TNE - SALRIL

SLAC-PUR--3021

DRE3 008912 SLAC-PUB-3021

December 19A%
(43

CHIRAL SYMMLTRY AND CHIRAL-SYMMETRY BREAKINGY

nicnae! £, Peskin
Stanford Linear Accelerator Center
Stantord University, Stanfurd, Cal:fornmia  9430%
£

Lectures presented ai the sessien an
rkesent Developments in Quantum Field Theory and Statistical HMechanics™
of the
Les Houches Summer School of Theoretical Physics
August 1982

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Gaverntnent nor any agency thereof, nor any of their
employees, makes any warranty, express or implied, or assumes any legul linbility or responsi-
bility for the accuracy, ~ompleteness, or usefulness of any information. apparalus, product, or
process disclosed, or represents that its use would not infringe privately owned rights. Refer-
ence herein to any specific commercial praduct, process, or service by trade name, trademark,
manufagturer, or otherwise does not necessarily constitute ot imply its endorsement, recom.
mendation, or favoring by the United Siales Government or any agency thercof. The views
and apinions of authors expressed berein do not neccssarity state or reflect those of the
United States Government or any agency thereof.

thork supported by the Department of Enersy, contract DE-ACO3-76SFOQSIS.

MOVICE
PORATIONS GF THIS REPORT ARE ILLEGIBLE.”

it has bheen reproduced from the best
avallable copy to permit the broadest
poosible availability.

L*M



Li.__._j\

Chapter

CONTENIS

[NTROQUCTION .
BASIC HOTIQNS

2.1 What Are Chiral Symmetries?
2.2 The Effective Potential Formalrsm

EXPLICIT COMPUTATIONS OF xSB — GLUDNWS C e e w e e e e e
.Y A Simple Stability Analysys . e

3.2 Effects of Coupling Constant Renormallzat1on PR
3.3 HMore Gengral Fermion Representatiaons .

L

EXFLICIT CALCULATIONS OF xSB — IRSTANTONS

4.1 A Pedestrian Introduction to Instantonology
4.2 An Instability to x5B

xSB IH CHIRAL GAUGE THEORIES . . . .
Patterns of xS$B — General Observations .
Anomaly Constraints on chiral Representat1nnu
x¥SB in the Georgi-Glashow Model

XSB in a More Cenera® Class of Models

oo oWnoue
N

CAH STROHGLY-COUPLED GAUGE THEDRIES LEAYE MASSLESS FERMIONS?

1 The "t Hooft Anomaly Condition

2 ‘t Haoit’s Anomaly Condttiom im QCC

.3 't Hoott’s Anamaly Condition in Chiral Hndels
4 Complementarity

Lo - - -

XSB IN SUPERSYMMETRIC THEORIES

1 Introductyon and Brientation .

2 Supersymmotr1c Jheories 1n fFour D1men 10ns . .

.3 Witten®s 1ndex {or Supersymmnetric Gauge Theories
4

The Qualltattve Gehavror of Supersymmetric Gauge
Theories R

- =

D mny

HEEMERT IS UNLITED

S MASTER

17

22
26

31

3t

41

.4

a6
50

-1

55
59
66

72
72
77

¥

86



GOLDSTOHE BOSONS ﬁﬂﬂ VACUUM ALIGHMENY ., . . . . . . . . . . . 93
3.1 counting Goldstahe Baslna - X
8.2 Vaeuum Energetics . . . . . . . .. ... .. ... .9
8.3 An Amusing Example . . . ., ., ., . . . . . . . . . . . 104

PHENOMEROLDGICAL LAGRAKRSIAHS AND THEIR APPLICATIDNS . . . . 107
9.1 The Fate of the Goldatone Bosons . . . e L 1
9.2 The Formalism of Phenamenologicel Lagranguns .. . 109
9.3 An Example with Light Fermions . . . . . . . . . . . 121

ACKHOMLEDGEMEHTS . . . . T 4}

REFEREHNCES B S 4

FIGURE CAPTIDHS & . ¢« + & = & « 4 v 4 e v e e e e v e e e . 12

- if -



Chapter 1.

INTRODULCTION

These Jectures concern the dynamics of fermions in strong interaction
with gauge fields. 5Svstems of fermions coupled by gauge farces have, aa
we shall see, a very rich structure of globsl symmetries, which 1 will
col) chiral symmetrics. These lectures will focus on the realization of
chiral symmetries and the causes and consequences of their spontanecus
breaking.

From one viewpoint, the atudy of fermionic symmetries is a classical
topic in high-energy physics: Some of the earliest applications of
spontaneously broken symmetry in particle physics. including the classio
papers of Gell-Mann snd Levy [1] and Hambu and Jona-Lasinie [2], deslt
With the chiral symmetries of the strong interactions, and much of the
progress of lheoretical particle physics in the 1960”s occurred through
exploration of the phenomenclogical consequences of this snontaneous
chiral symmetry breaking. That progqress hes been summarized in numerous
revieus fe.g., [33,[41.[51). Our understanding of the underlying
mechanism of chiral symmetry breaking, however, has not advanced mo
rapidly;: to a great extent, the elucidation of this mechanisme is still
xh open problem in the theory of the strong interactions.

The past few years have scen a renewed interest in this probicm for
three reasons, retiecting the succenses ol gauge theories in desecribing

the fundamental interactions. First, numerical treatments of atrong
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interaction gauge theories, especially in their Yattice formulation,
have been approaching a guantitative calgulation of the hadron apestirum,
There js, then, 7 need for physical ideas about gquatk dynamics of a
paser to match these numerical calculations. Secondiy, the gauge-
theoretic descriptions of the uesk interactions have focused attentien
on the problem of explainimg the quark and lepton spectrum. From the
perspective of the gauge theories, the quark and lepton masses are
simply parameters of chiral symmetry breaking in the interactions which
determine the structure af these particies. Dynamival theories af the
fermion mass matrix thus require an understanding of chiral symmetry in
systems different from the usual strong interactions; such theories
often require that chiral symmetry is realized in an unfamiliar way.
Finally, the viewpoint provided by gauge thearies has led to some
striking gyualitative conclusions about chiral symmet.y which might form
the basis of a more detatled theory, With these reasons in mind, I will
try. n these }eetures, tp summarize our present understanding ot the
basis of chiral symmetry and its realization. iy goal will be to bring
th1s theory together at an intuitive level, to indicate what I think are
«ts basic efements. [ hope that 1n the next few years we can turn this
qualitative theory into a guantitative one.

The plan of these lectures is as follows: [ will begin with a brief
introduction to the basic formalism and concepts of chiral symmetry
breaking. Then, n sections 3 through 5, I will present some erplicit
cafcutations of chiral symmetry breasking in gauge thearies., treating
first parity-invariant and then chiral models. These calcul- 1ons mre

meant 4o be illustretive rather than accurate: they make use of
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unhjustified mathematical approximutions which serve (I hope) ta make the
physics more clear. In sections 6 and 7, I will discuss soma forwmal
constraints on chirgl syxmetry breaking which will illuninate and extond
the results of our more explicit analysis. Finally, mecticoes & and 9
w11l present a brief reviem of the phenomenoloygicul theory of chiral
symmetry breaking and mill discuss some applications of this theory to
problems in weak -interaction physics.

These lectures will be intuitive and rather ideosynchratic in tone,
1 should therefore apologize to the reader in edvance for shat 1 wild
omit: My presentation will be deliberately shistarical; because of
thig, 1 will not review even major papers whose resultis do not bear
girect!y on the issues I will discuss., Irn particular, I will not
discuss the interaction between the study of chiral symmetry L -eaking
and renormalization theory (e.g.. [6)) which led to the realization that
only asympiotically free theories allow chiral symmetry breaking &t
reasonable momentum scales [7.8). (This point has been reviewed, jor
the light 1t sheds on asymptetic freedom, in [9].) Similarly, I will
not concentrate on summarizing the most recent results in this field.
At various poiats in my presentation 7 have deltherately oversimpiified
the argunwnts of papers I review 1n arder %o avoid *echnical
digressions; the reader should be alert for warnings th- this is going
on, ! hope that the streamlining which results from these three tvpes
of omissions brings the basic ideas more clearly into view. [ have
tried to make these lectures npezessible to beginners in the field,
although 1 should warn the reader thet 1 address the probiems of this

field with thke specific concerns of a particle physicist. [ should alse



note that [ have deliberately omitted an important and rapidly
developing aspect of my subjeot, the realirzatien of chirsl symmetry in
lattioe gouge theeries, since this topic is reviewed thoroughly in John
Kogut’s laotures in this volume.

Here, then. is the theory of ohiral symmetries, in its present
1aa.inating but incomplete state. 1| hope the reader af these lectures

#ill bo moved to develop this tuvory, and to ponder its lingering

probioms.



thapter 2.
BASIC NOTIONS

2.1 HHAY ARE cHlsal _SYMMETRIES?

I will begin this set af leutures by precenting soms basio formalism
and describing. in the simplegt terma, the phisios )| wish to explore,
First of all, [ should introduce the Tunguage 1 will use to describe the
elements of this physics,

Chiral symmetries afe normally initrcduced as forml symmstries of the
massless Dirac Lagrangian, This Lagrangian, insluding m couvpling %0 an
(Abelian) pauge field, tekes the form:

L= Fiolu-igh )y ¥ = ety . 2.1
Thare is un obvious sysmetry

vreity ., FeFecie 2.2
whinh corresponds to Yermign-number ccnservation. But the messless
theory has ancther syametry, using yb:

¥ = pxpliarSly N ¥ + ¥ explier®) . t2.33
The exponentials cancel bacsuse {7%,74} = 0.

To understand these syasetries physically, it is helpfu) to choose

the folloming representation of the Dirac patripes:

SNAL ISR EE
PO T IO 1



In this representations the dirac Homiltonian
H = J¥T{R-(P+gh) - gAdl¥ €2.5)

can be split apart. 1f we write
YL
¥ =
v

then

JOUtptd- (Pegfy - aA®dwy + ¥LLC-3)-(Fogll - gatlv) . (2.6)
Note that the posit{ve-onergy states of ¥p have positive helicity and
that the positive-snergy states of ¥ have negative helicity: ¥y and ¥
describe, respoctively, right and lefi-handed >assless fermions. The
fermion nuabers of ¥y and ¥ are (formally) separately conserved: thia
15 the origwn of the extra aymmetry.

The tuo pieces of (2.8) ore not actually of o different form. WNe cmn
urite vp a8 a second type of . by applying charge conjugation, defining

ti1 = ¥laoy ! v = oave . t.n
Then, using the fdentity 020i0; = -¢7; and an integration by parts, We
can rewrite the {irst term of [2.6):

JoTal8-(B+gRad - 9A%29p = f¥TL2[05)- (G-gf) + ga®T¥y (2.8)
as u ¥, Ramiltonian with the opposite sign of the charge.

This construotion 18 readily generalized to aon-Abelian gauge
theories. In the nop-Abelian case. the Lagrangian is built from the
covariant Jerivative

Dy = 2 - SPAN, LR, t2.9)
where the index a runs over the generators of the gauge provp and the
motrices t®r represent these generators in the representation r to which

the fermions are apsigned. Representation matrices for complex

conjugate representations src related by
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2% x -(18,08 B E8T,
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This notation allous us to recazt the Hamiltonisn far a Vg as that of =
¥ in the representatien r:
IVtRIE - (heght) « aaf tlyg
5 fUTLalC=T) (FepRe(=tT)) - A% (-t Tadv: . (2.11)
In this notation, the most general Haniltonian coupling massless
fermions to gouge {ields may be uritten compactly in the {follawing form:
Ny
ns 3 T | Piril-8)-PegR-t,0-gR% -t ¥ et o
reps. ¢ i1 (2.12)

Once H has been caat into this form., 1t iz easy to read off the global
symetries of this syatem: For each representation r, this Hami)tonisn
15 (formelly) inverisnt to the general unitary transforaation:

Yied + Ui . €2.33)
Actually, ene of these formal symmetries is iliusory. A oertain quantum
correction to thia theory, the Adler-Bell-Jackiu anomaty [10,11], spails

the conservation of the overall charge current

Ju =5 Ve ra el
rj {2.149)

(In terms of ¥ and ¥, thiz iz the axiul-vector current.) 1 will argus
wn detail, in section 4, that one should simply consider this symoetry
as broken cxplicitly. The ful) global symmetry of the theory is,

therefore,

¢ = (N uin2duky .
r (2.15)

6 15 the group of ghirs) svemetries of such a theory.

As an exemple of this natation, consider the caso of the strong

intaractions, which are described by a set of two almost mauvslisss Dirac



fermions (quarks) goupled in the triplet representation to an SUL3)
gauge group. These fermions may be written as left-handed fermions
{henceforth, L-fermions), tus in the 3 and two in the 3 representation
of color SUC3), In the lim:t of zero quark masses, the chiral symmetry
of this theory is
G = sU(2) x su(2) x vl . (2.16)

Yhere is, as 1 bave noted in the introduction, considerable evidence
that the full group 6 is a symmetry of the strong interactions;: houever,
hadrons do not form muliiplets classified by G, but omly by SUL2} x U(1)
(isospin X baryon number)., A part of G must, then, be spontanecusly
broken. It is our major goal in these lectures to understand why G
should be spontanecusly broken, and in what pattern. To begin, let me
rresent a relatively simple intuitive argument which contains the right
physics and leads to the right coanclusion. Thir~ argument is due, in its
original form, te Hambu and Jona-Lasinio [2]., whe, in turn, borroued it
from the theory of superconductivity. The gauge coupling of color SU(3)
is msymplotically froe and becomes strong at large distances. Llet me
assume it becomes arbitrarily strong. Let me think about the change in
the siructure of the vacuum state of this theory as I raise g from zero.

Imagine that we can integrate aver the quantum fluctuations of the gauge
field: then K takes the form:

H= Hg + Hg-4g (217N

where Hy is diagonal in the number of quark-aatigquark paira and Hg.g

changes the number of such pairs. This decomposition is indicated in

fig. 1. Hp.4 is of arver g2 and is o small perturbation when g is

small. In this regime it mukes sense to approximate H by Hg;
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diagonalizing Hg yields a ground stiaie close ito free-field vacuum. Wow,
5louly increase g. If the fermions have zero mass and experience
attractive interactions, Hy decreases as g increases. Hg.4. of course,
increases. At some value of g it becomes appropriate to treat Hop.d as
our zeroth-order problem, and H4 85 3 perturbation. But Hp-g4 changes
tihe number of pairs, so its ground state has an indefinite number of
fermion pairs. We would still expect the ground state tv be invariant
to Lorentz transformations; hence these pairs must have vacuum guantum
numbers: zero total moementum and anguiar mementum. The oniy pairs one
can form from 3 and 3 L-fermions and their {right-handed) artiparticles
which satisty this condition are those of the form of fig. 2 and the
corresponding pair of antifermions. The 2air shown in fig. 2 carries a
net charge under the transform=<tions:

Yrai * e 1%¥ 3 ' Vi3 el% s, ,

viai * Uij¥ia; . Vi1 v Vijveyj . (2.13)
(The indices i1,j = 1,2 are isaspin labels.) The presences of an
indefinite number of such parrs in the vacuum bresks these svmmeiries.
More formally, we have found that the ground state |[> of H has the
property that an operator uhich destroys a fermion pair has a nonzero
vacuum expectation value,

Ltet us assume that |0 gives pair annihiiation operators the rather

simple expectation value:

Riveaivias|fy = 88;; 12.19)
{uhere 8 & 0), corresponding to eqgual condensation of pairs of each

isospin., This expression is preserved by the transiormations
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Yuoi = o0 ' Vi3 et %y
and
Yiar » Uij¥ia; . LT N TLARET . (2.20}
This vys an SUL{2) X U(1) group of unbroken symmetries which
correseands precisely to isospin X baryon number, The remaining three
aymmetty directions ot (2.1%) must be spontaneousiy bhroken symmetries,
Goldstonc’s theorem reguires that each must generate @ mass)ess
Goldstone boson., The three n mesons have the right quantum numbers to
be identified with these three bosons. (This may be checked by
reuriting ¥ 35 as a vgs; then the symmetries (2.20) correspond to vector
currents and the broken symmetries to axial currents.)
This argument summarizes the basic points of physics that 1 wish (o
discuss in these lectures. 1t remains only to carry out this analysis
more completely and precisely. We will make at least m little progress

toward thot goal.

2.2 THE EFFECTIVE POTLNTIAL FORMALISH

Gur first priarity is (o learn houw to do a more quantitative
computntion of chiral symmetry breaking. Basically, ue need to knaw how
to test whether the energy of the vacuum is lowered 3f some fermion
bilinear acquires a nanzero vacuum expectation value. 1f the quantity
acquiring a vacuum expectation value is & scalar field #, one has at
one’s disposal an object called the eifective potentinl [12,13]. This
cbject is equal to the energy of the vacuum under the constraint thit
the vacuum expectation value of # has some definite value #$5; it can

ailco be computed straightforwardly in perturbation theory [14]. One
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need only compute this effective poteatial and minimize 1t with respect
to ¢5 to determine the vacuum value of #. For chiral syametry breaking
t{henceforth, x%5B) there is a similar conatruction due to Cornuall,
Jocktw and Tomboulis [15].% Their construction is set up as follous:

If chiral symmetry is even formally exact, it will set tgo zero such
vacuum expectation values as (2.719). For definiteness, consider

expretation values of the (Dirac fermion) operotor

"_I'p\h, €% jatip (2.21)
where a,8 = 1,2 are spinor indices. To produce a vacurm expectation
value of this operator, se must, in principle, turn on some external
field {analogous to a magnetic field orienting a potentially
ferromagnetic system), copstruet the ordered vacuum in the presence of
this Field, and then see it the order in this vacuum survives when we
turn the field off. 1 will try to carry aut that procedure explicitly.
For the sake of familiarity and ease in finding minus signs, I wil) work
uith ¥g,¥ for the moment and induce ¢<y¥> = 0.

Regin by writing a theeory of massless fermions (in Euclidean space-
time)

2 = [ys expl-J(¥By + 1/a F2)) . (2.22)

1he second term in the exponent 15 the gauge field Lagranpi=:, 1 will
suppress this term from here on. Add te (2.22) a3 source K which induces

%50:

ZIK(x, )] = expt-WIND) = Jya exp[-TO3d¥-9(x) KO, y) ¥lyI)) . (2.23)

#An early version of this formalism appears in [16). A very clear
discussion of it may be found in [17).
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It is useful to take K to be nonlecal; this alloug us to adjust Kix,y)
80 that
d'x 1

expl-ik:(u-y))
(2m -ik + E(k2) (2.24)

CHCadVivdig = J

*or any given generalizod mass term E(kZ). We must nou determine for
which function E(k?) this condition uill be stable if we turn off K.
tet us detine Stu,y¥ = <WXI¥{y)>; then

& 5

(-log ZI%)) = —— HlK]
EK(y. ) 6Kiy.x) 2.2%

S(xsy) =

(assuming ¢¥> = (> = 0.

It would be useful fto exchange I or S for ¥ as our basic variable.
Thiz can be done by mekiny a Lependre transtormation (replacing the
ketmholtz by the Gibbs free energy). Detfine

T = UKD -Jdxdy Stx,y) Ky, (2.26)
(2.26) {mplies that

1y 5K (6&
—;I—.—-ns-x
6% 8 L6k

or simply

23

= Kly,x)
680x,y? (2.27)

S(x,y) con be stable i+ BI/6S(x,v) = 0. TIS] is called the
eff

Let us nau ocompute I'. Since the fermion propagator will eventually
be given by the specified function S, it is convenient to evaluste
€2.23) py taking & as the zeroth-order propagater or 5°' as the zeroth=

order potion. Renrite (2.23) as:
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exp(=WIKY) = J, exp[-J(¥5 "% ¢ $UI-8" )¢ + KW

{det 5" ') -expl¢all vacuum disgrems)]

eaplliog det(5 ') + Tri(j-5"")5 = Tr KS + (diggrums))
(2.28)

uhere, in the Test fine, "diagrama™ includes only these uith at Teast
one g.» . vertex. Then

=Tr Yopl8"') ~ Yr(%-8-1)S + Tr KS - (disgrams)
r

~te log $°' ¢ Tr(s~*-P)S - (diagrems) . €2.29)
The diagrams in (2.29) may be divided inte tuo clusses as shown in
fig. 31 Thoxe vhose only vertites are gluon vertices (¥ig. 330 amd
those which wnwolve the additional 2-fermion interaction [2-§-'-K)
tiig, ). The diagrams of the second type involve the externa) source
¥; this source is datermined by the sondition that the exact propagater
of the theory should be S(x,y). UOne shauld therefore adjust X to cancel
any corrgotions to the propagator. Thiz adjustment. howsver, azkes the
tuo diagrama shoun in fig. 3 cancel precisely. One san check that atl
disgrems of the second type cancel against diagrams of the first type,
leaving uncancalled only those diagrams which have no propagator
corrections. These remaining diagrans may be charscterized as
*2-particle=irredueible™ (2P1), i.e., a5 dingrams which cannot be split
apart by removing 2 lines. Our final expression for T'LS]) is (2.29)
evpluated with only 2-particle=-irreducible diagrems. A few of these
diggroms are shown in fig. 4. This final expression for I' does not
require the explieit value of the source K; it 13 aimply a fungtion of
S. Thus. one oan readily compute 6I/ES.

Yo got soma idea of hon this formulism works, swe might computy the
varigtion SI'76S from am appreximete form tor I' obtained by inoiuding

only the simple diggram of fig.5a in the evasustion of (2.29):
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13 3
— T = — (+ Tr log(8) + Tr(8"1=3)8 ~ Hiy. Sa))
[3-1 3
s 8- -~ g-188~1 & (3-1-§) + tfig. Sb) . {2.30)

The sign change in the laat term comen from the factler (-1) for a closed
fermion loop. Thus. in this approximation, EI/E8 =2 0 {wplies

5= = ¥ ~ (fig. 5b) . <2.31)
This is precisaly the Hariree-Ffock sppraximation to the egqustions of
motion, obtained after integrating out the gauge field., To see this.
note that if duplx=y)> is the gaupe tield propagstor. the equation of
motion for ¥(x) mey be writien am

YR O2um 1AL VEN) 8 0
—? Rl Ja'y Quvlr-y) Hytovoly)avin) = ¢

- Boix) + gt [d'y 7% duplxeyl ¢vOnddydy y¥¥ix)
Hartres=-Fask 2.3

uhich {s identical to (2.31). In the thecry of superconductivity, eq.
(2.31) is oalled the gap equation,

Lot me end LLr discussion of the effective action by mentioning tuo
problems with this formaolism:

Firat, the formaiiom is not gauge invariont, because it relies on
nonlocal source terms. One oan fix up the gouge Ipvariance of the
source term by writing this term using line integrals of Ay:

JEtx.¥) ¥tx) Plexpligfaydi®)Ivly), uhere P denotes path-ordering. Al
the formalism goes through unchaenged. B8ut now K must regulate the value
of <3(x) P expligfaud®®I¥(y)>, and so does not cancel from T so easily.
I will avoid this problem by chaooaing a gauge; Landau gauge {dA* = 0)
ts particularly convenient [13]. 1t the fermion bilinear which obtains

@ vacuum expsotation valum Riso bresks global gauge invariance, then one
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has u worse probliem; the formsalism is inconsistent unless one also
allows a mass for the gauge boson fisld. But this situation can tm
treated by letting T depend aiso on the gauge bBoson propagator Alu-wi-
and insisting alsc that S[/763 = 0. This predudes coupled equations for

S and . For cXample. in the sppronimetion of keeping only fig. 5a in
I': these equations ere:

H

# - (fig. Sb)

[l

-(¥ghv - T33P . (fig. So) . (2.33)

Second. ang more 3 :Fiousiy, the effective action iz not bounded
beiow. To see this, we ¢in try the follcwing wxervime:s Start with a
frec-field action L 1 $(#m)y ana to solve {ar the best exact propagstor
§ using the effective aation formalism. Take SCp} = [ipeI¢p)]', for

simplicity. Then the evalustion of (2.29) gives:

1
TIE(p2] = =Tr Yogl=ip+Id) + Trif-m) =

(=ip+1)
¢ d'p (Ztp1-m)Lip)
B m— = 1o (pivIl(p)) b 4 ———
J (2m® pi+I¥ip)
sT 4% 4lI~-m+ D) {T-myxl (Z-m)(pi-£2)
2 - * -8 =
SE(p) pieg? pieE? tpl+gl)ye tpl+E2)2 (2,34

The carrect value Z{p) 2 m is & solution to the condition 6F/6E = 0.
Houever, there is another solution at Z{p) = p. Further. the shape of
TLE] is such thal. after stlaining a locs) minimum at E(p) = n, it rises
untii £ = p and then falls off. plummeting ta (~») as £+ w. The
stationarity condition E['7§3 = D doez produce the correct solution for

E. but only tf interpreted with care.

# Pl s P——— vy
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Mhat can one do sbout these problems? 1In these lectures, [ will
simpiy mpologize and ignore them. Banks and Raby [17) suggest a
restriction to sources K{x,y) which sre nonlocal only in space, not in
time. This solves the problem with boundedness-belon, but it sacrifices
covoriance and also does not allow one to get the specific solutions I
Will discuss in the next section. In any event, this formalism is gocd
enough to let us do computations With real physics in them; let us,
then, accept it and progeed,

1 should, however, make note of an allernative, mure torma)l but more
precise, criterion for x5B. Consider the Dirac propagator, for fermians
with small mass m., in a fixed background gauge field:

VOO¥ly)r = (BHm) - Vtx,y) (2.35)
By mulitir ying and dividing by {P-m} and using

a, = ~(g+mI{E-m} = (-D¥+m + 174 goMVEpuy) <2.386)
one c¢an Wwrite

CWx)Y? = -m-8a° 1 x, %) . (2.373
He can canvert this result to a result in an interacting gauge theory by
inserting (2.37) under the functional integral over A,. %SB in the zero
mass theoory is equiv.lent to the behavior:

AaVixlygam ) as m~ 0 . (2.38)
Banks and tasher [19] have used this criterion to give & heuristic

argument tor xSB in lattice gauge theories: perhaps it cun be put to

more gencral use.




Chapter 3.

EXPLICIT COMPUTATIONS OF x5B — GLUQNS

3.1 Simp Y AW s

In the previous section, I intruduced the formalism of carnuall,
Jackiu and Tomboulia [15F and described & simple aparoximation to this
formalism in which we can compute whether %SB ig induced by one-gluon
exchange. In this lecture, I would iike to analyre that spproximationr
in some detail, to try to obtain a more concrete picture of the
mechanism ot XSB.

Recall that We had found the following coendition for the value

fermion propagator 1n the absence of external sources:

&
—Tris} = o
55 (1.1}
where
I'=-Tr log 5°' + Tr(§-'-3)5 - (2P] diagrams) . {3.2)

In this lecture, 1 Wit} make tke truncation:

(2P} diagrams} = (fig, Ga) . (3.3)
Let us attemrt to stationarize the truncated T and find the propagator
which solves (3.1). As a first step, T will work within the following,
very much simplified, framework: Fiest, although renormalization
effects in non-abelian gauge theories cause the coupling constant to be
a function of momentum scale, 1 will ignere this effect and consider g

to be fixed and gcale-invariant. Secontdly, since I expect that, tor g2

o —————————— e
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sutfigiently small, the vacuum is chirally aymmetric, I will restrict my
attention to studving the stability of the symmetrio vacuum. Finally, I
8§11 uge the reynmann rules of RED. with one termion flavor. Let me,
then, insert snto I Se trial form

1
§ L ——
~ip + 2(p) (2.4)
expand T into quadratiz order in I, and look for unstable mades. A
ainflar computation uos done by Banke and Raby in [17).

Using tho trial form £3.4)

da%p
tr log 8°Y = I log det(-ig+E(pE))
t2m"

dv
: J —— loalpZ+Ed)
(zm)*

d'p P
2 =+ OCEY)
(2mt (3.5)

2 (e¢ongt) + J

d'p
Tr(s-1=3)§ = I —_—Tr J
tzm)® (~ip+D) (2m p? + It

d'p Ei(p)
— + 0EY)

(2m" pi €8
80 that
d*p  f232
T =| — {e— 4 «..f - (diagrams) .
2 | et a.n

Hote that these essentially kinematical t..ms stabilize the chirally
symmokric s:ate £ = 0; the interactions must counteract this effect. To
sete¢ houy ue oust expand fig. Sa in powers of I; this expansion is

sketehed in fig. 6, in uhich the double Vines represent fuld propasators
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and the heavy dots ineertions of £. The first tarm on the right-hand

side is independent of ¥ The second term vanishes if we work fn Landau
gauge {2uAY=0); lat us make that choice #rom here on. This leaves the

third diagram, whose value is:

[ (lt-p)“(t-pl']
] d'k  d% k-p)2 Hp) k)
- —tig)? I 1r[1.. — gy —
2 ZH' (Ip)* (k-p)Z pt [ O
93J d*k 4% 1 Etp) E(N)
T o— - 12
2 J (2% (25%) (k-pi2 pt it
gl 1
2 — | gk & E(k) rdp p Etp) rdﬂ sinl@ .
16n JO 0 o k2 + p? - 2kp cosh)
3.8
To evaluate this, uWe need
1 1 % [
I“ds sing 2 - — .« |ming— , -
0 ki + p? - 2kp cos8) 2 kp P k (3.9

then

3t =
{fig. &Y = (conatl) + — I dk £tk f‘dp E£lp) expl-]log klp]l .
0

329" Ja
(3.10)
The full term in T quadratic in I is therefore:
1
Ty =— 1 dp p Z2(p) =~ — ~ | dk E(K) rdp £(p) expl-|iog kspld -
a2 Ja a2s Jo J0
(3.112

To diagonalize this quudratic tarm. we may exploit the scale-
invarvance of our restricted problem. To do this, set

P=poeupl® . Kk =pouxplg) , ZEp) =lspalp) . (31D
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In (3.12), pe iz u fixed reforonce momentum. MHith this chunge of

variailes (3.11) becomas

1 3’1
Fy = — | dode oln) [“n-ﬂ -— eupt-lw-tl]]o(n .
dul J-a sul
(3.13)
1% we fourier iransforts in the variables . *:
ulq) # [dn exaliqnl etm) ¢3.14)
then I’y takes the form:
1 deq 3p? 1
Ty = — I — olgigl-a) [l - — —] .
ant | In dnd) 1 + q? (3,15)

In this trungation of the efinctive astion, the chirally symmetric

vacuuh is uneteble for

gt [
— ’ -
qn A (3.18)

Apparently, the gauge toupling must become quite strong to induce ghiral
symmetry bresking.

KoM does this eomputan‘ion change 14 we consider & nan-Abelian gauge
theory? For the moment, think only about theories of Birec fermions. !
witl, for definiteness, consider u theory with n flavors of Diroc
termions belenging to some ropresentation r of the gauge group. Let us
denote the dimensionality of ¢ by d, and the representation matrices of
the gange generators by t3,. The quadretic Casimir operstor. the
analogue of the rotational Snvariant L for a general tie group. is

defined by

PRSI RN A ]
2 3.1

P i

by e e e 2 e e e g -y
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where 1 denotes the unit matrix. Ffor duture vce, 1 uill meke a few more
definitions: bDenote by & the representation in which generators of the
gauge group lie (the adisint representationd; then dg is the muaber ot
generators. Define ¢(r) by

Ir t3,ib,. = gebg(e) 3 edr) = d.7dg C2(¢) . €3.18)

For the group SUCN), dg¢ = Ni«{, G3(0) = A, and, for the Fundsmenial

representation H (or H),

H 1
CzIN) = =— ' EIH) = =
2N 2 (3.19)

The cunputation we have jyat done {g readily goncralized to this
ce ext. The kinematical terms given by (3,5) and (3.6) must be
miltiplied by the total number of Diras fermions (n-dp). Since the
gauge boson vertex now contains & faotor of 9., the sontribution (3.10)
is multiplied by
n Tr t*.4%. = n d,. C2(r? . (3.20)

Then the criterion ior an instability bscomes:

gzcz(r) n
_—— ) .
dw 3 (3.20)

For quarks, in tne 3 of SU(Y)

9t ¥

—3- .

qu 4 (3.22)
For the W of SUIN), as H + o, (3 20} invelven the cembinbtion (9IN), oo
it should.
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3.2 F S0

The analysis we have just dona ignores all effects of coupling
constant renormalization. In a non-Abelian gauge theory. however, the
coupl ing sonstant renormalization 33 an easential elament of the theory,
gsinoe it insures that phenomena whioh happen only in the regime of
strong ¢oupling do indeed occur at some scale. To think about this
¢ffect, ue nNill ronsider & special timit in uhich it 15 easy to study.

Coupling constant renormalization in non-Abelian gavge theories 1a
given by the equation (91

d g?

glp) = B(y) : Bly) = -by & vee .
d log p (4w)2 (3.23)

Using this eppraximation for 8in),

2
g2ip) = 90

[‘I + by legtp‘/pq’l]

(4 ? (3.20)

where gp = 9ipp). If by > 0, 32 increages slonly as »¥ decreases. In
non-Abelian gauge thoories of the tvpe we were considering
1% 4

bg = |— Cz2(6) -~ — n ctr)]

3 3 (3.2%5)

uhere the various group theory factors were defined at the end of
section 3.1.

Let us study %59 in the tollowning limit: C;(r) + =, so that chire)
syumetry breaking takes place when g2 is small, but n » 0 at the sane
time go that by remains fixed. In this limit xS takes plaoe at & scale
uhere g2 is ev 'ving slouly. (1 Was moved to consider the limit by the

tlonte Carto calculations of Kogut et. o).[20), who werk in this limit.)
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To consider this situation. we should ,nsert a slomw evelution of the

coupling constant into our equation for ¥. For this analysis. it uill
be easiest to start from eq. (2.31) cbtained by variation of the
effective sotion. To cnalyze this equation properly, ue should insert
the most general structure:

1
5=

(Z¢p?)-(=-1p] + Etp2)] (3.26)
but I will ignore 2(p2) in the analysis to follow. (That is an
acceptabie spproximation for the resuwlis 1 will astually disocuss,
because (in Landsu gauge) Z(pZ) =+ 1 when p ¥ E.)

Let us identify the mass-like terms (terms without ¥ matrices) on the
left- and right-hand sides of €Z.3t;. wnd integrate out angular
variables. Thio yields the equation:

dgielr) ok k2
pEtp) 8 ——— | — kx(k) expl-}log prk|1 - [—-—-]
LULI ) I k® + IXk)) (3.7
Except for the laot factor. this 13 just the integral equation
associated with the spproximation (3.11) for T'. We may introduce
coupling constant renormalization into €3.27) by considering g to be a
function of momenta, ta be evaluatsd at the largest of (p.k.I).

By examining eq. €3.27), we can make some statwmenis shcut the
limiting behavior of Efp).

1. As p = 0, Ilp) » I10), a constont, where

3cz(R) e dk [ K2I(K)
$060) = —— | — |-————] - g% tk or

svt JD k [xZ + Er(M) (3.28)

2. Asp-=wm Ip) & 1/p? if the inkegral

d u!
K2Zth) - gtik)
Kt + z'ta) (3.29
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canverges, FoP this to huppen, (kE(k}), which was oonstant in our
earl{er trcatment, must be persuaded to tend to zera as k + . The faot
that g2¢k) =+ 0 will surely help this to cccur. {More praperly, the fora
for E uhich ssyeptotionlly satisties (3.27) self-consistently s

Clog k1% 3¢2(r)

» a = -

k? bo 3.1

This result wags derived carefully by Lane in [27].)

Hp) =

Lel ua now study eq. 13.27) in the cuse of o slonly svelving coupling
constant. At scales p where aZ(p) just satisfies the condition (3.21)
for an ingtabi)ity to %5B, adk) = kI(k) will appear dominently #n modes
near g = 0 (in terms of g in (3.14)), so fTkECK)) will alsc be siowly
varying. I will assume., and check a posteriari, that g(k) varies on m
Togarithmic sonio but does not vary as slowly as g¥lk). But egq. (3,27)
teils us that otk) can vary slouly only if k »> E, so the mnalycis to
follow will veely aaly in this reginme.

Intraduce logarithmic momentua varisbhles as indicated (a eq. ¢3.12),
and take py to be definod ag the momentum such that

3C2tr) nilpa)

a1 .

a2 €3.31)
Then (3.27) bewomes:

3c28r? g?lk or p)]

oltn) = I. d¢ expt=|n-¢|> [ | ot

sn? (3.32)
the expenential footer varies more rapidly than any othur factor in the
inteprand; it is thereforo appropriate to expand o(¥) about sfw). I

ignore tho corresponding veriation of g2. In this spproximation:




3c;(r) gt
oln) = J ge expl-|n-t]) [——-—-
an?
(aln) + (F-nia’(n) + 1,/208=0)2g"(n) + +««]
39t ¢ [3g2 €] o
'(‘]I‘“ ]= l-—gi----
L 4t L 482 j dxa? 1{3.33)

1¥ o{%) varies slouly, ue can ignore the tarms not written explicitiy.

Equations (3.24) and (3.31) faply that

WY

4wt
Recall that, in our approsimation, bo << Calr). Inserting (3.34) into

€3.33) we find the equation:

dat bp

e gln) | — ] glw) = 0
dn? Eptglrd (3.35)

This 18 just the Schrddinger equation mith a shalionw |inesr potential.

o = pE(p} 18 the ucve fynotion:

oo () -

ubere AF(x) iz the Airy function. If bp ¢ £zIr), this function is

indeed wors rapidly varping than gt(p>. Thus Sor p > Eip),

ML [[ o ]"’.wm.:]

p 6utzr)
b 1 2 by J'7%
y - up[- - (log pfpg!"'] .
p->wp (log pspy) i’ 3 Lemeytry $3.37)

uhere & and D are constants., This funotion should desoribe Woll the

behavior of Elp) just above p 2 ps. For very larpe p, however, (3.32)
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falls to zero faster than any pouer of p; then our approximation (3.33)
is no longer valic, and the behavior of E(p) reverts to that of (3.30).
A qualitative picture of EZ(p) umhich assembles all the information we

have obtained is given in fig. 7.

3.3 PORE GERERAL FERMION REPRESEMTATIONS
Before finishing this discussion, 1 should indicate its

generalization to situations allowing more complicuted forms of the
fermion condensate. It is not hard to treat the most general situation.
Lebel the L-termions as ¥qir where & = 1,2 is a sgin index and i
schematically indexes colors and flavors. He can imagine constructing
the eftective action I' corresponding to the most general scalar source
term

JT ity x) [te®Bygitx)va;Cy)} + h.c.] (3.38)
For the case of Dirac fermions, We can Write ¥ ; = ¥'poz. then

€304y yq¥ip + hoo, = F¥ (3.39)
but .3.38) allous more poassible patterns of condensation. The only
restriction on the form of Kij is that it must be symmetric under
interchange of 1 and 3, as the result of fermion anticommutation and the
antisymmetry of €*®.  The formalism ue developed in section 2.2 goes
throuvah for the source term (3.33) with only the medification that we
should use a more gqeneral class of propagators:

VST Ly » FiBvi o+ 17201801690y 5¥0; + h.c.) ; €3, 407
Like K, I must be symmetric in its indices.

Ta obtain an idea of the physics of this situation, let ds carry this

system through the stability analysis of section 3.1, The discussion

given there is easily generalized, leading to the result
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1 dq rr 39: ‘ . s
r; = — | — le*id(qratitqr + — (o*‘l(q)lt°li.(t')jna‘“(q))]
4n? 20 dn? (1+q2)

(3.41)

where oiitg) is the Fourier transform of (kEVitk)). The routing of
indices in the second term corresponds to the structure of fig. 8. Ta
complete the diagonization of T2, ue need to do a little more group
theary. A pair of indices (i.j) of I correspcnds to a pawvr of L-
fermions in the representations rji,rj of the gauge group., Let us
decompose the preduct rj X rj into irreducible representations R. Then
e may be written:

oil = F am®-eyii
R (3.42)

where k indexes the representation R and ¢gi} is a Clcbsch-Gerdon
coefficient. With this notation., we may compute:

(t2t2) j,0%) = CaCrjilaii

(t2t8) 5,010 = ¢y (r;00t]

[ ipBjg *+ Biplt®) 591 L(t2)pabgn + Bpalt®)gnic™”

= (total t®)Zai] = § ¢;(RYo @k Lkl .
R 13.43)

Then, the group theory factors in (3.41) reduce to:
(E2)-(t*) = 1,2 [C2(R) - C2(ryY - Czlr;)] . (3.49
The eigenvalues of the quadiatic form are theretore proportional to

igt? 1

1 » ——=

[cztrd + Calry) - C2(R2) .
dn? (1+q2} (3.45)

An instabidity wil) pppear, {for sutficiently strong coupling, for any
representation R in rij % rj such that

tCzlrsd + Galr;) - Cx(RDD > O . (3. 46)



Mo oan ohack this resuli against that found in section 3.1. The
discugsion ithors gorresponds to the speoial case of t-fermions in
oamplox gonjugate representaticns r and F condensing in a mode which
carresponds to a singlet under the gauge growp (R = 1, Cz(RY = B). In
this oaso, (3.46) properly reproduces (3,21).

it is not hard te see that there is slways a representation in
ry % rj srkisiying (3.48): The quantity appearing there is essentially
the eipenvalue of (%):(t®) in (3.44). bBut

Trot®) (28 = ()it = 0 (3.47)
80 thig matrix must have & negative eipenvalue. (Occasionally, though,
the negative eipenveotor is forbidden from appearing in I’) by the
symmetry of this ebject.} Usually, there sre seversl possibilities. 1In
such o case, the analysis of section 3.2 can be used to suggest which
modo of oondensation ie preferred. The critical coupling is inversely
proportienal to the faotor in (3.46). Cheoosing the minimal value uf
C2(R) maxtmizea this feoter and thus minimizes the oritical coupling.
The analysis of section 3.2 suggests that, in an asymptotically free
gauge theory, this cheice meximizes the value of the momentum scale pg
at whioh ths fermion condensate appears and, thus, maximizes the energy
of atabilizatian o§ the condensnie. Our wnslyeis suggests, then, that
the oondansate which will appesr is the gne uhich maximizes (3.46).
Equivalently, tho oondensate appesrs in the channel which is mast
attroctive with respect to 1=gluon exchange. This Maximally Attractive
thannel (MAC) oriterion was 7irst form:igiced some time azo by Cornual)

[18); it has recentty boen revived end popularized by Reby, Bimopoulos,
snd Sussking [22]),

W Rhttrair o b PPy

B Yy V—

L i e S S,



o

For the cuse of Birac fermions, the MAC critorion {mplics that the
preferred condensate will be a color singiet, as we had azsused
implicitly in section 3.1, and us uould be Pequired $o produos the
pattern of chiral symmetry breaking in QD described at the and of
section 2.1, More vomplex systens of fermions, however, may condanse
info nonsinglet representations. [ Will shou some examplos of thip in
section 5. [ should, however, make ane comient on the opplicability of
aur formalism to this situatien. [ had commented at the snd of sectien
2.2 that if Z breaks the gauge symmetry, it will induor gnuge boson
mosses M?,4; one must solve seli-consistently for § and M1, This chunge
in the formalism, however, does not st all mifest ihe conciusions of the
stability analysis ue have performed in this seotifon: #ny tarm in T
which contains a factor I also contains a factor E¥. Henowe, the most
general form possible for T is:

Tz = ER-(6)-E + ME-(H)-ME (.48
where 6 and H are operators., 1In this section, ue found the
circumstances under which G has a negative ¢igenvalue. Even though W is
positive definite, the presence of & negative eigsnveiue in 6 signals an
instability in the coupled fermion-yauge bozon system.

1 shouild finish this section by neting & posaibie application of the
dependence of the scale of chiral syometry breaking on the sroup-
theoretic factor (3.48). By considering models involving termiona in
several representations, ane can essily imagine scenarios in uhich some
termions condense and ga'n mass at a scale A¢, but pthers ore left
massless there and gain mass only st a lower soale Ax. 1% our coriterion

that condensation inkes plnce mhen g is sma)d and evolving slowly ot

e



this value, it is possible that Az ¢¢ Ay, 30 that the theory has »
Mierarchy of scales. Reby, Dimapoulos snd Susskind [22) end

Marciano [23] have offered this mechanism to explain why quark mags
ditfferences are so large, or why the W boson mass is 30 much lwrger than
the proton mass. tinfortunately, our estimate (1.71) corcesponds to a
large critical coypling oxoept in the grtificial limit used 1n

section 3.Z. Proponents of this ides wust, then, hope that higher-ordsr
corrections reduce that estimate substantinlly. Thare ia some numprical

evidence that this may be the case [29].



Chapter 4,

EXPLICIT CALCULATIONS OF 2358 — INSTANTONS

4.1 A PEDESTAJAN INYRODUCTION To THSTANTONOLOGY

In section 2.1, { remarked that (uhen we "ave writien al) termions aa
t-fermions} the symmetry of overall V(1) phase rotations ¥ + ¢, yhose
corresponding current is that of overal] fermion number:

VR N T
| 4.1)

is destroysd by suantum effects. I should now explain that remark more
sarefully. That explanation uill Tesd us to another mechanisa of xSB.
My discussion of this effect will be brief and concentrate on
essentiulss I uill give reterences to more complete ravieus of this
subject,

tet =a first ohserve tha eitfect of the diagrams invelving J¥ phoun in
fig. 9. These diagrams may appear as subdiagrams in 2ny vertex functioa
involving JB, The diagrams of fig. 9 are superficinlly linesrly
divergent; the divergent part is actually Jd'k/kY-kP = 0, but short
distanoe effpats can influence the residual finite part. Specifically,
n kinematically allowed term proportionul to

BV gyny, 4.2)

in terma uvf the notation of fig. 1d, zppears uhen one oC.puies these
diagrams. Thig term dees not respect 3J% = 0. 1t muy ba geen to
survive the olgverest of {(geuge-invariant) regularjzetion procedures

{16, 11]; one slusys finds:

- 31 -
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u (fig, 16) 5 = — Tritotb)curonra gFby,
4y (4.3

uhere the trace is over all representations. flavors, and colors.
Equation (4.3) is known as the Adler-Bell-Jackin axial vector anomaly.
The resolt is sctually oorrect to all orders in perturbation theory
[24). (A detuiled roview of the derivation and consequances of (4.3)
may be found in [25].) For our purposes, it mii) be usefu) io recant
eq. €4.3) in the following way. Let us write

FF = 172 (WVOBFS, Fi,, t4. 42

Thern (4.3} takes the form:

g
JB @ (FF) T nee20(r)
e aanit . (4.5

where npe 1e the number of L=-fermions in the repregentation r of the
gauge group, ind 6(r) i8 the isvariant defined in (3,187,

The anomaly equation tells us that 3,08 ¢ 0. Examined ftormaily, this
breaking of the conservation of J* seems not especially efficacious:
Since one car writa {4.4) ss

FF 3 3, (2407a8{08 ,254% + g3 Fabape,abopegt) (4.6)
(The #9%% 3re the structure constants of the geuge group, which appear
in F for non-Abelisn groups), this operator is just & surfaor tera.
However, this surfzce term nevertheless hus a strong influsnce on
physics throughout space-time, due to a4 seriea of miraclas. Thes~
miracles were discovered by Belavin. Folypkov, Schuartz, and Tyupkin

(26} and *t Moottt [2711 thalir effectz are reviewed in detmil in lectures
of Coleman [28],

Lemanim s b e m————
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1f Fapix) is to vanish as l:] + o, Ay must tend to a gaugs tranotform
of Ay = 0. Thus, as [x]| » w,

APy (xIt® » 179 UCx) 20T (x) 4.7
where Bix) is an eliement of the gauge group. The funcition Uix) ia a
mapping of the (thres-dimensions)) sphere at |x| = » $nto the geuse
group. For any simples Lie jroup, such mappings fell into homotopy
classes, charncterized by an integer (culled the Pontryagin indez). One
can show that

gt
"= I«m .
32t (.8
In the cless of fielde With n = 1 or -1, one can readily find »
laocaiized salution of tha slassical equation of motion in Euglidean
space, an instanten. To solve these equations, we must mipimize the
classical action B, subject to [4.8). 7o do thiz, nete thet

¢ JCF-F12 = ferdsFi-2FT) = 20fF2 - FFF) . €4.9)

Thus., § satisfies
1 aw?
§ = j ~F }e— . n
4 at €4.10)
and the btound ¥s saturated tor configurations where F : F. Ba:avin et.
al.. solvad the wquation F 2 ¥ ior the case n = 13 thes found a solution
A" (x) for the gauge group 5U(2) which gives

dnauyed

gF P, pix) =
(x-xg)¥ + pt (4.113

where Ny i85 8 nuoerical tensor. Since glassioal Yary=Mills theory ia
translation- and scale-inveriant, the soluiion has an arbitrary center

%p und size p, This tield contiguration may be considarod an n = 1
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solution 2o F = T for an arbitrary gauge group by considering SU(2) as m
subgroup of that group: this construction gives the most general a = 3§
solution for anpy group. (! should note that the general salution to F =
F has sinoe been found for sny n [29).) Despite the fact that the
solution (4.71) appears in [(4.5) only as a surfaoe term, its influsnce
on physics is olearly localized to & region sbout the point 2. In a
configuration aith Pontryagin index a,
Jo¥x dpyon = 8q = n-[z n,'!c(ril .
r (4.12)
in a space~time containing such @ Jauge tietd configuration, fermions
must digappear. it im wmorth expioring in detail hou this ccocurs.
one can shoi that the Dirac squation for massiess farmions in the
representation r in the instanton field has 2¢(r) zero wigenvalues,
This sorresponds to one zero eigenvalue for each chirel fermion in the
representation r = H of SUIN). If the gsuge aroup 18 SUL2). Me can
write the asscoiated eigenmode {which ! will call a 2ero mode) in the
following uay:

Yoapln) €g N

(x2+p2)372 ? 15.13)
In (4.13), a = 1,2 is the gauge index. B = 1,2 18 the spinor index, wnd
€ is the inavariant contraction. Equation (4.13) satisfies

0= Pt ® [(2g=iRg-t) = F¢3-1K- )29, 4.1
In Euclidean space P is not (antid-Hermitian, so ths equation
{0 3°¥ = 0 need have no such zero mode. Indeed, it does not. ¥, but

not ¥, hags g zerc mode in the snti-~instanton field.
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To see the consequinces of these zerc modes, expund ¥ and ¥ in

eigenstatec of §. In the instanton field

¥ix) = Fovelx) + T gidyind Wxy = § Silmdf; .
f { 14.15)

The eigenfunctions ¥5(x), ¥ifx) are c-number functions. Sinos ¥(x),
¥(x) ars Gressman (anticommuting) fields. the parameters f. ¢ must be
Grassman varisbles. e oan represent

Soe = Sdee STldes STES 4.16)
Th rule for integrating over Crassmon parameters i the following [30):
The mest general function of § is §(§) 3 (atby), Since §2 2 0. Iis
integral s

Jdt £te) = b (4.17
Yhis alious uzs to evaluate

Tvs exal-f¥B,¥ = [¢. "PI'EliEiGiJ

3 I;i E =i &ip)

(4.18)
1{ there were no zero modes, this would become:
(4.18) = 11 A5 s detify)
i (4.19)

the standard resutt of an integral over ¢ermions. 1In the inatanton
field, however, there is an extra factor:
Jdta-Cindependeat ol §9) = @ (4.20)

s0 (4.18) = 0. However,

Jro expl-FF¥) ¥x) = Jof expl-T 2iditad (eo*o+§ Eity)
L}

s Det’¢AL) -volx) (4.21)

where Det’tn) is the product of nonzero sigenvalues of n.
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Apparently, the instanton creates an extra L-fermion. {f the theory
contains one N and one H of L-fermiona (one Oicac fermion), the
instanton creates one N and one H. ‘1 Hoott showsd that, at distances
much larger than the size p of the instenton, the instsnion has the same
effect as the operator:

B o0 ylg uytxe) ¥io(R)(xe) = TF F¥pixg? (4.22)
The anti-instanton’s influence is that of I-¥p¥ {xg). Thus, the
instantons effectively generate o mass term and completely destroy the
chiral symmetry of thia model. Quite generally. the mechanism 1 have
just displayed destroys the overall V(i) chire) symmetry and the
econsarvation of the total number of L-fearmions. It may be seen to
pruserve all other chiral symmetries, since these have no Adler-Bell-
JuokiW onomzlies,

The interplay betweon instantons and mesgless fermions, however,
supgests that instantons can provide m meghanism for the spentaneous
bresking of other chiral symmetries, I wil] explain this mechanism by
shoding how instantons can produce mass gpontaneously in an SU(N} gauge
theory of n-(H+H) L-fermions. My caloulation will be very crude, just
encugh to see the essential physics. For & more complete mnmlysis
¢including the numherical factorsl, the resder should consult the

original papers [31,32,33]).

P g A i

* N A — gy | sr—. .
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4.2 AN _INSTAQILITY 10 X573
I wish to argue that the ohirally esymmetric vocuum atate in

stabilized by the presence of instantons. To do this, let we modify the
formula (2.29) of Cornuall, Jackie and Tomboulis by replacing the term
(diagrams) by (instantons}. More properly, I wish te include the
effects of instentons on the evaluvation ot ZI[X1 in the derivation of
(2.29). The intearal over A may be scparated into contributions from
cach topclogical sector n. The n = 1 f{elda may be expanded about the
minimum action configurations in this segctor, the instantons. Analyzing

Z{x] in this way. ne hate:

2[K) = ¥ expl-JKLIl 2,01)

n

exp[=[KE] Zp(E):[1 + § An(IJ]
nal

(4.23)
In [4.23), Zo(Z) is the velue given by perturbation theory. HWa Wil
call Ay(E) the Y-inatanton ampiitude; A.4(E) = (A,{(Z))%. A standerd
approximation te (4.23) is tho dilute gas approximation [32]:

[l + 3 Antl)] = expl(Aq(Z) + A.4(2N)] .

ngl 4, 20
1n this spproximation
T(E) = (kinematic terms) = (A4(T) + A.4(E)) (4,275

plus the effects af 2PI1 dimgrams, which 1 Nil] ignore for the remainder
of this section.
The value of the 1-instanton swplitude, te leading arder in

perturbation theory, iss

T wad
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[l o[ oo
me -

n [det(p+E)
= |a%x ]dp Alg) expl-3mirg®(p)] M
2] ldet(F+2)

Ag{l) =

{4.26)
The integral in the numerator should be expanded about the instanton
tield; D in the second Tine should evaluated in the instanton field,
Bocause of the zero mode, the factor in parentheses vanishes shen E & D,
Re can jet an iden of the chape of this term by evaluating it for £ = m,
a comgtant. Ixtracting irom the ratio of deterwinonts s fector which

depends on the scale u of coupling~constant renormalization. we have

det ¢m Z
= I(m) exp[- = ttr) log p‘u'] .
3

det Fem (4.2
1im) hag thae limiting bebavior:s
1im) » B'm im + B)
» expi2/3 ctr) log mipi] (m > w) t4.28)

B is a numerical constant computed by 7t Rooft [34]1 und others [3S5).
The behavior us m ~ o may be understood by remembering thalt u heavy
tornion decouples at scales louer than m. so that the coupling constant
renormal ization containe only the factor logipd/wt} and is independant
of p. 1hbo general form of Lim) 1y indicated in fig. 11. I[{m). und the
uhole ampiitude A4(X). is real and positive in thic approximation.

How that we understand the form of A4€E), ue can construct the
atfootive action ' in the appraximation (4.25). For simplicity. let us

turther approzimate the determinent For instantons of size p:



[ﬂt\ l‘:]l 2
= I(E(p = Ilpn-exp[- - ¢ird log (,t“z,] .
dat ¥3) |o 3

t4.29)
Then the intersction terms {n (4.25) ere negative and depend on E(p) as
{Z(p))" when I(p) ig snall. If n } 2, the origin of the configuration
space is sivoys stable. However, a8 p bevamess large (or p becomes
small), g2(p) increases and so the ¢coefficient of (E(p)I™ becomes large.
Eventually, the effective action, as a function of 1{p), scquires the
fora shoun in fig. 12. The strong atownth of A¢(X) pensrates an
instability towerd xs8.

tuo contral elexents of this srgument sre more ecagily understond in a

moro ganarn! context. Let me now review thea briefly, using the

notation of L-fermions in mhich the fermion action takes the form

1
j[*’l.v # = (¢%Pyg¥pI + h.e.l]
2 (4.30)

I multiplien & terwm uhich destroys two L-fermionsl thus, if the
conservation of M in (4.1) were respected by quantum effects. T nould
depend only on the cosbination (IYE). The inctanton, however. creates a
nuaber of fermions equal to the nusber of zers modes. These fermions
can be dest *ved anly by the mass term; hence the instanton amplitude
must take the Zora:

Ay(E) = (E)k FCENE) ta,31}
whersa & 18 half the qumber of zero mades

2k = ¥ npe2¢Cr)
r (4.32)

Equation (4.31) has two cansgquencesa: First, the venishing of A,(E) at
£20 {g a gonersl feature of models of masslexs {ormions, and the poser

188 with which Ay(E) vanishes is given simply by (4.32). Second, the
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phase of Ay{E? may be sdjusted by adjusting the phase of £. Thus 3t was

gctually irreievant that (4.26) was real and positive; Aq(I) can always

he made real and positive (making (X} maximally negative) by varying

the phasne of ¥.

These considerations make clear that the instanton mechanism of xSB

applies to a wide class of gauge medels, inctuding chira! gauge

iheories. The generslization to chiral models is, however, a bit

compiex. Mo wil}] discuss it in stages in the next seztion.




Chapter 5.

%58 IH CHIRAL GAUGE THEORIES

5.1 N -G g ¥ oM

We have spent the jast two sections investigating mechanisms of xSB.
Though we have pot found sppreximation schemes whioh allow guartitstive
calculation, we have found gqualitative phvsical pictures of XSB uhich
seem very appealing. Dne might wish to re-examine the zalculations I
have done and attempt te ymprove their accuracy, but I will not pursue
that problem here. Instead § will move ta & deeper Tevel of anaiysis
and apply the method of the previous sec¢tions t¢ examine & more
detailed, yet still qualitative, question. That question is the
follouwing: ©0F gll patterns of x5B mva «ble to a given gauge theory
model, wbhich is actually chasen by the dynamics? 1 Will first briefly
recapitulaste what we have learned about this guestion in models with
massless Dirac fermivns. Then I will exemine some examples of chiral
gauge theories, theories in which the L-fermions belong to a complex
representation of the gauge grouy ond so cannot be grouped inte Diras
fermions. In such theories, our simple methods of analysis Will yield
patterns of mass generation rather more intricate than those of the
cases We have examined so far. This discussion will furaish us with
gsome phenomena which are curious in their own right and also relevant to

the diseussion from more general principles whigh I will present in

section 6.
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Let Bt #irst say & fou words obout the pattern of chiral symmatry
bresking in theories nith n Direc fermions belonging to & complex
representation r of the gauge group. MHe would write the content ot this
theory o5 n (ref) L-dermions; these fermiona are destribed by fields

Virrad Hinnd 5.1
where 4 ® 1,2 is the spipor index snd 3 = ), ...» B. AS we discussed in
the f5rat Yecture, this theory has the snomaly-free chirs) symmeiriesr

6 = Y(I) X SV(n) x SUin) . (5.2)
dogording to the arguments of the last two lectures, this theory hass
spontaneous bresking of symmetry corresponding to the scquisition of =
cose term

B¥Y = mla®® Yopyal Yirias * hos) €5.3)
This tera respects the full proup of gruge aymmetries., Ffurther, if all
{fermions acquirs squal mase, this term is invariant to the subgroup
H = Ul1) x Sucn) of Gt

Virel 2 U v d 5 Yimpr » W e Ut D (5.0
This pattern of symmetry breaking is at least one of the ones preferred
by the analysas of sections 3 and 4. It correspands to the earliest
inptability with respegt to one gluon-exehange; 1t mlse way be seen to
give the largest coefficient of the cne-ingtanton amplitude. This is
alsa the pattern of symmetry bresking observes in the strong

interactionss

Coolor SUCII] % UCT) X SUCZ) % SYC2) + (oolor SUCE)] X ULT) X SUCD)
(5.5}

so it is sengible alac from the viespaint of phenosenclogy. MNote thet
this pattern corresgonds to the maximal glehal sytetry which allaws all

]
formilons %0 acquire mess. 1| will guess that this principle — that



43
fermions retain the maximum global syssetry consistent with drosatoal
mass gensration — is one of genersl significence. Eventusily, 1 uill
uvse it a3 a gyide.

on the other hand, the pattern of x58 In ohira) gsuss theories comnpt
he 30 simple a5 the one ue have just dizscussed. To ses this, one nect
only note that chiral gauge theories are precisely those in which
fermion muss generation cennot occur without also bresking the peuge
symmetry: A fermion mass tern is generally of the fore

€% Yo 590 pI4® + h.§, (5.8

1t the fermions belang to the (redusible) rtpru;antltinn R of the gwupe
group; this ebiject i in th: representatica R x R. 1{ R w K (the
feature which detines shiral modeln), scms fermion will bo forbidden by
glcbal gauge invariance from scquiring mess. In models of this type.
258 necessarily also induces spontansous breaking of the gauge sysmetry)
ue must, then, work out interlocking patterns of chiral and gauge
breaking. These patterns are most wasily understood by sonsideration of

spegific examples. to which we will turn in a mement.

S.2  AWOMALY CONSTRAINYS DM CHIRAL REPRISENTATIDNS

Before beginning a discussien of %38, howaver, I should point out
that there is a strong restriction on the cansistency of chiral gauge
theories. This restriction, due to Srass and Jackiu {38], is enather
consequence nf the Adler-Bell-Juckia anomaly discussed in aection 4.1.
Lit us slightly generalize the argument given there by computing the
graphs of ftq. 9 using for external current ane of the gauge currenia

% = ¥ 77L%%;.  This calculation cauld, pnt;ntilllv. yield a tern with
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the structure of the anomaly; such a term would destroy the conservation
if J% and ruin the Word identities of the gauge theory., He must insist
that the coefiicient of the structure {4.2) sheuld vanish. But this
ioefficient contains only factors of w and 9. and the group theoretio

actor

Tredta, tbiee) (5.7
dhich replaces the factor Tr(t®tP) of eq. r4.3). A chiral gauge theory
i8, then, only ¢onsistent if it satisfies the group-theoretic
constraint:

oo Trefthe tbpjte = 0
; (5.8)

where n, is the number ot L-fermions in the representation r of the
gauge group.

It is uWorth spending some effort to simplify the condition (5.8)
{37). The trace indicated in t5.8) is a totally symmetric group-
invariant tenser with three indices in the adiocint representation; it
may therefore be written in terms of a standard set of sueh invariant
tensers. The SUIN)Y groups (N }» 2) have only one such invariant. the
symbol d98¢ uhich appears in the formula for representation matrices of

the fundamental rrprosentitian:

3
{t“,tl‘} =z - gab.{ 4 pgabete
N (5.9

Thus, #pr any representation r.

Trilt®, tB e o) = A(r2gobe (5.1
where Alr) is an overall constant, called the anomaly ceef’icient.
Equation (5.9} implies that for r = N of SUCH), A(N) = 1; .his is
essentially a normali2ation convention. From the relation t*; =

-(t2.) T, one can readily determine that
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ACFE) = -Aalr} (5.11)
Thus, pairs of L-fermions in compiex conjugate representations give
cancel 1ing contributions to (5.8); uwe may say that x Diruc fermion gives
zerg anomaly. The condition (5.8) is a siringent one only in thoories
where the termions are intrinsically shirai.
Faor future reference, J wWill quote the anomaly coefficients for two-
index tensor representations of SUIN). In gemeral, the n-index totslly
antisymmetric and totally symmetric tensors form irreducible

representations of SU(MI; I will hencefarth denote their representations

n

ag [l =nd {n}, respectively. [11 = {1} = M of SUCH). Wsing thig

notation,

ACLZYY = (H-4) . ALLZYY = tNe QD . (5.12)
(The anomaly coefficient for a general representation of SU(N) may he
found in [39).) Notice that theories with one {2] ad (N-4)
H representations are anomaly-$ree and thus consistent (barring further
upkpown difficulties). ¥For an SULS) gauge group, this corresponds teo
one L-fermion in ecach of the representations

10+ 5 ' (5.13)

the content of the Geargi-Glashou grand unitied theory (49]. Th's class

of theories uill previde us a useful set of ex .mples for analysis.

*An additienal restriction. which applies to SU(2) and Sp(2n) nauge
theories, has recently been discovered by Witten 138]).




$.3 xSB 'y YRE GEOREI-SLASHOW MDDEL

Let us congider fiest the teorgi-glashou SULS) model, whose fermion
content is given by (5.13). Let us investigate what our simple gluon
end instanton wmechanisms prodict for the patizrn of symmeiry breaking in
this model for strong gauge coupling. Ta begin. ue should cataleg the
possible mass terms whioh could be included: Oencte the tus fermion
fields as:

8: ¥aa 181 ¢otb 5.14)
uhere 8.b = 1....,5. Vhen the pessible fermion bilincars are

€804 Yapiob

‘ﬂﬂg.‘.*-hezlb

" Rypabyaedy i oa t5.15)
Since E*® must ie symmetric in its indices, the first term of (5.15)
{nwvelves = fermion Bilinear in the {3} = 7% ropresentation ot SULS),
The second term containg m bilinear in the reducible representation

Bx10=5+45 (5.16)
The third term containas a bilinear in the representation

(10 % 10V cymm = 5 + 50 5.1
(Mote tha® 5 = [4].) fermion pairs may thus condense in any of five
dintinct channeis. We must determine wuhich channels are favored by the
dyn.mics.

Let vs first apply our Simple instanion model; we must compute Ay(E)
at least uell onough to examine its behavior for small I and see which
of the possible forms of I laads to an instabrlity.

We can construet A.(Z) for smal) I by following the preseription

given at the end of section 4.2. He shiould {irst count zero modes la
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identify the instanton amplitude in powers of I, uging suffiviently weny
%% terms to destroy al: +f these exirs formions.

Ya count zero modes, . t<ull that the instanton lives in an SUL2)
subgrowp of SH(5). We may choose coordinates so that this SV(2) group
acis on only the First two components of g 5-vestor,® The § of SU(5)
thus transforms under this SVI2) as a ? end three sipgsets. Similarly,

Eo2+ 3

10 + 32 + 4-1 (5.18)»
fThe second lipe is the antisymmetiric produst of twe $°8.) The
instanton apparently sroduces onx 5 and thres 10 fermions: to sbsorb
these fermions, ve n d ane tacto. of the L5%X10) wass term and one
factor of the (10%10 mass term from eq. (5.15). Thus, for gmall X,

Ay (E) has the form:

AylI) @ T(5%10) 1(10xtn) (5.19)
However, when we comnsiruct Ay{Z), uWe must sum over all inotanton
solutions. This sum ‘neludes an integral in the group BULSY. This
impliecu that A must t- SUCS)-ynvariant, that is, that it cust depend
only an SU(5)-singlet combinations of the Is. Equation (5.19) car be a
singlret only 1§ we ¢l sose a specifre mode of condensation from each of
(5.16) and (5.17):

A4CE} « TCBXID .+ §1-EC1E%10 ~ 5) (5.20)
By the logic of sect-on 4.2, there 15 an 1astability in the effective
action uhich sllouws ese tue I terms t¢ acquire nonzera values. This

corresponds to induc g the mass terms

#There are inegsival nt embeddings of SY(2) in SUCY) for which this
choice of ~~ard.nites is not possible, However, these embeddings
produce solutions o F = F with n 2> 7 [41].

-

o ol iy b o W
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T1€%P¥gayp oY

E1e®f¥a®bygede s (5.2%)
The first of these terms sllows ¥Ya; and ¥qi% (1£|,....4) to pair to a
magsive Dirac fermion; the second allows ¥aid (i,j=1,...,4) to become
massive. Both terms break the nauge symmetry te SUC4); the massive
fermians transform as a (4 + 4) and a &, respectively, of SU(4). oOne
termion, ¥as, is still left massless.

How that sme have found the pattern of symmetry-breaking induced by
the instantons, we should ask what pattern of condensates the gluons
tavor. This anzlysis is much simpler. since we can apply ° results of
section 3.3. The result is precisely the same as that of the instanten
analysis: Each of the condensations

Ex1g » 5 %19 < § (5.223
corresponds to ithe minimal £;(r;) possible for that pair of fermions;
each of these channels is maximally attractive [22,42]. Even though the
gluen and ingtanton mechanisms of xSB contain completely different
phyaics, they lead to the same gqualitative result, That is the firsi
surprise in the physics of this mondel. But there will be one more.

Hou that we have 1dentified the pattern of condensation in this
model, we should Lry te identify any residual global symmetries. The
original mode! had only one anomaly-free global symmetry. the U1}
rotation whose charge Q 18 given hy:

Q¥a = 3:va Qb = (~1).¢3b (5.23)
Nole thet instanten physics conserves this charge: The complement of
fermions created by the instanton has total chargs zero. (More
tormally, thic 9 satisfies

9 = Trigi®tb) = 6%k ¥ n,. girdetr)
r (5.24)
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so that fig. 9, computed with this charge, vanishes.)

The symmetry  ~erated by Q is spontancously broken by tha mass
generation we have .iscussed. However, this does not mean there i1a no
restdual unbroken global symmetry. Consider the UL1} charge

= 1/5 (20 + Qg (5.25)
where @5y is the SU(5) generator

1

sy = |————m— facting on 5)
| -4 (5.26)

which is also broken by the condensates (5.¢1). Llet us compute the
action of § an the components of the 5 and 10 fermions. For
i3 =1, ..., 4,
1 {(6=-1)y; 1-v;
Gva = - =
5 L(6+4)v¥g 2V
[u-wii | (-'iJ-\P“]

| 0

ﬁ*ab
(5.27)

The condensates (5.21) have total charge § = 0. The fermion ¥,
however, has charge @ = 2; since there are no § = -2 #ermions, it may
not acguire mass Without further symmetry breaking. But this fermion is
an Su(4) singlet; it has no strang gauge interactions at low nomentum.
Thus., despite all the tumult of the SU(5) strong interestions, this

termion remains absolutely massless.

[ —— L
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5.4 S MO ERAL_CLASS

tet us now extend the analysis of the previous section to the whole
class ot chira) gauge models based on antisymmetric tensor
ropresentatiung, the models wilh gauge group SULH] and fermian conltent

[2] + (N-4)-H (5.28)
We will see that all of the major conclusions of section 4.3 generalize
to this uwhole clagss of models.

Let us first analyze the condensates from the gluon viewpoint, The
maximaliy attractive channels are:

[21 x H +N

[23 = [2) » [4] (5.29)
The second of these condensates breaks the gauge ys-up SUH) to g
subgroup in which [4] is an invariant; the largest such subgroup is
SU(4). (KH-4) orthogonal condensates of the first form will also break
SHYRY to SU(4),

If we repregent the [2] and N fermion fields by ¥*P and ¥a, s
respectively (a,b = 1,....N; i = 1,....(H~4)), uwe can urite the fermion
mass terms corresponding to the condensates (5.29) as follomws:

Iiedﬂ\yna.i*nl( it ]

I2¢%Pva ¥ “deapcds. .. N (5.30)
Equation (5.30} _ ves mass to (H-4) {fermions in the representation
(4 + 4) and te one fermion in the & of the residunl gauge group SU(4).
Hatice that, in (5.30), I have assumed that the (4 + 4) fermianas acquire
equal masses; this is an application of the prinuipie mentioned in
section 5.1, that the theory shouid retain the maximal global symmetry
consistent with fermion mass generation, Despite the fast that ihis

symmetry does not rest on a firmer basis, 1 will make use of it below,
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He might now try to ascertain whether the instantons atso favor the
pattern of condengates shoun in (S_1). A first step is to construct
Aq(Z) for smal) Z. One can count zero modes in all of these examples by
the procedure of (5.18): Each B has one zero mode (for o total of
(K-4}), and the 12] has (N-2) zero modes, It i3 clear that one can
ahsorb the corresponding fermions using the mass terms in (5.30); the
required terms yield the following form far A((I):

ACE) o CECL2] > A > WIMN-") . (x([2] % [2] = [410)¢ (5.31)
Further, (5.31) contains an SU{N) invariant: Combining the factors an
the right-hand side toteily antisymmetrically yields an cbject in the
[H] of SUCH)}, which i5 equivalent to the singlet. The instantons
therefore do induce the pattern of condensates (5.30)., {I have not yet
argued that they faver this pattern over others; 1 will skeitch that
argument a bit later.)

that global symmetries do the condensates (5.30) leave unbroken? The
original anomaly-free chiral symmetry of the theory is
G = U(1) % SU(H=4). The SU(H-4) is the group of flavor transformations
of the H’s; the U(1) symmetry is that generated by the folloning charge
qQ:

Oy, § = (H-2)-¥a.,; Qv = - (H-4)-¥ab (5.32)
uhich satisfies {5.24). Equation (5.30) spontanecusly bresks all ot
these glebal symmetries. Houwever, many symmetries within the gouge
group SU{H) have alsc been spontaneously broken, As in the example of
section 5,3, we can identify combinatieons of chiral and global gauge
charges which genernote symmetries undisturbed by €5.30). Llet g%y, be n

generator of the SULN-4} sybgroup of ths gouge group which commutes with
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the residunl gauge symmotry SUC4): this is the group of unitary
transformations which act on the components S through ¥ of an H-vector.
Let Q* be the corresponding generator of the flavor SUEK-4). Then

B0 = (=N 5.3
is respected by both terms of (5.30), Similarty, Yot Qeus be the broken

SU(H) generator

Qeny = tacting on W)

{ -4 (5.34)

and define the combinatfon

§ = /8 20 + Q) t5.35)
Ve can compule the § charges of the variocus fermions as we did in eq.
(5.27). Forc,d=1, ... dand 1,3 =1, ... (N-48):

1 {[2(n=2) = (N-4)1¥g, 1-%e,
.i?.,"! = - =
N (2¢H=~2) + 4T1¥4, 2-%5,¢

"

i"b

g-yod | {-1)-¢ct 1402
[ { ‘-2,.*liti)lj'!l] €5.36)
The mass terms of (5.30) have zero total charge; thus, they are left
i vrariant by the symmetry generated by §. WPe heve now identified a
complete V(1) x SU(N-4) grovp of residun) global symmetries. 1o &
certain sense, ne chiral symmetry has been braken,

Equation (5.36) makes clear that the fermions ¥¢,§ and ¥l iseitien)

have the risht quentum nusbers to pair up and scquire mass. Such masses

are presumabiy indueod by radiative corrections to this lending-order

————




annlygis. However, ¥°b ig gntisymmetric., 8o the camponents of ;.3
symmetric under intercharge of i and j have no natural partners. These
fermions, ali singlets under the residual group, remain massless.
e may denote the complets pattern of symmeiry-breaking by:
(SUCH)] x DY) X SUC4) = [SULH] X VL) x SUIN-9) 5.3
The pauged symmetry js ipdicated in bracketa. The fermions transfors

under the unhroken symmetries as

£2) + €6, 0, 13 + €4, -1, H=8) + €1, -2, [3])

th-4) x § =+ €4, +1. N-4) + (1, +2, [20) + (1. +2, {2h
(5.38)

The Yast waitiplek, in the {2} of SUIN-4). is protected from acquiring
mass by its nontrivial quentum numbers under the unbroken chiral
symmetry,
1t is remarkable that the gluvons and instantons give the ssme pattern

of summetry breaking, especially since, for the gluons, ohe must Ipok
ehanne) by channel, while, for the instantons, one must Inok at the
glohal pattern aof XxS6 and induce massea far 411 fermions seen by a given
instanton. | might shed 3 1ittle light on the mystery by noting that
bath schemes require the pattern of symmetry breaking to respect the
follening properties:
(3} The spontancous breaking of the original govge group &4 may wtop

at a subgroup Hy only i¥ all fermions transforming nontrivially

under Hy ean scquire mass.
€2) The condensation of a pair of fermiaag in the repressntation R of

of SU(H) way occur only in the shannel W X U -+ (2], not in

HxN- {2},
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The gluon scheme iwplies (1) bwoauze, as we saw in section 3.3, as
long as there are strong gayge forcea coupling massless fermions. thoere
iz aluays an attrastive channel to fturther x58. The instanton ascheme
implies (1) becavse the instsnton amplitude vanishes if even one fermion
in the instanton field is massiess. The gluon scheme implies (2)
because {2} is nat an attrastive channel. The instanton scheme implies
(2) because each R has only one zero mode. whereas a symmetric mass term
destroys tuo fermions. Theae rules turyu out to be quite restrictive: {t
{s straightforuard to enumerate all of the patterns of chiral syssetry
breaking which sicisty them., In the model considered ¥n this section,
one can check that, amory these patterns, the zmimple one 1| have selected
teads to tha largest crefficient of the i-instanton amplitude.

Perhap . this coyncidence of conclusions is evidence that the paktern
of symmetrw-breaking I hove supgested for this class of models {8 the
correct one, In any event, let me emphasize that the quesation ue have
w.a1essed in this section walitotive issue of which puttern ot
chiral symmetry breaking a given gauge model chooses ~ is ane for uhich

ue have no definitive solution. It 13 certainly a problem worthy of

fur ther attention.



Chapter 6.

CAH STROWGLY-COUPLED GAUGE THEQRIES LEAVE MASSLESS
FERMIONS?

6.1  JIHE ‘'Y MODFY ANOMALY COWDITION

A surprising aspect of the patterns of ¥SB [ have described in the
previoua aection is the appearance of mapsiess teraions — feratons
protected from asquiring mass by wnbroken chirel symmetries. Hasaless
bosans appear in & wide variety of plwaical systams, os a romsequence of
Goldstone’s theorem, but, in Nature, massless fermions seem rarely, it
ever, to arisec as a consequence of strong interactions, Hevertheless,
one might ba tamptad to supgest for these gauge model!s an analogue of
Goldstane’s theorem which [ might state ag followss If spontaneously
broken chiral symmetries imply the existence of massless (Goldstone)
bosons, then unbroken chiral symmetries jamply the exiatence of massless
fermions. Remarkably enough. & more precise version of this atatement
is actually true. It was first reglized, snd proved, by *t NHooft [431.®

‘%t Nooft’s theorem has had a wide-ranging importance in the study of
chiral symmetry, first of all, since it gives a very strong constraint
on the exjistence and pattern of xS58, and, secondly, since it is one of
the few really solid results in this subjeot. I will, therefore, devote

this section to @ discussien of this theorem and iis coneequences.

*Some aspects of “t Hooft’s argument were presented also in work of
ansel’‘m [44] and 2ee [45].
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Let me first present "t Hooft's beputiful and very simple srgument:
Impgine thut I have a theary with chiral symmetry group G which has
strong-coupling dynamics (and perhaps confinemant] st 3 sosentum goale
A. Ai wmuwents wuch greater than A, one cun ser the swlementary fermions.
At the sca'e &, these fermions form bound states, most of which have
mass of order A but some of which might be maszless. At momenta much
less than A, the massive states are irrelevant (in the technical sense)
to the dynamics. only the wassless states contribute. 1 will asaume
that 6 is not at all spontancousiy broken: howsver, the conclusions of
this anslysis will alse apply to any unbroken subproup of G if & is
partially broken.

Hom imagine addiny to the theory gavge bomona zoupled, very weakly.
to the currents of the chirml symmetry G. In gensral, the conservation
of the gauge currents will be spoiled by anom:lies, as I discussed in
section 5.2. ¥ this i5 s0, invent some ned fermionz x which couple
only to the new gauge bagons, and add them to the theory to canscel the
anomalies. MNow look at the therory at moments well below A. At guch
momentunm scales, the theory gtfectively contains only the G gauge
bosons. the fermions %. and the massless bound states of the strangly

interacting fermions. But nothing has happened to spoil the local gauge

invariance with respect to G. MHence, the mussless bound states of the
strongly interacting fermions wust have just the right guantum nuabery
to cancel the G anomaly of the % Yermions. Thys implies that the tokal
& anamaly of these bound states must be equal ta the tola) & anomaly of

the originnl elementary fermiors. I+ A(r) {s the snomaly coefficient of

the representation r, dofined in (5.10) for sny simple subgroup of B:

LAl R e e f e e —————
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I atpm Iatrg)
ariginal) fermons = oassless fermion bound
representations r state representations re €6.1)

This relation 15 knoun as the 7t Hooft snemaly condition. Thig
condition is displaved schematically in fig. 13. i the lafi-hand aide
of (6.1) is nonzero, either G must be spontsnecusly broken. or massliess
fermions must appeor as @ result of the strong interaction dvnamiss,

To aid 'n understanding this result, let me skeich a more formal
procf given by Frishman, Schuimmer, 8onks, snd Yankiwnlawiez ([46].
Another argument, which fitls ir even more detatils (inclwding =
demonstration that bound states of highmr spin cannol contribute to the
right-hand side of *t Hooft’s sguation) hos been given recently by
Coleman and Grossman [47). Frishman et. al,, analvze digpersively the
vertex function of three G symmetry currents, shown in fig. 14, In
deascribing thelr analysisg, I will work directly in tha limit k& = p2 =D
(in terms of the kinematics of fig. 14) and in the limit ot zero fermion
masses. Simply assuming that thess 1iniis are reached smoothly. 1 will
a)so suppresz the group indices a.b.c.

in analyzing fig. 14, ue may take tuo of the three currents to be
conserved; the third is spoiled by the anomaly. Let the currents Jy.Js
be conservad; then this amplitude is symmatric uador the interchange of
w,k) and (A,p). The most general structure for an (odd parity)
amplitude with this symmetry is:

Tuva = Av(ql) -eppanik-p)®
+ A2(4q7) - (quepraak®p®)
+ A3la?) - (kpeyagpk®pP - patpyapkSph)

+ Anigd) - (kaeuvapk®p? = pyenrapk®pf) (6.2)
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The voalue of Ay(ql) ot g = D is determined by the anomaly. The Adrer-
Bardeen theorem [24] fixes this value to be:
1
AyfgZ) = — ¥ Alr)
qnt r 16.3)
This term arises from short-distance dynamics and is therefore purely
real. gurrent conservation at the vertex ¥ (WVTpya = 0) implies
qt
-AyCq2) + — A, (gq%) =0
2 (6.4)
We may recast this equation, using & dispersian relation for Ay(ql), as

A.[qz) = —

qt disc Ay(s)
ds —8M8Mm™M—
2n

s - qt (6.5)
Houever, A;lq?) is real, so
g2
disc As(gl) = — disc Ayl(gqZ) = 0
b3 (6.6)

fquations (6.3), (b.5), and (6.6) are incompatihle unless
1
disc Ayvtg?) = € 6(q2) ; c=— ¥ Aate)
e r (6.7}

Such a discentinuity of & vertex function signals the presence of
physical intermediate states of zero mass. Houever, tuwo differeni types
of states can give rise to the behavior (6.7). A single massless boson
created by the Jy produces a discontinuity of this form. but a current
¢an create a single massless boson only if its associated symmetry is
spontaneously broken. Alternatively, a pair of fermicns created by the
current produces a discontinuity which teonds, in the limit of 2zero
f-rmion mass, to the form 6{q?). The coefficient of this delta function
is given by computing the triangle diagrams which vield the snomaly for

fermions with the guantum numbers of the physical massless fermions of
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the theory., Since (5.3) arcse from computing the same triangle diagrams
with the eiementary fermions, (6.7) impiies eq. (6.1) (or fig. 13)
directly in this case. Both of these alternatives may be avaided if the
timit k¥ - 0 or p? + 0 is singular, but only if the singularity
corresponds to the pole of a massless boson created by Jy or Ja. In
either case § must be spontanecusly broken, as we have noted sbove. Me
can conclude that ejther G i3 spontaneously broken, or the "t Hooft

anomaly condition, eq. (6.1}, holds.

6.2 T HDOFT” HOMALY COH C

Egquation (§.1)., the "t Hooft ancmaly condition, is an extremely
powerful constraint on the pattern of xSB. It implies that chiral
symmetries uhich protect fermions from acquiring mass must be
spontanecusly broken unless it is possibie to form physical fermiona
With the right quantum numbers to match the anomalies af the criginal
fermions. Since the quantities to be matched are cubic in charges, this
condition is not at all straightforuard to satisfy., as the validity of
Fermat’s Last Theorem for n = 3 might remind ug. ! Will spend the
remainder of section 6 describing several applications of the “t Hooft
anomaly condition, first, co theories of Dirac fermians, and then to
chiral theories.

’t Haoft, in his original paper (43], used his condition te argue
that chiral symmetry must be broken in the usual strong internoctions, ms
described by QCD. [ would like to explain the laogic af that argument by
presenting some specific examples. (For the details of the general

analysis, the reader should consult the paper of "t Hooft. Some
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refiaements of thia argument have been given in [46,48,49].) 1 wll
tirst consider the case of an SU(3) color gauge theory with tuo massless
quarks belonging to the 3 of colar. 1Im thias case

9 = UC1) x SYC2) X SU(g (6.8)
Let s assume that color ia confined: then wny physical fermions
contributing to (6.1) must be selor-singlet spin one-halt bound states
ot quarks.

It ip saay to form calor-singlet cembinations of quark fields; to
projesct those singlet states wntc spin one-half is alse straightforuard
if ono uses some elementary properttes of the Lorentz group [50): Left-
and right=-handed fermions transform according to distinct, complex
conjupate, two-dimgngional repreosentations of the Loerentz group. (MWe
uged this fact implioitly in the development of sectien (2.1).) These
representations may be considered a8 the spin ¢ne-hali representations
of tug different angular momanto? alt! other finite-dimensional
representations of the Lorantz group can be built up from theae by
agdition of mngular momenta. Llet us denote objects which iranaform ax
L- ond R-{ermions by spinor indices «, B and n.A, respectively, Then an
L-formion composite state 18 formed by eontracting all #,A indices and
sl but one @ index with the invariant tensors €7, ¢%%, In trying to
enpmerate al) possible such composite states, one should remember that
the corplex conjugate of any R-fermion tomposite 45 on L-fermion
composite.

Using the notation deseribed 1» the previous pursgraph. we can write

the Jeft- and right-handed quork fields as

Yaa' ] LT (6.9)
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vhere a,7 = 1,2, a = 1,2,3 13 the calor index, snd i = 1,2 is the flaver
index. The u(1) facter in (6.8) 15 quark auaber; 1¢{ assi1gng ta both of
these fields the charge (+#13. (¢ ditl be usefyl to refer to the quarks
in the notation of (6.9 for the purpese of consicucting compasite
states. Wouwever, it will Yhe easiest to compute ancmgiies by recording
the quentum numbers of L-fermions, 1magining that R-{ermions have besn
charge-conjugated. With this convention, the (L-fermion) quantum
numbers under & of the fields in {6.9) are:

(Cr11, 2, 1) and (=12, 1, ) . (s.10)

By cembining triplets of the quarks (5.91, We can feorm oslar-ginglet
spin one-half states with the quantum numbers ot

Cavcvaa'vobi¥a et

and

aboVmaivonive b (6. 11)
Both ot these objects are antysymmetrio uith respect to interchange of J
snd k, so that j and k myst payr to an SU(2) singlet. These obiwcts
then trgnsform under G as:

(32, 2, 1) and (¢=32, 1. ’ (6. 12
respectively, in the notation of (6.10), 1f chirsl symmetry wery broken
spontancousiy, to U(I) X Gisospin 5UC2)), the corresponding Lumposite
fermions would have precigely tonjugate quantun puabers and covld pefir
to form an 1saspin doublet of mesaive Birac fermions, Thess feraions
would, in fzct, be the faniliar proton and neutron. But if & reseins
uvnbroken. these states are left masEless, protected by chiral

invariance. boes this situation satisfy 7t heptt?

. —
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Because G 15 not & simple group, we must cheok (G.1) for 4.1

combinations of components of G. Some examples of anomalies which must
be matched are showr in fig. 15. Many of these anomalies. though,
vanish trivially. Since the 7 of SW2) in its oun complex conjugate,
the anomaly (a) of fig. 15 vanishes by (5.11) for both the elementary
and the physical fermions, Since (b) involves only one SU(2), curront.
its group theory seight contains the faotor

Tree®) = 0 (6.13)
and therefore venishes. Dther anomalies involiving one SUL2)), or SUl2)p
current vanish similarly. Becsuse the U(1) charges of hoth elementary
and physical fermions are payred, {c) Bust also be zere. In faot, the
only noptrivial constraint comes from the anomaliss of type (d), (The
corresponding anomaly with 5U(2)p currents is equal snd opposite, by
parity.) (d} is proportional to the factor:

TrCat®tb] = ¥ neatriccr)
r (6.14)

Let us tsbulate the contributions ta (6.14) implied by (6.10) and (8.12)

(remembering that the elementary fermiona have three color statesl:

elementary fermions Ay * Qird » CCr):
N, 2. 1): 3- 1 - (r2)
sum 5 Jr2
({-1). 1. 27: 3= - 0
composite fermions Ae *+ Q¢r) + Cir):
(€3, 2, 1) 1. 3 N2
sum = 3,2
(=3), 1, 2): 1- (-:l . a (6.18)

So it is apparentiy formally consistent to have a theory with two

aassless flavers in uhich € is unbroken wnd realized with a massiess

proton and neutron.



What if thers are three massleas querk flavors? aOne might nuively
imagine that simply ohanging § ® 1,2 t0 i = 1,2,3 in the shove anulysis
would give & vonsistent solution. Let us cheock., The chiral symmetry &
is now WYY x SW(2) * SU(Igi the elemeatary fermions nou transfors as

(1, 3, 1 and (-1, ' D) (6.18)
and the composite stutes (6.11) as

(3, 3, 33 snd (-3, 1 D t6.17)
He have used the fact that, in SU(3), the 3 ant 3 are inequivalsnt and
£2) = 3. sSince £Y(3) representations sre not neoessarily real, ue eust
check the satching of the anomalies () and well aa (1) of fig. 15;

(a) iz proportional to

I neatrd
v (6.18)
Let us, then, tabulate:
elementary fermions: Np * Apt ne - QEPY - CCP):
¢, 3, N 3 - 3 - 1 - {1.2)
- 3 372
(-1, 1. 3) 19 3--1 - 0
compasite fermionsa:
+3, 3. B -1 1 3- 3 -/
6 0
-3. 3 B 3-1) 3. -3y - (12D
(6. ¥9)

(For the compomite fermianz, the SUL3lg multiplicity contributes
nr = 3.) The anomaly matching is a disaster. Trial and error indicates
that adding more complicated eolor-singlat beund states only mokesa
matters worse.

To pbtain o more genera! resnlit: ’t Neoelt introduces & further

assumption: GOne should censider only solutiang *. the snomaly
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canditions for n flavars mith the property that, i1 the mass of any one
{lavar ig taken to be nonzero, every composite state containing this
termion may scquire mass by pairing with anather compasite with the same
quantum numbers under the subgroup of chiral symmetries
(BEY) X U1 % SUin-1), % sulp-1)g) which preserves this maas term.
This condition has been labelied the “Appelquist-Tarazone decaupling™ or
the "persistent mass” condition. It is straighttforuard to show that
there are no solutions to (6.1) satisfying this condition ¥or any color
group SUIN) [43,46,48].

bOne might be tempted to conclude from this argument that chiral
symmatry must be brokenm in mny SUIN) gauge theory with n Dirac flavars,
it n 3 2. However. the question is really far from settled. [f the
mass of one tlsvor is tasken te infinity, it is clear that all compesite
states containing this fermion must become infinity heavy, but if ane
tlavor has u nonzero but smalt mass, the strong interactions might well
arrange that gompoesites coptaining this fermion have zero mass [51].
Dimopoutes and Preskil) have given some examples in which it is
particularly plausibie that massless composite fermions sheuld cantain
maszive gonstitucents [521. This method of escape from “t Hooft’s
analygig reyuires, however, a complicated phase structure: The mess
apectrum of the theory must change discontinuously as & function of the
fermion masses. | should alsa note that relatively few solutions to
(6.1) are known even for particular choices of the number of calors M
and the number of flavars n. Weinberg [53] has found a solution far
H=35, n=z3 Albright [54] has constructed u rather lengthy cotalogue.

The most siriking feature of these particular solutions, though, is

e —————d e PTV
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their complexity and ugliness; one must. in general., occept a large
multiplet of massless fermions in arder to maintain chiral aysmetry,

toleman and Witten [55] have made further use af the “t Hooft gnomsly
condition by combining it mith the linit H + = to abtain information on
the pattern of %¥58. There are indications from strong-interaction
phenomenology that AcpO with H = 3 is already rather close tg this limit
[56]1. Equation (6.1) has no sclution smooth in N as K -+ w: thus,
Coleman ard Witten canclude, chiral symmetry oust be braken in this
limit. But ane can then use another property of this limit, that grephs
uith internal fermion loops are suppressed by powers of N™'. A geniral
color singlet mass term may e diagonal tzed as follows:

YRiZijves = L (WRimi¥v’L i)
i (6.200

by making independent unitary transformations on ¥g; and v 5. The
teading contribution of £ to F'(I) in powers of N-! will involve graphs
Hith precisely ane fermion loop (Wwith arbitrary gluven dressing): T(E)
wili therefare have the form:

F(E) = N[Z Fimi) + utu")]
i

(6.21)
Since chiral symmotry is broken, F must have its minimum =i some mp g 0.
Then each flaver acquires this same mass mp. Thus, in the B » » limit,
the SU(n) flavor symmetry s not broken: the patterp of xSB §s

Y1) x sudnd % Sui{n) —>» UC1) x SUln) . (6.22)

as we see in the familiar strong interactions.
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6.3 -] WOOFY-S AMOMALY COWDITION 1M CMIRAM._WODELS

In chiral gauge theories, *t Hooft’s anomaly condition may be
realized in a more interesting way. As an example of what might happen,
let us consider again the atrang interactions of the SULS) model of
Goorgi end Glashou. in section 5.3, we analyzed this model rather
thoroughly in terms of possible modes of chiral symmatry bresking. [
uould now like to approach this model from the oppoxite viswpoint:

f Will assume that both the gauge and chiral zvamatries ot the model
repain unbroken and ask whether ope can find compogite Ffermions, bound
by confining 5U(5) fortes, shich can satiafy ’t Hooft’z anomaly
candstion.

Let me recall that the SUCS) model containg fermions in the 10 and §
representations of SUCE) (ed. (5.14)) and only onw UCY) plobal symmetry,
uhase charge Q satisfies (5.23). The anomaly of the olementary feraions
with respect to three Y1) currents is proportional to

Trgd = § nefQCrd)¥ = 5012 + 10-(=1)2 = 125
v (6.23

But consider the following SU(5)-singlet composits state:

€3B¥a ,vp * Ny i (6.24)
thiz state hag charge Q ¢ § and thus contribuies an anomaly

Tr Q* = (5% = 12§ (6.2%)
(Note that the charge @ defined in (5.25) has the value § » 2 in this
state.} This example uas discavered by Dimopoutes. Raby. snd
Susskind (57]1. They ulso gave this example & beautiful physical
interpretation, uhich 1 pill discuss in 2 moment. Lot o fiest present
their demonstraiion that this construction works tor all the theeries

with fermion content ([2] + (H-4}:N) which ue considerod lsst time.
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The feraions of this class of theories are those which appear in

€5.32); the gtobal syametries of these theories are the SYCH-4)
transtormations of the W's snd the UL1) symmetry gencrated by Q in
(5.32). 1 claim that the tollouwing color singlet composiie satisties
the t* Hooft ancmaly conditions with respect to these symmetries:

€909 20t dn 0, s¥yb, 5 + Pya, iVab, 5) (6.26)
(6.26) generalizes (6.24), wnd preserves its property of being symaeiric
in the sping of the tue /s, This state has § = # and botongs to the
representation {2} of SU(H=4). (Under § in ¢5.35). it has charge
@ = 2.2 The anomaly of three SU(H-4) currents is preportional to

2 np AlrY = HoAGH-4) for the elementary fermions
r

= 1.at{2p) for the composite [5.25) (6.27)
These two expressions are equal by virtue of (5.12), The anomaly
matching must Also be ohecked for three U(31} currents and for one U(1)
and two SU(N=4) ocurrents. This last anomaly is proportisnal to

Tr qtoth 2 §2% § n, atr} ocr}
- t6.28)

Ta check thiz condition. ohe needs the values of Elr) for S0IM)

represeantations
1 n-2 ne2
ced 2 -, eg[2)) & cefz}y = —
2 2 2 (56.29)

dith this intormation, it i3 a simple exercise (atrongly recommended te
the reader) to see that (6.26) does indeed balance the anomalies of the

elerentary fermions.
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1%t ig surprising that the anomaly conditions may be solved ue pimply
§or the modais we considered in the previous section. But this solutioen
eoninine & further surprise uhich, perhaps, has not ¢soaped the reader‘s
notice: The massless composite fermion ubich we constructed has
precisely the same quantum numbers - & = 2, {2} of SU{N-4) - as the
muitipiet of massless termions which emevrged Trom our anatysis of
symmetry-broaking patterns for these models in section §.4. Oimopoules.
fuby, and Susskind (57) recognized that this is not an socident; they
shoued that these solutions follou from an intrigwing physicel picture
which 1 wigh, in this section, to explain.

I will work toward the picture ot Dimopoulas, Raby, and Susskind ia
tuo stages. First, 1 will shouw that i#, in a theory of massless
fermigng, one breaks the gauge symmetry n such a way that a subset of
the original fermions repain massless, those massless fermions sluays
obey the ‘t foolt anomaly conditions with respect to the unbroken chiral
aymmotrivs [(58). This remark implies that the multiplets of massless
termions ue found in section 5.4 indeed satisfy "t Hoott’s conditions.
Sccond, | will argue that ue can coavert the massless elementary
fermions we found in section 5.4 nto massless composite fermions.

The prouf ot the first claim i3 very easy. Recall that in our
exumples of aection 5. the final global symmetry gengrators G® were
obtained by forming linear combinations af gauge-invariant global
symmeiry charges Q® and global gauge charges Gy ®. w8 in egs. (5.33),
t5.35). The charges U* were constructed to leave the dynamically

penerated macs terms invariamt. In this genpere) contaxt. let us compute
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the anomaly of the massless fermions with respect to three @* currents.
The calculntion 15 indicated schematicslly in Fig. 16. Bince the
dynamical mags terms respect the sharges G, the fermions which acquire
mass must appesr in pairs of complex-conjugate representstions of the
symmetry qroup generated by the §*, Equation (5.11) implies thut emch
pair of represeniations gives two equal and oppusitz contributions tao
the anomaly of three §® currents. Hence the sua over masslesy ¥ermionn
may be replaced by a sum over a)l of the original fermionz. Now um oBR
expand

=g+ Qe 4 6.7
the result of this expansion i indicated in the second line of §ig. 16,
The secand tarm on this {ine is proportiong]l to the trace of s gauge
group generator Q% y; and therefore vanish.s. The third term vanishes
if all of the global symmetries Q¥ are anomaly-free with regpect to the
strong gavge Interactions. The fourth term is the ancmaly of three
gauge currents, which must vanish by the considerations of section 5.2.
What remaina is the first term, wuhich iz preciaely the left-hand side of
(6.1). Thug, ’t Hooft’s condition is automatically satisfied.

1 uill now argue that the svliiplels of masslens composite fermionn
described in seotion 6.3 snd the multiplets of massless ferwions from
section 5.4, which satisfy (6.1) by virtue of this argument, sre closely
related. To see that relation, we should thipk about the competition
tatueen chiral symmetry breaking and confinement in this clwes of gaupe
models. In the analysis of section 5.4, ue igynored the effects of
confinement completely. He found that our simple picture of the
dynamics gave @ vecuum sxpectation value to a fermion bilincar

$0; = (Byq,, j¥p° €6.31)

v |
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Such a vacuum expectation value dould spontanegusly tresk the gouge
symaetry. Let us noW congider the opposite situation, by assuming that
cond inement is the dopinant effect. Then the vacuum must be looRlly a
color singlet. #P; cennot soquire & vacuum expectation values 1t merely
creates a light fermion pair. In any local region of space-time. the
vacuum contains pairs of pairg with cancetling colar quantum numhera,
Pairs of the structure (#Y;#Y7y) would bresk no global or local
symmetries.

In such 3 confining theory, a single elementary fermion ¥oo,i could
not be an asymptotic State. Homever, one could convert it to an
asymptolic state by contracting it on its color index mith o Vight pair
5. Since 495 is 2 sinplet under %, thas contraction does not ohange
the & quantum numbers of tho ortginal fermion. The sontracted state,
houever. i3 2 color Sinplet: ue may evaluate * e quantum numbers cf this
state by replacing 84 by Q®. In generai, we nr  convert a!l of the
elementary fermions ta color oinglets by contracting them with 1ight
pairs; the resulting compesite fermiocns will have the same quantun
numbers with respect te the Q* us the elementary termions would have
uith respect to the §? in an analysis based on XxSB through condensation
of the pairs ¥. Pairs of these composite fermioms with conjugate Qq*
quantum numbers may aecquire mass: the remaining composite fermions will,
by the argument of fig. 16, satisfy the *t Hooft anowmaly conditfons.

He have nou seen that the same conclusions sbout the unbroken global
symmetries and the content of massless fermions 1n & chiral gauge theary
may arize from Ywo different pictures of the Aynamics ~ one in which the

gauge symmetry ia broken by peir condensation and the massless fermions
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are clementary, another in which the sauge symmetry remaina exact end
contining and the massless fermions are color-zinglet componites.
Fradkin and Shenker [59) huve given examples of Jattice gauge theories
with elementary Higgs fietds in which one oan move continuously from s
region of the parameters of the theory in whioh the gauge symmatry is
confining to one in whioh the gauge symmetry {a spontaneousiy broken,
uithout srossing through s phase transition point or changing the
qualitative behavior of gauge-invuriont ghsarvabhies. The analysis we
have just given implfes that this is possible also in ceses uhere the
Higgs Tigld 15 a Fermion bilinear. Vimopovios, Raby, und Suaskind refer
to this property as "oomplesentarity.”

One should remembe, though, that a chiral gauge theory of massless
fermions i & unique theory, with no adjustable parameter except for a
mass scale. Thue, even if we do not know whether the theory prefers cone
ar tho other of the pietures just described, the theory presumably
knows, and falleus its prefercnce. Thias preiarsnee should reflect the
ansuer to the general quastion of whether confinement or chiral symmetry
breaking 15 a stronger effect in gauge theories uith fermions. Perhaps
the considerations of this section nill suggest a woy ta Answer this
question,

Before moving aon to my next topic, I should nete parenthetically that
the solutions ta the ’t Hooft conditions found by Dimopoules. Raby. end
Susskind have been gensralized by Banks. Yankielowicz, Schuimmer. and
fars [60,61] through & bBegutitul construction involving graded Lie
algebras. Those readers who have not vet been exhausted by group theory

should certainly consull these papers.



Chapter 7.

%38 IN SUPERSYMHMETRIC THEURIES

71 IHIRADMIETION AHD ORIENTATION

In this section, | would like ta indicate how the physics we have
discussed so for fgeneralyzes to gauge theories With supersymmetry — 8
symmeiry which interchanges bosonic and fermionic states.

Supersymmetric fivld theories have vecome a topic of intense interest in
the past few years; rovieus of tneir general structure have been given
in 162,63]. Houever, most of what we know about these theories applies
only to the region of weak coupling. The behavior of supersyvmmetric
gauge theories in the strong-coupling regime is not yet undersiood even
qualitatively. The problem of houw the_o the>ries behave 19 an important
ane — important, 1 feel, not only to those primarily interested in the
study of supers mmetry hut alse to taose more generully .nterested in
the problem of the realizalion uf chiral symmetries.

AL first sight, supersymmetric gauge t:cories do not Jlook at all
uausual: they are, ta ull appearances, ordinary gauge theories of
fermions cupplemented by the addition of a feWw innocuous elementary
bosens. 0On the other hand, the supersymmetry of these theories provides
extremely pouerfiul consirainis on their dynamics. 1 weuld like, then,
to suamarize what is known about the strong-coupling behavior of these
Ltheories and to attempt to recencile (hat with the intuitive picture of

%S8 we have been developing.

- 72 -
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The central elemeni 1n this discussion Mill be a remarkable result
proved recently by Witten [641:  In supersymmetric gouge thesries
containing fermions sn a real representation of the gauge group,
supersymme try cannot be spontangously broken. This result ig not at alf
strarghticrward, and, when combined with tke Ward identitics of
supersymmetry, 1t yrelds some unusuyal conseduences. Witten proved thig
result by developing a novel intuitive vescription of supersymmetry. In
the remainder of sectran Y.1, 1 will introduce supersynmetry through
Witten’s description and explain the general logic of his grogf. 1In
section 7.2, I wili briefly review the structu. e of supersymmetric gauge
theuries and explain why Hitten’s result is counter-intuitive. In
section 7.3, [ Will show that, nevertheless, it is true. Section 7.4
Wwill ihen present a set of possibilities for the behavior of
supersymmetric gaune theories; I wnvite the reader to puzzle out which
choice is correct.

We should first ask what, mare precisely, is supersymmetry. A theory
is supersymmetric if it has a conterved charge Qa which converts bosong
to fermions and vice versa. If Q is taken to transform as an L-fermion,
q' transforms as an R-fermion, and the guantity

(gaa’ - aty,qq) (7.1
then tr:ins or s 85 a spin~-1 object, with ne scalar piece. Heverthcless
(7.1) is conserved charge, which, further, can vanish only if Q iteelf
vanishes. This would be highly unusual uniess (7.1) is preportional to
pM = {H,P), the pnergy-ccamentum 4-vector. In fact, any other choice may
be seen to forbid nontrivial scattering (65). Thus, we can form a
Hermitian linear combipation of §. wnd ¥y, which I Will also cail Q.

which satisfies
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Qt = n 7.2
on the subspace B = 0. Remarkably, many intaresting Remiltonisns may be
represented in this form. Equation (7.2) implies that & s non-
negative. Further, the fact that ¥ oan be represented am the square of
G implies that the eigenstates af { appear in bosen-{ernien pwirs:
ajby = ajé> a4 = ajw nith 2z 7.9
This pairing of eigenstates Nolds even in a finste volume where the
spectrum of # s discrete, as lang as the boundary condisions respect
the conservation of Q. {(Periodio houndary canditiong have this
property.) The only exceptions to this pairing are the states
annihilated by J: these msy be srbitrary in aumber, [n general. then,
the spectrum of H, in  finite volume, has the form shoun in fig. 17.
He say that supersym. + iz unbroken if the ground state |n> of W is
annihilated by Qs
Qjnr = 0 (7.4)
Since W 15 non=negative, any skate which satisfies (7.4) wil) be the
ground state: thus supersymmetry is unbroken if there exists any state
@hich satistiam (7.4). Further, if, in any finite volume, there exists
a state |i> annihilated by @, t.ere wiil alse be such a state ¥n the
infinite valume limit. ihus, 1t suffjces to examine the ppestrum of H
in a finite volume to shou that supersymmeiry is not spontancousiy
broken; this is onw respect in which supersymmetry differs from an
ardinary global symmetry.
If H depends on 2 paramcler g, wa might think about the spccirum of o
as g function of g. As g is changed vontinuonsly, the energy levels

mave continuously. But if H{g) {o supersvmmetric for eny g, the cnergy
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Tevel)n with encroy £ 3 0 must be paired. Thus, Zero sigensiatesy can
soue auay from zere only A puira. This msans that eif Naattitonions
H(g) uhich can be reached frea ¢ e anothar by ocontinuous deformstion
have the seme vatue of the follosing quantily, oalled Hitten’s index:
ted-1)1F = (number of hosanit Zero-pnergy aiates)

- (number of fermionic yaro-sngrgy Statesd £7.5)
But if Tr(-1)F g 0, a zerc-energy siate exists snd supersymmetry is
unbiraken. The strategy of ditten’s prost (s to star?® from an
intergsting Homiltonian #H{g) snd adjust g (which may be. for exasmple,
the coupling constant or a partiole mags) to & value which eakes 1t easy
to prove that Tr(-DF 4 0.

T should itlustrate this stretegy ag it applies to o particularly
simple exampie of @ supersymmetric theory = supers'mmetrio quantum
mechanics [66]. Let um define

1
ho= — (pel+diqrel)
vz 17.8)
uhere q.p are ¢oordinote and momentum variablas end ¢',v2are the Pauli
matriges. Then

¥ 1 VoW
Qf =l|=[-n‘+~ (H(q))l+-—s"]
2 2 2ldg

7.1
This Bamilionsan describes » guenteo-mechoanical particle with ppin
interactiny with sn externn) potential ¥iq: = 1v2 W¥(q) end an axternel
magasti~ ficld. A typical form #or Wlg), and the corresponding
potential viq), is shown in frg. 18. OBy analogy to the higher-
dimengional case. [ will cal! spin-up states fermeniz sud ¢ wn-doun

states bosonic.

Hear a zors ot Wq)
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Wig) = wlig-gqg) (7.3}
and the polential takes ihe {oem of @ harmonic oscyfiator., 11 the
noniingar terms in W{4) are small, We can find the spoctrum of states
near gp by diagonalizing the harmonic vscillator Hamiltentan:

Moz 1v2 p2 + /2 wl (g-g9g1% ¢ 1/2 wa? (7.9}
The eigenvalues af H wn (7.9} have the form

£En 3 nlul t7.10)
where n begins with @ or 1, depending on the spin. The spectra for
& » 0 and @ €0 are shown in fia. 19, If we treat each zero of W in the
harmonic gpproximation, there is one zero-energy state associated with
sach sueh zero: it 15 bosonic or fermionic according Lo the sign of w.
Thus the difterence in ihe number of bosonic and fermionic zero-eneryy
states is predicled to be:

Tri-1F = (hunber of zeros of H with w > D)

- {number of zeros nd W with w ¢ )

1 it U )Das g+ H{Dasqw-w

Ll

B 1f U >»0or# <D for buth g +
-1 if WL Das 3 *w W>Dasg - o-e . . (7.0
In this simpie example, we can also soive the scuation G = 0§

directly. Sincgae

- & Wig)
-1 g

~— = fin)
dq (712>

Q¥ = 0 if and only if
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] [
vigr = axp[—] dx u(:)) { } {bosinrc state)
1] 1

or

. a ,
vig) = pxp[+[ ax u(xl} [ ] (fermtarse statel
] G

In gengral. oaly one of these states will be a normaltizable wave

(7.1

function: ihe condition that the bpsonic or fermion state of (1.13) is
normaiizable 15 precisely the condition given in (?.°1) for Tr¢-12F = 1
or -1, The conglusion of (7.11) ig therefare exact, providing a first
check on Hitten’s formalism. Thts example also provides at least an

1dea of what perturbations of H constitute continuaus deformations to

which Witten’s anmalysis apply. 1§ Wlg! = Ag?, we can chenye A or add &
g% terrm dithout changing Tr(-13F. However, if we thange the psyoptaotic
behavior of W by adding a term Bg®, se bring in a ned zero from w; this

must be a $ingular perturbation.

7.2 SUPERSYMMETRIC THEORIESY JH FOUR DIMENSIGNS

How that we have some ides of the general structure of supersymmetric
thearies, it is time that Le surveyed in more detail the atructure of
supersympnetrie theories in four dimensions [62,63). To establish

notatien, let we Mrite the Dirac matrices ip the form:

gt
v = [—h. —_—
gh (7.14}

as we did in (2.4). Then we can write the algebra of Qg and Qg3 = @y

as toliows:

{2a. e}

{Qa. o} = {Gn.0a} = 0 (7.15)

3

2(E8) yaPy
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Then
1
qQ = — (Qu+Qy) for asnp=1lor 2
2 (7.16)
satisties
a? = (7.17)

on the subspace P = o
It is possible to represent the algebra (7,15) by the following
action an a multiplet of fields (A, ¥a., F}, where A and F are complex

scalar fields, and ¥q 1S an t-fermion:

[Ga.A) = Ya [8n.Al = 0
{Qa:*o} = €apf {ﬁ-nnh;} = *2‘i(a“)nnbuﬂ
[Qa.F] = 0 (dn.F] = -2ila®)and,¥p 7.18)

Equation (7.18) involves anticommutators between pairs of fermionie
operatars. You may check that [7,18) implies that

{Qa.Qn} = 2i (6% )yedy €7.19)
acting on A, ¥, F. I wili refer to a set of fields such as (A, ¥.T}
mixed by the supersymmelry algebra as a supermultiplet.

For a theory with several supermuitiplets, the foliowing Lagrangian

ts invarient under the iransformations (7.18):

Loz ¥irdovs + At aua, + FF;

1 2TV (A) avia)
- [ — €"Pyq gy ——— + F + h.c.]

2 BA AR 25

(7.200
({The indices i,j are to be summed over all the supermultiplets of the
theery,) V(A) i5 an arbitrary tunction of the A;; it must be cubic or
louwer if the theory is to be renormalizable. F; is just a Lagrange

multiplyer; it may be integrated away. This (heory has one complex
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bhasen for each chirat {ermicn and constraints betueen btogon and termion
verticen, but it is otherwise fairly arbitrary in form.

1f the system (7.20) possesses a global symmetry. it may bde goupled
supersymmetrically te the gauge bosons A%, of this symmetry group. The
gauge field belengs to u supermultiplet (A®,.3%.D*), uhere X ip an L-
fermion and D is a real scalar field; all three fields belong to the
adjoint representation of the gauge group. To couple this multiplet to
£7.20), change-bu to Oy = (2y-ighAn-t} in that Lagrangian and add the set
pt couplings

L1 = gle®AY shg-t¥p; + h.c.) + gtalitea;dpe (7.2%)
and the kinetic terms for the gauge fields
1 . 1
Lg = = — (F2)02 + Aifd + ~ (0?32
4 2 t7.22)
(A.X,D) have rather complicated transformation laws, but the
supersymmetry transformations of gauge-invariant caombinationa at (A,¥,.f)
are not changed by the gauging.

14 ¥(A) = 0, ithe Lagrangian composed ol the suw of 17.20), (7.21),
and (7.22) has a set of global symmetries which straightforwardly
generalize the symmetries (2.15). 1f this Lagrangisn contains ny matter
supermul tiplets (A,¥,F) transforming under the gauge group according to
u representation r, the Lagrangian formally has the full Ulng) global
flavor symmetry. 1%t also has, formally, a V(1) symmetry of phase
transfoermations on the fermions:

A0 o ewplifla® ¥; » expliBl¥; (7.2
eiten calted R-ipvariance. The anomaly remeves one U(1) symmetry from
this set of symmetrics: the global symmetry of the medel is therefore

G = [l vinga
r (7.24)
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it the mutter myltipiets form complex-conjugate pairs, 1t 15 possible to
break same af these chiral symmetries softly by adding 8 mass term

1 Ne
viay = - § 3 m AcjAs
2 pairs 3=1
r. (7.28)
The pntential 1n (7.25) gives equal masses m. to the bosons and fermions
belonging to r.
In this latter class of theories, an application of supersymmetry
leads :o a rather unusual identity [67,68]. Consider the anticommutator
{0asAr-Yep} = ¥ra-¥ip + caphe-Fi (7.26}
If su ersymmetry is nol spontaneously broken, Qz|f> = 0 and the vacuum

expee tation value »° (7.26) takes the form:

0 = ) ¥ra-Viall) + eqgeRfA-Felny (7.273
The first term on the left-hand si1de - zqual to 1,2 cqn(WLva); thus

1

= <nf¥vrlar = - R]Ar-FRlD

2 (7.28)

He ever, if V(AY? = 0, F# = D by i%ts equation nf motion, and therefore
%vr = 0. I we try to perform this analysis more carefully by adding a
srall mass tern (7.25) and then sending m. = 0, we find Fp = mAT,, so
that

1

- <3L‘!‘R) = -rn([A.-|z>

2 (7.29)

ane can check that, if the dynamical parts of boson and fermion masses
E{p) have the behaviar (3,302, the left- and right-hand sides of (7.29}
contain equal ultravialet-divergent contributiens proportional to m and
are stherwise not uitravialet-sensitive. He seem to find, then. that

{¥¥> =~ 0 as m is taken to zero, as a consequence of manitfest

supersymmetry.
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The authers who discovered this Ward sdentity - Dimopoulos and
Raby {67] and Dvne. Fischler, and Srednicki [68] ~ used it to argue, nct
implausibly, that supersymmetry must be broken in this class of
theories, since @ nonZero vacuum expectation value for ¥¥ would follow
irom the (presumably} well-understood dy-amics we have studied in the
past few sections. Thus, it was gquite surprising that Witten could
prove that supersymmetry is not broken.

I should note. hewever. that it is nat unreasonable that ¢|A.|%>
might be singular as m*' as m 1s taken to zero. We have already seen
that the propagater ot a related equation has this property:#

This singular behavior is just what we found in prg. (2.38) for the
modified Klein-Gordon propagation (2.36). One can plausibly argue that
the extra (g:F) term in (2.36)’a;d the extra coupling terms for A. in
(7.21) are similar, at Ieast;{n that both have the effect of cancelling
the additive mass renormalr;'z'atiun normally present for scalar bosons,

F

I should, finally. refark that there is no corresponding conceptual
!
barrier which forbids the pair condensation of the fermions X:

[
(Eank'qhan> = # (7.30)

Nilles [69] and ¥eneéztano and Yankielowicz [70) have argued in detail
Il

that (7.30) cap’bn embedded in a supersymmetri¢ cifective description of

r

supersymmetric Yang-Mills theory.

#1 am grateful to Giorgio Pa-isi for calling eq. (2.33) to my attention
in this context.
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7.3 MLIIEW’S INOEX EDR SYPERSYMHMETRIC SAUGE JHEORIES

Nou that we have surveyved a bit of the steucture of supersyametric
gavge theories, ue should return to Hitten’s analygis and compute the
index Tr(-12F for thesv theories. Py discussron Wil present the basio
lines of this computation, but 1 uill not enter into ils aany
subtletves, ¥ strongly recommand Yo anyone tompted by thiz discussion
to study the original paper [64).

Let us begin by considering the pure gauge theories (7.22), without
matter fields (A, ¥.F). The easiest case 38 cupersymmetric QED, the U(D)
gauge theory; this is actunlty @ free theory containing » photon and a
neutral fermion A. Let us gquantize this theory in A? = 0 gauge, in =
finite volume with periodic boundary conditions, and ptudy the specirum
af gruge-invariant stateu.

What are the zero-sncrgy vipenstates of H? Any stpte containing
photans ar [vrmions of linite momentum hag enargy 2ansl, Where n ic
pesitive integer and L 19 the siae of the bex. We magy therefore
toncentrate on states conlnining only particies of zerc momentum. HNote

that the aero-momentum component of R cannot be gauged away, sinte the

quantity

up[ingx-a] ;

defwined on a closed path P which uraps around the periodically connected

(1.31)

volume. 13 gauge favariant, Muwever. each zampanent of X may be changed

hy (2urgL) without affe.ting (7.31). The action for the zero-momentua

modes is given by

o - oo e

(7.32)
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The torresponding Hamiltonian is

1
B=— (ll.)’
2.9 (7.3

shere 1y is the conjugete momentum ta Xy, 14 we inaist that the wave
function ¥(Aq) is periodic with periodicity (2w/gL), thare s a unique

zero—energy state |¥o) of the gauge fields; the next states hove energy

HR o

To enumerate all the zero eneryy states of B, we mupt conaider sdding
zero momentum fermions to this gauge-field state. There ars, in all,

faur zerc-energy states:

Jta> o atyved o ANty . ateatu)te
(7.35)

where the operatars &' croats zero-momentum fermions A. Apparently,
Tr(-13F = g, But all iz not lost. The theory has a symmetry of ocharge
conjugation

Ay ~ ~Ap A=) . (7.38)
The supersymmetry charge G i3 even under ¢, 6¢ finite energy states must
be paired separately in the ¢ 2 +1 and € = -1 seotors. Thus, & nonzero
index in either sector indicates that supersyometry is not broken. The
catalogue (7.35) wmplies:

Tric=espl=13F 2 @2 Tr(ez-11{=1)F 2 -2 (1.3N
so0 supersymmeiry cannot be spontaneouzly broken.

Rou add maller fiolds to this theory. Let us sdd L-fermions ¥ ina

pairs (¥,,.%_ ) of opposite wlectric charge, so that they pair to Oirae
fermions and can be given Targe masses. If the musses are added

supersymmetrically, using a potentianl af the form (7.28), the

T i b
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correspanding basons A, ,A. receive the some large masses, Thege massive
particles contribute no now 2ero-energy states. The dynamics are sir!!?
invariant to charge conjugatian if (7.36) is supplemented by:

Yo = Y. A, = A,

L S 7 A = A, 072.38)
g6 the counting of zero-energy stales is unchanged from (7.37) gnd
supersymmetry cannot be broken. One mighi now tune the motier lield
masses continuously to zera. The indices should still be unchanged from
17.37), so that this chirally-symmelric theory has no supersymmetry

. breaking.

This argument may be penernlized to non-Abelian gauze theories. Let

. us cansider first the purc supersymmetric gauge theory. He are
permitted to tunc the coupling Gonstant g so that g is small st all
length scales up to the aize L of the box. The fermions A are then

‘ ueakly coupled to the gauge fields. In this situation, we may anulyze
the zero-energy states of tha pure gauge system first, then censider
adding the fermions. As in ths Abelian case, we need only congider

zero~momeniun components of X. Each component of X; may be gauge-
transtormed to the form

BoPog® = pioye £7.39)
uhere {tc} is a set of mutuaily commuting generators of the gsuge group,
(The index ¢ takes the values ¢ = 1,...,r, uhere r is the renk of the
geuge group; r = (N-1) for SUCN).) The various vector components of X-t

must all be mutually commuting; otherwise ne would fing

Fi3-¢ = -ig[A%-¢,A}t) g 0 (7.40)

——— i ——
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so that this A field would produce B nonzero magnelic !ield and thus a
nonzero energy. The componculs Rgi® zre defined only modulo (Zusgl);
turther, the transformations A’ + -Aq’° and permutations of the
tndices o are eloments of the gauge group. We must construct a state
invariant to all of these transformations. The Memiltonian on the space
of vartables Ag'* is:
1

H = — (Hgie)

43 2,412
where the No'c are the conjugate momenta. This has & unique ground
state |75 with the required symmetry and wn energy gap of magnitude
€7.34) to the first excited state.

We can create 3 zero~energy state with fermions from |¥o> only by
placing fermions A into the zero-energy {fermion modes in the background
field X.¢t, For fields of the form (7.33), these mudes have the form

At T Qo®t® (7.42)
There are 2r such modes. To form gauge-invariant states, however, ne
must populate these modes in such m uay as to respect the subgroup of
gauge transformations which act on the components A°. Certainly ue must
ingigst that a geuge-invariant state is invariant to

Apde = -ppie Ae€ + =Ng (7. 42
and to permutations ot the indices . 0One way to construot such states
is to dufine the gauge-ifAvariant opersztor

r

U= 2 afc,“la&

c=1 (7.49)
uhers the a' are fermion creation cperators. as §p (7.35). Then ua can

form the zero-energy atates

0> . vi®d . wEee L ..., ViR 2.45)
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This series of states terminates because U™*Y = 0. It is plausible that
U is the only gauge-invariant operator which creates zero-energy
termions; Witten argues out this point in more detail, A} of the
stotes indicated in (7,45) are bosonic; hence

tr(-00F = ¢ + 1

N for SUILH) gauge theories {7,496)
As in the Abelian case, we can add massive fermions and bosons in
conjugate representations (r+f) without disturbing this counting. Then
uwe con smoothly increase g and decrease m until m (C L"Y ¢{ A, uhere A
is the momentum scale at which g becomes strong. This process also
preserves (7.46) and Tpaves us with the conclugsion that supersymmetry is
not spoptancously broken in this class of theories.

It i5 not known whether this argumenit generalizes to supersymmetric
chiral gauvge theories. Hilles [69] has presented exampies of such
thearies in uhich condensates such as we discussed in section 5 can
appear Hithout endangering supersymmetry. But perhaps other iheories of
this type may allow dynamicnl gupersymmetry breaking. 1 wil) sav o bit

more on ~his point at the end af ine next section,

7.4 JAL_QuALTT hj HAVIOR OFf SUPERSYMMETR Al THEORIFS

How that ue have established one definite property of the zero mass
Vimit of supersymmetric gauge theories, it is appropriate to combine
thrs property with intuition and specutation to map out a coherent
micture of the behavior of these theories. Unfortunately, 1 do not know
encugh about the behavior of the theories to be able to present vou with

a uniquely compelling picture. 1 therefore choose te indicate the range
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of possibilities still available by presenting tuo very different
scenarios. The first is rather perverse, but has a taste of
plausibility. The gecond is more conservative. but stitl has a number
of unusual features.

The tuo scenarios are distinoguished., first of ail1, by their
assumptions about whether the state in which chiral symmetry is broken
by ¢ondensates while the gauge symmetry remains unbroken is a
supersymmetric state. Let us assume first that it is not, perhaps
because (|A,{1> in (7.29) s nonsingular ir. the limit m =~ 9. This
possibility is nat excluded by Witten’s theorem, as Witten himsetf in
careful to point out [64). The theorem does imply, however, that there
must be a supersymmetric stote somewhere in the space of states. perhaps
at a point where some scalar field has a large vacuum expectation valuye,
That vacuum expectation value might, in faci. meve to infinity as m + O
But, wherever this state may be located., if it is annthilated by the Qa
it 15 necessarily the ground state. 1t is possible, then, that the
basons we added to make the theory supersymmetric acquire large vacuum
expectation values and completely change the qualitative physics of the
systems.

The plausibylity of besons acquiring large vacuum expectotion values
is emphasized by examination of the scalar field potential wkich fallous
from the Lagrangian (7.21), (7.22). tf ue eliminate the Lbgronge
muttipliers 02, we find

g? 2
via) = — 1§ Act3.A,
?

Py t7.47)
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This patential i5 obviously nun-negative, but one can find a sizable
spate on which it is zero. (I will demonstrate this explicitly in &
moment.] The form of the vacuum emergy on this space is determined
entirely by nonperturbative effects, and everythirg depends on what
specifically one assumes ebout these effects. As an extreme example,
Srednicki [71] has suggested that the picture of [&7,68]. in uhich
chiral gymmetry breaking causes spontaneous supersymmetry breaking, can
be saved from Mitten’s theorem by assuming a potential of the form of
fig. 20a. For any finite m. there is a zera af the vacuum energy at a
finite value of the expectation value of some field #, separated from
the state uhere <($#> = D by a potential barrier. As m + D, the barrier
becomes arbitrarily higher and the supersymmetric state., though it
exists in principle, becomes inaccessible.

1 prefer, for my first alternative, a scenario suggested more
directly by the form of (7.47). Let me illustrate this scenario by
considering an SUCN) gouge theory with one N and one H matter
supermultiplet. The matter #ields are paired, as Witten’s argument

=equired. Consider a state in uhich the two boson fields take the

vacuum expectation values:

|

[~ =]
s OO aa

{An» = C . (AR = ¢

i (7.48)
where € is some constant with the dimensions of mass. Since

tag = -0tV (7.49%)
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the potential (7.471, eveluated with the field values (7.48), vanishes
for any €. It 35 known that this property of the vanishing of the
potential persists to all orders 1n perturbation theory in a
supersymmetric thzory if it is present at the classical level [72].
Thus, the vacuwum enmergy as a functren of € is given entirely by
nonperturbative contributions. 1§ € is large, 1 would expect these
contributions to be small, of the form

yic) o od expl-(Brg2(c))] (7.50)
where A,B are numerical constants and g2(C) is the scale dependent gaudge
coupling. This suggests a potential of the form of fig. 20b, a slouly
decreasing potential with its minimum at € = o (for &= = Q).

The vacuum expectation values (7.48) break the gauge symmetry SU(N)
to SU(N-1). The gauge besons cerresponding to broken symmetry
directions acquire mass and so do their fermignic partners; most of the
light degrees of freedom in the matter multiplets are suallouwed up in
the process. Indeed, the only particles which do not acquire masses of
order C are the SU{N-1) gauge bosons anJ fermions and u bosan-fermion
pair which is peutral under SUCN-1). The massive particles, and the
neutral ones, decouple from low-energy physics, so the theory amppears &t
energies much Tess than C to be n supersymmetric gauge theory without
matter fields. This scenario generalizes to accommodate arbitrary
numbers of (N+R), or (r+r), supermultiplets: Either by eliminating all
light charged matter fields or by reducing the gauge group to & product
of U{1) facters, one can remove the possibility of strongly-couplted
matter supermultiplets by allowing some of their boson fields to acquire

large vacuum expectation vélues.
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The second scenario | will present involves the more conservative
{and, I believe, more likely) assumption that chiral symmetry breaking
can proceed without violating supersymmetry. 1In this case it is natural
to assume a supersymmetric generalization of the symmetric breaking
pattern described in seotion 5.2: A model containing n pairs of r+r
matter multiplets, which aceording te (7.24) has the chiral svametry
Yln) X Y(n), should spontaneously break this symmetry:

Jin) x uvln} = Uln) {7.51)
This breaking pattern yields n? Gpldstone bosons: supersymmetry requires
that these be accompanied by n? massless fermions.

Closer examinaticn, houwever, shows that supersymmetry constrains this
system even more powerfully. To expla,~ this, I must anticipate some
results which will be presented ip detail in section 9. I will argue
there that the low-energy dynamics of the Goeldstone bosons resulting
from the spantanecus symmetry-breaking G » H is described by & nonlinear
Lagrangign built from a field whese value is a point in the coset space
G/H. 2Zumino has shoun that such Lagrangians can be made suvpersymmetric
only if the space of values of the field is a Kihler manifold, o complex
manifold satisfying certain additional restrictions [73]., The symmetry-
breaking pattern {(7.51}), however, yields

G Ulny x Uln]

; uin) (7.52)
This is not a complex manifold; indeed, (7.52) does not generally have
an even number af real dimensions, the minimal requirement for & complex
parameterization. The only way to make the patterp [7.5)) consistent
with supersymmetry is, then, to enlarge the space of massless particles.

This requirement has g natural physical interpretation: One can form



fram the matter particlies tuo.different tyvpes of fight pseudoscalar
mesons, with the quantum numbers of

ArsAr; and  Veivrj . (7.5%
These would be the Goldstone bosons of chiral symmetry breaking in a
theory with only busuns'nr only fermions, respeotively. A given brokan
chiral current creates rpe linear combination of these stetes; this is
the true Goldstorie boson, However, the other linear combinatian should
also be light, und supersymmetry could well require it to be massless.
in any event, ane can show that {7.52) ig a submanifold of

uezn?

uin) x;uﬁ (1.54)
which is a Kahler manifold¥®. Equation (7.54) has 2n? coordinates,
so it can accommodate all of the states {7.51); these 2n? coordinantes
torm, appropriately, tuwe adjoint representations of H = U(n). It is
therefore likely that supersymmetric gauge thearies with matter
muitiplets and chiral symmetry breaking according to (7.51) would have
2n! massless besons and their fermianic partners — tuice as many paira
as a naive argument would suggest.

I cannot resist adding one more speculative ingredient te this
picture. Recently, Ong [74] and Bagger and Mitten (75) have showun that
when supecsymaetric nonlinear Lagrangians whose {ields take values in a
compact cpset space are coupled to gauge ficlds corresponding to broken
symmetey generators, these Lagrangians show spontaneous supersymmetry
breaking at the classical level. This indicates to me that strongly-

interacting supersymmeiric gauge theories nhose broken chiral symmetries

%1 am grateful to 1. M. Singer for showing me how to do this.
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are coupled to gdditional gauge bosony should also shos supersymmetry
breaking. If the additiona! sauge busons could be coupled in such & uay
that the matter €ields belenged to a res) repretentation of the tol)
gauge group, such asupersymmetry breaking weuld vielate Witten’s theorem.
Howevar, { will argue in section 8.2 that in this case the additional
gauqe symmetry cqaligns itself (in o sense 1 Wil make precise therel to
remain unbroken. TYhe more general situation:s {n which the additionatl
gauge synmeiry iz coupled chirally, seems then an sifractive cendidute

for g systam with dynamical supersymmetry brasking.

. v,



Chapler 3.

GOLDSTONE BOSONS AHD YAEUUM ALJIGHMENT

8.1 u STONE BOROM

In atl of the previous segtivons, we have been primarily interested in
gauge thegries wi*h exact chiral zymastries. The wain thrust of the
discussion bas been to find the physios which determines thy patiern of
chiral! symnetry breaking and to sompute what that pattern should be.
How I would like te change my emphaxis s)ightly, to study = different,
but ¢losely related. problem. In the real world (such os ue sae it)
strong interaction theories do not otour in iznlation. The fermions
which have strang interactions aise have deak tnd electramagnetie
interactions: they also have masus ysnerated by small chiral sysmetey
breaking perturbations. It is then sppropriate to pose the follouing
guesiion: Given o pattern of %88 for » cseriain gauge system, how is
thiz system affected by the pregonce of & sdar) symmetry-bresking
perturbation? Most of the physics I will discuss in relation to this
question was discovered in the 196073 ond '8 tortained biready in
(3,4,51: 1 wili. homever. use a more modern ianguage and an enphusis
which reflects the recent applicalfon of thise ideus to weak-interzotion
theory [75.77,78,79).

One usually thinks of saal) perturbations as having only a saall
effect on the overall structure of a theory. Thiz is emphatically not

true for systems with chirol syometry bresking., Syatems with exuct

- 9] -

o ——
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chiral symmetries generally leave a large vacuum degencracy end a number
of massless Goldstone bosons. Important gualitative conclusions about
the behavior of these systems depend on how the degenersey of vacuum
states is broken and whut smal! masses these bosons eventually acquire
as the result of symmetry breaking perturbations., It is these issues
that I uish to address.

As n preface to this study, however, 1% will be useful to survey
again the symmetry-breaking patterns ue have found in previous sections,
at least for fermions in real representations of the gauge group, in
order ta make clear the presence of degenerate vacuum states and to
count Goldslone besons, In the process, 1 will introduce some potation
uhich u1ll be useful in our diseussion of the g¢ffects of explicit
symmetry breaking.

Far a gauge theory containing n multiplets at termians to paired
complex representatieons (r+r) af the gauge group, the chiral symmetry is
G = SUWin) x sUln) X LDY1)., 1n our previous digrission, we assumed thet
all fermions acquire equal dynamical masses. The fermions. then,
acquired a mass term

Py ivg PIET; - hle ts. 1)
where a is a color index, i,] are flavor indices of SU(n)y and SU(n)g,
respectively. and

E‘j = Zﬁij (3.2)
The candensate (8.2) is prescrved by a subgroup H = SU(n) % UCT) of G,

Because G 15 an exact symmetry of this theury, however, e &re
required to consider a larger class of possible condensates. Any

condensate uhich can be transformed to the form (8.2) by a
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transformation in G must be cnergetically equivalent to (8.2), The
class of such I’s parameterizes a manifold of degenerate vacuum states.
We can construct this class of I3 explicitly by subjecting (8.1) to a
general SU(n) x SU(n) X UC1} transformation:

Vaai * YasklVIkjeid ¥*ip » e 38V ) Vgt (8.3)
where ¥, ¥/ are SU(n) transformations. This gives a mass term of the
same form, but with

Th; = tvigwr ki = (uipe (8.4)
Apparentiy, the manifold of degenerate vacua is 1somorphic to Su(n).

In general, if a theory with a global symmetry G possesses & vacuum
state ]!u) which respects only a subgroup H of G, the sction of G on
this state generates a manifold of degenerate vacua. Any given state in
this manifold is unchanged by a group of transformations isomurphic to
H. Hence the set of degenerate vacua 75 1somorphic to the coset space
G/H. For the case uwe considered abave

G 5Uln) % SU(n) x Ul

- = = suln)
H sUCn) X Uc¢1) (8.5)

Which checks our conclusion from (2.4). Transformations in G/H
correspond to directions ol variptien ef I in swhich the eftective action
is level at its minimum. Quantizing the excitatians nlong these
directions progduces zero mass particles — Goldstone bosans -~ opne for
each orthogonal direction in G/H.

Let me introduce seme notat:'on te describe this situation. label the
generata~s af G as {G,}. the generntors of H (a subset of the G} as
{Ti}, and .ne orthogonal generators of 6, the generaters of &/H., as

{%z}. Throughout sections 8 and 9. 1 will use indices a.b.c ta denote
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6’5, 5,5,k to denpte T¢s, and x.y.2 to denole X’s. HormaliZe these
generators to

TrB.8p = 5ab [3.6)
To each gencrater of 6 corresponds o symmeiry current

Bralx) £ Burke vy (n) D
Y »il) »isp ust 6,.34,%: to oenote the chorpes concirvcted from the
currents (8.7).

Let ug choose one of the degenerate vacua a8 & reference point:
denote this state by |03, With respect to this ntate., the {T;} are the
generutors of 6 which satisfy T,j0) = 0, The set of degenerste vacua
may thon be written:

expCiogXal |02} (8.8)
Goldgtone’s theorem ineists that each ourrent invelving an X3 can create
s pingle muaslese bosen my from the vacuum, Lot us urite the emplitude
for crention of u boson with momenium p am

Cmytp) | usat0) |0y & =iphi,, 3.9
fyxe 10 & sot of constants with the dimoncions of maas. For the gauge
mode! we digousced at the beginning of this seotien. the X3 span the
generators of SUln) ® N, The Xz therefore correspond to a single
irreducitile representation of d. and sywmetey ingists that f,, should be
diagonal:

tuylp)|Wg|0r = ~iphentyq (3.19)

The mass fuw appears ubiquitously in Goldstone boson dynamics.®

"My normalization oonvention fmpliet fy = 93 tlev in the femidiar strong
intersctions.
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All of the more specific resulis we have found se fur spply to the
case . which r is a complex representstion of the gauge group. What if
r is real, so that r is equiveaient to F [30,81)7 In this cess, the
system ue described esrlier way be recast as o sysiem of 2n (L-)
fe-mions belonging to r. The chira) symmetry is thus eplarped to
6 = SU(2n). To determing W, housver, even under the assumption that ad)
termions acquire equyi dynamicai maosses, it is necessary to consider tua
distinct cases. 1f v i3 equivalent to F, there axists an invartant with
two indices in r. Thiy invariant may be either aymmetric or
antisymmetric. 1 will gitferentiate these two cases by referring te r
as a strictly real gr pgeudorcal representation, respsctively.
In the case of g strictly real representation, the invariant may be
diagonalized to §°P, then the sondensats {nduced by %SB muy bw written
“Mya,ivpbi62PTH) + h.o, ts.1n
I'i must be symmetric; jor equal masses,
%5 = -84 . (8.12
We can identify B ag the subproup of unitary transformations on 1,
which preserves (8,17}: ® = 0(2n), The {Xz} ferm a singls {rreduzibie
representation of 0(2n}, the traceless symmetric tensor representatton,
s0 the matrix #,x W (8.9) reducen ag before to fg-6ya.
In the case ef 3 psevdoredl reprasentation, the tue-index invarient

may be brought to the form

]
gab = [ '
1 (8.13)

The mass term

g, ¥ E"PET) 8. 14)

requires an antisyometric Z'3; for squal maasas, one must sst
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i & T.gid {a_1%)
# eust be the group of tranaformations on i.J which preservea £; this is
the symplectic growps ¥ = SpCIn). The {Xz} Sorm the traceless
antigyameirio tonsor raprogentation of Spi2n?, so that, again
Tye ® {nbyz.  The case of complex ¢ fits naturally inside each of these
tNo coses accarding to the decompesition:

s¥{2n} 2 Suin) % suin) X V(1)
| {

0<2n) or Splind > SUInY X ULV (3.16)
All three scenarios have the property that there exists a parity
spuroter £ satistping

P = , PTiP=4+Ty , PXzg P = -Xg (8.17)
%9 that the symmetry browking respects parity. {In mathematical terms,
in ench case, G/H {a & aymmetrio space [82].) This parity invariance

will be o uswiu) oconstraint on our later analysis.

8.2 YACUUM EMERGRIICE
Let us now diseuss, n generat terms, the effect of a =mall symmetry-
breoking perturbation on the patterns of symmetry-hreaking described in

tho provious section. Ccall thig perturbation 4, and denote @ given

YacuLm stote by
[ay = oxpliag¥a’jor te.12)

Then, to Yeading order in perturbative theory, the ene-gy shift of each

of the degenerste vacua ig g9iven by:

atta) = tajanjed = <0jexpl-1agxzd(an) expiiazxl|or .19
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This expreasion generally depends on o snd breaks the degenerecy of the
vacuum states. the minimum of AE(al) obeys

2
i — &Etad = <a)ixy.auije> = 0
By t8.200

It ig useful to rearrange our roordinates go that the minimum occurs at
the gtate |D>, that is. at uy = O.

Hear the minimym, the effective action ¢urves upuard. The effect of
A4 is indicated in #ig. 21: Leve)l directions af the effwative astion,
corresponding to directions in G/H, become directions with smel) but
nonzero curvature. Since the potential has positive ourvature near
a = 0, the Goldstone hosons ucguire w wass matrix of the forms

at

Cr— —— Ela)
daydaz

n

(i3,

= -C <IJ|[X,-D(=.AH]]|IJ) ’ t'-21’
It‘s not hard to find the normalization facter £, but it is not w one-
line argument; T Will refer you to the paper of Dashen in whigh this
formula T1rst appeared [83]. The result is
1
(m2)yz = - —— <Of[Xy.(Xz.a011[0 .
ful (8.22)
In the usual sirong interactions. the moat importunt symmeiry-
breaking perturbation is the quark mass term. This perturbation gives
rise, for example, to pion wasses of the form
(mgytmy)
mpf =
ful a.20

where mu.ng sre the v snd d quark casses. §n taeories of dynamice)

breaking of the ueak inferaction symmetry, the mast important
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perturbations come irom weak and electromagnetic {(and coloer) gavge bosen
exchange. This latter situation is a8 bit more interestiing because 3t
turns inuard on itself: The weak interactions determine their own
pattern of symmetry breaking by their choice of a vacuum arieptation. I
Will devote the res: of this section to studying the physics of this
situation. This an lysis has been given in full generality only
relatively recently L/b,81.64), though 1t originated in the classic
calculation of Das, Guralnik, Mathur. Louw, and., Young of the n*-w° mmss
ditference [85].

Let me begin by defining the problem a bit mere carefully, One may
couple additional gmuge bosons to 3 theory with globai symmetry G by
promoting some subcroup G, of G to a group of local symmetries. The
gauge bosons then couple to meme subgroup of G. The spontaneous
breaking of G picks out ancther subgroup. H. In this situation, we find
that the relative alignment of these subgroups may have physical
meaning. The geom tric relation between Gy and B is sketched in
fig. 22. Gauge bosuns coupled to charges in region I will he
undisturbed and res 7in massless; gauge bosons in region IT will find
themselves coupled to broken symmetries and Will receive mass from the
Higgs mechanism. However. the overlap of G, and H is dynamically
determined: 1t depends on which of the inttially degenerate vacue |a>
is preferred by the perturbations induced by Gu exchanges. Thus, even
if these additions! gauge bosons are weakly coupled, they have @
dramatic effect on the qualitative structure of the mocel. | would like
to find a ecriterion which dotermines the preferred vacuum state, and,

thereby, the pattern of G, breaking.

To begin, let me write the G, couplings in the form
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BL = AR VIHG Y = AM UM, (a.24)
where the G, and, generally, representation motrices Wwith capital
indices, are defined to absorb normalization factors and coupling
constants. For any givea vacuum ]|0>, | can choose the generators Ti so
that Tilﬂ) = 0, then I can decompese eash Gg into T and X parts. Denote
this decamprsition by

Ga - FLlta)y t Aara, o v oA YRR o TH ) 6.0

Using this notation, we may write the perturbation due to one-gauge

boson exchange, to leading arder in &*; coupling constants. as

1
40 = - — [d%x ARV(x) TLJualx)dyat0dl
2 (B.26)

where 2BY jis the free pauge boson propagater. The expectation value of
{6.26) is the free gauge boson propagater. The expectation value of
(8.26) in the particular vacuum [0} is given by

?
SM = - = [dvx ARY(x) <DfTugalxddpatadles
z (8.27

To evaluate this, imagine decomposing Ga a3 in (8.25). In the schemes
of %S8B discussed in the previous section, the product of tuwo T/s5 or tee
X’s contains only one Invariant. This allous us to simplify products of

currents

Ol Tduidu; |0 = W By = QIpan TrlT5T;)

O] Tusdpy 03 = Cdpdxd By, = CIxdxd TriXXy) (8.281
The quantities in brackets are H-invariant amplitudes; their dependence
on 1,v has been suppresscd. To these rolations, we may add the
constraint

0} Tdpidpx|oy = 0 (8.29)
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which follpws from parity teq. [B.17))., Equatyons (3.28) and (5.29)

allow ws to sim 11ty the expectation value n (5.27) as follows:

(oiTJuAJp‘Alu) (UITJun vy It ;)ln) + <0|TJu;| mdvzon [0)

T TRUT o aa Toeasd + e Trizony~zia)d

Cdrdvr Tedlyy ap6a) + (dxdxd Yridzoa,%a)

1"

CITITY TriG,aGa) + SW0ydx = JTJ1)? TriXgzoaybal
(8.30)

The first term an the !ast line of (5.30) 1s an invariaat independent of
the vacuum orientatiun. Thus we may rewrite €3.27) as

EC0Y = Cg + 4172 Juva 8%V QOurdpr-dpxdud ) TriXg an)? (8.3
where Lg 15 independent ol the vaguum orientation. The projection of G,
to Xy a1 ¢learly depends upon the relative orventation ot 5, and H. The
expectation value of (8.26) in any other vacuum |a) 15 given by an
expression of the same form, but with Xz 4, replaced by the broken part
of Ga with respect to that vacuum. Let we note that the guautity in
brackets 15 quite plausibly posstive: The posativaty of this quantity
ve roughly the statement that the lightest particle created by Jy71 (=
vector meson} 35 ‘ighter than the lightest axial-vector meson created by
Juxi the pospt has |1 een argued out with care by Preskil! [34].

Our final resvl' 1s that the preferred vacuum 15 the one which

mnmiles

Trixz a)t (8.32)

TH1s criter.gn has «a fastructive physical 1nterpretation, Let us think

a byt abvut the phys ¢s ot the Higgs mechanism and the mass generation

tor the %, gauge bosen. The G, bosons receive mass at Yeading order in

perturbation theory 1f the current-current vacuum expectaticn value

shown 1n fig. 23 has the form:
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0] Vduai-kddpnikdi0> —2 —imtaat gy
k=0 (3.33)

Homever, this matrix element is transverse; hence, (5.33) implies the
more complete form [856):

tp"y
OV upal-k 1 yptk) |02 —> ~itmiam) [guy - —
k=0 K1

(8.34)
The guy term is generzlly hard to isctate, But the pole can be produced
anly by a masaless particle created hy one current snd annihiisted by
the other. The only candidate is the Goldstone bosen. Inserting B, as
an wntermedrate state in the current-cyrrent matrix element, we huve:
i
0iTdaadesl 0> = <Ofauat-kilny — xyfdpatianjor
k-+{t L3
1

{ikyfe TriGaX, 13 — (-ikyte Tr{X,Ggil
x?

i

Kuky

=i

fe2 TriXziarXzem)
ot (5.35)

Sa. ia any given vacuud, the gaugw DOSONS acquire a mass matraix

miag = tp' TriXgp ai¥Xzim:) 18.36)
The preferred vacuum is then the one which minimizes Trimt}. This
¢riterign, that the elementary fermiens should condense in such = uay Os
to break G, as 1i1ttle as possible, i= reminiscent of the MAC griterion
which we discussed wn sectron 2.3, Indeed, a Hit ot recrrongement shous

that they are 1dentical [34].

(L
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8.3 AN _AMUSTNG EXAMPLE
To clarify the workings ot vacuum orientation, and ta illustrate its
potential importance., let us work through an example of the phenomenon
Within a simple model of dynamically broken ueak interactiops. Let me
imagine a gauge theory swith tuo flavars of Dirac fermions U,0; the
vorresponding multiplet of L-fermiens is
vh =, oL, uTh Dt . 8.3
Let us gauge, with a weak coupling constant, the SU¢2) symmetry which
links Uy and B, 5o that (§.24) takes the explicit form
BL = WALPYHG AV (8.38)

uith

Ga

[912 ok | ]
, [ o) (8.39)
and A = 1,2.3. (For those interested in realism, this is the standard
model of weak interactions, with sinlg, = 0.)
1f U and D betong to a complex representation of the strong-

interaction gauge group, the chiral symmetry is
G = SU(2) x SU{2) X UC1), In this case, Gy coincides with the factor
SU(2)y of G, and there is no freedom of vacuum alignment. The
condensate

- (UU+D0) = Z-Ce®P (U altrp+Biabtanl + h.c.) (3.40)
breaks 6. completely; all cother condensates related to (8.40) by 6

transtormations may be brought into the form of (8.40) by Gy gauge

transformations.

With respect to the condensate (3.40):

ez ol | 12 o= |
T‘: xtz
| -172 6T | 1,2 a=T7 (8.41)
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where i,z = ',2,3. The generators (8.39) may be decomposed into

g (ot | g [o* |
Tigay = - |[——— Xgewmy == |/
4 | -aa7 4 | oAT (8.42)

and, using (8.36), ue may construct the mass matrix of the Gy boesons

gifgl

m?ay = 6am

4 (8.43)
The three SU{(2) boscns become the massive mesons W'y, W™, W% Which
mediate the charged and neutral currents.#

If U and D heleng to a real representation., there ara physically
distinct po - ihilities ¢ "+ yacuom orientation, and we must decide
among them. Consider first the case of a strictly real representation.
Equation (8.40) is still a possible condensate; however, uWe can
construct another condensate which preserves at least the compenent
A= 1 of Gy:

-9 [UgaDLgbtUTrasD Robl162P + h.c. (3.44)
1n the vacuum corresponding to (&.44), W3, acquires no mass. However,
the componente A = 1,2 of G, are still spontanecusly broken. Since
{8.44) is symmetric under interchange of UL and Dy, it represents o
condensate of isospin 1, while (8.40) carries isospin 172 upder the
gauged SU(2). One can shou that (8.44) implies Triay = 0 for A = 1,2;

this leads to

glfgl
fnl TriXz ayXzipy) = fnf Tr(Gabp) = San
F4 (5.45)
for A = 1,2, Thus
Tr m? = gifyd R (8.46)

#For a more reaulistic version of this model, see [47.88].
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a2 Jarger value than that obiained from (8.43). The condensate (8.40)
sti) giver the praeferred vacuum orientation in this medel.
3¢ ¥ and D belony to & pseudorea) representation. however, the
situntron s quite different [31). The condensate
¢ [Ny aabLabtb? Raab  npodE + h.c. 847
is sntigymmetric¢ under the interchange of U and D, This condensate thus

ecarries ysospin OF §t preserves all of the weaklv - :ged symmetries.

Thus, (8,47} pliows all three W& °  amoin mosstess. Since, for this
chaige,
Trimi) = € (§.48)

Equailien (3.47) represents the preferred vacuum orientation.
Appurently, this 1ast case, which ssems to difier little in its
econstruction irom the previous twe, realizes the gauged SUC2) in a
complotely different way. Whereas the previous two cases may be
extended to plausible models @f the week interactions. the physics of

the third case makes this 1mpossible thare.
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PHENDHEHOLAGICAL LAGRAMGIARS ARD THEIR APPLICATIONS

9.1 IME FATE DF THE SOLDSTONE BOSONS

in the previous section., we kegan @ dissussicn of the cffect on &
given pattern of x3B of explicit symmetry-begking perturbations., WM
considered, in particular, the efieots of weskly gauging a subgroup 0,
of the chiral symmetry qroup. We gaw that this symmetry-breaking
perturbation orients the bkroken symmetry vacuuml We learned how to
determine this orientation and shawed how the vasuum orientation
determines the masses a! gauge bosens coupled uesskly to the chiral
currents. iIn this section, I would like to pursue the physics of this
system further, to study the dynamics of the Goldstone bosons. I wi))
focus, in particular, on the guestion of what masses thesa particies
acquire from the syamatry-breaking perturbation. At the end of this
section, ! w1ll brietly indicate how this physics generalizes to vhiral
gauge theories with almost massless fermions.

Let me first discuss the basc systematics of the Ocldstons bhoson
spectrum. In section 8.2 and 1n /19, 22, we discussed the averlop of
the subgreups G, and H of G, and the physical consequences of this
overlap. He might alse single out ancther subgroup of ¢ {or our
attention: Let &. be the subgroup of elements of & which commule aith
all the generctars af G,. Then the coupling of gauge Bosoas to the
currents of &, breaks G explicitly to Gy X Gg. The complete pattara of
Symmelry breaking in the theory with 5, weakly geuged iz then:

- 107 -
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G
SPD“taﬂEOUSDL////J \\\\\\explicitlv
W ™G, ¥ Gg 9.1)
Each spontanegusly broken generator of G has associated with it a
teldstone boson which is massless to zeroth ordar in the Gy couplings.
These Losons are divided into three classes accurding to the relation of
the correspending genersiors to the generators of Gu and Gg; this
division is indicated pictorially in tig. 24 [7t]. The trancformations
in regions 1 ond II ramain exact symmetries even when the effects of the
perturbation are included. The Goldstone bosans of region I. however,
are absorbeu by the gauge bosons which acquire mass threugh the Higgs
mechanism. The Goldstone bosons of region Il remain exactly massless
bosons in the final theory. The busons in region [I1. houwever, do not
correspond to exact symmetries in the full theory; these besons acquire
masses of order ghA, where g is the coupling constant of tho gauge group
Gy, and A i8 the mass scole of the strong interactions producing the
original x5B. Weinberg calls these particles "pseudo-Goldstone bosons™
[89].
Ltet us try to compute the masses of these bosons, to teading order
in g7. 0One way to do this would be to use the result (8.313 for Ela) in

conjunction with Dashen’s formula (8.22)., This procedure gives for the

pseudo~Goldstone boson mass matrix

t at a2
miyz = — ECa) = M2 |—— Tricxz a))%)a
fn? da,da. 0,202 9.2)
where
1
M o= —— [d% ABY (gy1dyT - Juxduxd

fnl (9.3
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This strategy 15 worked out in detarl in [81,84). [ would prefer,
however, to obtain this spectrum ef masses by o different route. This
second technique will not be quite as powerful as the first for this
particular application; it wiil only be able to compute the mass matrix
(m2)yz up to an overa1l scale. Hewever, this technique will be
applicable to a broader class of problems tham the energetic
consideratyons of section 8; it will alse give us a different point of

view from which to survey the dynamics of Goldstone bosons.

9.2 TUE FORMALISM OF PHEWDMEMOLOGICA GRANG

In the analysis just given, and in the whole of section 8, we siudied
Goldstone bosons by werking out the shape of the energy surface as a
function of vacuum orientation. I uwould now like to change my
perspective slightly. and try simply to write a phenomenalogical
degscription of particies and their interactions in & theory with broken
chiral symmetries. In constructing this description, I Will goncentrate
on the lightest particles of the theory and their interactions at low
energy. [ uill also build in the pattern of spontaneous syometry
breaking 6 =+ H. [ must allow the most general possible interactions
consistent With these restrictions to appear in the phenomenological
Lagrangian. But these simple restrictions, property applied. turn out
to be remarkably powerful constraints, whkich fix all of the low-energy
dynamics in terms of w few essily recognized parameters. The pouer of
this approach was first demonstrated some time ago by Heinberg [90] and
schuinger [91]; the philosophy of the method has recently been discussed

from a modern perspective by Heinberg [92].
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Let us tiy first to construct one example of such a phenomenclogical
Lagrangian; We can discuss the question af 1ts yniqueness later. WKe may
agsume that. in a theory with spontanecus xSB, the only light particles
in the theory are the Goldsione bhosens. These Goldstone bosons may be
described by fields which are coordinates on the coset space G/H; these
bosons are, in fact, precisgly the quantized excitations aleng these
goordinale directions, 1t is therefore easy to write a Lagrangian which
has the Coldstone borons ny 8s its fundamental #ields and which is
invariant under 6 transformations; one can simply urite

1
Ls Jd‘: w g¥T(/F) Ry dtug
2 (9.9

Where g*2(x) i&8 ihe metric on G/H in the chosen coordinates and F is o
constant wrth dimension of mass. F is presumably of order A, the mass
seale ot the strong inteructions which induce xS$3. For the speeial case
¢! the breaking pattern =Uln) X SU(n) = SUINR), G/H = SU(n) may Le

parameterized by unitary matrices

a-t
U= expli —
F €9.%)

where t is an SU(n) generator. In these coordinates, an invariant

Lagrangian 18 given by:

F2
L= Jd"u - trlautaul

2 19.6)
The 5U(R) X SUIn) 9lobal symmetry acts on U wccerding to
U=+ vy U vgt te.7)

Where ¥y and Yp are unitary matrices corresponding, respectively. to
Sulnly and SUCalg transformations; it is easily seen Yhat (9.86) s

invariant to (9.7).



bne should note, however, that the tronsformation (9.7) (end, wmore
generally, the sction of G on the ceardinates v, of (9.4)) acts, near
Wy = 0, as a tranalation of ny:

Ty ™ Ty ¥ Oy + =1 9.0
The expansien about w = 0, then, is an expanzion mhout a state of
spontaneously broken symmetry. For cxumple, the expangion of (9.6)
about U = ¥, or 0 = 0. respects anly the SU(n) subgroup of the full
giobal symmetry en which ¥ = ¥g. This emphasizes the fact that the
coordinates w are precisely the right fieids mith uhich to deseribe
physics at low energies.

How that we have written one candidate for a phenomenolagical
Lagrengian, let us vonstruct the most general such Lagrangian, For the
moment, I will restrict myself to the 3Ui(n) x Sytn)-invariant case and
use the coordinates (9.5). Since YT = 1, (9.6) is sctually the most
general invariant coupling with tuo derivatives. Adding terms with
higher derivatives, we can construct

Ft
L = Id‘k [‘“ frlauu'anul + Ay trlbuU’B“Ubvu’B”U]
2

+ Az triauutavudkytaug + (6 derivatives) + ---]
(9.9)

A; and Az are unknoun dimensionless parameters, But eonsider the
conseguences of expanding (9.9) in poners of (wsF) and using this
Lagrangran to compute scottering amplitudes at center-af-mnss energies £
much fess than F, or much less than A, Any vertex appearing in the
second or third term of (9.9} 15 smaller than the corresponding vertex

from the first term by a factor
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Er !
Rf — Re ==
P Al (9.19)

Thus, if £ 18 much less than A we need keep only the first term of
(9.9); thie term restricts the dynamics of Goldstone bosons completely
once tha valug of F is specified.

It ie clearly useful to extend this argument to more genersl patterns
of symmatry bresking, and to include tle effects of symmetry-breaking
parturbations. To do this, it 48 easisst Lo first think more
systematically nbout the best choice of coordinates. A heautiful set of
veordinates, which works for any coset spsce G/H. was constructed and
applied to this problem by Callan, Coleman, MHess, and Zumino {CCHZ)
[93,94]. Lat me now desoribe their formalism. (This formalism has alsa
been reviewed in [4].)

Te understand the choioe of coordinates made by CCMZ, it is usetul to
think mbout how the underiying fermion ficlds ¥r; and ¥,; hehave under
chirsl transformations, In general, ¥.; and ¥-; have completely
difterent transformation laws under 6. However, in any phenomenclogical
desoription of the broken-symmetry state, uwe would like to be abie to
Write o mags term Jinking ¥pe4 snd ¥p5. Such a mass term would be
permitted by invoriance under Hi however, we would like to construct L
to be invariant under the full group 5. The problem may be phrased more
generally, in terma of a gensral matter field #¢ of the original theory:
11 45 transforme sceording tn stme representation R of G, this
representation R will split {nic several irreducibie representutions
Ry of H. These representations Will sovcrespend to particle multiplets

under ¥ whizh might be given very differsnt masses os the result of the

———— 4 4 A 4
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spontaneous symmetry breaking. Te deacribe the components of #,
phenomenalagically. we must replace #5 by o {ield # whose transformation
lau under general transtarmatians o § dors not mix up the component
representations R;.

This requirement seems at {irnt sight paradoxical. However, it can
be met by defining at each point a local vacuum erientation and
referring #o¢x) to this oriemtatian: Let us represent the laeal
arigntation of the vacuum by an element of G:

explill,(x)Xy] (9.11)
where T,(x) is a (dimensionless) tield. We will see luter that Iy(x) is
propartivnal te the Goldstene boson field. Using (9.11), #y con be
uritten in the factorized form:

¢olx} = explill (x)X,]1#(x) £9.12)
How we can factor a general G transformation of ¥ into two parts: A
motion in H which acts on #. and which does not mix H-representations
within #, and a motion in 6/H which changes the local vaouum
orientatien. Represent the transformation

#o » explic,balép (9.13)
by writing

expl1MyRy1¢ ~ explrags,) explill X, ]

= exp[1H-yla, W) -%y] explipila, M) Tild (9.14)
To obtain the second line. I hve used the fact that a goneral element ot
¢ may be decomposed uniguely as a trapsformation in B #0)luNed by
transformation into G/H. Equation {9.14) suggesis that woe consider # as
the field uhich represents #p in the phenomenclegical Lagrangian and
assign to this field and the auxiliary fields H, the follawing

transformation lams:
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Oy + 07yCa.0)
F -+ explipjla.MIT 14 (9.15)
This s a nonlinear representation of & which does not mix H-
represenialions within #. Under o pure N transformation (RaG, = 4T,
(9.15) simpltifies to
WXy » expliaiTi) M%) expl-1a3T,]
¢ - expliaiT;l¢ (9.16)
so that #.0 transform linearly under H, 0, transiorms 1ike the charge
¥Xy. Coleman, Wess and Zumino [93] have praven that any nonlinear
representation of G which becomes linear on a subset X may be brought
inte the form of (9.15) by a change of coordinates.

Because (9.15) is a nonlinear transformation, a,ly has a very
complicated transformation lau. WUe can find an ohject with a simpler
transformation law by starting i1rom 2,#5. which transforms lipearily
under 6. Let me first introduce the notation.

expl-ill-X1 2y (explili-X1) = i2uM 00, (MIX, + E,i CIIT5)
9.1

The quantity on the left is a.generator of §; | have expanded it in
terms of generaters. defining expansion coefficients D(O) and E(O).

Using {9.17), ue may expand

auty T 2plexp[1-X18)

eap[VBE-A] (iR T, Dy (RIXL}#

+ Ol B, (T 2 €5.18)
The guantity 'n parentheses transforms under G like # in (9.15). It is
consistent to restrict ¢ to be nonzero for only one eof the R;, but then
the two terms in brackets will belong to dififerent H representations in

B. They must thereifore transform independentiy with this transformation

law., Thus



Dpllz = 2ully - Dyz(M) + CexpliniT1d)2u(uly-D,y,(0))
(9.19)

under (9.15), where Ty in (9.19) is taken in the representation of H to
which the {%,} belong.

He can now build tagrangians invarient to G by constructing H-
invariant combinations of Dy,. Since a transformation in G/H
translates Ny as in (9.8) by a globa) parameter ay. liy may not appear
without a derivative in a G-invariant Lagrangian except as m part of
0yz{8). Thus, if the O, belong to & single irreducible representation
of H (a situation %o which 1 will specialize for the remainder of my
discussion), the nost general invariant Lagrangian containing no more
than tmo derivatives is

1
Lz = fgiloyll,)?
2 (9.20)

For the moment, simply regacrd f5 as a coefficient with the dimensions of
mass;: ! Wwill show Jater, though, that it is the same as the coefficient
fn which appears in (3.10). Possible F-invariant terms with four or
more derivatives are smaller than (9.20) by the factor (9.10) and may be
ignored.

It is not difficult to extend the glabal & invariance of (9.20) tc &
'ocal invariance by applying the trick used 1n (9.18) to the gauge-
covariant derivative., {du-1ApaGialfa. Let us define F(I) and H{D) by

expl-iN-XJ(6a) exp[Il-X] = Fay,(MIX, + Hy (T, (g.21]
Then de may decompose
(dp~iApaGatPo = explII-X] Ci{2ul,-0y2t0) - ApaFazCID X6
4 {Bu-it- TP (9.22)
fram (9.22), we can identify the chiral- and gauge-cevariant derivative

ully = (2ulyDyall) - AuaF az(lD} 19.23)



16

1 ue then write

1
L = = fp2CUyR,)2
2 (9.242

We have constructed a Lograngian locally gauvge-invaryant under the
symmetries pasociated with the Aua.
Let us non uork oul a feu terms of the chiral Lagrangian more
explieftly. It is not hard to see that. to leading order in I.
Dyxld) = 6yg & =0
Faxll) = TriGaXeg) + --- (9.25)

tf we define
"y ® fglly . (9.26)
o9 that the bason kinetic energy tarm is conventionally normalized, the

gauge=invariant phenemenolegick) Lagrangian (9.24) takes the form

1
L == (ap'lly - fn Tr(G.x,JA“J' * e
2 (93.29)

By setting Ga equal to Xz, 20 that Ay, couples to the current Jug. We
tan check that (9.27) does yield precisely the expression (3.10) {or the
anplitude that J,; creales a Ooldetone boson. Thus fy has been
correctly vdentified. The gaupe field mass matrix (3.36) is also
displayed manifestly in (9.2,

The mgher-arger terms 10 the phenomenclopical Lagrangéan contsin
multi-pign and pipn=gauge hosen interactions. 1n parity-invariant
theories such as these of sootion 8.1, these interaclions may be
represented compaetly if one introduces a bit more notation. Oonote the
strugtury constants of ¢ by writing

[6a:6b) = tauele (9.23%)
He might then define
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(2-Wap = taunlly 9.29
Equation (8.29) is » representation of (I-X) in the adjoint
representation of G. Then, classitying the various termg in (9.17) and
(9.21) by parity, one can verify that

ain t:0
Dyzf) = |— Faz(H) = (cog t:0),,
-0 Jyz

(9.30)
The matrix functions are defined as power series. Inserting (9.39) into
(9.23) gives all af the pion-gauge boson vertioes of the theory
explicitiy, at least to leading urder in EZ/AZ,

The Legrangian (9.24) is not yet, however, s complete description of
the Jou-inaryy dynamics of the perturbed gauge theory. One important
effect is still missing: the masses generuted for pseuda-Goldstone
bosons by exchange of the weak gauge bhosons Aya. It iz true that these
masses are seen to be induced when one computes radiative corrections to
the Lagrangian (9.24). Thainking about radiative corrections. however,
only emphasizes the problem: The radiative corrections to (9.24)
contain a aurbér of quadradically ultravielet divergent contributions.
the tirst of which are shoun in fig. 25. Since these contributions da
not vanish at E = 0 and do not respect the globs) ¢ sypmetry:; they are
not of the form of any ® interactian in (0.24). ue should represent
these effects by o set of counterterms. We need to know, then. how to
gonstrust such counterterms.

The one constraint that we have on the structure of these
counterterma is that they have a definite transfoermation property under
G: The graphs of fig. 25 transform under & in the same uay a5 the

rerturbation (8.26) induced by one~gauge-boson gxchange — 909 & symmetric
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tensor with two indices in the adjoint representation of G. The
philosophy of phenomenological Lagrangians supgests that we should
simply construct all functions of M with this transfarmation law
containing no derivatives; the counterterms for fig. 25 should then be
an arbitrary linear combination of these functions. To perform this
caonstruction. We must first ansuwer the following question: How do we
construct a functien of N which transforms linearly under 6 according to
a epecific trreducible representation R?

This question is readily ansuwered by making use of the CCHZ
coordinates [94]. Let us first try to construct such a tunctian using
both Nl and # fields. Imagine decomposing R inte representations R; of
H. Choose a # field which transforms under some particular R;. Then ue
can reconstitute a #o field by writing

$g = exp(ill-x)¥ {9.31)
1f II.# transterm accarding to (9.15), (9.31) transforms linearly under G
accordipo to R. But now notice that, {f Ry is & singlet under H, ¢ is
not transformed by (9.15), and we may omit it. Thus, if R ¢ontaina in
its decomposition a singlet 1 of H, the abject

explill-X1-1 (9.32)
transferms Tinearly under G accaerding to /.

The product of currents [JuaJypl which sppears in (8.26) belongs to a
representation uhich contains twe W-invariants, 5;; and G.y. MWouever,

€ij + bxy = Bap (9.33)
is a G-invariant: %y, acting on (3.33), gives zero. MHence, the most

general functien of N‘s which transforms linearly under G like (3.26) is

[9s]
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K
6L = — Cexplit N1} x; Cexplit-U)a; 6535
2 (9.34)

1 have used the representation (9.29) of (H-X). 1If the vacuum alignment

is chosen properly (ip particular, if (3.20) is satisfied), (9.34) may

be seen to contain no linear terms in . The terms quadratic in 1 are:
K 1

(6L); = -~ [— — (D651 0a) + (-ID2,556500a)) + (t-ﬂlgi(t‘n)gjsij]
H 2

{9.35)
TCA) and Z{A) denote the decompositieon (4.25). Replacing 0 using
(9.26), setting K = M2f,;Z, and writing out the commutators explicitly.
(9.3%) may bt casi into the form

1
(5L)z = = — (m¥)yz MyT,
2 (9.36)

uhere

M2 yy = MALTr Ot DV o [Toean o X2]]) = TriXy[Xze ay-[Xzeay . X2110]
{9.37

This result for the pseudo-Goldstone bpson mass matrix may be shoun
[81.84] to be identical to (9.2). The coefficient M2 may then be
identified uith (9.3}, Except for the question of determining this
parameter, the phenomenological Lagrangian formalism has a)llowed us to
simply write down the correct result, without the necessity of a
detailed computation.

1 should make a fem comments ob the form of (9.37). The first set ot
commutaters 15 just proportional ta

a2t iry) (9.38)

where ry 18 the G, representaticn to which the Goldstcne bosons belong.

This tactor is just what one wou!d expect from ocne-gauge-boson exchange.
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The second term 15 more complex. (1t is simplified in (811.) Each of
the tua trages iz & pasitive matrix; thus, if we interpret (m2),x a9 the
curvature of the effective action, we see that uabrokem ¢ generatars
stabilize the vacuus. and broken & generators destabilize it, in
accordance with the physics we discussed in gection 8.2,

The ful) chiral Laprangian. (9.24) plug (9.34), contzins many
multiparticie vertices. It is worth ssking whether we can use it to do
higher-arder computations. This seems at firat sight problematiesl,
because the Lagrangian is forsally non—renormalizable. Even so, one &¢an
obtain sensible results from logup graphs if one makes use of the
presence of a natural cutoff, the s=cale A. cChadha ond 1 have calculated
seme of the one-loop sorrections to the = mass matrix (9.37) in models
of dynamioal symmetry breaking {95]. The quadratic divergences in this
caleulation have the game structure as the mass term above and may be
removed by adjusting X in 19.34). The logarithmically divergent terms
give new group-theorztic structures. These new structures transtorm
like (AW)2. #e should, properly, represent these contributions by
uriting terms of the most general pussible structure for this
transformation )au, to appear with coefficients of order {9232 in the
rhenesonelogical Lagrangian. Houever, the lvgerithmically divergent
terus which arise from perturbation theory contain an extra infrared
onhoncement factor of the form

Yog(At/mp?) = tog(irgt) . (6. 39)
Ona can hope that these terms, of order g%-log(lrsgl), are the dominant

corrections; * using this assumption. one con prediet the leading

#*In doing ‘"his, we follow the philosophy of chiral perturbation
theory [5, 36].

g e 1
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corrections to the lowest order mass formula.

9.3 Al EXAMPLE WITH (IGHL €EANIGNS

In addition to providing 1nsight into the dynemics of Vight bosons,
the phenomenclogical Lagrangian sethod can sliso be used to explore the
dynamios of light fermions. He have seen in section 5 that it is common
in ghiral gauge theories for a multiplet of fermions to be kept massless
by symmetry consiraints. By analogy to the physics of Goldstone hosons
which we have just discussed. one can easily imagine that weak gavging
of soma chiral symmetries in such a model could give these termions
emall masses. In this section, I uill sketch the analysis of a very
simpie model, due to Dimepoulos and Susskind [971, in which fermion
masses appear in this way. My presentation must unfortunately be rather
brief; a more detailed analysis of this model may be found in [98].
Other models in ubhich light farmion masses arise in this usy have basn
discussed by Weinberg (53). Hilles and Raby [99), and Sikivie (1900].

The model of Dimopoulos and Susskind iz bhuilt vpon a strongly
interacting SUC3) gauge therory containing ope 6 and seven 3
representations of L-fermions. The & is the {2} of SUL3); sccomding to
eq. (5.12), this mode]l is anomaly-free. The chiral sysmetry of thia
theory iz 6 = SU(7) x Y{1). Let ee bresk chiral symmetries and generste
wasses following the methods of section 5. [ will assume that chirn)
symmetry i8 broken by the condensate

{2t x3+3 (9.40)
The correaponding mass term with maximal giobal symmetry is:

2%By4gabyy, 18V + hue, (9.41)
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where a,b = 1,2,3 are color indices and i = 14...,7 {0 & flavor index.
Note that only three of the 3’s acquire mass., tquation (9.41) bresks
the SU(3) gauge symmetry completely: it alse braaks down the
SUCYY % U(1) flaver symmetrv. But, as in the examples of section 5, &
songiderabie amount of global symmetry remaing. The SU(4) flaver
spometry which acts on the compenents i = 4,5:6.7 of ¥5,4 19 undisturoed
by (9.41). The SU(3) flavoer symmeiry acting on the componenta { = 1,2,3
of ¥,,; vay be combined with global SUC3) gouge symmetry io prodics a
global symmetry whith is respected by (9.41). The V(1) charge

1
8z~ {20+ Q)
7 £9.42)

burit From the snomaly-free globat U(1) chargs & and the SULY?) generator
Qry; given by t5.34), 18 also preserved by (9.41). The pattern of
symmatry~breaking is, thenm (in the notation of (B5.37N

[8UC3)] = SULTY » U(1) + SULD) x SU(4) = UCl) (9.43)
The termions transform under the unbroken symmeiries as

{2} - t{2}. 1, t-2n)

73« ({3}, 1, t+2)) & (2], 1, G2 + (3, 4, o)) 9. 44)
One shaould recall that [2] = 3 of SU(3). The pair of fermions in the
{2} + {2} of sui3) are given mass by (9.413; the remaining fermicns are
kept matsless by sysariry tonstrainis.

He might nouw try to breuk the chiral symmetries which protect these
mosgless states by gauning some subgroup of SU(7), A convenisnl choice
35 the exceptiona) group Bz, which has o« 7-dimensiona) Sundements)
representation. This representation is real, so the theory remains
anamaly-free. @; ie actually the smallest group which contains SUL3) as

8 propar subgroup: the 7 decomposes neatly under 5Uf3) aecording to
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7=+3+ 5%+ 19.45)

1t will also be usatul to note that the adjoint representation of Gy,
uhieh 18 14 dimenpienal, desomposes according to:

14+3+3+1 (9.48)
The § {8, of course, the adjeint representation of SU(3J).

The breaking of SULT) necessarily breaks Gz: the most we cen aave of
6y iz its SU(3) subgroup. The orfientation in uhich this 3U(3) is
preserved is thus the preferred vocuum alignment. In this orientation,
the 7 of SUL7) decompoves as follous:

7463 1) + 11, 4 of SU(3) X Su()
| |
3 0+ 1 of BU(3 (9.473
The U(1) charge U;y; dows not commute with G; it is therefore
explicitly broken, and so 18 §. In fact, the only symmetry which is
neithar explioitly nor spontanevusly broken at this stage is the weakly
gauged SUC3) group itaplf. The fermions ieft massless in (9.44) have
the following quantum aumbers under this SU(3):
(3, 1, €+2)) + 1
th w N 2 8+14+3 (9.48)
Therr are no longer syematry constraints forbidding mass for sny
fermion.

He have now demonstrated the possibilily thet small fermion maskes
are generated in this mode) as effects of wcak gauge boSon exchanges,
what we wow)d really Jike to do. bowever. is tv compute the spectrum of
thege masses. This can, in fac%, be done, using the methodology of

phenomenclogioal Lagrangians.
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YThe first step is to write @ mass counterterm representing the
etiects of one-Gy~hosen exchange. To do this, we must construct
combinations of tug massless fermions which transtoerm under B like the
oae-gauge-boson exchange perturbation. and Which therefore have the
structure of fig. 26. One may verify that the G; currents carry the
charges *1 or © under §. Thus, the 5; exchange can absorb only an
amount of charge 4§ = *2. This means that fig. 26 can only preoduce &
mass term which pairs the (3, 4, (+1)) of (9.44) with itself. Such a
term gives mass only to the & and 1 in (9.48). Thuere is, in fact, only
one combination of fermions ‘tith the required structure; thus, there
must be a relati -  risween my and mg.

The 3 + 3 mass - y be computed by canstructing the phenomenological
Lagrangvan and computing its perturbative corrections. One can compute
at least the contributions to this mass enhanced by infrared logarithms,
as I explained at the end of section 9.7, The leading diggrams are
shoun in fig. 27. The diagram involving a massive G2 boson Hy has a
logarithmic ultraviolet divergence, which I interpret as

log{AZ/mu?) = log{isag) {9,49)
where ug is the SU[3) or 6§, coupling constant. The coupling of the Hy
to the 3 s through the analogue of 8 vector current and spo invelves na
additional parameters; however. the coupling of the Uy to the 3 occurs
via the axial current and so may have a rcnormalization factor g,.
Hapeifully here, as in the familiar streny interactions, this factor is
close to 1. The greph invoiving a # exchange turns out to give zero:
The coupling af the w to the 3 vanishes ty parity. The result of this

computation is the complete spectrum of light masses:
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mq = 2mg = O(B'ﬂ)
Cg
wy ¥ — gu mpg logllray)
2r (9.50)

This example, has. | hope, amused you. 1If has also revieued all of
the major concepts which we have discyssed in this course:
— The breaking of chiral sysmetries by fermion pair condensation.
-— The gppearance of massless fermions protected by residual chiral
symmetries.
— The perturbation of the pattern of xSB by weak fauge exchanges.
These are all phenomena of impoertance for understanding the structure of
sirongly interacting gauge theories 4§ fermions. 7To varying deyrees,
they are all in need of further theoretical elucidation. They sare also,
at the moment. theoretical mechanisms in need of application. whose rote
in the physics of the fundamenial interactions is not at all clemr. I
hope that these lectures might serve as a starting point for
understanding these mechanisms moare deeply, and for applying them

fruitiully,

e e it Tt
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Fig. 18. A typical function Hig), and the corresponding
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