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Abstract 

A field-aligned eigenmode analysis of compressional AlfvSn instabilities 
has been performed for a two component anisotropic plasma in a dipole magnetic 
field. The eigenmode equations are derived from the gyrokinetic equations in 
the long wavelength (kp < 1) and low frequency (u < n»h) limits, where p is the 
hot particle gyroradius and u b is the hot particle bounce frequency. Two 
types of compressional instabilities are identified. One is the drift mirror 
mode which has an odd parity compressional magnetic component with respect to 
the magnetic equator. The other is the drift compressional mode with an even 
parity compressional magnetic component. For typical storm time plasma 
parameters near geosynchronous orbit, the drift mirror mode is most unstable 
and the drift compressional mode is stable. The storm time compressional Pc 5 
waves, observed by multiple satellites during November 14-15, 1979 [Takahashi 
et al., 1987], can be explained by the drift mirror instability. 
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Introduction 
Compressional Pc 5 waves with periods in the range of 150-600 sec have 

been the subject of many observational studies [Brown et al., 1968; Hasegawa, 
1969; Lanzerotti et al., 1969; Allan et al., 1982; Walker et al., 1982; 
Takahashi et al., 1985; Lin and Barfield, 1985; Takahashi et al., 1987; 
etc.]. Of particular interest are the multiple satellite (SCflTHA, GOES 2, 
GOES 3, and GEOS 2) observations of an event during November 14-15, 1979, near 
geosynchronous orbit. The event, which followed a large magnetic storm on 
November 13, occurred on the dayside and was characterized by long-duration (=» 
50 hours), highly compressional magnetic perturbations with saturated 
amplitudes, and modulation in energetic particle fluxes. Magnetic field data 
from the four satellites were used to construct the eigenmode structures along 
the ambient magnetic field lines [Takahashi et ai., 1987]. The wave had a 
dominant compressional component and smaller transverse components with a full 
latitudinal range of about 20°. The compressional component was found to have 
an odd parity with respect to the magnetic equator, whereas the transverse 
components had an even parity. The compressional component oscillated 90° out 
of phase with the azimuthal component, but oscillated in phase or 180° out of 
phase with the radial component. The wave propagated westward with respect to 
the ground with typical propagation velocities of 5-50 km/sec and large 
aaimuthal wave number m » 40-120 [Takahashi et al., 1985]. The radial extent 
of the waves was observed to be as large as 1.7 R E, which is much larger than 
the azimuthal wavelength. The observed wave frequencies are about one order 
of magnitude smaller than the fllfven frequency obtained from the measured 
plasma density and wave structures along the ambient magnetic field at 
geosynchronous orbit. 

For the first time, these satellite observations can provide an important 
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test to the theories of the storm time Pc 5 waves. Previous theories of the 
storm time Pc 5 waves have been presented in terms of drift mirror 
instabilities [Hasegawa, 1969; Walker et al., 1982; Lin and Cheng, 1984], 
drift compressional instabilities [Hasegawa, 1971; Kg et al. f 1984], bounce 
magnetic drift resonance excitation of ULF waves [Southwood, 1976], and box-
model of externally driven Alfven waves [Southwood and Kivelson, 1986]; 
however, the field-aligned mode structures have not been studied. In this 
paper, we will present an eigenmode analysis of long wavelength (kp < 1), low 
frequency (w < aiu) compressional waves in a dipole magnetic field, where p is 
the hot particle gyroradius and w b is the hot particle bounce frequency. Our 
results show that there are only two types of instabilities — drift mirror 
and drift compressional modes. The drift mirror instability has an odd parity 
compressional magnetic component with respect to the magnetic equator, and the 
drift compressional instability has an even parity. From the instability 
conditions, we show that for typical storm time plasma parameters, the odd 
parity drift mirror instability can be driven more favorable than the even 
parity drift compressional instability. Cur theory requires that the 
satellite observations were taken on the outer edge of the ring current 
plasma, in order to explain the relative phase relationships of different 
magnetic components of the westward propagating waves. 

Eigennode Equations 

Let us consider a magnetospheric plasma consisting of a cold background 
component and a hot component with n^ << n ana a^ >> B c. The cold plasma has 
a local Maxwellian distribution and the hot plasma has a bi-Maxwellian distri­
bution given by Fh(E,u,*) = N(*) [2irT!|{l')/M]-3/2 exp t-ME/T(| + MuB 0/T ± 0(*) ], 
where E = v 2/2, u = vL

2/2B. The plasma density n h(¥,B) = NT±(*,B>/Tj| = N(1-
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B 0T||/BT i 0) - 1, the parallel pressure Pjff.B) = n ^ , and the perpendicular 
pressure P.(*,B) = n^T., This bi-Maxwellian distribution satisfies the force 
balance along a field line. For a dipole magnetic field in the spherical 
coordinate (r,«,8), the magnetic field is given by B = V¥ x v$ = B Q {cose 9 + 
2 sine r)/cos°8, where f = constant defines the magnetic flux surface, B Q = 
B(r=rQ, 9=0) is the magnetic field at the magnetic equator at a distance r 0 

from the earth. We will consider the plasma near geosynchronous orbit where 
r Q = &-6Rg, B 0 = 10"^G. If the hot proton temperature is taken as T h = 10 
keV, pressure gradient scale length L^ = R̂ ., then the ion cyclotron frequency 
is in . = 10 s e c , the hot proton gyroradius is p = 100 km, the hot proton 
bounce frequency «L : 4 x 10"' s e c , the bounce-averaged magnetic drift 
frequency <ud> = 10~V sec" 1, the hot proton diamagnetic drift frequency u* = 
U * 10"V sec" 1, and k.p = 2.5 * 10"^m. For the November 1H-15, 1979 event, 
the compressional Pc 5 waves have u =(0.5-2) x 10" 2 sec"' and m = 40-120. 
Therefore, we shall adopt the orderings: k ( < k i ? u < u b and kp < 1 for the 
hot component, and u >> k.Vj for the cold component. Since n_ << n c, we can 
take the parallel electric field to be zero E| = i(ku*-«A|,/cJ a 0, where « is 
the electrostatic potential and A,, the parallel vector potential. 

We will describe waves by the eikonal representation; i.e., a perturbed 
quantity #{*,*,0) = *(o) exp[iS(f,#)] with C = Vf(3S/3nr) + V4{3S/3*) = 
k,e^ + k^ e.. Following the derivations of Berk et al., [1983] which employ 
the gyrokinetic equations, we obtain a set of eigenmode equations for low 
frequency, long wavelength electromagnetic waves: 

k 2 B 2 ^k i V f lJ n c W n cb 2 

+ V»i
u ^utUgSp^io^Pjj) 

n c b ( k i V A ) 2 " ^ c i b ) 2 f l 2 

-- O(H-) , (la) 
v 111. * r 
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and 

k V 1 A II " 
S,,U)#I tirfip. 

• (-"2=^ ' • - ^ = o ( ^ ) , db) 

where ij = «B||/B0, * = e*/T,|. a = 1 + (6 i-S | |)/2, b = (k ip) 2/2, ug = (cTj/eB) 
k^-e^vlnB, uik = (eT(/eB) ^ - e ^ K , u ^ = u » ( d p

x ||/d,f)/(T||anh/aT)> 

ui» = (cT,,/eB) k -e.xVlnn , K = e b • Ve b, and B • v = J a/36 with the 
Jacobian J = r cos~9/B for a dipole field. The perpendicular and parallel 
perturbed trapped particle pressures are given by 

/MpB \ 

w J d 3v P. "° ""*• <Y>| | , (2) 

T where <u. = -(T.w/MJalnF./aE), u„ = u)„(31nF./3lnn. ), u d = ugCMuB/T^ + 
u (MV|2/T|,)t Y = w.i/ui + (pM3Q/T..)!!L , and the bounce average of i is defined 
by <X> = (£ dlX/v.)/(<!> dl/vj. Equation (la) describes the shear ftlfven 
branch and (1b) the compressional Alfven waves. Two branches are coupled 
through the hot particle density n h, hot pressure gradient, and perturbed 
trapped particle pressures ip1 and spj. 

Drift Mirror and Drift Coapressional Instabilities 
To obtain analytical solutions of the compressional waves, we consider B,, 

>> • so that ir. the lowest order the compressional waves decouple from the 
shear Alfven waves. We first consider B. to have odd parity with respect to 
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the magnetic equator. There is no hot trapped particle contribution since 
<B|> - 0 and Eq. (1b) reduces to the MHD equation for mirror modes. Looking 
for localized solutions, we expand Eq. (1b) around 9 = 0 and obtain a Weber 
equation, which describes wave trapping in a potential well, 

[ 3 — + C - D *d] § = 0 , (3) 
de " 

where C = F < D 2 + T Q ) , D = F[9w2-27aMk-1)u>*) * CG, Y§ = [a^fl-D-IJiuf, F = 
(r0/vfl)2/[1+B||(A-1)/2], G = 98||[(UA)/2-A2]/2[ 1 + B | | (A-D/2] - 2, W f t = k ^ , 
A = (T^/TjiJg.Q. The solution of Eq. (3) with decaying asymptotic behavior for 
6 » n/2 is given by the odd parity parabolic cylinder function [Abramowitz and 
Stegun, 1964] with the dispersion relation C = (2N+1) D, N = 1, 3 The 

lowest order (N=1) solution is given by 

r, 1 / 2
a
2 

S a = 9 exp 1^-=-*-] . (4) 

The corresponding eigenvalue for <« < <û  is given by 

2 -- 3 uA vfl - e i ( A " 1 )
1
 1 / 2 

UMHD = ^ 0 + r { 1 3- 5 V ^ " ^ 1 * 2 ~ 1> , (5) 

which predicts either purely growing or oscillatory modes. Equation (5) gives 
the correct stability threshold, but overestimates the growth rates. Also, it 
does not provide the real frequency for instabilities, which requires higher 
order terms in (u/u b). Including higher order trapped particle terms in 
(a)/wb), the eigenmode equation for B. becomes an integro-differential equation 

{ B., _|_ g. v _ t 1_ ( ^ _ j 2 + B ( 1 _ ! i ) ] } B 
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T , F. io-w# „ _ <= p r 2 
-4* J* d\ ~a • — — M V {<S..> + J —^ [cos(pe)<cos(pe)g > 

T l \ •"^'V " p=1 r -p" " 

+ sin(p8)<Sin(pe)g..>] - \ 2pr(-1) sin(re) < s l n ( p ; ) g > } = 0 ? ( 6 ) 
11 p=1 ( r V ) cosdvr) ' 

8 

where r = (w-<wd>)/u>h, a = ID j" de' JB/|v.. | - rr, and 6 T is the trapped 

particle turning angle. Numerical solutions of Eq. (6) have been performed by 

using the cubic B-spline finite element method [Cheng and Chance, 1987]. 

Figure 1 shows the numerical eit;enfrequencies versus temperature anisotropy A 

for the fixed parameters: k±p = 0.15, n n/n c = 0.1, Bj = 0.5, Lh/p = -50, k xr 0 

= 64, Lh/Lg = -0.1. The N=0 even mode is stable for this set of parameters. 

The eigenfrequencies for the N=1 (odd) and M=2 (even) modes are shown along 

with the MHD growth rates Y ^ for the N=1 mode for comparison. Mote that u 

= (0.2 -0.3)OJ» < cub, Y << Y ^ D ' and the critical A is unchanged. Since <or < 0 

and ,m > 0, the wave is a westward propagating wave with respect to the 

ground. This solution is the low-frequency version of the drift mirror 

instability studied by Hasegawa [1969]. 

For even parity B. modes, wa assume <B«> « B.. for the W=0 mode and Eq. 

(1b) reduces to 

(8.7-2-5 fi.V- [ M J L _ ) 2 + B (1_!±)] 
\r±Bd K I V A x ' « 

For simplicity we assume u >> <UJ> and expand Eq. (7) around 8 = 0 to obtain a 
Weber equation in the form of Eq. (3). For k^g >> 1, the dispersion relation 
is given by 



- 8 -

(^) 3 - (1+B.H^) + - ± — = 0 , (8) 
UA X UA "A 

and the instability condition is given by 

S.Au,, 2 (1+B,)3 

This is the low-frequency version of the drift compressional instability first 

studied by Hasegawa [1971]. 
For typical plasma parameters near geosynchronous orbit, our theory 

indicates that the odd parity (K=1) B. drift mirror mode is unstable, and the 
even parity (N=0) drift congressional mode is stable. This leads us to 
conclude that the multi-satellite observations of compressional Pc 5 waves by 
Takahashi et al. [1987] may be related to the drift mirror instabilities. To 
compare more closely with the observations, we calculate the mode structures 
of different SB components. Since nr « (k.Vfl)2, Eq. (la) gives 

For the K=1 odd parity mode with &,, given by Eq. (4), the radial component of 
£B is obtained by assuming k f << k.: 

T.k. 
r 

iS-vf I cfr d» 
U ^ T " Mw. ,COS39BJ d e 

ci 

- ^ % h - ( | i . 0 ] . 2 | e x p [ - ^ l . <„, 
n kj/aD 1^ d 2 

c * A 
The azimuthal component of SB is given by 
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3 3B-7* i d_ t o IK 
* o 1 ' cos 9k r 

* o 
2 a,, n 1 / 2

a
2 \ n 1 / 2 c 2 1 COS 9(1-D 9 ) .... r D e_i ,.-. 

k r (1+3 sin^e) 1^ * 

Figure 2 shows the eigenmode structures of the three magnetic field components 
for the N=1 drift mirror mcde versus 9 for the parameters: By = 0.5, A = 2.2, 
Lh/o = -50, k ^ = 64, n h/n Q = 0.1, rQ/p = 425, T,/T0 = 10 3, ana L h/L B = 
-0.1. The wave is localized within |e| < 10°. Note that By and B r oscillate 
180° out of phase for 6 < 5° and in phase for 9 > 5°, B,, and B. are out of 
phase by •»• or - 90°. These mode structures are in close agreement with the 
satellite observations only if the energetic ion pressure gradient is negative 
(ti>M < 0), which indicates that the satellite observations occurred on the 
outer edge of the ring current plasma for the westward propagating waves. 

Discussion 
Following their interpretation of the multi-satellite observations of 

congressional Pc 5 waves during November 14-15, 1979, Takahashi et al, [1987] 
pointed out a serious challenge against the drift mirror mode. For the 
interval of 1900-2300 UT of November 14, the SCATHA ion data (17 eV-300 keV) 
indicated that e» « 0.16 - 0.21 and &L » 0.23 - 0.3, which does not satisfy 
the drift mirror instability condition, Eq. (5). This might be explained by 
the fact that the SCATHA ion data were taken during the recovery phase of the 
magnetic storm and the magnetic fluctuation is in a nonlinearly saturated 
state. The drift mirror modes must rave been excited during the large 
magnetic storm on Movember 13. The nonlinear effect of the odd parity B,, 
mode, although conserving the total energy will result in the exchange of 
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perpendicular and parallel energie? leading to the modula^on of the pitch 
angle distribution as the dominant ca.:se of the flux pulsation [Takahashi and 
Higbie, 1986], Another feature cf the nonlinear state i> the often observed 
frequency doubling (called second harmonic) near the magnetio equator with je| 
< 5° [Higuchi et al., 1986; Takal.^hi et al., 1986; Kokubun, 1985; Coleman, 
1970], 

Our eigenmode equations are derived under the assumptions that k p < 1 
and |(u>j - <ui ,>)/(iit|| < 1, One can easily show from Eq. (6) that resonance 
instabilities of th<= type <&i - <")d>)2 = (p<u b) 2, p = 0, 1, 2, ,,,, are 
impossible for odd parity Bn modes because the resonant contributions cancel 
out. But if k,p > 1 and (« d - <u d>) > tob, Chen and Kasegawa [1986] have shown 
that the (u - <« d>) 2 = (pw b) type resonance instability may be possible. 
This instability requires a higher ion temperature of T^ > 100 keV for wave 
number m > 100. Finally, compressional instability is also possible if the 
hot particle distribution is suc'.i that SF^/aE) ^ > 0 at resonance [Rosenbluth 
et al., 1983]. These possibilities definitely merit further investigation. 
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Figure Captions 

Figure 1. The eigenfrequenoies of the H=1 odd and N=2 even drift mirror 
instabilities versus temperature anisotropy A from solving Eq. (6), 
where the MHD growth rate Yuu D, obtained from Eq. (5), for the K=T 
mode is shown to be much larger than the kinetic results. The 
fixed parameters are k ±p = 0.15, n t / n

0 = °-1» 8n = 0-5, L-n/p = -50, 
k ±r 0 = 64, l h/L B = -0.1. 

Figure 2. The eigenmode structures of different 5B components for the N=1 odd 
parity drift mirror mode versus magnetic latitude a. The 
parameters are rQ/p = 425, fif/nc = °-1' 1̂ = 0 ,5» L t / P = ~^°> 
kl ro = 6 4< V L B = -°- 1' V T c = 1 ° 3 ' A = 2'2' 
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