s  t h e  d imensionless  s h e l l  t h i c k n e s s  def ined a s  

- - 
Note from Tig. 2 t h a t  P I P S  and ; ( I r  /r ) a r e  n e a r l y  independent of 1, (4 /L, ) 

- P P P  s P  P S  

i . e . ,  near ly  t h e  same f o r  a l l  members of t h e  family  of s o l u t i o n s .  Also:.ii i s  n e a r l y  

- - P. 
propor t iona l  t o  p a s  would be expected f o r ,  g=O. By c o n t r a s t  i n  t h e  

P  

g  $ 0 so lu t ions  shown below s h e l l  mass i s  n e a r l y  independent  of 6 f o r  a 
P  

given g and l a r g e r  v a l u e s  of 6 . 
P  



Figure 3 S ~ O C Y  r a t i o s  of  v a r i o u s  q u a n t i t i e s  a t  r (E l )  and ? a s  a f u n c t i o n  s C - 
of <. Also included i s  t h e  d imens ion less  l a s e r  power Wm, r e q u i r e d  t o  Support 

a  given s o l u t i o n .  Curves a r e  g iven f o r  s e v e r a l  widely  spaced v a l u e s  of , 
P 

except  where t h e  curves  a r e  i n d i s t i n g u i s h a b l e .  I t  i s  c l e a r  t h a t  except  nea r  

- 
PC = 1 these  q u a n t i t i e s  a r e  e s s e n t i a l l y  independent  of t h e  d e t a i l s  of t h e  

- 
a b l a t i o n  f r o n t ,  and, t h e r e f o r e ,  of t h e  v a l u e  of 5 . It can be seen t h a t  I -L i s  

- %  P 
approximately p ropor t iona l  t o  P , which i s  t o  say 

C 
p r o p o r t i o n a l  

t o  l a s e r  wavelength, 1, . This p o i n t  h a s  been confirmed by numerical  s i m u l a t i o n .  (7 

Figure  3 i s  e s s e n t i a l l y  t h e  same as F ig .  2h i n  Ref.  (3)  except  f o r  
- - - 
vm - vw/vSy t h e  exhaust  v e l o c i t y ,  which was n o t  s h o m  t h e r e .  The f low v e l o c i t y  

approaches t h i s  va lue  a s  r -+ i n  a  manner much l i k e  t h e  exhaus t  of a  r o c k e t .  

' This,  the re fo re ,  is  t he  blow off v e l o c i t y  t h a t  should  b e  seen  by an e x t e r n a l  

i o n  d e t e c t o r  such a s '  a  ~ a r i d a ~  cup ( 8 )  o r  Thompson parabola  

analyzer  , when t a r g e t  c o n d i t i o n s  a r e  such t h a t  t h e  

a b l a t i o n  i s  e s s e n t i a l l y  s t a t i o n a r y .  Of course ,  i n c i d e n t  l a s e r  power, Ww, i s  

- 
a  f u n c t i o n  of t ime and s o ,  t h e r e f o r e ,  i s  v and ps, and t h e r e f  o r e ,  pc (5  pc/pS) 

S - 
Consequently n e i t h e r  V nor  voD w i l l  b e  cons tan t  throughout  a  t a r g e t  shot'., 

S 

However, it i s  shown below t h a t  T and ,  t h e r e f o r e ,  v  are weak ' func t ions  of 
s S - 

Woo, and i t  i s  seen  i n  F i g .  3 t h a t  voo i s  a  weak f u n c t i o n  of  pc/ps. It shou ld ,  

the re f  o r e ,  be expected t h a t  i n  exper iments  i n  which approximate ly  s t a t i o n a r y  

a b l a t i o n  occurs,  t h e  i o n  blow o f f  spect rum w i l l  have a  c l e a r  peak i n  v e l o c i t y .  
- 

From F ig .  3 the  peak should occur  somewhere between C v >and %'vg>, depending 
s 

on pc, wherec v' i s  a  t ime averaged s o n i c  v e l o c i t y  which w i l l  be  nea r  t h e  v a l u e  
S 

of vs a t  peak power. 



It may be noted t h a t  because of t h e  s c a l i n g  chosen ( w m / ( ~ v / 2 )  and 

3 ~v /v ), i f  t h e r e  were no convect ive  i n t e r n a l  energy t r a n s p o r t  a s  r+-, 
w m s  

then energy conservat ion would r e q u i r e  GOD+:-Y2. Since i n  most c a s e s  of 
b  

i n t e r e s t  i j 2 > > Y 2  we should expect  t o  f i n d  Gw=Y:, bu t  from F ig .  3 t h i s  i s  
b ' 

c l e a r l y  not  so  except f o r  l a r g e r  0 i . e . ,  smal le r  t . The reason f o r  
c * C 

t h i s  can be shown from t h e  asymptotic s o l u t i o n s  given i n  Ref. 3 t o  be  t h e  

perhaps s u r p r i s i n g  f a c t  t h a t  t h e r e  i s  a f i n i t e  outward h e a t  f low a s  f-w. 

This  heat flow l o s s  t o  i n f i n i t y  i n c r e a s e s  as ? i n c r e a s e s  and i s  t h e  cause 
C 

of  t h e  f a c t  t h a t  Gw i n c r e a s e s  f a s t e r  than  t: w i t h  dec reas ing  i . e . ,  
c ' 

i n c r e a s i n g  I . This  same e f f e c t  occurs  i n  t h e  charged p a r t i c l e  beam 
C 

d r i v e n  case and i s  discussed below i n  connec t ion  w i t h  F i g .  1 6 .  



- 
U. O < g < =  

The con t r ibu t ions  of s p h e r i c a l  d ivergence  and a c c e l e r a t i o n  t o  t h e  

momentum equat ion ,  Eq. (9 ) .  a r e  t h e  ~ T / T  and terms r e s p e c t i v e l y .  I n  t h e  

- 
a b l a t i o n  region,  r < r < 1, t h e  d ivergence  term t y p i c a l l y  i n c r e a s e s  smoothly 

P  

from c l o s e  t o  zero a t  ? where 0  < << 1 , t o  2  a t  ? = I ,  where ( s e e F i g s .  1 
P. ' 

and 4 ) .  The i n f l u e n c e  of a c c e l e r a t i o n  on t h e  a b l a t i o n  p rocess  should then  

be  comparable t o  t h e  nozzl ing  e f f e c t  of s p h e r i c a l  d ive rgence  when g r 1. 

2 
Figures  4a and b  show p r o f i l e s  o f  t h e  case  5 = 1 0  , = 1.0,  f o r  v a r i o u s  

I' 

va lues  of Ec. The second s o n i c  p o i n t  i s  a t  ? = 0.85. Note t h e  s h e l l  l i k e  
s2  

s t r u c t u r e  of the  d e n s i t y  p r o f i l e .  F igure  5 a  shows the  a b l a t i o n  r e g i o n  pa ramete r s  

f o r  the  g = 1.0  family of s o l u t i o n s .  I n  a d d i t i o n  t o  t h e  parameters  g iven i n  

Fig .  2 f o r  the  g = 0 family ,  F i g .  5  g i v e s  t h e  q u a n t i t y  (f-? ) / A ? ,  which i s  t h e  
s P. 
-. 

r a t i o  of t h e  d i s t a n c e  between t h e  maximum d e n s i t y  p o i n t ,  r , and t h e  s o n i c  
P  

p o i n t  t o  t h e  th ickness  of t h e  s h e l l ,  A? (Eq. ( 2 4 ) ) .  I t  w i l l  be seen  t h a t  f o r  

a  given 6 t h i s  r a t i o  i n c r e a s e s  s i g n i f i c a n t l y  w i t h  i n c r e a s i n g  g. 
P 

I n  order  t o  show t h e  e f f e c t s  of d i f f e r e n t  v a l u e s  of  g, t h e  a b l a t i o n  

-+ 
r eg ion  parameters f o r  5 = 1 0  and 1 0 ~  a r e  g iven i n  F i g s .  5b and 5 c  r e s p e c t i v e l y .  

F igure  6 shows t h e  va r ious  c r i t i c a l  t o  s o n i c  r a t i o s  and o t h e r  q u a n t i t i e s  which 

depend on 6 f o r  = 1.0.  The blow o f f  v e l o c i t y ,  v ~ ,  given f o r  = 0 i n  F i g .  3 i s  
C 

n o t  given here  f o r  t h e  reason t h a t  g = cons t  $ 0 makes t h i s  q u a n t i t y  d i v e r g e  
- 

i n  our c a l c u l a t i o n s .  Values of v_ f o r  0  could b e  ob ta ined  from t h e  s t e a d y  

f low model by making g d e c r e a s e  t o  ze ro  w i t h  i n c r e a s i n g  ?. However, by 

comparing Figs. 3 and 6 it can b e  seen  t h a t  behavior  between t h e  s o n i c  and 

c r i t i c a l  po in t s  i s  no t  ve ry  d i f f e r e n t  f o r  = 0 and f o r  5 = 1 .0 ,  even f o r  

small  EC and t h e  correspondingly  l a r g e  v a l u e s  of . Eloreover the  implos ion 
C 

v e l o c i t i e s  of s h e l l s  a r e  u s u a l l y  somewhat l e s s  than  t h e  a b l a t i o n  exhaust  v e l o c i t y .  



Consequently t h e  exhaus t  v e l o c i t i e s  g i v e n  i n  Fig. 3  f o r  = 0  a r e  a  good 

approximation t o  t h e s e  f o r  imploding  s h e l l s  excep t  f o r  v e r y  l a r g e  and /o r  

very  sma l l  C c .  Graphs l i k e  F i g .  6 of  6 dependent  q u a n t i t i e s  a r e  n o t  shown 
C 

h e r e  f o r  o t h e r  v a l u e s  of  g excep t  f o r  ve ry  l a r g e  v a l u e s  of 2 ( s e e  t h e  

>- 

g = m:sect ionbelow) s i n c e  t h e y  a r e  v e r y  s i m i l a r  t o  t h e  2=1 c u r v e s  sh0i.n i n  F i g  

- 
The v a l u e s  of t h e  s h e l l  mass,  m (Eq. 23)) and t h e  s h e l l  s u r f a c e  p r e s s u r e  and 

P  

r a d i u s ,  P and ? shown i n  F i g .  5 can  b e  s e e n  t o  be  a lmos t  c o n s t a n t  i n  t h e  
P  P , 

range  of i n t e r e s t ,  which is t o  s a y  f o r  p ?  LO. T h i s  i s  e s p e c i a l l y  t r u e  f o r  
r P 

33 = 1 0  and 1 0  . Over t h e  s a m e  r a n g e  t h e  s h e l l  a s p e c t  r a t i o ,  which i s  g i v e n  

t h e  u s u a l  d e f i n i t i o n  

(See Eq.  (24)  f o r  A;) (25) 

i n c r e a s e s  approximate ly  i n  p r o p o r t i o n  t o  5 . Thi s  b e h a v i o r  can  b e  s e e n  i n  F ig .  7 
P  

which shows A a s  a f u n c t i o n  o f  6 f o r  v a r i o u s  v a l u e s  of  g. The l i n e a r  dependence 
P 

of A on 6 f o r  l a r g e  6 has  a s i m p l e  e x p l a n a t i o n .  When A i s  s u f f i c i e n t l y  l a r g e ,  
P  P  

t h e  inward a c c e l e r a t i o n  of t h e  t h i n ,  d e n s e  s h e l l  o f  mass m (Eq.  Q3)and below) 
P  

which l i e s  between r and r c a n  b e  c a l c u l a t e d  by t r e a t i n g  t h e  s h e l l  as i f  
s 2  P  

i t  were a  shee t  mass. That i s ,  f o r  t h i s  purpose  s p h e r i c a l  c o r r e c t i o n s  

can be  neglec ted .  The e q u a t i o n  of  mot ion  i s  t h e n  
\ 

where t h e  r i g h t  s i d e  i s  t h e  inward f o r c e  on t h e  o u t s i d e  s u r f a c e  of t h e  s h e l l  

and g  i s  t h e  magnitude of t h e  inward a c c e l e r a t i o n .  Apply ing  t h e  v a r i o u s  

d e f i n i t i o n s  and s c a l i n g  r e l a t i o n s h i p s  above,  i n c l u d i n g  Eqs.  ( 2 4 ) , ( 2 5 )  and t h e  

f a c t  t h a t  P = 
2 

s Psvsy g i v e s  



-.. 
Since  a s  seen above P and ? a r e  weak f u n c t i o n s  o f  6 f o r .  l a r g e  6 t h e  independence o f  

P. P P P - 
m and the  approximate l i n e a r  r e l a t i o n s h i p  between A and g f o r  l a r g e  6 . 

P P 

fo l lows.  Equation (27) can b e  seen t o  a g r e e  w i t h  F i g s .  5 and 7 f o r  l a r g e  6 . On t h e  
P 

o t h e r  hand i t  was shown above t h a t  f o r  g of t h e  o r d e r  of one,  or  l e s s ,  s p h e r i c a l  

d ivergence  e f f e c t s  i n  t h e  a b l a t i o n  r e g i o n  a r e  comparable t o o r l a r g e r  than 

a c c e l e r a t i o n  e f f e c t s .  Thus we s e e  t h a t  a s h e l l  can  be  s o  t h i n  t h a t  i t s  

s p h e r i c a l  geometry can b e  neg lec ted  i n  c a l c u l a t i n g  i t s  a c c e l e r a t i o n ,  whi l e  a t  

t h e  same time s p h e r i c a l  e f f e c t s  a r e  v e r y  impor tan t  i n  de termining t h e  a b l a t i o n  

p r e s s u r e  which d e r i v e s  t h a t  a c c e l e r a t i o n .  It can,  t h e r e f o r e ,  b e  i n c o r r e c t  

t o  a'ssume t h a t  a  s h e l l  can b e  t r e a t e d  a s  p l a n a r  because  i t s  a s p e c t  r a t i o  i s  

l a r g e  . 

When -t m, Eqs. (9) and (10) are s i m p l i f i e d  by t h e  absence of v a r i o u s  

s p h e r i c a l  divergence c o r r e c t i o n s .  Under t h e s e  c o n d i t i o n s  t h e  a s p e c t  r a t i o  

A + m (see  Eq. (27)), and r can no l o n g e r  b e  used as a s c a l e  l e n g t h .  I n s t e a d  
S 

t h e  , l e n g t h ,  x 
g '  

- 
must be  used, s o  t h a t  t h e  d imensionless  l e n g t h  i s  x r / x  . With t h e s e  changes 

f5 

and t h e  o r i g i n  of x taken t o  be t h e  s o n i c  p o i n t ,  Eqs. (9-12) become 



This system i s  p lanar .  I f  g  i s  t aken  t o  b e  independent  of p o s i t i o n  t h e n  

-.. v = -  2 and = 1 i n  t h i s  s c a l i n g .  An approximate a n a l y t i c  s o l u t i o n  t o  t h i s  

system has been obtained by ~ e l b e r ' ~ ) .  F i g u r e  8 shows t h e  s p a t i a l  p r o f i l e s  

2 
of t h e  planar s o l u t i o n  w i t h  6 = 1 0  , p l o t t e d  l o g l l i n e a r  because t h e r e  i s  now 

P  
2 no n a t u r a l  o r i g i n  t o  t h e  l e f t  of  t h e  s h e l l .  The g = 1 . 0 ,  6 = 1 0  p r o f i l e s  

F 

a r e  included (dashed l i n e s )  i n  t h e  xo based u n i t s  f o r  comparis.on. Note t h a t  
C 

t h e  s o n i c  point  i s  f u r t h e r  from t h e  s h e l l ,  i n  u n i t s  of A%, and t h e r e  i s  

r e l a t i v e l y  more mass i n  t h e  a b l a t i o n  r e g i o n  i n  t h e  p l a n a r  case .  F i g u r e  9 

g ives  t h e  a b l a t i o n  reg ion  pa ramete r s ,  which show t h e s e  same f e a t u r e s  f o r  t h e  

range  of 5 values ,  when compared t o  F ig .  5. F i g u r e  1 0  shows t h e  Bc dependent 
P  

parameters  f o r  t h e  p lana r  c a s e  and should b e  compared t o  F ig .  6.  

The + l i m i t  i s  an a p p e a l i n g  s i m p l i f i c a t i o n  and i s  sometimes u s e f u l  f o r  

t r e a t i n g  l a r g e  aspect  r a t i o  s h e l l s .  However, t h i s  l i m i t  n e g l e c t s  s p h e r i c a l  - 
divergence  e f f e c t s ,  and, a s  no ted  above i n  t h e  d i s c u s s i o n s  of a s p e c t  r a t i o s ,  

t h i s  i s  not  always -E. good approximat ion .  

D.  Range of V a l i d i t y  of S t a t i o n a r y  Flow Pfodel of S h e l l s  

In order  f o r  t h e  s t a t i o n a r y  flow model of an inward a c c e l e r a t i n g  s h e l l  t o  

be v a l i d ,  the  e f f e c t s  of t h e  fS .c t i t iousou tward  f low from i n s i d e  t h e  s h e l l  



s t ~ o u l d  be s x a l l .  S i n c e  t h e  s t a t i o n a r y  model b r e a k s  dorm a t  t he  second s o n i c  

p o i n t ,  r ,where i n  g e n e r a l  t h e  d e n s i t y  i s  much l e s s  t h a n  t h e  maximum d e n s i t y  
s 2 

a t  r t h i s  p o i n t  h a s  been  t a k e n  as t h e  i n s i d e  edge of  t h e  s h e l l .  A measure 
P' 

of t h e  v a l i d i t y  of  t h e  model i s  t h e  r a t i o  of  t h e  p r e s s u r e  a t  r t o  t h e  
P 

p r e s s u r e  a t  r s2, Pp/Ps2. : I f  t h e  r a t i o  i s  l a r g e ,  t h e  p r e s s u r e  a t  t h e  i n s i d e  

edge, which should i n  r e a l i t y  b e  z e r o ,  h a s  o n l y  a  s m a l l  e f f e c t  on t h e  inward 

a c c e l e r a t i o n  and r e l a t e d  s t r u c t u r e  of t h e  s h e l l .  F i g u r e  11 shows t h i s  r a t i o  

as a  func t ion  of and g. The minimum v a l u e s  of P /P t h a t  a r e  a c c e p t a b l e  
D P s 2  

depend on the  p a r t i c u l a r  a p p l i c a t i o n  and t h e  accu racy  r e q u i r e d ;  f o r  most 

purposes t h e  a u t h o r s  f e e l  t h a t  t h e  p r e s s u r e  r a t i o  s h o u l d  s a t i s f y  P  /P  " ,, s2-4. 

Fo r  g = 1 . 0  f o r  example, i t  i s  s e e n  from F i g .  11 t h a t  t h i s  i s  e q u i v a l e n t  t o  

s a y i n g  t h a t  t he  model i s  o n l y  v a l i d  f o r  6 > 10 .  Fo r  s m a l l e r  g t h e  minimum 
P - 

p i s  seen  t o  be l a r g e r .  
P  

Such r e s t r i c t i o n s  on  P /P .  s h o u l d  n o t  b e  a p p l i e d  t o  model ing  t h o s e  
P  s 2  

implosion s i t u a t i o n s  i n  which = 0 because  t h e r e  i s  a s i g n i f i c a n t  m a t e r i a l  dens i ey  
.-- .- 

and p r e s s u r e  a t  r = 0. Such s i t u a t i o n s  o c c u r ,  for i n s t a n c e ,  i n  t h e  compress ion  

(9) of i n i t i a l l y  homogeneous s o l i d  s p h e r e s  by h i g h l y  shaped p u l s e s  . The 

- 
g  = 0 s o l u t i o n s  p r e s e n t e d  above and i n  Ref .  3 a r e  a l i m i t i n g  c a s e  of  t h i s  

c l a s s  of s o l u t i o n s .  

E.  Burn Through 

Up t o  t h i s  p o i n t  t h e  removal  o f  mass from a  s h e l l  by a b l a t i o n  d u r i n g  

a n  implosion h a s  n o t  been c o n s i d e r e d .  A s  a  measure of  mass removal we d e f i n e  

a  burn  through pa rame te r ,  B ,  



where h71 and L t T  = re  t h e  n z s s  removed from a  s h e l l  by a b l a t i o n  d u r i n g  i t s  
A 

implos ion  and t h e  d u r a t i o n  of t h e  imp los ion  r e s p e c t i v e l y .  R e c a l l  t h a t  

2 S = 4nr  v p i s  t h e  mass f l o w  r a t e  and m = m(r  ) i s  t h e  s h e l l  mass. ~f 
S s s  P P  

i t  i s  assumed t h a t  t h e  s h e l l  s tar ts  from t h e  r a d i u s  r and a c c e l e r a t e s  
1' 

un i fo rmly  t o  t he  o r i g i n  w i t h  a n  a v e r a g e  a c c e l e r a t i o n  g ,  then  A t l  i s  g iven  by 

S u b s t i t u t i n g  Eq.  (34) and t h e  n e c e s s a r y  s c a l i n g  def i n i t i n n s  i ,ncluding Eq. (23)  

i n t o  Eq. (33) g ives  

Figure 1 2  shows B v s .  6 f o r  v a r i o u s  v a l u e s  of e .  The 
P 

approximate constancy of  B f o r  l a r g e  6 i s  a consequence of t h e  approximate  
P 

cons tancy  of 6 f o r  l a r g e  6 (.see Eq. (27) and above)  . 
P P  

S u b s t i t u t i n g  Eq.  (27a )  f o r  i n t o  Eq.  (35)  f o r  B g i v e s  t h e  a s ~ m p t o t i c  
P  * 

v a l u e  of B f o r  l a r g e  i j  and t h e r e f o r e  l a r g e  A; 
P' 

Equa t ion  (36) can be s e e n  t o  b e  i n  agreement  w i t h  F ig .  12  when t h e  weakly 

- - 
p dependent va lues  of ? and P from Fig. 5 a r e  t aken  i n t o  a c c o u n t .  
P  P  P  

There a r e  many ways i n  which Eq. (34)  can  b e  r e f i n e d  and /o r  made 

more complicated, i n c l u d i n g  i n  p a r t i c u l a r  g r e a t e r  a c c e l e r a t i o n  f o r  a  g iven  

i n c i d e n t  power a s  t h e  s h e l l  mass i s  reduced  by a b l a t i o n .  i~ los t  o f  t h e s e  1:;ill  

make A t  and 
I ' 



t h e r e f o r ~ , B ,  siilaller f o r  a g i v e n  and 6 , b u t  most !.?ill n o t  rer111c.e B by  
P 

much more than a  f a c t o r  of 2. The i n c l u s i o n  o f  v a l u e s  of B l a r g e r  t h a n  1 i n  

F i g .  1 2  makes ad jus tment  f o r  such  c o r r e c t i o n s  p o s s i b l e  by s imply  s l i d i n g  t h e  

l o g a r i t h m i c  B s c a l e  by an  amount equa l  t o  t h e  c o r r e c t i o n  f a c t o r .  

The e f f i c i e n c y  of a n  a b l a t i v e l y  d r i v e n  imp los ion  depends o n  t h e  r a t i o  

o f  a b l a t i v e l y  removed mass t o  f i n a l  imploded mass i n  e s s e n t i a l l y  t h e  same 

(10 1 way a s  t h e  e f f i c i e n c y  of a  r o c k e t  depends on t h e  f u e l  t o  payload mass r a t i o  . 

The g r e a t e s t  energy i s  g iven  t o  t h e  imploded s h e l l  i f  i t s  mass i s  a b o u t  l / e  

t imes  t h e  t o t a l  i n i t i a l  s h e l l  mass.  T h i s  would b e  e q u i v a l e n t  t o  B=l - l / e  = 0.63, 

b u t  when t h e  v a r i o u s  c o r r e c t i o n s  t o  A t  i n c l u d i n g  i n c r e a s i n g  a c c e l e r a t i o n  I .  

as t h e  s h e l l  mass d e c r e a s e s ,  t h e  B s c a l e  may move up by a s  much as a  f a c t o r  

of 2. The optinturn would t h e n  b e  abou t  where B = 1 . 0  on t h e  s c a l e  i n  Fig. 12.  

I n  any case  w i t h i n  t h e  range  of l i k e l y  imp los ion  t i m e  h i s t o r i e s ,  i t  

'/2 i s  s e e n  from Fig .  1 2  t h a t  v a l u e s  of g l a r g e r  t h a n  abou t  1 0  , and c e r t a i n l y  

as l a r g e  as 10,  cor respond t o  t oo  much mass removal ,  i .e . ,  e s s e n t i a l l y  

comple te  burn through, f o r  a n y  ij 2 1 0 .  Moreover,  f o r  5 <_ 1 0  t h e r e  appea r  t o  b e  
P  P  

no . s o l u t i o n s  wi th  a c c e p t a b l y  sma l l  v a l u e s  o f  B ,  which i s  c o n s i s t e n t  ~ v l t h  t h e  p r e v i o u s  

o b s e r v a t i o n  t h a t  s t a t s o n a r y  a b l a t i v e  b e h a v i o r  d o e s  n o t , o c c u r  f o r  6 I 1 C .  
P  

( I f  phys i ca l  r e q u i r e m e n t s  a r e  p l aced  on A and B ,  t h e  r e g i o n s  i n  

- 
p and g where a c c e p t a b l e  s o l u t i o n s  e x i s t ,  i f  any ,  can b e  s e e n  from comparing 

P 

F i g s .  7 and 1 2  o r  by u s e  of  F i g .  1 3  ( s e e  f u r t h e r  d i s c u s s i o n  of  F i g .  13 i n  S e c t i o n  
- 

vI>  which g i v e  A and B a s  f u n c t i o n s  of 6 and g. For  example i f  
P  

Tay lo r  s t a b i l i t y  c o n s i d e r a t i o n s  r e a u i r e  t h a t  A 2 1 0 ,  w h i l e  e f f i c i e n c y  r e q u i r e s  

0.5 <B< 1.0,  then  t h e r e  i s  a r e g i o n  n e a r  g = 0 . 1  and 6 = 60 where 
P  

a p p r o p r i a t e  s o l u t i p n s  a r e  found.  



T Solu t ions  X i t h  C r i t i c a l  Surf a c e  D e n s i t s  D i s c o n t i n u i t i e s  

A .  Jump Condi t ions ,  Ex i s t ence  of S o l u t i o n s  and P r o f i l e  Mod i f i ca t ion  

I n  add i t i on  t o  t h e  c o n t i n u o u s  s o l u t i o n s  d i s c u s s e d  above, t h e r e  a re  

a b l a t i v e  s t a t i o n a r y  f low s o l u t i o n s  which c o n t a i n  a  d i s c o n t i n u i t y  i n  d e n s i t y  

and v e l o c i t y  a t  t h e  c r i t i c a l  r a d i u s ,  rc. These  s o l u t i o n s  can  b e  d e r i v e d  

from t h e  cont inuous s o l u t i o n s  above by i n v o k i n g  c o n t i n u i t y  of mass 

and momentum flow a t  t h e  d i s c o n t i n u i t y .  S i n c e  t h e  d i s c o n t i n u i t y  i s  a t  

t h e  c r i t i c a l  s u r f a c e  and t h e  l a s e r  l i g h t  impinges  from t h e  r i g h t  ( l a r g e  

r ) ,  t h e  dens i ty  t o  t h e  r i g h t  of t h e  d i s c o n t i n u i t y  must be  less t h a n  o r  
1 

equa l  t o  pc and t h e  d e n s i t y  t o  t h e  l e f t  must  b e  e q u a l  t o  o r  l a r g e r  t h a n  

I f  t h e  s u b s c r i p t  1 i d e n t i f i e s  q u a n t i t i e s  t o  t h e  l e f t  ( s m a l l e r  r )  

of t h e  d i s c o n t i n u i t y  and s u b s c r i p t  2 t o  t h e  r i g h t ,  t hen  p l  2 pc 2 p 2  

and t h e  c o n t i n u i t y  c o n d i t i o n s  a r e  

Here a  = 4~rr i s  t h e  s u r f a c e  a r e a  a t  r S i s  t h e  mass f low r a t e ,  P i s  
C c , P  

t h e  plasma p r e s s u r e  and P i s  t h e  p r e s s u r e  of t h e  i n c i d e n t  l a s e r  r a d i a t i o n  
R 

which i s  only non-zero on t h e  low d e n s i t y  s i d e  of r . '  By t a k i n g  P t o  
c R 

be  d iscont inuous  a t  r we a r e  n e g l e c t i n g  s t r u c t u r e  on t h e  s c a l e  of t h e  
C 

l a s e r  wavelength. The plasma p r e s s u r e  i s  

where C i s  t h e  i s o t h e r m a l  sound speed a t  r and t h e r e  i s  o n l y  one  tempera- 
C c ' 

t u r e ,  Tc, a t  r because  T must b e  c o n t i n u o u s  Ghere t h e  f h e m a l  c o n d u c t i v i t y ,  
C 

K ,  i s  non-zero. S u b s t i t u t i n g  Eqs. (37a)  and (38)  i n t o  (37b) g i v e s  



Solv ing  f o r  u g i v e s  
2 

C 2. 
C 

C 
C v = ( [  + -  - - 

2 1 1  c ) (40) 

I n  cases where P is  n e g l i g i b l e ,  t h i s  g i v e s  
, "R' 

Since  p 2 < 0 1  arid, v , > v l , i f  v1#v2, i . e . ,  i f  a  d i s c o n t i n u i t y  d o e s  o c c u r ,  ther! 
L 

t h e  r o o t  cor responding  t o  t h e  (-j s i g n ,  'Eq. (4D, a p p l i e s ,  and v  < C  <v I c  2 '  
That 

is, i n  going from r<rc t o  r>rc t h e  f low changes  from 

subson ic  t o  supe r son ic  a c r o s s  any s t a t i o n a r y  d i s c o n t i n u i t y  which o c c u r s  

. a t  rc. Discont inuous s u p e r s o n i c  t o  s u p e r s o n i c  t r a n s i t i o n s  a r e  n o t  

p o s s i b l e  under t h e s e  c o n d i t i o n s .  When t h e  l a s e r  v a v e l e n g t h ,  A ,  i s  

1.06 pm of t h e  Nd g l a s s  l a s e r ,  t h e  c r i t i c a l  e l e c t r o n  d e n s i t y  i s  n  = 1 0 ~ ~ c r n - ~ .  
e  c 

I f  t h e  c r i t i c a l  s u r f a c e  t empera tu re  i s  a t y p i c a l  103ev ,  t hen  t h e  c r i t i c a l  

s u r f a c e  e l e c t r o n  p r e s s u r e  i s  1 . 6 ~ 1 0 ~ ~  dynes/cm2. By c o n t r a s t ,  i f  t h e  

. i n c i d e n t  power i s  a  t y p i c a l  1015 w/cm2, t h e n  ( n e g l e c t i n g  t h e  plasma d i -  

e l e c t r i c  e f f e c t s  n e a r  r ) ~ ~ ' 3 x 1 0 ~ ~  dynes/cm2, and t h e  r a d i a t i o n  p r e s s u r e  
C 

i s  sma 

?,=lo. 6 

.11 though n o t  n e c e s s a r i l y  i n s i g n i f i c a n t  compared t o  P  - . However i f  
IJ 

1 9  -3 
Pm from a  C O  l a s e r ,  t h e n  n = 1 0  cm and under  t h e  same o t h e r  

2 ec  

c o n d i t i o q s  P i s  1 a r ~ e . r  than  F . 
R P 

The va lue  of v 2 ,  g iven  by Eq. (40) w i t h  t h e  (-) s i g n ,  can  b e  seen  

t o  be  reduced by non-zero v a l u e s  of P  s i n c e  P S  and a  a r e  a l l  pos i -  
R ' R ' - 

t i v e .  Consequently f o r  a  g i v e n  vl and p l ,  t h e  e f f e c t  of i n c r e a s i n g  t h e  

r a d i a t i o n  p re s su re ,  PR, from ze ro  i s  t o  r e d u c e  v  and i n c r e a s e  p i . e . ,  
2 2 ' 

t o  reduce  t h e  magnitude of t h e  d i s c o n t i n u i t y .  



I t  happens i.n many c a s e s  of i n t e r e s t  where p i s  smal l  enough t o  
C .. . 

a l l o w  PR t o  be impor tant  t h a t  the  f low a t  t h e  c r i t i c a l  s u r f a c e  i s  

f a r  above son ic . .  I n  such c a s e s  i t  can b e  s e e n  from Eq.  (40) t h a t  

s t a t i o n a r y  d i s c o n t i n u i t i e s  which s a t i s f y  t h e  necessa ry  c o n d i t i o n  p cp 
2 I 

do  n o t  e x i s t .  The e f f e c t  of non-zero P t o  t h e  r i g h t  of r i n  s t a t i o n a r y  
R c 

s o l u t i o n s  i s  t o  i n c r e a s e  p ,  not todecrease'-i.t.Consequently, d e n s i t y  Pro- 

f i l e  modif ica t ions  which a r e  caused by r a d i a t i o n  p r e s s u r e  t o  t h e  r i g h t  

of a  c r i t i c a l  s u r f a c e  i n  t h e  supersonic  f low r e g i o n  and which i n t r o d u c e  

a  s h a r p  decrease i n  d e n s i t y  w i t h  i n c r e a s i n g  r a t  t h e  c r i t i c a l  s u r f a c e  

would seem to  b e  t r a n s i e n t .  S ince  t h e  i n s t a n t  e f f e c t  of 

, a p p l y i n g  P t o  t h e  r i g h t  of r must be  t o   decrease.^ t h e r e ,  and t h e  
R c 

p o s i t i o n  of r changes w i t h  changes i n  t h e  p r o f i l e  of p ,  o s c i l l a t o r y  
C 

t r a n s i e n t s  should b e  expected .  i\rhen -P, i c  su f  f i cYen t ly  l a r g e .  When such 
.. . 

d e n s i t y  o s c i l l a t i o n s  occur  i n . a  superson ic  r e g i o n ,  they must be .convected  wi th  t h e  

f low t b  l a r g e r  r and n o t  b e  f e l t  t o  t h e  l e f t  o f  rc. The p r o f i l e  modi f i ca t ions  

s e e n  by Virmont(ll)may b e  of t h i s  type .  

B. Role of Discontinuous S o l u t i o n s  and R e l a t i o n s h i p  of p t o  p1 and p2 
I? 

A p a r t i c u l a r  r e a s o n  f o r  i n t e r e s t  i n  t h e  d i s c o n t i n u o u s  s o l u t i o n s  i s  t h a t  

s i t u a t i o n s  can occur  i n  which t h e  i so the rmal  s o n i c  p o i n t  d e n s i t y  f a l l s  below 

t h e  l a s e r  l i g h t  c r i t i c a l  d e n s i t y ,  . T h i s  t e n d s  t o  occur  when t h e  mass 

a b l a t i o n  r a t e  i s  decreased a s  a  r e s u l t  of d e c r e a s i n g  t h e  i n c i d e n t  power and/or  

d e c r e a s i n g  the  conduc t iv5 ty  c o e f f i c i e n t ,  G(Z) ,  of t h e  t a r g e t  by i n c r e a s i n g  Z.  

For  example f o r  a  g iven  t a r g e t  d e n s i t y ,  
p~ 

, which might be  t h e  i n i t i a l  d e n s i t y  

m u l t i p l i e d  by a  shock jump r a t i o  of about  4 ,  c o n s i d e r  a  set of c a s e s  wi th  t h e  

same c r i t i c a l  d e n s i t y  b u t  p r o g r e s s i v e l y  s m a l l e r  i n c i d e n t  l a s e r  power, W, o r  

c o n d u c t i v i t y  c o e f f i c i e n t ,  G .  The son ic  d e n s i t y ,  



P decrease::  \cith d c c r c ~ ~ i n ~ ,  \.:or C:. That i s  i j  (Ep / p  ) i n c r e a s e s  w i t h  
s P  P s  

dec reas ing  Uor G. Tnis can be seen from F i g s .  2 and 3  o r  5 and 6 above and  ini ill 
I 

be' d iscussed i n  more d e t a i l  i n  t h e  s c a l i n g  laws s e c t i o n  below. When W o r  G a r e  

, s u f f i c i e n t l y  small,  p = 
c  
. If W o r  G a r e  decreased s t i l l  f u r t h e r ,  no cont inuous  

S 

s t a t i o n a r y  s o l u t i o n s  e x i s t  because, a s  shown i n  Ref. 3, cont inuous  s t a t i o n a r y  

s o l u t i o n s  do no t  e x i s t  with p  <p  . However, d i scon t inuous  s o l u t i o n s  do e x i s t  
S .C 

w i t h  a  given p and p  and an a r b i t r a r i l y  smal l  W o r  G .  These s o l u t i o n s . a r e ,  there-  
P  C 

fore,needed t o  complete the  d e s c r i p t i o n  of l a s e r  d r iven  a b l a t i o n  phenomena. 

I n  cases  i n  which ' t he re  i s  a  s t a t i o n a r y  d i s c o n t i n u t i y  a t  r P i s  
c' R 

u s u a l l y  small i f  n o t  n e g l i g i b l e  compared w i t h  P . This  may b e  s e e n  from t h e  
P  

p a r t i c u l a r  examples of P and P g iven above by r e c a l l i n g  from Ref.  3  t h a t  
P .  R 

t h e  c r i t i c a l  s u r f a c e  p ressure  f a l l s  more s lowly  than t h e  absorbed power. That 

i s , t h e  dependence of c r i t i c a l  s u r f a c e  p r e s s u r e  on absorbed power i s  weaker 

than  l i n e a r .  On t h e  o t h e r  hand P i s  p r o p o r t i o n a l  t o  i n c i d e n t  power which 
R 

u s u a l l y  f a l l s  . a t  l e a s t  a s  r a p i d l y  a s  absorbed power because t h e  a b s o r p t i o n  

f r a c t i o n  tends: t o  inc rease  L7itl-i d e c r e a s i n g  power. Consequently 

a s  i n c i d e n t  power decreases  and t h e  c r i t i c a l  p o i n t  approaches t h e  s o n i c  p o i n t ,  

P /P  ( r  ) decreases  and P is ,  f o r  example, even less impor tant  than i n  t h e  
R c R 

15  2 
1 0  \d/m , A = 1-06pm example above. T h i s  argument i s  s t r o n g e r  f o r  longer  

wavelengths.  I n  what fo l lows t h e  c o r r e c t i o n s  in t roduced by t h e  P t e r m s  i n  
R 

E q .  (40) w i l l  b e  dropped because t h e  e f f e c t  of P i s  u s u a l l y  smal l  and because 
R 

r e t a i n i n g  P would in t roduce  t h e  compl ica t ion  of ano the r  s c a l i n g  parameter .  The 
R 

jump cond i t ions  then  reduce t o  Eq .  (36) and Eq.  (41) ..which g i v e  a  r e l a t i o n s h i p  

between (pl,vl) and ( p * , ~ ~ )  t h a t  depends o n l y  on Cc (= t*). 4 
C 

A t  t h i s  p o i n t  the problem a p p e a r s  t o  be ill posed. Equations ( 9 )  and (10) 

(momentum and energy r e s p e c t i v e l y )  can b e  so lved  w i t h  t h e  jump c o n d i t i o n s  



L q s .  (30) and  ( 4 1 ) ,  r e p l a c i n g  tllr Lreatment of t h e  s o n i c  s i n g u l a r i t y  described 

i n  S z c t i o n  11. Hovever, a  d e f i n i t e  r e l a t i o n s h i p  between p  and pl o r  p2 i s  
C 

needed t o  r e l a t e  t h e s e  s o l u t i o n s  t o  p h y s i c a l  problems,  and a l l  t h a t  i s  a v a i l a b l e  

i s  p12pc~p2 (Sec t ion  IV-A above ) .  There  a r e  s e v e r a l  approaches  t o  o b t a i n i n g  t h d s  

r e l a t i o n s h i p .  These i n c l u d e :  

1 )  some minimiza t ion  argument  t o  i n d i c a t e  t h e  r e l a t i o n s h i p ,  

2) a  microscopic  t r e a t m e n t  of  t h e  f low through t h e  d i s c o n t i n u i t y ,  o r  

3) t ime dependent n u m e r i c a l  s i m u l a t i o n .  

W e  w i l l  cons ider  each  of .  t h e s e  t h r e e  app roaches  i n  t u r n  and see t h a t  a comple te  

s o l u t i o n  t o  t h e  problem r e q u i r e s  a d d i t i o n a l  i n f o r m a t i o n  abou t  t h e  laser ene rgy  

d e p o s i t i o n  process .  

1 )  Minimizat ion a rguments .  It i s  i n t e r e s t i n g  t o  a s k  what r e l a t i o n s h i p  

between p  and p  w i l l  s u p p o r t  a g iven  p r e s s u r e  and d e n s i t y  on t h e  h i g h  d e n s i t y  
C 1 

s i d e ,  P and p w i t h  t h e  minimum i n p u t  power 'G!. A l t e r n a t i v e l y  one  cou ld  a s k  
1 1 ' 

what r e l a t i o n s h i p  g i v e s  t h e  g r e a t e s t  P f o r  a g iven  p  and W. I n  e i t h e r  c a s e  
1 1 

t h e  answer i s  p = p2, t h a t  i s ,  t h e  c r i t i c a l  d e n s i t y  o c c u r s  o n  t h e  low d e n s i t y  
C 

s i d e  of  t h e  s t e p .  Th i s  c a n  b e  s e e n  by moving t o  t h e  l a b o r a t o r y  frame where 

t h e  f l u i d  t o  t h e  l e f t  o f  rc i s  s t a t i c  and t h a t  immediately t o  t h e  r i g h t  h a s  t h e  

v e l o c f t y  U.  Then, i f  T i s  t h e  c r i t i c a l  s u r f a c e  t empera tu re ,  t h e  p r e s s u r e  
C 

b a l a n c e  r e l a t i o n s h i p  a c r o s s  t h e  d i s c o n t i n u i t y  i s  

The power t h a t  must b e  s u p p l i e d  t o  produce  t h e  f low energy i s  



\.:here r l ~ c  second e c , u z l i t y  cones from s u b s t i t u t i n g  Eq.  (42) . From E q .  ( 4 3 )  , 

i f  P i s  held f i x e d ,  (aV/ap2)<0. The minimum v a l u e  of  U c o n s i s t e n t  wi th  a given 
1 

pc is ,  the re fo re ,  obta ined when p has  t h e  l a r g e s t  p o s s i b l e  va lue .  S ince  i t  2 

i s  necessary t h a t  p2Sp t o  have a  d i scon t inuous  s o l u t i o n ,  t h e  minimum W i s  
C 

r equ i red  when p  =p By a  s i m i l a r  argument i t  can b e  shokm t h a t  t h e  l a r g e s t  
2  c '  

p o s s i b l e  p2 namely p2=pc, a l s o  g i v e s  t h e  maximum p o s s i b l e  p e l l e t  s i d e  p r e s s u r e ,  

Ply f o r  a  given W. These arguments can be  seen t o  be  forms of f a m i l i a r  r o c k e t  

impulse and e f f i c i e n c y  r e l a t i o n s h i p s .  Unfor tuna te ly ,  w h i l e  they sugges t  t h a t  

p =p should be used,  they do n o t  prove  i t ,  and i n  f a c t  t h e  sugges t ion  may b e  
2 c  

mis leading i n  some cases .  

2)  Plicroscopic tr'eatment of t h e  f low through t h e  d i s c o n t i n u i t y .  The 

d i s c o n t i n u i t y  i s  d i scon t inuous  because  of t h e  assumption t h a t  l a s e r  energy 

.deposi t ion  occurs only  where p=p . I f  i n s t e a d  t h e  .depos i t ion  i s  taken t o  
C 

occur  over a  smal l  range  on e i t h e r  s i d e  of r then t h e  d i s c o n t i n u i t y  becomes 
c , 

a  t h i n  region w i t h  l a r g e  b u t  f i n i t e  d e n s i t y  and v e l o c i t y  g r a d i e n t s  and w i t h  T  

e s s e n t i a l l y  cons tan t  a t  T=T . I n  g e n e r a l  p a r t  of t h e  d e p o s i t e d  l a s e r  p.ower 
C 

l e a v e s  t h i s  region by thermal conduct ion  j u s t  a s  i n  t h e  contfnuous s o l u t i o n s .  

However, t h e  remainder of t h e  d e p o s i t e d  power i s  conver ted  d i r e c t l y  i n t o  

s t reaming energy by doing work a g a i n s t  t h e  r a p i d l y  expanding f l u i d .  Th i s  p rocess ,  

which occurs a t  almost  c o n s t a n t  tempera ture ,  c o n v e r t s  t h i s  p a r t  of t h e  absorbed 

l a s e r  ener'gy d i r e c t l y  i n t o  k i n e t i c  energy of s t r eaming  wi thou t  f i r s t  c o n v e r t i n g  

i t  i n t o  thermalized i n t e r n a l  energy.  This  convers ion  must ,  t h e r e f o r e ,  occur  

on a  l e n g t h  s c a l e  of t h e  o r d e r  of t h e  mean f r e e  pa th  of  t h e - p r i m a r y  e l e c t r o n s ,  

t h o s e  which i n i t i a l l y  a c q u i r e  t h e  absorbed energy.  I f  because  of r e l a t i v e  l e n g t h  

s c a l e s  the  absorp t ion  can be  regarded a s  o c c u r r i n g  on ly  a t  p=p then when 
c ' 

viewed on t h e  microscopic  s c a l e  t h e  d i s c o n t i n u i t y  must have  a  t h i c k n e s s  of t h e  



o r d c r  of a primary e l e c t r o n  mean f r e e  p a t h .  Th i s  i s  c l e a r l y  r e m i n i s c e n t  of 
\ 

t h e  r o l e  of mean f r e e  p a t h s  i n  shock f r o n t '  s t r u c t u r e .  On t h e  o t h e r  hand t h e  

t h i c k n e s s  of t h e  d i s c o n t i n u i t y  could  s imp ly  b e  determined by t h e  s p r e a d  abou t  p 
C 

of  t he  va lues  of p a t  which a b s o r p t i o n  o c c u r s .  A consequen-ce o f  t h e  d i r e c t  
C 

c o n v e r s i o n . i s  lower v a l u e s  0 f . T  than  would occu r  i f  absorbed  ene rgy  were 
L -.- 

f i r s t  converted i n t o  the rma l i zed  i n t e r n a l  ene rgy .  

The r educ t ion  of Tc t h a t  accompanies d i s c o n t i n u i t y  fo rma t ion  i s  d i s c u s s e d  
-, 

f u r t h e r  i n  Sec t ion  IV-C below. Because of  t h e  lower d e n s i t y  

of  the d i s c u ~ ~  t i n u i c y  , P2 ' can  b e  no  l e s s  t h a n  t h e  l o w e s t  d e n s i t y  a t  which 

d i r e c t  conversion can  occu r ,  p could  b e  as l a r g e  as p depending  on d e t a i l s  
2 c , 

of  t h e  abso rp t ion  and d i r e c t  c o n v e r s i o n  p r o c e s s .  Thus o , = D ~  i s  p o s s i b l e .  However, 

i t  i s  c l e a r  t h a t  t h e  f i n i t e  r a n g e  of  pr imary  e l e c t r o n s  could  r e q u i r e  t h a t  

Pc>P 2 .  To r e s o l v e  t h e  r e l a t i o n s h i p  between p and p i t  w i l l ,  t h e r e f o r e ,  b e  
C 2' 

necessary  t o  s o l v e  t h e  mic roscop ic  t r a n s p o r t  problem i n  t h e  v i c i n i t y  of r . 
C 

3)  ' Time dependent  numer i ca l  s i m u l a t i o n .  Time dependent  hydrodynam5.c and 

h e a t  f low s i m u l a t i o n s  have  been  done w i t h  pa rame te r  v a l u e s  which  g i v e  

d i scon t inuous  solut ions(12 ' f iese s i m u l a t i o n s  do show a q u a s i - s t a t i o n a r y  

d i s c o n t i n u i t y  i n  t h e  form of a s t e p  a  few zones  wide. Wi th in  zone s t r u c t u r e  

r e s o l u t i o n  these  s o l u t i o n s  show p - 2  - PC . These c a l c u l a t i o n s  w e r e  done w i t h  

- t h e  p r e s c r i p t i o n  which d e p o s i t s  t h e  abso rbed  laser energy i n  t h e  o u t e r  most 

zone wi th  p>p i . e . ,  t h e  f i r s t  o v e r  d e n s e  zone encountered by t h e  l a s e r  beam, 
C - 

which i s  t h e  p r e s c r i p t i o n  used i n  most l a s e r  f u s i o n  codes .  Consequent ly  

d i r e c t  conversion i n  zones w i t h  p<D i s  n o t  p o s s i b l e  i n  t h e  s i m u l a t i o n .  
C 

S ince  t h e  s t a t i o n a r y  s o l u t i o n  r e q u i r e s  p 2p 
c  2 '  = P i s  t o  b e  expec ted  2 

i n  such s imu la t ions  i f  a  q u a s i - s t a t i o n a r y  d i s c o n t i n u i t y  does  d e v e l o p .  

\..%at is  s i g n i f i c a n t  frorn t h e  s i m u l a t i o n s  is  t h a t  such d i s c o n t i n u o u s  

s o l u t i o n s  a r e  seen  t o  deve lop  and t o  b e  s t a b l e .  



A d i i f c r c n t  eaerpy d e p o s i t i o n  procedure  could be  i n c o r p o r a t e d  i n  t h e  

s i m u l a t i o n s  which would a l l o w  d i r e c t  conve r s ion  a t  d e n s i t i e s  below p b u t  c , 
t h i s  would need t o  be  based on some mic roscop ic  model of t r a n s p o r t  p r o c e s s e s  n e a r  

r . To i l l u s t r a t e  t h e  p r o p e r t i e s  and s c a l i n g  a f  t h e  f a m i l y  of d i s c o n t i n u o u s  
C 

s o l u t i o n s ,  s o l u t i o n s  w i t h  p = p a r e  shown i n  t h e  n e x t  s e c t i o n .  We expec t  
2 C 

t h a t  p = p w i l l  be  a  good approx ima t ion  i n  most b u t  n o t  n e c e s s a r i l y  a l l  
2 C 

c a s e s  of i n t e r e s t  i n  l a s e r  f u s i o n  r e s e a r c h .  



C . :iu-.i.r j ccil S o l u t i o n s  and S c a l i n g  

Because t h e  s o n i c  v e l o c i t y  i n  d i s c o n t i n u o u s  s o l u t i o n s  o c c u r s  between 

v l  and v 2  ( s e e  %. (41)), s o n i c  p o i n t  v a l u e s  of r ,  p  and v  are n o t  n a t u r a l  

va l , ues  by iyhich t o  s c a l e  t h e  s o l u t i o n s .  I n s t e a d  'we. s c a l e  p, r ,  and v by r 
- 

p 2  and v  and T  by R ) . Tha t  i s ,  we d e f i n e  ; I r / r  G I P I P ~ ,  v f  v / v  2 ' c ' 2 ... 
and T ~ T / ( ~ ~ ~ / E ) .  T  could have  been  s c a l e d  by Tc, b u t  t h i s  could  g i v e  t h e  

Y 

mis lead ing  impress ion  t h a t  v  i s  t h e  s o n i c  v e l o c i t y  a t  r . That  t h i s  s c a l i n g  2  C 

s i n g l e s  out  t h e  d e n s i t y  p 2  i s  c o n s i s t e n t  w i th  t h e  v iew d i s c u s s e d  above 

t h a t  p 2  i s  t h e  most l i k e l y  v a l u e  of p  . However, the s o l u t i o n s  o b t a i n e d  
C 

h e r e  do n o t  assume any p a r t i c u l a r  r e l a t i o n s h i p  between pc and p2. 

For  a  g iven  g ,  r p 2  and v  i f  PR i s  n e g l e c t e d  t h e r e  i s  a two c '  2 '  

parameter  . fami ly  of d i s c o n t i n u o u s  s o l u t i o n s .  The two pa rame te r s  a r e  

1 )  The i s o t h e r m a l  mach number,  de f ined  as MI- i r 2 /  (R  T )% = ? -'. 
C C 

- 
2 )  The p e l l e t  s u r f a c e  d e n s i t y ,  . 

PP 

N o t i c e  from q. (41) t h a t  p1  / p 2  ( Z 6  ) i s  determined by hl. Combining t h e  I ' 

d e f i n i t i o n  of and Eqs. (-36) and (41)  g i v e s  

- 
Note t h a t  !i{. >1. krhile 6. f s de te rmined  by I! v  i n  E q .  (10) can  be  I - 1  I' b 

v a r i e d  and g i v e  d i f f e r e n t  v a l u e s  of  6 f o r  a  g i v e n  6 M i n  Eq. (10) i s  
P  1 ' - 

n o t  now determined by v t h rough  t h e  requi rement  of  c o n t i n u i t y  a t  t h e  s o n i c  
b 

s i n g u l a r i t y .  However, f o r  r<r  t h e  d i s c o n t i n u o u s  s o l u t i o n s  a r e  t h e  same 
C - 

one parameter  f a m i l y  a s  t h e  c o n t i n u o u s  s o l u t i o n s  f o r  r<r  because  of t h e  s 
I 

common p h y s i c a l  requi rement  t h a t  t h e  s o l u t i o n  approach  a d i a b a t i c  f l o w  
- 

w i t h  dec reas ing  ;. Consequent ly t h e  r e l a t i o n s h i p  between M and v i s  
b 

t h e  same a s  i n  t h e  con t inuous  s o l u t i o n s .  



Figure 14sshows r:.:o d iscont inuous  so l .u t ions  wi th  i = O  and I: = 2  but 
I - 

d i f f e r e n t  values of 6 . Note t h a t  t h e  d i s c o n t i n u i t i e s  i n  a and v  s a t i s f y  
P  

Eq. (44). The fami.ly of so3.utj.ons has on ly  one parameter ,  

h i l ,  f o r  r>r and two parameters ,  and f o r  r<r . By c o n t r a s t  t h e  
C P ' C - 

family of continuous s o l u t i o n s  have one parameter ,  
P ~ '  

f o r  r<r and two s 
- - 

parameters,  p and pc f o r  r>r  . 
P  S 

The s h e l l  s o l u t i o n s  wi th  g f i  d e s c r i b e d  i n  Sec t ion  111 above can be  

modified by a  d i s c o n t i n u i t y  a t  r j u s t  as shown here  f o r  g=O. 
C 

Figure 14b shows a d imensionless  . v a r i a b l e  which i s  l i n e a r  i n  T a s  
C '  

w e l l  a s  several  q u a n t i t i e s  which c h a r a c t e r i z e  t h e  d i s c o n t i n u i t y ,  i n c l u d i n g  

t h e  s t e p  r a t i o ,  p11P2, p l o t t e d  a s  a  f u n c t i o n  of a  d imens ion less  v a r i a b l e  

which i s  p ropor t iona l  t o  (G(Z)R 413). T h i s  i s  done f o r  two r a t h e r  d i f f e r e n t  

v a l u e s  of p / p  w i t h i n  t h e  range of i n t e r e s t  f o r  l a s e r  f u s i o n  a p p l i c a t i o n s .  
P c 

It i s  seen from F i g .  14b t h a t  f o r  v a l u e s  of t h e  independent v a r i a b l e  less 

t h a n  about 50 a  d i s c o n t i n u i t y  occurs .  I n  making t h i s  f i g u r e  i t  was assumed 

t h a t  when a  d i s c o n t i n u i t y  occurs ,  p =p . Hence t h e  n o t a t i o n  p  
( c ,2 )  ' 

A s  
2 c 

explained above p  =p i s  p o s s i b l e  b u t  is n e v e r t h e l e s s  an  a r b i t r a r y  assumption. 
2 c 

However, i f  i n s t e a d  p <p then t h e  v a r i a b l e  t h a t  i s  p r o p o r t i o n a l  t o  T would 
2  c '  C 

f a l l  even f a s t e r . i n  t h e  d i s c o n t i n u i t y  r e g i o n  w i t h  dec reas ing  v a l u e s  of t h e  

independent v a r i a b l e .  Consequently, i t  w i l l  develop t h a t  t h e  p o i n t s  which 

a r e  made below w i t h  regard  t o  F ig .  14b would on ly  b e  s t r eng thened  i f  p < p  
2 c '  - 

Now take t h e  view t h a t  the  p e l l e t  r a d i u s ,  r , and p 
( c ,  2) 

are h e l d  cons tan t  
P  

413) whi le  G(Z) and/or W change. The independent  v a r i a b l e  i s  t h e n  (GW , .except 

f o r  a  constant m u l t i p l i e r ,  and t h e  v a r i a b l e  con ta in ing  T becomes (T w-~'~), 
C C 

except  f o r  a  c o n s t a n t  m u l t i p l i e r .  It i s  t h e n  seen t h a t ,  a s  d i scussed  above 

i n  Section . IV-A, a s  G(Z)  and/or  C! d e c r e a s e ,  ITc\\' -'I3] i n c r e a s e s ,  t h e  c r i t i c a l  



point  approaches the  son ic  point  u n t i l  they c o a l e s c e ,  and a densj.t.y d i s -  

-213 c o n t i n u i t y  occurs. A s  ( G \ , $ / ~ )  dec reases  f u r t h e r ,  (T W ) a t  f i r s t  cont inues  
C 

t o  inc rease  s l i g h t l y  and then  decreases  s h a r p l y .  

I f  W is  a l s o  he ld  cons tan t ,  then t h e  s i t u a t i o n  i s  p a r t i c u l a r l y  simple,  

wi th  increas ing Z and, t h e r e f o r e ,  dec reas ing  c o n d u c t i v i t y  c o e f f i c i e n t ,  G(Z), 

T  i n c r e a s e s  u n t i l  a  d i s c o n t i n u i t y  occurs  and then ,  a f t e r  a  s l i g h t  f u r t h e r  
C 

i n c r e a s e  begins t o  dec rease  r a p i d l y .  That  t h e  c r i t i c a l  s u r f a c e  temperature,  

Tc, should increase  a t  f i r s t  a s  thermal conduct ion i n t o  t h e  a b l a t i o n  reg ion  

from t h e  c r i t i c a l  s u r f a c e  i s  r e s t r i c t e d  by  d e c r e a s i n g  G(Z) i s  n o t  a t  a l l  

s u r p r i s i n g .  A s  G(Z) dec reases  f u r t h e r ,  T d e c r e a s e s  and a  d i s c o n t i n u i t y  
C 

occurs  i n  which d i r e c t  conversion becomes s i g n i f i c a n t ,  t h i s  i s  perhaps more 

i n t e r e s t i n g  and may have important  consequences i n  some a p p l i c a t i o n s .  

I f  on the o t h e r  hand, G(Z) i s  he ld  c o n s t a n t  whi le  t h e  l a s e r  power, W ,  

i s  allowed t o  change, t h e  r e l a t i o n s h i p s  are a  l i t t l e  more complicated 

because the  W dependence i n  t h e  dependent q u a n t i t y  (T W -213) must be  con- 
C 

s i d e r e d .  It can b e  seen  t h a t  T  i s  everywhere a n  i n c r e a s i n g  f u n c t i o n  of 
C 

W, a s  would be expected.  I n  p a r t i c u l a r ,  on t h e  r i g h t  s i d e  of F i g .  14b i n  

t h e  p cp regime where t h e  curve  r e p r e s e n t i n g  (Tc~-213) h a s  t h e  most nega t ive  
C S 

s lope ,  from t h e  s l o p e  of t h i s  curve and t h e  W dependence of t h e  independent 

and dependent v a r i a b l e s ,  t h e  r e l a t i o n s h i p  between T and K i s  approximately 
C 

* 
9 1 3  TcmI\ . Elsewhere, p a r t i c u l a r l y  i n  t h e  d e n s i t y  d i s c o n t i n u i t y  regime, T i s  

C 

a  more s t rong ly  i n c r e a s i n g  f u n c t i o n  of W. 

Figure 14b shows, t h e r e f o r e ,  t h a t  Tc i s  a  ve ry  s t r o n g  f u n c t i o n  of l a s e r  

power and t h e  thermal conduc t iv i ty  c o e f f i c i e n t ,  W and G(Z), i n  t h e  range of 

parameters i n  which d e n s i t y  d i s c o n t i n u i t i e s  e x i s t .  I n  a d d i t i o n ,  whi le  T i s  
C 

everywhere an i n c r e a s i n g  func t ion  of \? when G(Z) i s  he ld  f i x e d ,  when W i s  held 



f ixed  T  decreases wi th  i n c r e a s i n g  GCZ) when t h e r e  i s  no d e n s i t y  d i s c o n t i n u i t y  
C 

b u t  inc reases  with i n c r e a s i n g  G(Z)whenthere  i s  a  d i s c o n t i n u i t y  of s u f f i c i e n t  

s i z e .  This l a t t e r  r e s u l t  would mean, f o r  i n s t a n c e ,  t h a t  i n c r e a s i n g  Z t o  d e c r e a s e  

G(Z), and the re fo re ,  t o  i n c r e a s e  T would only  b e  e f f e c t i v e  t o  a  p o i n t  and Tc 
C 

would reach a  maximum and b e g i n  d e c r e a s i n g  i f  Z were i n c r e a s e d ' f u r t h e r .  

V. Charged P a r t i c l e  Beam Driven Abla t ion  

P r o f i l e s  generated by charged p a r t i c l e  beam dr iven  a b l a t i o n  a r e  shown 

N 

i n  Fig .  15. F igures  15a ,  b ,  and c a l l  have M chosen t o  g ive  p = l o 2 ,  have 
P  - 

g  = 0,  and d i f f e r  i n  having r e s p e c t i v e l y  G,= - 4 8 , .  - 8 1  and - 9 2  r e s p e c t i v e l y -  

Xecal l  from Section I1 t h a t  Bm i s  t h e  charged, p a r t i c l e  range  ( i n  mass p e r  u n i t  ., .' 
. a rea )  a t  inc iden t  p a r t i c l e  energy.  In  t h e s e  t h r e e  cases the t e rmina l  p o i n t  of 

- 
t h e  p a r t i c l e ' t r a j e c t o r i e s ,  rR, can be  seen  t o  be  r e s p e c t i v e l y  a )  o u t s i d e  t h e  

- 
s o n i c  point  a t  about  r = 1 :3 ,  b) approximately midway.between r and r a t  

R P s 
N - - ..# 

about  r = 0.97,  c)  ve ry  c l o s e  t o  r a t  about  r = r = 0.93. I n  a l l  c a s e s  
R P R P 

t h e  p r o f i l e s  of t h e  l a s e r  and charged p a r t i c l e  d r i v e n  systems a r e  i d e n t i c a l  

a t  r a d i i  l e s s  than both .  r and r because  t h e  inward energy flow i s  t r a n s p o r t e d  
c R 

e n t i r e l y  by thermal conduct ion .  The c a s e  shown i n  F ig .  15c i n  which t h e  beam 

p e n e t r a t e s  a l l  of t h e  way through the  a b l a t i o n  f r o n t  t o  r i s  an example of 
P  

t h e  i n t e r e s t i n g  l i m i t i n g  b e h a v i o r  desc r ibed  by Eq.  (20) i n  which a l l  

inward energy flow i s  t r a n s p o r t e d  by t h e  beam and thermal conduction p l a y s  . 
- 

no r o l e .  In  such cases  t h e  s c a l i n g  c o n s t r a i n t s  imposed on implosion systems 



b y  t i ~ r  tc-:?perzture 2 n d  Z ocpPndcnce  of t hc rn31  conduct  i ~ i t y  a r e  r e ~ o v 6 d .  T h i s :  

f o r  i n s t a n c e ,  could a l l o ~ . ?  d e s i g n  of sys tems of l a r g e r  r a d i u s  w i t h  lower 

tempera tures  than would b e  p o s s i b l e  i f  e l e c t r o n  the rma l  conduct ion  were  

needed t o  t r a n s p o r t  energy i n t o  t h e  a b l a t i o n  r e g i o n .  T h i s  l i m i t i n g  c l a s s  of 

s o l u t i o n s  would, t h e r e f o r e ,  seem t o  p r o v i d e  some p o t e n t i a l l y  u s e f u l  f l e x i b i l i t y  

i n  t h e  use  of charged p a r t i c l e  beam implos ion  d r i v e r s .  

N 

Notice a l s o  t h a t  t h e  beam power, W ,  app roaches  l a r g e r  v a l u e s  a t  l a r g e  

- - - N 2  
r as r i n c r e a s e s .  V was d e f i n e d  i n  S e c t i o n  I1 t o  b e  W : 2W/Sv . T h i s  i s  R s - - 
s i m i l a r  t o  t h e  i n c r e a s e  of w i t h  r which was shown i n  Ref.  3 and i n  S e c t i o n  

C 

I11 above in t h e  c a s e  o f  laser d r i v e n  a b l a t i o n .  The b a s i c  cause  i n  b o t h  c a s e s  

i s  t h a t  i npu t  beam power d e p o s i t e d  f u r t h e r  f rom t h e  a b l a t i o n  r e g i o n  must b e  

t r a n s p o r t e d  f u r t h e r  th rough outward f lowing  m a t e r i a l  b e f o r e  r e a c h i n g  t h e  a b l a t i o n  

r e g i o n  and c o n t r i b u t i n g  t o  t h e  a b l a t i o n  p r o c e s s .  The energy  f l o w  i s  a t t e n u a t e d  

a l o n g  t h i s  t r a n s p o r t  p a t h  b y  conve r s ion  i n t o  hydrodynamic f low ene rgy .  

Thus wi th  i n c r e a s i n g  I o r  t t h e  e x h a u s t  v e l o c i t y ,  Cwy i n c r e a s e s ,  as 
c R ' 

s e e n  above i n  F ig .  3 and below i n  F i g .  1 6 .  Also ,  as c a n . b e  demonst ra ted  from 

t h e  asymptot ic  s o l u t i o n s  g i v e n  by Eq. 21 above ,  t h e r e  i s  a  f i n i t e  outward 

h e a t  flow a s  f+t... T h i s  h e a t  f low l o s s  i n c r e a s e s  w i t h  i n c r e a s i n g  I c o r  F R 

and i s  r e s p o n s i b l e  f o r  t h e  f a c t  t h a t  Gw i n c r e a s e s  f a s t e r  t h a n  02 w i t h  i n -  

c r e a s i n g  F o r  f 
R ' 

( R e c a l l  t h a t  c m ~ ~ w /  (Sv2/2)  and ~ ~ l v ~ / v ~  s o  t h a t  i f  t h e r e  
C s 

were no i n t e r n a l  energy o r  h e a t  f low as  I*, t h e n  energy  c o n s e r v a t i o n  would 

r e q u i r e  i;7w+2-C2 which f o r  most c a s e s  o f  i n t e r e s t  C ~ > > B ~ . )  . Consequent ly  
b  ' b  

t o  suppor t  a  g iven  a b l a t i o n  r e g i o n  s t r u c t u r e Y 9 m o r e  i n p u t  bean  energy  

must be  suppl ied  i f  t h e  bean  e n e r e  i s  d e p o s i t e d  f u r t h e r  from t h e  a b l a t i o n  r e g i o n .  - - - .., ,., 
The q u a n t i t i e s  Vo3 and v_,-Us,  t h e  v a l u e  o f  U a t  r = 1 ( r = r  ) as w e l l  a s ,  

S - - - ..- r and t h e  m a t e r i a l  f l ow v e l o c i t y  a t  ( r  , v ) a r e  shown a s  a  f u n c t i o n  of .om i n  R R R 

F i g .  16 .  Cunres a r e  shown f o r  two very d i f f e r e n t  v a l u e s  of p , which s h o ~  
P 

v e r y  l i t t l e  dependence of t h e s e  q u a n t i t i e s  i n  iT .., excep t  a t  t h e  l o n g e r  
w 



N 

range end of t h e  s c z l c .  S o t e  t h a t  r ; 1, i . c . ,  t h a t  t h e  p a r t i c l e  t r a j e c t o r i e s  
R 

t e rmina te  i n s i d e  t h e  son ic  p o i n t ,  o n l y  f o r  Bm g r e a t e r  t han  abou t  0 .7 .  Also ,  f o r  t h e  

l a r g e r  va lue  of , which i s  r e p r e s e n t a t i v e  of c a s e s  of  i n t e r e s t  f o r  i n e r t i a l  
P 

confinement f u s i o n ,  t h e  maximum p o s s i b l e  v a l u e  of  am i s  a b o u t  1. 

The meaning of t h i s  maximum v a l u e  of  
Bm i s  t h a t  as t h e  p a r t i c l e  ene rgy ,  

- 
and, t h e r e f o r e ,  range ,  i s  i n c r e a s e d ,  w h i l e  p  ( p /ps) is  h e l d  f i x e d ,  t h e  

- P  P  

i n c i d e n t  beam power, Wco, d e c r e a s e s  a s  d e s c r i b e d  above u n t i l  t h e  l i m i t i n g ,  most 

,., 
e f f i c i e n t  case  is  reached .  I f  t h e  r a n g e  i s  i n c r e a s e d  t h e n  p must d e c r e a s e .  

P  
N 

I f  p i s  he ld  f i x e d  then  p  must i n c r e a s e .  The d e c r e a s e  of  p  w i t h  i n c r e a s i n g  
P  s P  

range  would c o n t i n u e  u n t i l ,  as d i s c u s s e d  i n  R e f .  3 and S e c t i o n  11, t h e  flow 

could no longe r  b e  desc r ibed  a s  a b l a t i o n .  

'VI. Sca l ing  Laws and A p p l i c a t i o n s  

I n  o rde r  t o  app ly  t h e  s o l u t i o n s  o b t a i n e d  above t o  t h e  i n t e r p r e t a t i o n  

and p r e d i c t i o n  'of exper iments  and numer i ca l  s i m u l a t i o n s  i t  i s  n e c e s s a r y  

t o  i d e n t i f y  t h e  s o l u t i o n  t h a t  c o r r e s p o n d s  t o  a  p a r t i c u l a r  s e t  of p h y s i c a l  

parameters .  T h i s  can  be done by c a l c u l a t i n g  t h e  pa rame te r  M,  Eq .  ( 1 2 ) ,  

w i t h  t h e  v a l u e s  of p h y s i c a l  p a r a m e t e r s  a t  t h e  p e l l e t  s u r f a c e ,  r , i n s t e a d  
P  

of t h e  s o n i c  p o i n t  r . From Eq.  (12)  t h i s  d imens ion le s s  c o n s t a n t ,  M i s  
S P '  

M i s  p l o t t e d  a s  a  f u n c t i o n  of 6 ( ~ p  /ps)  f o r  a=5/2, 6 =0, and g=O, 
P  P  P  

1, lo-' and 10+'i i n  F igs .  2 ,  5 a ,  5b, 5c r e s p e c t i v e l y .  To i d e n t i f y  a  

s o l u t i o n , s u b s t i t u t e  v a l u e s  of r ,  pand P a t  t h e  p e l l e t  s u r f a c e ,  and t h e  

gas  c o n s t a n t  and c o n d u c t i v i t y  c o e f f i c i e n t  G ( z )  ( E q .  ( 4 ) )  of t h e  t a r g e t  

m a t e r i a l  i n t o  t h e  secon2 e q u a l i t y  of E q . ( 4 5 ) .  I n  t h o s e  c a s e s  i n  xh ich  

 in^-ard a c c e l e r a t i o n  i s  n e g l i g i b l e ,  which i n c l u d e s  ~ o s t  s o l i d  b a l l  c a s e s ,  



.g c,?n be tzkcn t ( >  ilc- z c ; o  aild t h e  c o r r e s p o n d i n s  s t z t i o n z r y  flor,: s o l u t i o n  

can  be i d e n t i f i e d  f ron  rig. 2 w i t h  t h e  c a l c u l a t e d  v a l u e s  of PI . 
. P 

Note t h a t  a s  t h e  conduc t iv - i t y  c o e f f i c i e n t  G(Z) i n c r e a s e s  w i t h  r 
P' P~ 

and P he ld  f i x e d ,  from t h e  second e q u a l i t y  i n  Eq.  (45) ,  M d e c r e a s e s  and 
P P 

from Pig.  2 6 ( ~ p  /p ) d e c r e a s e s .  T h e r e f o r e ,  s i n c e  G(Z) d e c r e a s e s  w i t h  i n -  
p p s  

c r e a s i n g  Z ,  f o r  a  g iven  r 
p Y  P~ 

and P t h e  s o n i c  d e n s i t y ,  
Ps' 

d e c r e a s e s  w i t h  
P 

i n c r e a s i n g  Z. k ? i l e  i t  can b e  s e e n  s i m i l a r l y  t h a t  v  i n c r e a s e s  w i t h  i n c r e a s i n g  s 

Z ,  t h e  mass a b l a t i o n  r a t e ,  S=4nr 2psvS, a l s o  d e c r e a s e s  w i t h  i n c r e a s i n g  Z ,  w h i l e  
s 

T i n c r e a s e s .  T h i s  should b e  expec ted .  A s  c o n d u c t i v i t y  d e c r e a s e s  w i t h  
s 

i n c r e a s i n g  Z ,  h e a t  f l o v  i n t o  t h e  p e l l e t  i s  reduced  and less ' r n a . ~ t l x ~ i i i l  i s  

removed f o r  a  g iven  i n c i d e n t  power. However, what mass i s  removed must 

convect  away a  g r e a t e r  energy p e r  u n i t  mass and must ,  t h e r e f o r e ,  have  

a  h ighe r  v e l o c i t y  and t empera tu re .  

S i m i l a r l y ,  F i g s .  2 and 5 show t h a t  i f  t h e  p e l l e t  r a d i u s ,  s u r f a c e  d e n s i t y  

and conduct iv i , ty  c o e f f i c i e n t ,  r P and G(Z),  a r e  h e l d  c o n s t a n t  w h i l e  
p Y  P 

t h e  p e l l e t  p r e s s u r e ,  P i s  d e c r e a s e d ,  t h e  s o n i c  d e n s i t y  
P ' 

Ps  dec reases .  Consequent ly f o r  f i x e d  p p c / p s  i n c r e a s e s ,  and 
\ 

i t  t h e r e f o r e  f o l l o w s  from F i g s .  3 and 6 ( c r i t i c a l  s u r f a c e  p a r a m e t e r s )  
- 2 

v 3, t h a t  bo th  t h e  d imens ion le s s  and t h e  p h y s i c a l  laser powers,  W ( -2w/4nrs  ps 

and W , decrease .  That  i s ,  i f  p e l l e t  d e n s i t y  and m a t e r i a l  t y p e  a r e  he ld  

f i x e d  whi le  p e l l e t  p r e s s u r e  i s  d e c r e a s e d ,  t h e n  t h e  s o n i c  p o i n t  d e n s i t y  

and t h e  r equ i r ed  l a s e r  power d e c r e a s e .  Looked a t  a n o t h e r  way, i f  t h e  

p e l l e t  m a t e r i a l  and d e n s i t y  a r e  h e l d  f i x e d  w h i l e  t h e  i n c i d e n t  p o w r  i s  

dec reased ,  t hen  t h e  s o n i c  d e n s i t y ,  ps ,  d e c r e a s e s -  Thus Ps d e c r e a s e s  w i t h  

e i t h e r  i n c r e a s i n g  Z o r  d e c r e a s i n g  I? . 
A s  d i scussed  a b o v e . i n  S e c t i o n  IV on d i s c o n t i n u o u s  s o l u t i o n s ,  t h i s  d e c r e a s e  

s-pc. k t  t h a t  i n  p wi th  d e c r e a s i n g  I.! o r  i n c r e a s i n g  Z can  c o n t i n u e  u n t i l  p - 
S 

p o i n t  t h e  s o l u t i o n s  become d i s c o n t i n u o u s  a t  r c i f  W d e c r e a s e s  o r  Z i n c r e a s e s  

f u r t h e r .  This  behav io r  c.an b e  



expcctc.tl t o  occur i n  p r a c t i c e  d e c r e a s i n g  W o r  i n c r c a s i n ;  :/ h e c a u s e  p e l l e t  surf;;;t: 

d e n s i t y ,  P , i s  u s u a l l y  a  weak f u n c t i o n  of t h e s e  pa rame te r s .  1-or i n s t a n c e  
. P  

P 
might be t h e  i n i t i a l  m a t e r i a l  d e n s i t y  m u l t i p l i e d  by a  hype r son ic  

shock dens i ty  r a t i o  of abou t  4 .  
9 

\\%en p has been de termined  from F ig .  2, t h e n  from t h e  c r i t i c a l  d e n s i t y ,  
S 

p c / p S  i s  ob ta ined .  With p / p  and F ig .  3 f o r  9=0, o r  F i g .  6 f o r  
C S 

@ + O ,  p r o p e r t i e s  of t h e  s o l u t i o n  a t  t h e  c r i t i c a l  s u r f a c e ,  a s  w e l l  a s  t h e  

exhaus t  v e l o c i t y ,  vcD, and t h e  r e q u i r e d  l a s e r  power I d ,  can be  o b t a i n e d .  

I n  t h i s  procedure v a l u e s  of p;, Ts, v  must f i r s t  be o b t a i n e d  from F i g s .  2 
. S 

o r  5 t o  be used i n  r e a d i n g  F i g s .  3 o r  6. 

\.?hen a c c e l e r a t i n g  s h e l l  s o l u t i o n s  are t o  b e  i d e n t i f i e d ,  .gfO an  

a d d i t i o n a l  s t e p  i s  r e q u i r e d  i n  t h e  i d e n t i f i c a t i o n  procedure .  The a s p e c t  

r a t i o ,  A (Fig. 7 ) ,  must b e  s p e c i f i e d .  Note t h a t  t h i s  i s  t h e  i n  f l i g h t  

a s p e c t  r a t i o ,  which i s  n o t  i n  gener .a l  t h e  same a s  t h e  i n i t i a l  a s p e c t  

r a t i o  and i s  u s u a l l y  l a r g e r .  By i n s p e c t i o n  o f  F i g .  7  and F i g .  5 ,  t h e  

v a l u e s  of g and 6 a r e  found which co r re spond  t o  t h e  g iven  v a l u e s  of  
P  

A and M . This  w i l l  i n  g e n e r a l  r e q u i r e  i n t e r p o l a t i n g  between v a l u e s  of 
P  

g. From these  v a l u e s  of 2 and F i g .  1 2  g i v e s  t h e  v a l u e  of  t h e  b u r n  
P ' 

t h r u  parameter,  B ,  f o r  t h e  p a r t i c u l a r  s o l u t i o n .  A t  t h i s  p o i n t  i t  can  

be  seen  i f  t he  s p e c i f i e d  s h e l l  p a r a m e t e r s  c o n s t i t u t e  a r e a s o n a b l e  c h o i c e .  

A s  d i scussed  above i n  S e c t i o n  111 C ,  B s h o u l d  be  n e a r  1. L a r g e r  v a l u e s  

i n d i c a t e  a  tendency f o r  a b l a t i o n  t o  burn  t h r u  t h e  s h e l l  b e f o r e  t h e  

implos ion  i s  completed. s m a l l e r  v a l u e s  of B i n d i c a t e  s m a l l  a b l a t i v e  

mass removal and, t h e r e f o r e ,  low ene rgy  t r a n s f e r  e f f i c i e n c y .  

\.?ith the  v a l u e s  of v  and g o b t a i n e d  above  t h e  implos ion  v e l o c i t y  
s 

can  be es t imated .  By t h e  same c o n s t a n t  a c c e l e r a t i o n  approximat ion  



t h a t  gave t h e  implosion t ime,  k t I  Hq- (341, an  approximate f i n a l  implosion 

v e l o c i t y ,  v  i s  I 

t - 
The l a s t  equa l i ty  i n  Eq. (46) i s  approximate because r E r /rs E 1. 

P P  

From a  mathematical p o i n t  of view t h e  above procedure of  i d e n t i f y i n g  

s o l u t i o n s  by spec i fy ing  the  s h e l l  a s p e c t  r a t i o ,  A ,  and t h e  s h e l l  M parameter ,  

Mp Eq. (45),  may be the  most l o g i c a l .  However, t h e  most e f f e c t i v e  way of 

determining t a r g e t  and l a s e r  parameters  from t a r g e t  requi rements  and phys ica l  

c o n s t r a i n t s ,  i . e . ,  des igning a t a r g e t ,  i s  probably  t o  s t a r t  by s p e c i f y i n g  

a s p e c t  r a t i o ,  A, and burn through parameter ,  B. From t h e s e  parameters  and 

Fig.  13, which i s  a composite p l o t  of 6 and g v s .  A and B ,  and can 
P  P  

be obta ined q u i t e  e a s i l y .  For example, suppose t h a t  a  s h e l l  a s p e c t  r a t i o  of 

about A=30 i s  d e s i r e d  t o  o b t a i n  a  s u f f i c i e n t  compressed..Ipdr, and B = l  i s  

d e s i r e d  t o  g ive  an  e f f i c i e n t  implos ion.  Then from Fig .  13, bp = 70 and P 1, 

which uniquely determines t h e  d imens ion less  s o l u t i o n .  From t h e s e  parameters  and 

Fig .  2 o r  5 t h e  v a r i o u s  p r o p e r t i e s  of t h e  a b l a t i o n  r e g i o n  can b e  obta ined.  Also,  a s  

.., 
discussed above i n  t h e  c o n t e x t s  of g  = 0 s o l u t i o n s ,  i f  pc/pS i s  given then 

F igs .  3 and 6 can be used t o  de termine  c r i t i c a l  s u r f a c e  p r o p e r t i e s  of t h e  - 
s o l u t i o n s ,  inc lud ing  the  r e q u i r e d  d imens ion less  l a s e r  power I f ,  i n  a d d i t i o n  

t h e  a b s o l u t e  va lue  of t h e  s h e l l  dens . i ty ,  
P~ 
, and the'  implos ion v e l o c i t y ,  VI 9 

- 
a r e  s p e c i f i e d ,  then t h e  p h y s i c a l  v a l u e s  of a l l  o t h e r  q u a n t i t i e s  can be ob ta ined .  

- 
From p and t h e  a b s o l u t e  v a l u e  of p ps, and,  t h e r e f o r e ,  p  / p  a r e  known. 

P .  c ' C s - 
From v and E q .  (46) ,  v  i s  known, and,  t h e r e f o r e ,  from t h e  d e f i n i t i o n  of 

I s 

and I?-, the  a b s o l u t e  v a l u e  of t h e  l a s e r  power, l.?m, i s  known. 



\.!j.th t l~csc.  p s r z . ? t c r s  E q .  ( 4 5 )  f o r  M c o n s t i t u t e s  a r e l a t i o n s h i p  between 
P 

tile s h e l l  d c n s i t y  D and the c o n d ~ l c t i v i t y  c o e f f i c i e n t  G ( Z ) .  That i s ,  i f  thc  e ' 
d e n s i t y  of the imploding s h e l l  i s  chosen then t h e  a tomic number, 2, of the  

s h e l l  mater ia l  i s  determined. 

It i s  helpful t o  n o t i c e  from F i g s .  2 o r  5 t h a t  f o r  t h e  l a r g e  va lues  

- - 
of p of usual i n t e r e s t ,  r P and M a r e  e s s e n t i a l l y  independent of 6 . 

P  P*  P  P  

An important consequence of t h i s  nea r  constancy of H, which was 

shown i n  ~ e f  .(3) f o r  g=0, can be seen from Eq. ( 1 2 ) .  If a  p a r t i c u l a r  

implosion system, i.e., f i x e d  p , A and B, is  s c a l e d  up t o  l a r g e r  d i -  
P  

mensions, then e i t h e r  G(Z) o r  T  must i n c r e a s e .  I f  t h e  implosion v e l o c i t y  
i S 

i s  a l s o  held fixed i n  t h e  s c a l i n g ,  t h e n  Ts i s  f h e d  and G(Z) must i nc rease .  

That is, larger  t a r g e t s  w i t h  t h e  same implosion v e l o c i t y  must b e  made of 

lower Z materials.  On t h e  o t h e r  hand t h e  implosion v e l o c i t y  can b e  

increased i n  a t a r g e t  of a  given m a t e r i a l  by i n c r e a s i n g  t h e  power w i th  

increas ing  dimensions s o  a s  t o  i n c r e a s e  t h e  s u r f a c e  temperature.  

The discussion above of s c a l i n g  laws and a p p l i c a t i o n s  d e a l s  e x p l i c i t l y  

w i t h  l a s e r  driven a b l a t i o n  i n  which p < ps. However, t he  same approach w i l l  
C 

apply to s h e l l s  5-e . ,  g # 0 s o l u t i o n s ,  d r i v e n  by  p a r t i c l e  beams and,  wi th  some 

modif icat ion,  t o  s h e l l s  d r i v e n  by lasers when p = p and a d e n s i t y  d i s c o n t i n u i t y  
C S 

occurs.  Subsequent p u b l i c a t i o n s  w i l l  p r e s e n t  more d e t a i l s  of bo th  P - 
C - Ps 

and p a r t i c l e  beam s o l u t i o n s  w i t h  g # 0. 
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Fig.  l a .  Steady flow p r o f i l e s  of t h e  p e l l e t  and a b l a t i o n  reg ion  f o r  t h e  

7 
l a s e r  case wi th  5 = 10' and = 0 f o r  s e v e r a l  v a l u e s  of . 

P . C 

2 
Fig. l b  Logarithmic p r o f i l e s  f o r  t h e  case  = 10  , = 0 and a r ange  

P 
of va lues  of Z c .  

- 
Fig. l c  Logarithmic p r o f i l e s  f o r  t h e  comparison case  of p = 1 0  and g = 0 .  

P 

-2 
Fig .  2 Flow v a r i a b l e s  a t  t h e  p e l l e t  s u r f a c e  and v a l u e s  of v and Pi a s  

b 

a func t ion  of F f o r  = 0 .  
P 

Fig.  3 The dimensionless l a s e r  power and t h e  sca led  flow v a r i a b l e s  

evaluated a t  t h e  c r i t i c a l  s u r f a c e  a s  a  f u n c t i o n  of f o r  = 0. 
C - 

The exhaust f l u i d  v e l o c i t y ,  vm, i s  a l s o  given.  

Fig. 4a A l i n e a r  p l o t  of t h e    el let and a b l a t i o n  f r o n t  p r o f i l e s  f o r  

,., 2 

P~ 
= 10 and = 1 w i t h  t h e  p e l l e t  mass, fii , and mass, 15 w i t h i n  

P s , 
t h e  s o n i c  p o i n t ,  I = 1, shown. 

2 
Fig.  4b Logarithmic p r o f i l e s  of t h e  l a s e r  c a s e  wi th  = 1 0  and = 1. 

P 

f o r  s e v e r a l  v a l u e s  of . 
C 

Fig. 5a Values of t h e  f l o ~ , ~  v a r i a b l e s  a t  t h e  p e l l e t  s u r f a c e ,  t h e  mass of the  

p e l l e t ,  t h e  mass w i t h i n  t h e  s o n i c  p o i n t  = 1 and t h e  v a l u e s  of 

-2 
v l i  and Fi a s  a  f u n c t i o n  of f o r  g =  1. 

b ' P P 



].'j .. ,,. : . ( . ; i l i . C  q u a n t i t i e s  e \~a luatc id  31 tllc p e l l e t  s u r f a c e  and 

-k 
s o n j c  p o i n t  a s  a f u n c t j n n  of  f o r  = 1 0  -. 

P 

F ig .  5c  The same ' q u a n t i t i e s  as shown i n  F i g .  5b p l o t t e d  f o r  t h e  c a s e  

- 
F i g .  6 The d imens ionless  l a se r  power, W,, and t h e  s c a l e d  £101~ v a r i a b l e s  

eva lua ted  a t  t h e  c r i t i c a l  s u r f a c e  a s  a  f u n c t i o n  of 6 f o r  = 1. 

F i g .  7 The a s p e c t  r a t i o ,  A,  as a f u n c t i o n  of f o r  a  r ange  of v a l u e s  
P 

F ig .  8 Steady f low p r o f i l e s  f o r  t h e  c a s e  -tco and =lo2 w i t h  a  comparison 
P  

case  of  8=1 and 6 =lo2 p l o t t e d  a g a i n s t  x s c a l e d  u n i t s .  
P g 

F ig .  9 Values of  t h e  f low v a r i a b l e s  and o t h e r  q u a n t i t i e s  e v a l u a t e d  a t  

t h e  p e l l e t  s u r f a c e  and  s o n i c  p o i n t  = 0 f o r  t h e  p l a n a r  case. 

F i g .  10  The f low v a r i a b l e s  a t  t h e  c r i t i ca l  s u r f a c e  and t h e  d i m e n s i o n l e ? ~  
- 

power, W,, a s  a  f u n c t i o n  of  6 f o r  t h e  p l a n a r  c a s e .  
C 

F i g .  11 The r a t i o  of t h e  p r e s s u r e  a t  t h e  p e l l e t  s u r f a c e  t o  t h a t  a t  t h e  

i n n e i  s o n i c  p o i n t  a s  a  f u n c t i o n  of  f o r  a  range  of v a l u e s  of  g. 
P 

This i s  used t o  d e t e r m i n e  t h e  r e g i o n  of  parameter  space  i n  which 

the  model i s  v a l i d .  



i ' ig .  12 T l r ~  burn-thru r a t i o ,  By a s  a  f u n c t i o n  of p" f o r  v a r i o u s  v a l u e s  
P  

of g. 

- 
L ig . 13 A composite p l o t  of t h e  burn  t h r u  parameter  and aspec t  ratio f o r  a 

range  of v a l u e s  of  (i and g. 
P  

-- 
-ig. 14a Discontinuous p r o f i l e s  w i t h  an i s o t h e r m a l  mach number of 2 a t  

i =1 f o r  4 = lo2  f o r  ( s o l i d - l i n e )  and 0 =10 w i t h  (dashed l i n e )  
C P  P  

and g=0. 

d - . i g .  14b A d imensionless  v a r i a b l e  l i n e a r  i n  T and o t h e r  q u a n t i t i e s  which 
C 

c h a r a c t e r i z e  t h e  c r i t i c a l  s u r f a c e  as a  f u n c t i o n  of a  d imensionless  

4  / 3)  v a r i a b l e  p r o p o r t i o n a l  t o  ( G ( Z ) W  . Values t o  t h e  l e f t  of t h e  

v e r t i c a l  dashed l i n e  a r e  from d i scon t inuous  s o l u t i o n s ,  whi l e  

t h o s e  t o  t h e  r i g h t  a r e  from c a s e s  i n  which f >f . 
C S 

iig. 15a Logari thmic p r o f i l e s  of  t he  charged p a r t i c l e  beam d e p o s i t i o n  c a s e  

f o r  =lo2,  g=0, and f >F , 
P R s 

F i g .  15b P r o f i l e s  of t h e  charged p a r t f c l e  beam d e p o s i t  i o n  wi th  6 = lo2  and 
P  

g=O i n  which t h e  beam p e n e t r a t e s  w i t h i n  t h e  s o n i c  p o i n t b u t  thermal 

conduction i s  impor tant .  

F i g .  15c A c a s e  which i s  s i m i l a r  t o  t h a t  shor..n i n  F ig .  15b except  t h a t  

f ? and thermal conduct ion  p l a y s  a  very s m a l l  r o l e .  
R s ,  

- 
Fig. 1 6  The d imensionless  p a r t i c l e  beam power, necessa ry  t o  d r i v e  

the  a b l a t i o n ,  t h e  exhaust  florc v e l o c i t y ,  am, and o t h e r  computed 

- 
q u a n t i t i e s ,  a s  a f u n c t i o n  of t h e  ranre,  G . = 
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TAYLOR INSTABILITY IN FUSION TARGETS 

R. L .  McCrory 
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ABSTRACT 

Optimum performance i n  1 aser  driven fusion ta rge ts  i s  enhanced 
by the use of high aspect r a t i o  s h e l l s  i n  commonly employed spherid 
ca l ly  symmetric designs. Taylor i n s t a b i l i t y  occurs i n  these systems 
a t  (1)  the ablat ion surface,  when the  accelerat ion i s  i n  the  same 
direct ion as the local density 'gradient ,  and (2) l a t e r  i n  the i m -  
plosion process when the fuel decelerates  the  pusher. Results f o r  
a 1 inear s t a b i l i t y  analysis  of the  ablation-driven Taylor in s t ab i l -  
i t y  a re  obtained from a perturbation analysis  of the two parameter 
s ta t ionary ab la t ive  flow model. The 1 inear  growth r a t e s  a re  shown 
t o  be i n  agreement w i t h  f u l l  two-dimensional numerical simulations. 
From. t h e  1 inear  analysis ,  the potent ial  l y  most damaging unstable 
mode is  ident i f ied ,  and f u l l  two-dimensional numerical simulations 
a r e  performed. The two-dimensional calculat ions determine the 
nature and sa tura t ion  behavior associated w i t h  the unstable mode. 
Our resu l t s  ind ica te  t h a t  sa tura t ion  of the qblat ively driven 
Taylor i n s t a b i l i t y  does occur. This sa tura t ion  occurs a t  an ampli- 
tude which is  su f f i c i en t ly  large t o  be a possible cause of  d i f f i -  
cul t y  i n  using la rge  aspect r a t i o  s h e l l s  i n  fusion t a rge t s ,  but is  
seen t o  prevent these she l l s  from breaking up and becoming t u r b u -  
l en t .  I t  appears plausible t h a t  such d i s to r t ed  b u t  laminar, i .e. 
non-turbulent, she1 1 s could 'be s.uccessfully employed i n  fusion 
ta rge ts .  

*Present address : University of Rochester, Laboratory f o r  Laser 
Energetics, 250 E. River Rd., Rochester, New ~ork -14623  



I. INTRODUCTION 

Taylor i n s t a b i l  i t y  i s  the i n s t a b i l i t y  which occurs a t  the 
interface of a heavier f l u i d  superposed over a l i g h t e r  f lu id .1  
Gravi ty causes r i pp les  a t  the  i n te r face  t o  grow u n t i l  the heavier 
f l u f d  f a l l s  through the l i g h t e r ,  and i n  the  end the heavier f l u i d  
comes t o  r e s t  on the bottom o f  t he  container. A modif ied version 
o f  t h i s  i n s t a b i l i t y  occurs i n  spherical  implosion systems i n  
i n e r t i a l  confinement fusion (ICF) targets, w i t h  r a d i a l  accelera- 
t ions  p lay ing the r o l e  o f  g rav i ty .  The most e f f e c t i v e  implosion 
systems are p a r t i c u l a r l y  vulnerable t o  t h i s  type o f  i ns tab i  1 i ty 
because they consist  o f  one o r  more r e l a t i v e l y  t h i n  spherical  
she l l s  which acce e a te  through many times t h e i r  i n i t i a l  thickness 
during Figure 1, adapted from Ref. 2, shows densi ty 
p r o f i l e s  of the standard types of systems. Type I V  w i t h  " l ev i t a ted  
fue l  ", which i s  a more elaborate version o f  Type 11, i n  general 
gives higher compressions f o r  given constra ints  on the d r i v e r  
pulse, i.e., laser  o r  p a r t i c l e  beam pulse, than do Types I and 111. 

I High Z & p 1 s - f l J A k d " ~ f O n  material 

111 
Solid or gaseous fuel 

material 

FIG. 1 Five common types o f  s h e r i c a l l y  symnetric i n e r t i a l  ! confinement fusion pel  ets.  (Adapted from Ref. 2 ) .  



I n  general, the l a rge r  the  i n i t i a l  aspect rat. io, A, z r /dr, 
(where r, and dr, are i n i t i a l  s h e l l  rad ius and thickness), o f  the 
shel ls,  the be t te r  the performance o f  t he  system. Typical des i r -  
able values of A, are i n  the range 10 5 A,S 100. The cu r ren t l y  
popular use of mu1 t i p l e  h igh  densi ty  shel ls ,  o f  which Type V i s  a 
t yp i ca l  example, makes possible various implosion t im ing  improve- 
ments a t  some cost  i n  e f f i c iency ,  but  does not introduce any i n -  
s t a b i l i t y  phenomena which are qua1 i t a t i v e l y  d i f f e r e n t  from those 
found i n  Types I11 and I V .  

Taylor i n s t a b i l i t y  occurs i n  these systems when and where 
accelerat ion i.s i n  the same d i r e c t i o n  as the l o c a l  densi ty  gradient, 
so t h a t  i n  e f fec t  a heavier f l u i d  i s  abwe a l i g h t e r  one i n  the 
l oca l  g rav i ta t iona l  f ie ' ld.  This occurs f i r s t  a t  the outside 
surface o f  the  outer she l l  as i l l u s t r a t e d  i n  Fig. 2. The r o l e  o f  
the lower densi ty  f l u i d  i s  played by the mater ial  which has been 
heated d i r e c t l y  by thermal conduction f r o m  the outer  high-tempera- 
t u re  corona region and i s  being ablated outwardly from the  she l l .  

FIG. 2 .  Classical  Taylor i n s t a b i l  i ty  condit ions are ill ustrated by 
the container o f  two flui'ds i n  a g rav i ta t i ona l  f i e l d ,  as 
i l l u s t r a t e d  i n  the sketch on the l e f t .  The analogous . 
s i t u a t i o n  f o r  the  ab la t i on  dr iven  Taylor i n s t a b i l i t y  i s  
i l l u s t r a t e d  on the r i g h t .  



The inward acceleration causes ripples i n  the ablation front region 
to grow unstably. Later, when the fuel has reached the center, the 
interface between the fuel and the h i g h  density pusher shell i n  
Type I11 or IV systems a1 so becomes unstable, because the pusher i s  
decel erated by fuel pressure. 2 

When successful implosion systems are designed for optimum per-' 
formance they will probably come as close as possible to  failure 
from Taylor instabil i ty without failing. In the manner of failure 
that would be approached, outside instabil i ty could cause growth of 
shell distortions b u t  not  t o  the point of complete loss of shell 
integrity a t  the inner surface. The inside instability would then 
cause further growth until the interface between the fuel and the 

. pusher shell became so distorted that fuel and pusher material would 
become intermixed; further fuel compression would cease, and igni- 
tion precluded or any thermonuclear burn i n  progress would be quenched. 
Because b o t h  the inside and outside instabil i ty contribute to this  
fa i l  ure mode, i t  will.  eventually be necessary to  calculate the be- 
hav io r  of both i n  detail to predict and to  avert failure. However, 
a t  present the outside instabil i ty i s  in a sense more important, 
because much less i s  known about it ,  and because i t  appears possible 
that i t  may not be as troubleso e in a l l  cases as has previously been 
predicted from linear analysis. !? 

The inside instability i s  usually classical, i .e., ablative 
phenomena usually do not play a significant role. Classical analy- 
t i c  estimates of growth rates1 are, therefore, approximately correct, 
and the nonlinear development can be anticipated from previous nurneri- 
cal simulations of the clas i a1 Taylor instability which show the 
bubble and spike structure.8-f0 In section 11 below we give a brief 
description of the analytic theory of these classical growth rates 
and their application to the, implosion of shells. In contrast with 
the state of understanding of the approximately classical inside 
instabil i ty,  there has been no complete systematic treatment o f .  , 
either 1 inear growth rates or nonl inear development of the outside 
instabil i ty,  which is. more complicated because the heat flow and 
convection associated w i t h  b t n play an important role. Research 
done on linear growth rates 8,1f-iS shows t h a t  in cases of interest, 
ablation phenomena reduce the 1 inear growth rates significantly a t  
shorter wavelengths, b u t  that t growth rates are s t i l l  large enough 
t o  cause serious difficulty. 2,rf There has also been an indication 
from numerical simulations that nonlinear saturation mechanisms may 
in some cases 1 imit shell distortion enough t o  prevent failure. l4 
This effect could be very important i f  i t  occurs over a sufficient 
range of parameters t o  make usable large aspect ratio systems which 
would be expected to fa i l  from a simple extrapolation of linear 
theory. 



Preliminary resu l ts  are presented below from two separate sets 
o f  calculat ions o f  the behavior o f  ablat ion-dr iven Taylor i n s t a b i l -  
i t y .  The f i r s t  (Section 111) i s  a parameter study o f  l i n e a r  growth 
rates which Ss based on zero-order s tat ionary ab la t i ve  f l ow  sol  u t ions . 
The second (Section PV) i s  a numerical s imulat ion study o f  nonl inear 
development done w i th  a two-dimensional, t r i angu la r  zone, Lagrangian 
hydrodynamic and heat f low code which was developed f o r  t h i s  purpose. 
From the 1 inear growth rates, i t  w i l l  be possible t o  determine, f o r  
a given implosion system, the range o f  modes which grow enough t h a t  
f a i l u r e  should be expected from ext rapolat ion o f  l i n e a r  theory. 
The two-dimensional simulations should then show whi ch o f  these 
modes would be prevented by nonlinear e f fec ts  f r o m  growing t o  s u f f i -  

. c i e n t l y  large amplitude t o  cause f a i l u r e  and, therefore, which sys- 
tems should be expected t o  implode successful ly. 

, 
11. CLASSICAL ESTIMATES OF SHELL INSTABILITY 

Figure 2 shows the c lass i ca l  Taylor i n s t a b i l i t y  condit ions i n  
the container of the two f l u i d s  i n  a grav i ty ,  g, on the l e f t  and 
the analogous s i t ua t i on  on the outside o f  the  she l l  on the r i g h t ,  
which i s  being given an inward acceleration, a, by ab la t ion  pressure 
a t  the outside surface. Suppose the amp1 i t ude  o f  the r i p p l e  o f  the 
in te r face  between the two f l u i d s  i n  the container has the form, 

where x i s  the coordinate para1 l e l  t o  the interface, 

k : ~ T / X  , and 

5 ,  i s  the amplitude a t  t = 0. 

I f  the f l u i d s  are incompressible and inv i sc id ,  the thicknesses o f  
the f l u i d  layers are great compared t o  the r i p p l e  wavelength, A ,  
and the heavy f l u i d  i s  much more dense than the l i g h t  f l u i d ;  then 
the growth rate, y, i s  

To the extent t h a t  c lass i ca l  theory i s  a t  a l l  appl icable t o  
the ab la t i ve  outside surface, the assumption t h a t  the heavy f l u i d  
i s  much inore dense than the l i g h t  i s  a good approximation. This i s  
so, because t yp i ca l  densi ty  r a t i o s .  across the ab la t ion  f r o n t  from 
the she l l ,  which i s  the heavy f l u i d ,  t o  the ablated mater ial  near 
the isothermal sonic p o i n t  o f  the  f low (which i s  a easonable place 5 t o  define the lower density-) are o f  the order o f  10 . 



Fai 1 ure 

From t h i s  c l a s s i c a l  theory, est imates can be made o f  the con- 
d i t i o n s  under which s h e l l  f a i l u r e  would occur. The sub jec t  of 
f a i l u r e  i s  n o t  we l l  understood, bu t  i t  i s  expected t h a t  f a i l u r e  
would occur if the surface r i p p l e  amplitude became o f  the  order  of 
o r  l a r g e r  than the  she l l .  th ickness a t  the t ime o f  f a i l u r e .  I f  we 
accept t h i s  c r i t e r i o n  f o r  f a i l u r e ,  then from the d e f i n i t i o n  o f  
aspect r a t i o ,  A I r / ~ r ,  the  f a i l u r e  amplitude, +, I s  

Here a l l  quan t i t i e s  a re  taken n o t  a t  i n i t i a l  t ime b u t  a t  the t ime 
o f  tf, when f a i l u r e  occurs. That i s ,  tf i s  the  t ime when the 
f a i l u r e  c r i t e r i o n  i s  f i r s t  met,even though s h e l l  d i s t o r t i o n s  may 
increase a f t e r  t h i s  t ime. To ob ta i n  numerical est imates t h a t  i n -  
d i ca te  the magnitude o f  t t ie  problem, we must choose the values o f  
k t h a t  w i l l  be most troublesome, and t h i s  we do according t o  the 
conventional wisdom, t o  which the  authors a t  l e a s t  p a r t l y  subscribe. 
That i s ,  the  most troublesome. mode i s  the fas test -growing mode t h a t  
can cause the  s h e l l  t o  break up. From Eq. (2) the  growth r a t e  
increases w i t h  k. On t he  o t h e r  hand, the e - f o l d i ng  depth of 
penet ra t ion o f  the k mode i n t o  the  f l u i d  from the i n te r f ace  i s  k - l ,  
and nonl inear  ca l cu la t i ons  i n d i c a t e  t h a t  growth slows from exponen- 
t i a l  t o  l i n e a r ,  o r  i n  some cases, saturates t u r b u l e n t l y  and stops 
when the  amp1 i tude reaches t h i s  penet ra t ion length .  Modes w i t h  
values o f  k-1 less  than the  s h e l l  thickness, the conventional wis- 
dom d i c ta tes  w i l l  n o t  cause t he  s h e l l  t o  break up and are no t  as 
troublesome as the  s l i g h t l y  slower modes t h a t  can cause break up. 

This worst  value o f  k i s  then kw = ~ r - l ,  o r  s ince f o r  l a r g e  L 
k = L / r ,  we a lso have a corresponding worst  L, and, from Eq. (3 )  

Subs t i t u t i ng  Eq. (4 )  i n t o  Eq. (2 )  g ives the growth r a t e  f o r  the 
"worstM mode: 

It should be noted t h a t  A here i s  the i n - f l i g h t  aspect r a t i o ,  as 
d i  scussed below, n o t  t he  i n i t i a l  aspect r a t i o  Ao. Subst i  t u t i n g  
Eq. (5 )  i n t o  Eq. (1) g ives t h e  a m p l i f i c a t i o n  o f  t he  "worst"  mode, 

The l a r g e r  t can be, t h a t  i s ,  the longer  the  i n s t a b i l i t y  has t o  
grow, the smal ler  E0 must be t o  prevent f a i l u r e ,  and p r a c t i c a l  



1 imi ts on surface finish p u t  lower 1 imi t s  on 5 . The procedure to 
follow i s  then t o  estimate the minimum value o ? ~ ,  and the maximum 
value of t and t o  ask i f  the resulting 5 exceeds Sf from Eq.(3) .  
I t  i s  tempting t o  assume t h a t  .failure can occur as la te  as the 
full  implosion time, rI ,  defined as 

This i s  simply the time required for a shell t o  reach the origin 
i f  i t  implodes with a constant acceleration, g. This, however, i s  
probably a bit  pessimistic in the sense t h a t  i t  allows more time 
for the instability t o  develop t h a n  i s  actually available, for 
several reasons. First, the outer shell surface does n o t  travel 
a l l .  the way t o  the origin, because the compression i s  f ini te .  In 
high compression ICF systems, however, the outer surface does 
travel well over half way. Spherical convergence makes a further 
contribution to  limiting growth time. In most cases of interest, 
as the shell moves toward the origin, i t s  aspect ratio f i r s t  in- 
creases rapidly because the shell i s  made thinner by shock and 
acceleration-i nduced compression. Typically A increases from A. 
by a factor of 4 or a bit  more. A then changes slowly for an 
intermediate period during which the effects of convergence and 
ablative mass removal roughly cancel. In cases of interest ,  which 
do not  burn through, the convergence then finally wins; the shell 
thickens while the radius decreases, and A decreases again. I t  i s  
during the intermediate period when A i s  largest and the shell i s  
near i t s  in i t ia l  radius, ro, that the shell i s  most vulnerable t o  
break up by the larger L (or k )  faster growing modes. Thereafter, 
as A decreases, i t  i s  expected that further growth of the  higher 
L modes will have relatively less disruptive effects on the shell.  
For these reasons in applying Eq.(6), we choose tf = rI/2, 
A = 4A0, and r = ro. These choices of "round numbers" a1 1 appear 
to e r r  a bit  in the direction of underestimating growth of 
unstable modes. Substituting into Eq.(6) gives the in i t ia l  per- 
turbation amp1 i tude, CO, which would cause failure: 

= 7 exp [-(2Ao) 1 / 2  I 

Notice that the acceleration, g ,  has cancelled ou t .  To see w h a t  
this means, consider a typical case of interest: A. = 25 and 
ro = 100 pm. From Eq. (8) the requirement t o  avert fai 1 ure i s  
c0 5 8.5 x 10-8 cm. Without going into the particulars of the 
possible spectra of she1 1 surface imperfections responsible for 
to, i t  can be seen t h a t  this requirement places severe 



r e s t r i c t i o n s  on the surface f i n i s h .  I f  ins tead  A, = 10, then the  
requirement i s  c0 < 2.8 x  10-6, and if A. = 5, then Eo 5 2.1 x  
Only the  requirement f o r  A = 5 represents a  surface f i n i s h  which 
seems c .1ear ly -a t ta inab le .  

L inear ized ca l cu la t i ons  presented i n  Ref. (2) , which i nc l ude  
a b l a t i v e  e f f ec t s ,  ob ta i n  amp1 i f i c a t i o n s  which are a b i t  sma.1ler 
than, but  w i t h i n  an order  o f  magnitude of those obta ined from 
Eq. ( 6 )  above. From these more r e a l i s t i c  ca l cu la t i ons  and s l i g h t l y  
more conservative est imates o f  a t t a i n a b l e  surface f i n i s h ,  Ref. 2 
a1 so concluded t h a t  A. 5 5 i s  requ i red  t o  ave r t  shel 1  breakup. 
C lea r l y  i f  anything can be done t o  r e l a x  t h i s  r e s t r i c t i o n ,  i t  
would be very desirable,  because the  performance expected from 
s h e l l s  w i t h  A,.< 5 i s  r a t h e r  d isappoin t ing.  -. 
Compressi b i  1  i t y  Correct ion 

There i s  a  f u r t h e r  c o r r e c t i o n  t o  the c l a s s i c a l  l i n e a r  growth 
ra tes  t h a t  i s  caused by compress ib i l i t y ,  which may be important ,  
and should be po in ted ou t  before the a b l a t i v e  ca l cu la t i ons  are 
presented. I n  the c l a s s i c a l  c a l c u l a t i o n s l  i t  i s  assumed t h a t  the 
f l u i d s  are  incompressible. For present purposes t h i s  i s  essen- 
t i a l l y  equiv l e n t  t o  assuming t h a t  the l i n e a r  growth t ime of a  
mode, r h y-T, i s  g rea te r  than the  acoust ic  t r a n s i t  time, 25, 
across the c h a r a c t e r i s t i c  l e n g t h  o f  the mode s t r uc tu re '  That i s ,  
s ince the c h a r a c t e r i s t i c  len.gth of a  Tay lo r  mode i s  k'i, i t  i s  
i m p l i c i t l y  assumed t h a t  

where CS i s  the sound speed i n  the shel 1. A Tay lor  mode cannot i n  
f a c t  grow much f a s t e r  than the  upper l i m i t  g iven by the e q u a l i t y  
i n  Eq. (9), because the pressure d i f fe rences  t h a t  cause the  f l ow  
cannot be t ransmi t ted  across the mode s t r u c t u r e  on a  shor te r  t ime 
scale. I n  i d e a l  gases, the  sound speed i s  

where P and p are pressure and dens i ty ,  and the  pressure i n  a  
s h e l l  a t  the outside, o r  ab la t ion ,  sur face i s  approximately g iven 
by the  e f f e c t i v e  weight pe r  u n i t  area o f  the  s h e l l  on the  a b l a t i o n  
surface, 

Here f o r  consistency w i t h  t he  est imates o f  growth ra tes  above, the 
f i n a l  s h e l l  thickness, Arf, i s  used as an est imate of the i n - f l i g h t .  
thickness, Combining Eqs. (9), ( l o ) ,  and (11) g ives 



Comparison of E q .  (12) with (2)  above, with a = g,  shows that  i n  the 
"worst case" discussed above, for which k Arf = 1 , Eq. (1 2) places 
an upper limit on y which i s  larger than !he classical growth rate 
b u t  only by a factor of (5/3)1/2. For smaller values of k ,  i t  i s  
seen that  Eq. (12)  l imits  y to  values which are smaller than the 
classical incompressible result.  I t  will in fac t  be seen in section 
I11 that  for a range of small e r  values of k below kw, Eq.  (1 2) be- 
comes approximately the correct expression for  y ,  instead of Eq. (2) .  
If  nonl inear saturation prevents shell breakup from modes with 
k < k , this  reduction i n  1 inear growth rates for smaller k may 
thgi !!e important. 

111. CALCULATION OF LINEAR GROWTH RATES USING THE STEADY FLOW MODEL 

Exact calculation of ampl ification of 1 inearly unstable Taylor 
modes during an implosion requires calculation of the development 
in time of first-order perturbations of a time-dependent zero order 
flow. The separation into modes occurs naturally through fin expan- 
sion .of the angle dependence in the spherical harmonics, Ye(e ,$). 
The various first-order quantities then appear in the form f ( r , t ) *  
ym(e,$), where f le i s  one of t h e  first-order quantities, p !'rle 
t i e  radial component of the perturbed velocity, V l r e  or Erfethe 
perturbed displacement, or  the divergence of the corresponding 
angular components of these two quantities, v*VlQe and v e t  The 
system of coupled differential  equations for these f l  's  ig'degener- 
a te  with respect to  m and decouples with respect t o  !tt12-14 The 
different modes are,  therefore, identified by their  L number. 
Solution consists of numerical integration in time of the,'system 
of equations for the f l e l s  for  as many different e n s  as are de- 
sired. The zero-order quantities, the fo ( r ,  t )  ' s ,  whi,ch describe 
the spherically symetr ic  implosion, appear as coefficients i n  the 
system of equations for the f l e l s  and can be computed simultaneously 
or computed previously and stored. 

This exact metho of s lution has been applied successfully t o  
implosions of shells  q913~18 and will probably be necessary for de- 
tai led examination of specific fusion target designs in the future. 
However, the method in a sense gives too much information for  making 
qualitative, i.e., order of magnitude, judgments about broad classes 
of implosion systems. Total ampl if ications of perturbations are 
obtained for a specific implosion system driven by a specific inti- 

. dent driver pulse. In practice, th i s  solution space has so many 
parameters that  extracting patterns of behavior and i n s i g h t  from i t  
can be a b i t  tedious. 



What i s  needed to  complement these exact cal cut ations 'of to ta l  
1 inear amp1 i fications is the instantaneous 1 inear growth rates of 
the Taylor modes as a function of a for the minimum number of 
fundamental parameters needed to  describe the instantaneous s ta te  
of an unstable region. The classical theory, of which Eq. ( 2 )  i s  a 
simplified form, f i l l s  this need for  non-ablative unstable regions 
when, as discussed below, the compressibility corrections are  
added. The numerical cal cul ations of growth rates of ablation- 
driven Taylor instabi 1 i t y  presented here are intended to  f i l l  
the similar need for  ablat ive regions where heat flow and convec- 
tion are important. 

An appropriate family of zero-order ablative flow solutions 
from which to derive i t taneous growth rates is obtained from 
the steady flow model. ",lg In cases of in teres t ,  the ins tab i l i ty  
growth time i s  short compared to  the implosion time, i.e., the time 
for she1 1 density , temperature, and velocity profiles' t o  change 
significantly. However, the growth time is not necessarily 
shorter, and can be longer, than the characterist ic  time for  a 
f lu id  element to flow through the ablation front region. 'By being 
stationary i n  time while including the effect  of convection, the 
steady flow model meets the requirements of this ordering of times, 
b u t  i s  simple enough that  the family of solutions may be described 
by a two parameter family. A brief description of the steady flow 
model and solutions will be given next, before the s t ab i l i t y  cal-  
culations are presented. 

Steady Flow Model 

In th i s  model, the flow i s  spherically symmetric, radial ly 
outward, and stationary. Stationary flow i s  a reasonable approxi - 
mation i n  most cases of interest,because the time required t o  es- 
tablish the flow between the pel le t  surface and the region where . 
the absorbed energy i s  assumed to  be deposited i s  less  than the 
characterist ic  implosion time and, because the pressure gradient 
forces i n  the ablation region are  larger than the forces associa- 
ted w i t h  the average inward acceleration. 

For our purposes, very 1 i t t l e  general i t y  is l o s t  and consider- 
able simplicity i s  gained, by assuming a slngle temperature instead 
of separate electron and ion temperatures. The steady-state hydro- 
dynamic equations are then: 

Continuity: 



Momen tum: 

dv = , dP , PV - - 
d r  d r  

p and 
d r  

Energy: 

where p i s  t he  f l u i d  mass densi ty,  v i s  the  r a d i a l  f l u i d  ve loc i t y ,  
r i s  the rad ius,  P i s  the  pressure, $ i s  the g r a v i t a t i o n a l  po ten t i a l ,  
y i s  the r a t i o  of s p e c i f i c  heats, and vb i s  the B e r n o u l l i  energy 
f tow constant The g r a v i t a t i o n a l  po ten t t a l  , q ,  whictl i s  int roduced 
t o  represent inward acce le ra t ion  must be inc luded t o  y i e l d  s h e l l -  
l i k e  dens i t y  r o f ' l e s .  The q u a n t j t y  n i s  def ined t o  be 
n = (ur !S)(df /dr j ,  where S = 4ar  pv i s  the  mass f l u x ,  a constant  
o f  t he  motion by Eq. (13). K i s  the  thermal c o n d u c t i v i t y  c o e f f i -  
x i e n t  given by 

K = G(Z) T' p-' . (16) 

Fol lowing sp i t ze r17  we take a =  5/2, B = 0, and G(Z) = K /Z, 
where K i s  a constant, f o r  most o f  what fo l lows.  We have ignored 
the  wea! temperature and dens i t y  d endence i n  - t h e  1,nA t e r m  
which appears i n  the2conductivity, ' l f T i s  the  temperature, and we 
have defined u = 4nr . P i s  r e l a t e d  t o  T through the  f u l l y  ion -  
i zed  i dea l  gas equat ion of s t a t e  P = PRT/P, where R i s  the  gas 
constant, u = u 0 / ( l  + Z ) ,  u, i s  t he  atomic mass of t h e  f l u i d ,  
and Z i t s  atomic number. A f t e r  some manipulat ion, Eqs. (13), 
(14), and (1  5 )  become: 

Because t ransonic  so lu t ions  a re  o f  p a r t i c u l a r  i n t e r e s t  t o  us, 
i t  - i s  usefu l  t o  scale the equations i n  t he . . f o l l ow ing  way. Define 
P = P / P ~ ,  f = T/Tf, i =v/vs,$ = $/v2, and i = r/r , where pS, T , 
and vs are t h e  va ues of the f l o w  v % r i a  l e s  a t  the  Do*hmd s8nic 
p o i n t  r . t h a t  i s ,  a t  r = ( R )  192 . Using t h i s  sca l ing,  
Eqs. ( l 8 j  and (19) beco80. 



- 2  1 d T  T ( = -  =-) - Q 
d? - 1 r T d r  - - -  
dF t - -2 , and 

( 1  - T/v 

The dimensionless quant i ty  M i s  defined as  

and i s  the only place i n  the  equations where dimensional parameters 
appear expl ic i t ly .  

For use i n  Eq. (20), we define = - a$/aP. The form of $ 
t h a t  has been used i s  @ = -g ( r  - r S ) ,  o r  $ E -g(P - I ) ,  where the 
dimensionless form of the  gravi ty constant then becomes g E grs/vs . 

The numerical solut ion of Eqs. (20) and (21) i s  accomplished 
by integrating inward (7 < 1)  and outward (P > 1 )  from the singu- 
l a r i t y  of Eq. (20) a t  F = 1. We fur ther  r e s t r i c t  our a t t en t ion  t o  
solutioris which a r e  subsonic f o r  P < 1 and supersonic f o r  P > 1 .  
We require tha t  dt/dF be f i n i t e  a t  F = 1. Thus, since the denomi- 
nator of the' right-hand s ide  of Eq. (20) becomes zero a t  P = 1, 
the numerator must a l s o  be zero there.. Values of the temperature 
and velocity der ivat ives  a t  t h i s  s ingular i ty  a r e  determined as a 
function of M and by requiring tha t  the solut ions be continuous 
there.  Limits on the range of values of M are.  a l so  determined, as  
a function of 9, by conditions a t  P = 1, i . e . ,  r = 

These constraints ,  as  well a s  the  procedure f o r  t r ea t ing  t e l a s e r  energy 
deposition a t  a c r i t i c a l  surface,  and some asymptotic ana ly t i c  
solut ions fo r  r -t = a r e  derived i n  Ref. 15. 

I t  i s  a l so  shown t h a t  values of M near the lower l i m i t  of the 
a1 lowed range correspond t o  l a rge r  values of the r a t i o  cp t pp/ps 
of the peak density a t  the outer  she l l  surface pp, t o  the sonic 
point density, ps. 

For present purposes, the  dr iver  energy i s  assumed t o  be 
deposited a t  la rger  r ad i i  than a r e  d i r ec t ly  involved in  the  
s t a b i l i t y  calculat ions,  i . e . ,  a t  r -. +. In o ther  appl icat ions of 
the  steady flow model, t he  dr iver  energy i s  e x p l i c i t l y  introduced 
a t  f i n i t e  rad i i l5 ,  such a s  the  c r i t i c a l  surface of l a s e r  l i g h t ,  
and .one or  more additional parameters a r e  introduced, which a r e  not 
necessary f o r  the present requirements here. 



The so lu t ions  of Eqs. (21) and (22) form a two-parameter 
fami l y .  The two parameters are  M and ij, but  M, whose' phys ica l  
meaning i s  no t  t ransparent ,  i s  equ iva len t  t o  t he  r a t i o  of peak 
s h e l l  dens i ty  t o  the son ic  densi ty.  That i s ,  M i s  found t o  be 
equiva lent  t o  6p I p / p  where p p  i s  t he  peak dens i t y  o f  the  s h e l l  
o r  p e l l e t .  Cases ofPinZerest  f r l a s e r  f us i on  appl ica. t ions have . B values of ip o f  t he  order  o f  10 . A l l  o the r  th ings be ing equal, 
l a r g e r  ip corresponds t o  s m a l l t r  i n c i d e n t  power. Values o f  sp o f  
the  order o f  10 o r  l ess  approach the  r a p i d  thermal burn through 
l i m i t  where exploding pusher behavior accurs. It may be i n t e r e s -  
t i n g  t~ the reader t o  note  from Eq. (20) t h a t  (def ined as - a@/ar ) i s  e f f e c t i v e l y  a measure of the  r e l a t i v e  importance o f  
spherical divergence and acce le ra t ion  i n  determining t he  f low i n  
the  sonic region. The l i m i t  6 << 1 g ives so lu t i ons  i n  which 
acce le ra t ion  i s  unimportant, and t he  s h e l l s  are so t h i c k  t h a t  
A I. As 6 a, A +=, spher ica l  curvature i s  n o t  important ,  and 
f l a t  s lab so1,utions a re  obtained f o r  t h i s  1 i m i t .  For ICF app l i ca t ions ,  
so lu t ions  w i t h  o f  o rder  1 a re  o f t e n  most re levant,  as we discuss 
below. Figure 3 shows t he  steady ' f l o w  s o l u t i o n  p r o f i l e s  f o r  the  
p a r t i c u l a r  case p p  = 50 g = 1.0, and represents one o f  t he  
p a r t i c u l a r  cases f o r .  which i n s t a b i l  i t y  growth ra tes  and mode forms 
are obtained by the procedures descr ibed i n  the  f o l l o w i n g  sect ion.  

10' - - - - 
- - - - - - - - 
- - - 

0.8 0.9 . . 1 .O 1 .I 1.2 
hr 

R 
FIG. 3 S ta t ionary  a b l a t i v e  f l o w  g r o f i l e s  f o r  the normalized 

dens i ty  ( 6 ), pressure ( P ) , ve loc i  t ( ) , and tem- 
perature ( i ) obtained f o r  t he  c a s e  E = lr. The f l o w  
v r i a b l e s  are  normalized a t  t he  isothermal son ic  p o i n t  (W = r/rs = 1). 



A further transformation of parameters is  useful for applica- 
tions of the steady flow solutions and the i r  stabi 1 i ty properties 

. t o  implosion systems. The aspect ra t io ,  A,  defined in Section I1 
above, i s  defined from each computed solution as  ttie width of the 
shell density profile a t  half height. T h i s  i s  the f i r s t  trans- 
formed parameter. The second parameter is  the fraction of the 
shell mass that  i s  removed by ablation during the implosion time 
, defined i n  Section 11. If M and At4 are the i n i t i a l  mass and 

t 'k e ablated mass increment respectively, t h i s  burn through para- 
meter i s  then 

Figure 4 i l l u s t r a t e s  the dependence of A on 5 and iip. Note 
the linear dependence of A on Gp and on 5 for large ij and Cp. 
Figure 5 shows the ful l  mapping from the solution parameters 
(sp,G) to the parameters (A,B). Maximum energy transfer i s  achieved 

.from the energy source driving the ablation to part of the imploding 
shell that i s  not ablated i f  AM/t:l i s  ab t 2/3, just  as one would, 
expect in analogy with a "rocket model"Y8 to  which th i s  system i s  
approximately equivalent. Taking into account the approximations 
involved, one then expects the optimum solutions t o  be in the 
range 0.5 < B < 1 .O. Other implosion system design constraints 
could, however, lead t o  the use of solutions outside of t h i s  range. 
From Fig. 5 i t  i s  seen tha t  th is  range of B values and aspect 
rat ios 'in the popular range 10 < A < 100 requires solutions in the 
neighborhood of Fp= 50 t o  100 and = 1 .O. 

Method of Calculating Perturbations 

The method used here i s  similar to that  used in Refs. 12-14, 
and described briefly above, except that  the equations for the 
time' dependence of the perturbed quantities are written i n  Eul erian 
form and solved on a regular fixed grid instead of being written 
in Lagrangian form. This procedure was adopted because the zeroth 
order steady flow solutions are computed on a regular fixed Eulerian 
grid,  as opposed t o  the procedure used when the exact zeroth order 
solutions of Refs. 12-14 are computed which employ a Lagrangian 
grid moving w i t h  the f luid.  In e i ther  case, i t  i s  desirable, for  
simplicity and accuracy, t o  have the f i r s t  and zeroth order compu- 
tations done on the same grid. The f i r s t  order equations are ob- 
tained by expansion of the .angle dependence in spherical harmonics, 
Y ~ ( B , $ ) ,  and make use of the fact  that  the resulting system of 
equations decouple w i t h  respect to  L and are degenerate with respect 
t o  m. These equations are ,  therefore, the same as those derived in 
Ref. 12, except for  the differences required by the change from 
Lagrangian to Eulerian coordinates and will not be written out here. 
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A - ASPECT RATIO 

FIG. 5 F u l l  mapping from the solut ion parameters (if, a)  t o  the parameters , 

(A,B)  from the stat ionary ab la t ive  f low mode . A i s  the shel l  aspect 
r a t i o ,  and B i s  the burn through parameter, defined i n  the t e x t ,  
(Eq. 23), B = ~ M / t . l .  



The f i r s t  order var iables are TI, pl , t , and 2, the perturbed 
temperature, density, ve loc i ty ,  and disblacement . A1 1 scalar 
quant i t ies have the  form T i  = TI ( r , t )Yy(~,$)  as described near 
the beginning o f  t h i s  section. The zeroth order quant i t ies  
obtained from the steady flow model appear as coef f i c ien ts  i n  the 
equations of motion for the f i r s t  order variables. The displace- 
ment, 5 ,  i s  the  distance between the perturbed and unperturbed 
posi t ions of a f l u i d  elgment and i s  introduced p r imar i l y  as a 
diagnostic var iable.  5 i s  a measure of she l l  d i s t o r t i o n  and i s  
obtained by i n teg ra t i ng  

The mode form .and growth ra tes  for  a given L are obtained from 
the equations o f  motion f o r  the perturbat ions by in t roducing an 
a r b i t r a r y  i n i t i a l  per turbat ion ( i n  p rac t i ce  a Gaussian per tur-  
bat ion o f  PI ( r  l o c a l  ized near the ab la t ion  surface of width 
27rr/!L was used 1 and in teg ra t i ng  the equations i n  t ime u n t i l  the 
form o f  the mode and the growth r a t e  of i t s  amplitude become 
approximately constact. I n  t h i s  way, the  fas tes t  growing mode 
w i th  the given L and i t s  growth r a t e  are obtained. 

Results 

Figure 6 shows the growth rates for  three zero-order steady f low 
solut ions - w i th  Fp(5 pp/pS) = 50. The zeroth order so lu t i on  w i t h  
g = 3 i s  the case shown i n  Fig. 3. These three zeroth order solu- 
t ions  can be i d e n t i f i e d  i n  Figs. 4 and 5. Recall t h a t  the dimension- 
less growth r a t e  i s  ? = Y rS./vS. The scale time r S / v  9 1s a 
charac ter is t i c  convection t ~ m e  f o r  the ab la t i ve  flow falthough 
perhaps t h i s  t ime i s  a b i t  longer than i s  t yp i ca l  of f low through 
the ablat ion f r o n t  because r i s  the f u l l  rad ius of the system). 
Consequently, solut ions withs? >> 1 should not be g rea t l y  i n -  
fluenced by convection, whi le  those w i t h  7 << 1 should be i n -  
f l  uenced by convection, i n  whatever way t h i  s i n f l  uence expresses 
i t s e l f .  It i s  i n te res t i ng  t h a t  there appears t o  be no q u a l i t a t i v e  
change i n  the growth r a t e  curves (see Fig. 6) from one side of 
7 = 1  t o  the other. 

For l a rge r  a, i .e., l a rge r  k, i t  i s  seen t h a t  ab la t i ve  e f fec ts  
cause 7 t o  reach a maximum and then decrease t o  zero, instead o f  
increasing i n d e f i n i t e l y  as c lass ica l ,  non-ablative i nv i sc id ,  i n -  
compressible theory would pred ic t .  For smaller values o f  11, i t  
i s  seen from Fig. 6 tha t  7 becomes independent o f  5 and A and 
approximately proport ional  t o  11. That 7 i s  approximately indepen- 
dent o f  A and g f o r  smaller 2 i s  a consequence of the approximately 
1 inear  dependence of A on 5 for  1 arger ijp and 5 (see Fig. 4). The 



FIG. 6 Growth ra tes  obtai'ned f o r  pe r t u rba t i on  ca l cu la t i ons  per- 
formed f o r  three s t a t i o n a r y  f l ow  so lu t i ons  w i t h  'jp = 50. 
The steady f l ow  s o l u t i o n  p r o f i l e s  f o r  t he  = 1 case are 
those o f  Fig.  3. The c l a s s i c  incompressib le i n v i s c i d  growth 
l i n e s  are  given f o r  the  t h ree  cases; ? ( c l a s s i c )  = q. The 
acoust ic  l i m i t  l i n e ,  ? ( l i m i t )  = L?xij-/AT, i s  a l so  shown. 
This l i n e  i l l u s t r a t e s  the  e f f e c t s  o f  compress ib i l i t y ,  
impor tant  a t  low 11 values, which i s  respons ib le  f o r  the l a r g e  
departure o f  the growth r a t e s  f o r  these L ' s  from the 
c l a s s i c a l  value. The "worst  case" !L values given by the  
approximate formula, L  = A, are  marked by crosses. 

approximately l i n e a r  r e l a t i o n s h i p  between and L seen i n  Fig.  6 
i s  i n  approximate agreement w i t h  t he  e q u a l i t y  i n  Eq. (12) and the  
1  i m i t a t i o n  on 7 imposed by the  acous t i c  t r a n s i t  t ime. Recal l  t h a t  
f o r  !L >> 1, k = a/r. When numerical values f rom Fig.  4 are sub- 
s t i t u t e d  i n t o  Eq. (12), the  acous t i c  l i m i t  l i n e  of F ig .  6 i s  ob- 
ta ined.  It i s  seen t h a t  7 nowhere exceeds t h i s  l i m i t  bu t  1  i e s  . 

r a t he r  c lose t o  i t  f o r  small  L, where i t  a lso  appears t h a t  
a b l a t i v e  e f f ec t s  have n o t  s i g n i f i c a n t l y  reduced ?. On the o ther  
hand, f o r  these smal ler  values o f  L, and t he re fo re  k ,  l i e s  f a r  
below the incompressi b l e  value g iven by Eq. (2 ) ,  which fu r ther  



indicates that  compressibility is determining the growth rates 
for  small values of L. An additional ef fect ,  not treated i n  the 
above argument, occurs for  small values of a: k - L/r is not appl i -  
cab1 e, because the wave1 ength of the mode is no longer small compared 
t o  the radius of the shel1,and curvature effects  must be considered. 
The l ines w i t h  slope 1/2 on Fig .  6 are those given by Eq. (2)  w i t h  
k = L/rs, for  the different  values of 5. The "worst case" values 
of 2, a t  which L = A are indicated i n  Figure 6. I t  is interest ing 
that  these classical "worst case" values of are  quite close 
(within a factor of 2 )  to the values of 11 a t  which the maxima of 7 
occur. The values of these maxima 7 a t  these "worst case" values of 
L are seen in a l l  cases to be signif icantly l ess  than the 7 one 
obtains from the classical estimate associated w i t h  tha t  2 (see 
Fig .  6 ) .  Frnm th i s  resul t ,  we see i t  i s  possible to  increase signifi- 
cantly the value of the lowest aspect ra t io ,  A a t  which shell break- 
up should be expected to  occur. 

Figure 7 shows the form of the perturbed radial displacement 

FIG. 7 Perturbed radial displacement 6 fo r  the case Ep = 50, g = 1, 
and L = 50. This case has nearFy the maximum growth ra te  
(see F i g .  6 ) .  Note tha t  6, penetrates the shell to  a 
depth - L T ~ ,  and i s  extended by convection f a r  into the 
exhaust region to  the r i g h t .  



6 , f o r  the case bp = 50, g' = 1, and E = 50. This case i s  seen from 
F Y ~ .  6 t o  have approximtely the maximum growth r a t e  f o r  6 = 1.0 bp = 
50. It i s  seen that,  as would be expected, the f l ow  d i  t o r t i o n ,  
6,. penetrates the she l l  t o  a depth o f  about , o r  , and i s  
extended by convection fa r  i n t o  the exhaust or blow-off reg ion to 
the r i g h t .  

I V .  NUMERICAL SIMULATION 

I n  order t o  learn  about nonlinear development o f  the ablat ion-  
dr iven Taylor i n s t a b i l i t y ,  two-dimensional numerical simulations have 
been done. These have been do w i t h  ,a Langrangian hydrodynamic 
and heat-f low code named  DAISY^^ which was wr i t t en  w i t h  t r i angu la r  
zones i n  order be t te r  t o  t r e a t  the h igh l y  d i s to r ted  f lows t h a t  occur 
dur ing the la rge  amplitude development o f  the i n s t a b i l i t y .  

It may be i n te res t i ng  t o  the reader t o  know t h a t  developing the 
numerical method for  t r e a t i n g  the heat f low was a much more chal- 
lenging task than t h a t  presented by the hydrodynamics. The problem 
i s  tha t  most o f  the schemes tha t  come t o  mind give an inaccurate 
approximation t o  VT when the shape o f  the  zones are f a r  from being 
equ i la te ra l  t r iang les ,  and can even cause heat t o  f low "up h i l l "  
f o r  some cases of h igh ly  i r r e g u l a r  meshes. These problems also occur 
i n  codes employing quadr i la tera l  zones, bu t  on ly  a f t e r  the usua l ly  
approximately r e c t i l  inear i n i t i a l  zoning has been d i s to r ted  by the 
f low. I n  some ways, these problems are then more ins id ious  i n  a 
quadr i la te ra l  code than they are i n  a t r i angu la r  code i n  which many 
o f  the d i f f i c u l t i e s  manifest themselves near the i n i t i a l i z a t i o n  time 
and therefore are more obvious. These addi t ional  d i f f i c u l t i e s  en- 
countered i n  a t r iangu lar  code fo rce  one t o  devise a numerical scheme 
which, from the outset, gives an accurate approximation of VT, f o r  
h igh l y  i r r e g u l  a r  mesh conf igurat ions. The resul  t i n g  method turns 
out  t o  be more elaborate than those usua l ly  formulated f o r  quadri- 
l a t e r a l  two-dimensional codes. The method t h a t  was developed t o  
ca lcu la te  heat f low on t r i angu la r  g r i ds  has been found t o  be sa t is -  
f ac to ry  f o r  a va r ie t y  o f  d i f f i c u l t  (nonl inear) heat f low problems 
and was described i n  Ref. 19. 

I n i t i a l  i z a t i o n  

The c lass o f  problems we have chosen f o r  studying nonl inear 
development are f l a t  s lab targets which represent the l i m i t  o f  A +  =. 
I n  the context o f  the steady f low model discussed above t h i s  a lso 
corresponds t o  the l i m i t  +w. This l i m i t  was chosen f o r  s imp l i c i t y ,  
because no p a r t i c u l a r  f i n i t e  aspect r a t i o  seemed s ingu la r l y  in teres-  
ting,and i t  i s  expected t h a t  almost a l l  o f  the nonlinear ab la t i ve  
phenomena o f  i n t e r e s t  should a lso be found t o  occur i n  the  f l a t  
targets.  



To i n i t i a l  i z e  the-two-dimensional code DAISY, an equ iva len t  
one-dimensional code i s  r u n  u n t i  1 approximately steady acce le ra t ing  
a b l a t i v e  f l o w  develops. The r e s u l t i n g  one-dimensional temperature 
and dens i t y  p r o f i l e s  a re  t r a n s f e r r e d  t o  the  two-dimen.siona1 code 
i n  a p lanar  conf igurat ion;  a pe r t u rba t i on  i s  then app l ied  t h a t  i s  
l o c a l  i zed near the a b l a t i o n  surface, and the  two-dimensional simu- 
l a t i o n  i s  begun. This procedure no t  on l y  reduces the amount o f  
cornputin required, but  a l so  minimizes c e r t a i n  types o f  t r a n -  B s ien t s9~2  which can obscure i n t e r p r e t a t i o n  when th,e problem i s  
begun wi th  a perturbat ion,  and f a c i l  i t a t e s  comparisons w i t h  the  
steady flow model. 

The famil  o f  cases presented here w a s  begun w i t h  a carbon Z s l ab  3 urn t h i c  . Dimensionless, r a t h e r  than phys ica l  var iab les ,  
could have been used i n  t h i s  presentat ion o f  t he  two-dimensional 
r esu l t s ,  bu t  i t  was f e l t  t h a t  rep resen ta t i ve  phys ica l  values would 
make i t  eas ier  f o r  the  reader t o  r e l a t e  the  cases presented t o  o the r  
experience w i t h  l a s e r  d r i v e n  ab t i on .  - The absorbed l a s e r  i r r a d i a -  

59 I? t i o n  has a ns tan t  value o f  10 w/cm2 absorbed a t  a c r i t i c a l  dens i t y  
o f  nec = 10 That i s ,  we have assumed a s t e  func i o n  pu lse 

74 z o f  1.06m I i gh t .  Simulat ions w i t h  2.5 and 5.0 x 10 w/cm have a l so  
been done and w i l l  be discussed e l  sewhere. F igure  8 shows a 
sequence of temperature and dens i t y  p r o f i  1 es. generated by t he  p lanar  
one-dimensional ca l cu la t i on .  Transfer  o f  t he  r e s u l t s  t o  i n i t i a l  i z e  
t he  two-dimensional code was performed a t  60 psec. 

Results 

I n  d iscussing these f l a t  t a rge t s  i t  i s  use fu l  t o  use a burn 
through time, def ined as 

because we no longer have an implos ion t ime, TI f rom which t o  o b t a i n  
t he  burn through parameter, B, discussed above. I n  p rac t i ce ,  i n  o r -  
der t o  maximize t r a n s f e r  o f  energy t o  k i n e t i c  energy o f  an imploding 
shel1,one would choose TB' 3, which i s  equ iva len t  t o  B -- 1. I n  
t h i n k i n g  about the re levance o f  f l a t  t a r g e t  cases t o  spher ica l  
she l l s ,  i t  i s  therefore u s e f u l  t o  t h i n k  o f  TB as being equ iva len t  
i n  t h i s  sense t o  T . A f l a t  t a r g e t  i s  then more unstable (according 
t o  the  c l ass i ca l  t A eory discussed above), i n  t he  sense t h a t  t he  am- 
p l  i f i c a t i o n  o f  pe r tu rba t ions  i s  la rger ,  i f  i n  t h e  t ime TB i t  acce ler -  
a tes  through distances which a r e  correspondingly g rea te r  m u l t i p l e s  
o f  i t s  thickness. 

From Fig. 8, i t  i s  seen t h a t ,  if t h e  s l a b  remained planar,  
burn through would occur around 130 psec. when t he  peak dens i t y  i s  
beginning t o  decrease and t he  s l a b  has moved about 25 urn from i t s  



pos i t i on  a t  t = 0 o r  about 20 um from i t s  p o s i t i o n  a t  60 psec. 
when i n i t i a l  i z a t i o n  o f  t he  pe r tu rba t i on  was performed. This l a t t e r  
distance o f  20 pm i s  about 20 times t he  she l l  th ickness a t  
t = 60 psec. (about 1 pm). I f  we consider t = 60 psec. t o  be 
the beginning o f  the  i n s t a b i l i t y  c a l c u l a t i o n  then TB = 70 psec. 

FIG. 8 A t ime sequence o f  temperature and dens i ty  p r o f i l e s  generated 
by a  one-dimensional p lanar  s imu la t ion  o f  the  1  aser d r i ven  
a b l a t i o n  o f  a  3 pm carbon slab. The 1 aser i r rad iance,  
i nc i den t  from t h e  r i g h t ,  was 1 0 ~ ~ ~ / c m  . 

The app l ied  p e r t u r b a t i o n , r ,  i s  made t o  be incompressible by 
choosing i t  t o  have t he  form: 

5 = v x it , where if i s  a  vector  p o t e n t i a l  . (26)  



The problem is done i n  Cartesian geometry w i t h  the unperturbed 
ta rge t  surface planes of y = constant,  the  l a se r  is  incident  i n  the 
x-direct ion from the r igh t  and the  acceleration is i n  the  negative 
i -direction. The form of f chosen is 

where k is  the wave number of the  mode i n  y ,  the coordinate para l le l  
t o  the Yurface and X, is the point of maximum density,  which i s  
approximately the  l e f t  edge of the  ablat ion f ront  and where the  
density i s  almost discontinuous. For I k  (x-xm) l>>l Eq. (27) has 
the standard form of tho c l a s s i c  Taylor &ode a t  a ,  density d i r -  
continuity and is  a smooth function of x a t  smaller 1 ky(x-xm) 1 .  
Of the forms of AZ t h a t  have been used, Eq. (27) appears t o  be the 
most physical i n  the  sense t h a t  fo r  a given value of the  i n i t i a l  
amplitude number, k y t o  this form causes the l e a s t  t r ans i en t  dis- 
turbance immediately a f t e r  i n i t i a l i z a t i o n .  

Figure 
t i a l  izat ion 
k y t o  = n/10 
computation 

9 shows the t r iangular  gr id  a t  t' = 60 psec. a f t e r  i n i -  
of a perturbation of t h p  form given by Eq .  (27) w i t h  

and ky = 21~/(2.5 x 10- cm). The two-dimensional 
is done i n  a region which is  i n f i n i t e  i n  x and bounded by 

r ig id  s l i p  surfaces i n  y. These surfaces a re  separated i n  Y by 
one h a l f  wavelength of the. perturbation, i.e.' by a dis tance 
Ay = nlky. 

Both i n  Fig. 9 and Fig. 10 discussed below we i l l u s t r a t e  the 
resu l t s  by showing one and one half wavelengths which a r e  obtained 
by folding over (and thereby periodical ly  reproducing) the  com- 
putational gr id  two more times i n  the  Y direct ion t o  help v isua l ize  
the resu l t s .  That the mode being considered i s  a typical  mode of 
in t e res t  can be seen from Figs. 9 and 10. The cha rac te r i s t i c  s t ruc-  
tu re  length of the  mode is approximately equal t o  the she l l  thickness. 
This mode might, therefore,  be expected t o  be capable of causing she l l  
breakup, and moreover, a t  l e a s t  t o  be in the range of the  f a s t e s t  
growing mode capable of doing so. In f a c t  the growth r a t e s  obtained 
from t h i s  simul a t ion  and o thers  w i t h  d i f fe rent  k ' s  a r e  i n  agreement 
w i t h  planar steady flow s t a b i l i t y  calculat ions a#d show this case 
t o  have a growth r a t e  near the  maximum f o r  a l l  modes, i .e. f o r  a l l  k 
We i l l u s t r a t e  this point below i n  Fig. 12. ' This mode, being both Y '  
i n  the range of  the  f a s t e s t  growing mode and of s u f f i c i e n t l y  long 
wavelength t o  cause breakup is, therefore,  one of the most in t e re s t -  
ing cases t o  consider . 

Figure 10 shows a sequence i n  time of gr id  p lb t s  from the  simula- 
t ion  done w i t h  both the i n i t i a l  conditions and boundary conditions 
described above. In cont ras t  w i t h  Fig. 9, only those g r id  lines 
("i" l i n e s  i n  the  DAISY ca lcula t ion)  a r e  shown i n  Fig. 10 which  



were i n i t i a l l y  i n  the plane of the unperturbed s lab ta rge t  and 
therefore, i n i t i a l  l y  ve r t i ca l .  These 1 ines show the d i s t o r t i o n  o f  
the slab and are made easier t o  fol low, a t  the expense o f  om i t t i ng  
some information, by omi t t ing  the other two famil ies o f  g r i d  l i nes .  

Time = 60 pses 

FIG. 9 Mesh p l o t  from the two-dimensional Lagrangi an hydrodynamic/ 
hea-c-flow code DAISY. The mesh d i s t o r t i o n  i l l u s t r a t e s  the 
k c0 = n/lOmode i n i t i a l i z e d  a t  the she l l  surface f o r  a 
25 p m  wavelength disturbance d t  t = 60 psec. The simula- 
t i o n  involves approximately 4000 zones w i t h  a y-resol  u t i on  
o f  72 points  per wavelength. 

As the amplitude o f  the d i s t o r t i o n  increases,its form i s  seen 
from Fig. 10 t o  resemble the bubble and spike s t ruc ture  seen i n  
two-dimensio a incompressible simulations o f  the c lass i c  Taylor R , J  i n s t a b i l i t y .  The bubbles are r e l a t i v e l y  smoothly varying prot ru-  
sions o f  the d i s to r ted  she l l  t o  the l e f t .  The spikes are the  
pointed protrusions t o  the r i g h t ,  toward the inc ident  l ase r  beam 
a n d i n . t h e d i r e c t i o n ' . o f  t h e e f f e c t i v e g r a v i t y a n d t h e a b l a t i v e  
flow. I n  the nonlinear simulations o f  the c lass i c  i n s t a b i l i t y ,  the 
spikes are seen t o  extend t o  the r i g h t  u n t i l  the f l u i d  i n  the 
spike i s  essen t ia l l y  i n  f ree  f a l l ,  and then continue t o  extend 



indefinitely. Here we see a different  beha.vior. The amplitude 
of the shell distort ion,  and i n  particular,  the length of the 
spikes, does become of the order of k-lor larger, certainly large 
enough to cause concern about loss ofYsymnetry of the f inal  com- 
pression of fuel i n  an implosion system. However, the spikes do 
not grow indefinitely. Instead, i t  appears that  when the spikes 
have become sufficiently long and t h i n ,  heat flow ablates material 
from the t ips  sufficiently rapidly to  prevent them from any larger 
growth. A t  the same time, as the amp1 i tude increases, the ra te  "of 
growth of the bubble-like structure also appears to  decrease. 

Tlme = 120 psec 

FIG. 10 Time evolution of the unstable 2.5 pm wavelength case 
(see Fig. 9) unti l  burn  through (,t = 130 psec.) from 
the DAISY simulation. The amount of mass between each 
1 i  ne ( i  -1 ine) i s  a constant throughout the calculation. 

Some insight into the nonlinear development can be acquired from 
t he W.tS (root mean square) deviation of ( i n i t i a l l y  ver t i ca l )  g r i d  
l ines  ( i - l ines)  shown i n  F ig .  10. T h i s  measure of distort ion js 



defined as 

where i i s  the index of a g r i d  l i n e  and the averages are taken over . 

the pos i t ion  of the mass points  i n  the i t h  l i ne .  Figure 11 shows 
the time h i s to r i es  of these <AX>i 's. Only a group o f  1 ines are 
shown which were near the ab la t ion  surface during the time o f  
in te res t .  A t  t = 60 psec. the l a r g e s t  value o f  <AX> i s  seen t o  be 
10-1pm which i s  the RMS amplitude o f  the maximum o f  the i n i t i a l  
per urbat ion described above. The l i n e  on Fig. 11 passing through 
10-rpm and a t  t = 60 psec. i s ,  therefore, the time h i s t o r y  o f  the . 
g r i d  l i n e  nearest the po in t  of maximum densi ty a t  t h i s  time. (Re- 
ca71 tha t  the po in t  o f  maximum perturbat ion, x,, was chosen t o  coin- 
c ide  w i th  the maxfmurn densi ty o f  the one-'dimenrional p r o f i l e  a t  
i n i t i a l i z a t i o n  time.) A l l  other g r i d  l i n e s  have smaller <~x> j '  
a t  t h i s  time. A d i p  i s  seen i n  the maximum <.AX> between 60 and 
70 psec.which i s  caused by a t rans ien t  response t o  imperfections 
i n  our assumed form of perturbat ion, Eq. (27). Introducing i n i t i a l  
perturbat ions o f  ve loc i t y  as wel l  as densi ty would probably be more 
nearly correct  and reduce t h i s  t rans ien t  e f fec t ,  and w i l l  be t r i e d  
i n  future simulations. The behavior i n  which we are in te res ted  
begins a t  about 70 psec. 

I n  Fig. 11 can be seen a locus of i n f l e c t i o n  points  o f  the time 
h i s to ry  curves, which has been shaded t o  c a l l  a t ten t i on  t o  it. Each 
curve passes through t h i s  i n f l e c t i o n  as the g r i d  l i n e  t o  which i t  
corresponds passes through the ab la t ion  surface. This i n f l e c t i o n ,  
o r  change I n  slope, occurs because the r a t e  o f  change o f  <AX> i s  
greater on the downstream side o f  the ab la t ion  surface. This can be 
understood from Fig. 10 where i t  i s  seen t h a t  the l a rges t  d i s t o r t i o n s  
occur on the r i g h t  of the ab la t ion  surface, p a r t i c u l a r l y  near the t i p  
o f  the spikes where the ablat ion r a t e  i s  greatest. The la rge  f low 
v e l o c i t y  o f  the  low densi ty ablated mater ia l  convects i t  r a p i d l y  
through t h i s  region o f  la rge  and changing d i s t o r t i o n  and, therefore, 
causes a l a rge r  r a t e  of change o f  <AX> f o r  a given i g r i d  7 i ne  than 
t h a t  same i - 1  i n e  experiences on the  higher densi ty upstream side . 

o f  the ab la t ion  surface. A l l  po in ts  on an i - l i n e  do no t  pass through 
the ablat ion surface a t  the same time, but the times o f  passage, par- 
t i c u l a r l y  i n  the t i p  region, are near enough t o  being simultaneous t o  
g ive  the c lea r  i n f l ec t i ons  t h a t  a re  seen. This locus of i n f l e c t i o n s  
i n  Fig. 11 i s ,  therefore, the h i s t o r y  o f  the amplitude o f  d i s t o r t i o n  
o f  the ab la t ion  surface. I n  addit ion, the slope o f  the locus of 
i n f l e c t i o n  po in ts  on t h i s  log-1 inear  graph gives, therefore, the 
growth ra te  o f  the i n s t a b i l i t y .  The curves below the ab la t ion  sur- 

. face locus a t  anytime a f t e r  70 psec. correspond t o  i - l i n e s  t h a t  are 
i n t e r i o r  t o  the dense she l l  mater ia l  t h a t  has no t  y e t  been ablated. 
The slopes o f  these curves are s l i g h t l y  greater than the slope o f  the 
ab la t ion  surface locus, because the corresponding i - 1  ines are being 
convected toward the abl a t i on  surface where d i  s t o r t i o n  i s  greater, 



as wel l  as experiencing the  l o c a l  r a t e  o f  growth o f  the mode. That 
i s ,  there i s  a convective as wel l  as a l oca l  growth cont r ibu t ion  
t o  the growth r a t e  o f  <AX>i i n  the frame o f  a given i - l i n e .  

TIME (psec) 

FIG. 11. Time h i s to ry  o f  ~ ~ @ R M S  d i s t o r t i o n  (<bx>) f o r  various 
DAISY Langrangian markers (i -1 ines) . Each, curve shows 
a change o f  slope ( i n f l e c t i o n )  as the g r i d  i - l i n e  t o  
which i t  corresponds passes through the  ab la t ion  surface. 
The locus o f  these i n f l e c t i o n  po in ts  corresponds,to the 
ablat ion surface t lme h is to ry .  The decrease i n  the 
growth ra te  due t o  saturat ion accounts f o r  the change i n  
slope o f  the ab la t i on  surface l i n e  near t = 110 psec. 

Figure 12 shows growth r a t e s  f o r  d i f f e r e n t  values o f  ky obtained 
from the  slope o f  the ab la t i on  f r o n t  locus from a set  o f  simula- 
t i o n  runs. These runs were done w i t h  a small i n i t i a l  amp1 i tude, 
k EO= n/50, so tha t  the mode growth would be i n  the 1 inear regime. d i d e n t i f y  the case show i n  Figs. 9 and 10 on t h i s  graph, r e c a l l  



I 

t h a t  ky o f5 the I n i t i a l  pe r tu rba t i on  i n  t h a t  case i s  k -2rr/(2.w0-4m) 
=.25 x 10 c i  . For comparison w i t h  t he  simulationy&owth 

rates,  1 i near growth ra tes  c a l  cu l  ated w i t h  the p l  anar s ta t i ona ry  
, ab la t i ve  f low model are a l so  shown for  two values o f  zp (I p I ps ,  

see sect ion 111); v i z .  Bp = 27 and bp = 50. These values o p t h e  
dens i ty  r a t i o  6 approximately bracket t he  values seen i n  the  one- 
dimensional s imulat ion a t  t he  i n i t i a l i z a t i o n  time, t = 60 psec. The 
agreement between the growth ra tes  obtained these two d i f f e r e n t  ways 
has given us some confidence i n  both techniques. It i s  seen from 
Fig: 12 that ,  as s ta ted  above, t he  l i n e a r  growth r a t e  o f  the  mode 
ky - .25 x 105 cm-1, from which the run shown i n  Fig. 10 was i n i t i a l -  
ized, i s  near the maximum. From Fig. 12 and the  one-dimensional burn 
through t ime (Eq. (25))  

' ' a  = 70 psec, obtained above, i t  can a l so  
be seen t h a t  y-rg = 3 fo r  t i s  mode. 

A t  approximately 100 psec i n  Fig. 11 i t  can be seen t h a t  t he  
slope of the ab la t i on  surface begins t o  decrease and i s  almost 
hor i zon ta l  by 120 psec.: t h a t .  i s ,  by 120 psec. the  RMS d i s t o r t i o n  
o f  the  she l l  near t he  a b l a t i o n  surface i s  no longer  growing. Th is  
behavior corresponds t o  the  i nd i ca t i ons  o f  sa tu ra t i on  seen above i n  
Fig. 10. O f  course, the  mode cannot become completely s ta t i ona ry  
because o f  ab la t i ve  removal o f  mass from the  she l l .  ' S im i l a r  satura- 
t i o n  behavior has been seen f o r  o ther  values o f  k and YTB , inc lud ing  
l a r g e r  values o f  both. . . Y 

Concl usions 

The quasi s ta t i ona ry  form t h a t  the  Tay lor  mode i s  seen t o  have 
acquired i n  Fig. 10 discussed above i s  q u i t e  d i s t o r t e d  and, there- 
f o r e  a po ten t i a l  source o f  d i s r u p t i o n  o f  t he  f i n a l  f u e l  compres- 
sion. However, a t  120 psec. i n  Fig. 10, t he  s ide o f  the  s h e l l  away 
from the laser ,  which would correspond t o  t he  i ns ide  o f  a spher ica l  
she l l ,  i s  seen t o  be much l e s s  d i s t o r t e d  than t he  outs ide.  Th is  o n l y  
moderately d i s t o r t e d  i n n e r  surface, wh i l e  no t  as des i rab le  as a per- 
f e c t l y  f l a t  ( o r  spher ica l  ) s ~ r f a c e ,  would probably no t  be mixed w i t h  
lower dens i ty  f u e l  i n s i d e  i t  and might g i ve  somewhat b e t t e r  f i n a l  f u e l  
compression than 'woul d the  i n n e r  surface o f  a she1 1 t h a t  had c l e a r l y  
l o s t  i t s  i n t e g r i t y  due t o  t u rbu len t  mixing.3 It appears p l a u s i b l e  
t h a t  f u t u r e  successful h igh  aspect r a t i o  ICF implosion systems may, 
therefore,  be designed t o  operate w i t h  s h e l l  d i s t o r t i o n s  o f  t h e  
k i n d  (and ampli tude) l i k e  t h a t  i l l u s t r a t e d  i n  Fig. 10. 



4 DAISY 
0- 4 Montierth, Cochran, Mone' 

FIG. 12 Growth r a t e  as a  f u n c t i o n  of wave number f o r  small i n i t i a l  
amplitude (k  53 = v/50 ) modes where l i n e a r  theory  i s  ex- 
pected t o  hoyd. The D SY s  mulat ions used an absorbed t i  i l a se r  i r r ad iance  of 10 W/cm on a carbon slab. Observed 
s imu la t ion  dens i t y  p r o f i l e s  were approximately s t a t i o n a r y  
i n  t ime w i t h  an observed r a t i o  o f  a b l a t i o n  surface dens i t y  
t o  dens i t y  a t  t h e  isothermal sonic p o i n t  o f  approximately 
35. Note the agreement between the  s imula t ions and t h e  
per tu rba t ion  r e s u l t s  f rom the  'two parameter s t a t i o n a r y  
a b l a t i v e  f low ca l cu la t i ons  which bracket  our  s imu la t ion  
r e s u l t s  i n  t h i s  l i n e a r  regime. The Mc lass i ca l "  growth 
 rate,.^ = 6, where the  acce le ra t ion  i s  determined f rom 
the  s ~ m u l a t i o n ,  i s  g iven f o r  reference. 
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