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Abstract

W« present an overview of th« longitudinal insts-
bllltlaa of Gaussian bunches subjact to a harmonic RF
potantlal. Our emphasis Is on the behavior of long
bunches having lengths graatar than the wavelength of
the perturbing electromagnetic fields. We exhibit the
crossover between the dominance of tha synchrotron
•odes and the coasting-beea-like distortions of the
bunch distribution, which occurs *m the real or Imagi-
nary part of the coherent oscillation frequency be—
cornea large compared to the synchrotron oscillation
frequency. For a narrow band Impedance the growth
rate of the coastlng"beam-like modes is determined by
the average beam currant, and for a broad band imped-
ance the growth rate Is determined by the peak cur-
rent. Ha discuss the transition between these two
regimes by considering tha growth race aa a function
of the bandwidth of the impedance.

Mathematical Formalism

Our starting point iu the treatment of coherent
instabilities developed by Hang and Pellegrini,1 and
our notation follows that of Krinsky and Wang appear-
ing In these proceedings. We shall confine our atten-
tion to the caae of Gaussian bunches subject to a har-
monic RF potential, Uo(+) - u,+

z/2, where mf is the
angular frequency of the synchrotron oscillations, and
t is the azlauthal angular coordinate relative to a
synchronous particle with angular revolution frequency
u0 and energy EQ. Our Interest is in the condi-
tions required for the line charge density X(l,t) to
exhibit a coherent oscillation of frequency Q, I.e.
for X(*,t) to have the formt

PO(T) p(*)exp(-ifit). (1)

Here, Po(+) denotes the line charge density of the
unperturbed bunch and p(+)axp(-18t) Is the coherent
perturbation.

Let us suppose chars to be M equally spaced
bunches each containing N/M part Idea. We assume the
distribution function corresponding to the unperturbt 4
bunches is

exp(-J/uBl/), (2)

where L is the bunch length in radians, e the electric
charge of a particle, and the action-variable J la re-
lated to the synchrotron oscillation amplitude r via J
- usr /2. Introducing the Fourier transform pn of
the perturbation p(4) and using the linearised Vlasov
equation, the coherent oscillations are found to be
described by the lnfinte set of linear equations:

• p_ (3)

where the summation la restricted to n«" Mj + s, for
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integer J varying from j » - •»,...,", and fixed sym-
metric multlbunch mode number a - 0,1,2,....M-l. Tak-
ing to(J,8) • r cos » in Eq. (21) of ref. , Che ma-
trix element Xmn is found to be given by

Z- -

an l-exp(2*lQ)
- ~ / d6»exp(-lQ8«)

-2*

/ d8*xp(inr coa( 8+9')-imr coa 8), (4)
-2*

where Z,, 3 Ẑ no*,, + Q) denotes the longitudinal
impedance, and we have defined

Q - (5)

(6)

with a being the momentum compaction.

The representation of the matrix element T ^
given in Eq. (4) can be simplified by employing the
two integralsi

d6exp(ia coa(8+e»)-ibcoae)-2irj (v£2+b2-2abcos8»),

° (7)

/r2drexp(-er2)J1(br)-(b/4a
2)exp(-b2/4a), (8)

where Jfc(x) la the k-th order Besscl function. In
this manner, we find the following representation for
TgB involving only a single integration:

-latTel Z_
T -• (9)

(10)

with IgV « NBU O/2W the average current, and

H<x,Q) - -Jt exp(-|x]) A<x,q)

[I-«xp<2»iQ)]A<x,Q)- / d8»in6exp(-iQ6-hccoee).
-2*

The relationship between this integral representation
and the conventional expanaion in synchrotron modes la
estabished by using la Eq. (11) the generating func-
tion for Ig - Bessel functions, yielding

1
A(x,Q) - - i

r k Ik < x >

It—•
(12)

The synchrotron mode expansion of Eq. (12) is useful
when one synchrotron mode dominatea, however, when
mauy synchrotron modes contribute, then the Integral
representation of Eq. (11) is more appropriate.
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Short Wavelength Umit

Let u» consider tha case when tha wavalangtha of
cha perturbing electromagnetic fields »ra chore com-
pared to tha bunch langth, Using eh* Integral repre-
sentation of Eqs. (9) - (11), wa derive an asymptotic
expraaalon for tma valid whan aL and nL ara larga
compared to unity, This eapraaantatlon axplieitly
shawa tha crosa-over behavior between aynehrotron mode
oaeillatlona and coasting baaa Ilka parturbationa of
tha line charge density.

To procaad wa ravrita Eq. ( .1) defining A(x,Q) in
the fora:

xA(x,Q)- -exp(x)+ ~f»q / d8 cosQ(*-8) exp(xcosfl).(13)

(14)

He restrict our attention to tha caae wtwtn

| Q | « | X | and |l«Q|«V'|x]* ,

and we find for |x|+»:

H(x,Q)-l-(QcotfQ)c(x,Q)-Qs(x,Q), x>o, (15*)

H(r,Q) - ^ ^ c(-x,Q)

where we have definad

c(x,Q)+is(x,Q) - / d8 exp(-x92/2
o

, x<0,

1Q8)

Now wa note that

c(x,Q) -

a..d

exp(-Q2/2::)

(15b)

(16)

(17)

1 + IQc(x.Q) - Qs(x.Q) - h(Q//x) ,

where the dispersion integral h(x) is defined by1

h(x) - / 6d6 exp (-8V2 + 1x8)

(18)

(19)

(20)
U-x)'

Employing Eqs. (17) and (18) in Eqs. (15a, b), we find

H(x,Q) - h(Q//x) - J|(i-»cotiiQ)7|exp(-Q2/2x),x>o,(21a)

exp(-Q2/2|x|) , x<o . (21b)
• in »Q

The desired asymptotic representation of Tgin
follows from using Eqs. (21a,b) with x - mnl/ in Eq.
(9). The polas at Q - integer of the function cot W)
in Eq. (21a), correspond to the synchrotron oscilla-
tion nodes which dominate for slow blowup. When
Ic,Q » 1 or iRsQJ » /x, the second ten in Eq. (21a)
becomes negligible, due to Che factors (i + cotwQ) and
exp(-q /2x), respectively, leaving the coasting bean
typ« of behavior exhibited by h(Q//x).

In the case of a coasting bean different revolu-
tion modes a and n are not coupled. On the other
hand, these modes are coupled for a bunched bean by

the matrix T,,n. When aL and nL are large in mag-
nitude, and the growth rate is fast, ImQ » 1, then
Eq. (21b) shows that the coupling between modes with
an < o becomes negligible.- Hence, there Is no cou-
pling between the slow and fast waves. It is also
seen from Eq. (21b) that for el. and nL large in
magnitude end JRaQj » /jmnT L, the slow and fast
waves 'decouple, even when the growth rate is slow.

It therefore follows that when Ian I L2 » 1 and
either JB*q| » /|mnj"L or I«Q » 1 , one has

an>o,

- 0 , mn<o ,

.2,2/

(22a)

(22b)

where S(n) » exp(-n L /2) is the Fourier transform of
the unperturbed bunch density, Po(*)« exp(-f

z/2Lz).

Hsrrow Band Impedance

AM an example we consider a resonant impedance
with bandwidth so narrow that it may be approximated
by

n,-n
(23)

where 6n,n 1* Che Kronecker delta function.
Although the approximation of Eq. (23) violates cau-
sality, as embodied in the Kramers-Kronig dispersion
relations, it is useful aa an illustration of the for-
malism under study in this note. He take n0L » l ,
and we suppose that either RaQ or ImQ are large so
that Eqs. (22a,b) are valid. It then follows from
Eqs. (3) and (22b) that tha coherent frequency 0 is
determined by 1 - Tn ,n , which upon using
Eq. (22a) becomes ° °

(24)
2»E

where o " u»tL is the spread in revolution frequency
among particles in a bunch. Eq. (24) haa the fora of
a dispersion relation for a coasting beam with current
lav

The Fourier transform of the perturbation to the
line charga density is 3een from Eq. (3) to be pm «
Tg,, . Using Eq. (22a) and performing the Inverse
Fourier transform, we find that the perturbation
is given up to a multiplicative constant by

(25)

Broad Band Impedance

Consider a high-frequency broad-band impedance
satisfying Z »Z , for |n-no|<A, where n Q » 4»1/L.

Since the range of the wake field, I/A, Is short
compared to the bunch length L, and certainly short
compared to the spacing between bunches, we can ignore
Interaction between bunches. To ease the notation we
assume one bunch to be in the ring (M - I). For

- A < m,n < n + 4, we approximate Eq. (22a) by

-=- — h(fl/n o)B( n-n) ,
2»Ec2 no

o

(26)
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where I,, is the average current of Che single
bunch. To proceed we approximate the infinite set of
linear aquations (3) by a finite subset,

•••A-1"'" |m-nJ<A . (27)

la this case we make use of the representation for
T ^ given in Eq. (26), and our problem reduces to
solving the following eigenvalue problem:

AAv -
V*

nm& -Ao

S(a-n) v a . (28)

The coherent frequency is determined in terma of an
eigenvalue AA by the dispersion relation:

-icwg
.2 n (29)

Since 8{a-n) is sharply peaked about m • n, the
peak width being of order 1/L « A, we expect that the
largest eigenvalues do not depend strongly upon the
cutoff value A. Therefore, they should be closely
approximated by the eigenvalues of the easier problem
which results when A • ". In this case the elgen-
functions of Eq. (28) become vn(c)-exp(-inc) and the
corresponding eigenvalues A"(C) - J3(n) exp(inc),
where o £ c < 2* parametrizes the different
eigensolutions. When Che bunch length Is short
compared to the ring circumference, L«l, then

the largest eigenvalue A* - /2*/L - I ./I , where
max peaic o

Ipeak *•• cn* peak current of the bunch. To
illustrate the rate of convergence as A • «, we plot

in Fig. 1, the ratio A /A , as a function of LA.
max max

It is seen that when LA > 3, the ratio is greater than
90Z. Hence, for LA > 3, It is a good approximation to
replace IQA. by In«ak l n t h e dispersion relation
of Eq. (29).

To gain some Insight into the nature of the
perturbed line charge density, we take as an
approximation to the eigenvectors of Eq. (28),

(30)

|n-no| > A

He see that p(+) is a plane wave modulated by the
function !&(*-;), which is sharply peaked about • -
C with peak width of order I/A. The detailed struc-
ture within the peak depends on the short distance be-
havior of the wake field, which has been Ignored in
our approximate treatment, and hence la outside the
scope of our discussion.

Let us close by commenting on the attempt made by
Hesaerschmid and Month to describe the microwave in-
stability. Their approach was based upon the ansatz,
p(+) - expdnor) po(*), where po(+) is the un-
perturbed bunch dnnsity. This has the form of a. plane
wave modulated by a shape function, however, the shape
function la always taken to be po(t) independent of
the bandwidth, A, of the impedance.' Our discussion
shows that this la incorrect, and that the shape func-
tion should have a peak width of order I/A, the range
of the wake field. This local behavior is closely re-
lated to the peak current dependence of the coherent
frequency for A » 1/L. The ansatz of Messerschaid
and Month is more appropriate to the case of a narrow
band resonant impedance with bandwidth A « 1/L. Then
the coherent frequency depends on the average current
[see Eq. (24)] and thn perturbed density is approxi-
mately as given in Eq., (25).
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The perturbation to the line charge density is

I
n-n -A

o

(*-C) , (31)

Fig. 1. The ratio of the largest eigenvalues corres-
ponding to finite bandwidth A and infinite
bandwidth, plotted against LA, where L is the
bunch length in radians

where

fA(*"C' " sin[(*-C)/2]
(32)
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This report was prepared as an account of work sponsored by an agency of the
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