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Introduction

Our interest in casting is linked to DOE efforts to reduce hazardous waste and scrap
produced by metal component fabrication processes. Improved processes for
manufacturing plutonium and uranium components, for example, can minimim scrap
metal, contaminated waste, and possible radiation exposure, and reduce the cost of
equipment and facilities.

Casting is an ancient art that has been a trial-and-em’ process for more than 4000 years.
To predict the size, shape, and quality of a cast pmduc~ casting manufacturers typically
cast fidl-sim prototypes. If one pat of the process is done incorrectly, the entire process is
repted until SIIacceptable product is achieved.

One way to reduce the time, COSLand waste associated with casting is to use computer
modeling to predict not only the quality of a product on the macro-scale, such as distortion
and part shape, but also on the micro-scale such as grain defects. Modeling of solidification
is becoming increasingly feasible with the advent of parallel computers. Them am
essentially two approaches to solidification modeling. The first is that of macro-modeling
where heat transfer codes model latent heat release during solidification as a constant and
based solely on the local temperature. This approach is useftd in pdicting large scale
distortion and final part shape. The second approach, micro-modeling, is more
fimdamental. The micro-models estimate the latent heat release during solidification using
nucleation and grain growth kinetics. Micro-models give insight into cast grain morphology
and show promise in the future to pndict engineering properties such as tensile strength.

The micro-model solidification kinetics can be evaluated using first principles or they can
be evaluated using experiments. This work describes an implementation of a micro-model
for uranium which uses experimental results to estimate nucleation and growth kinetics.

2. Mathematical Formulation

The primary and most obvious phenomenon controlling casting is the transfer of heat fmm
the cooling metal to the mold and surroundings. The present needs of many foundries are
being satisfied by relatively simple heat conduction modeling that reedy indicate regions of
risk for shrinkage porosity. Coupled with empirical experience, foundry engineers
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successfi.dly cast parts used in life critical applications (e.g., jet engine turbine components
[1]). However, DOE’s vision is to move from empiricism to science based design.

hble 1: Equation symbols and values used in the solution of equations
t, 3 and 5.

Aarea 6.Oe-04 m2
c heat capacity 920. J/k? C
h convection heat transfer coefficient 2. W/m C
L latent heat 4.440+05 J/kg
N number of nucleation sites 1.W grains / m3
R grain lll&US
T temperatm

T. environment temperate 25. C
TI phase change temperature 660. C
ttime
v volume 1.Oe-06 m3
V, solid volume fraction
b nucleation rate law constant
p density 2698. kg/ m3

V @ groti law constant 3.Oe-06 m /s C*

Heat conduction analvsis codes model latent heat release during solidification as a constant
and based solely on&e local temperature. The next step in soli-tication modeling is to
make the latent heat a function of the solidification fraction which depends on the nucleation
rate and a grain growth rate. Equation 1 is an energy balance on a small volume of liquid
which equates the change in internal energy to heat lost by convection to the eminmrnent
plus generation of latent heat during phase change.

dT
—= -h#(T - T.)+@#

‘c dt
(1)

Equation 1 can be m-arranged to give the rate of change of temperature for the control
volume.

dT

z=
-~$(T-TJ+~~ (2)

The firstterm on the right-hand side of equation 2 reflects the effect of casting geometry
(ratio of the surface area of the casting to its volume) upon the extraction of sensible hea~
while the second term takes account of the continuing evolution of latent heat of fksion
during solidification. It can be seen from this equation that during solidification heating
will occur if the second term on the right-hand side of equation 2 becomes greater than the
first one. This is known as recalescence and is shown graphically in figure 1.

The evolution of solid (V3 depends on the number of nucleation sites (N) and a grain
grOWth rate (dR/dt).
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dV,
— = N4ZR2
d?

:(1- V.) (3)

Micro-models estimate the evolution of solid during solidification using nucleation and
growth kinetics. Several kinetic rate equations have been reported in the literature [2]. Two
different models can be used for the nucleation law: continuous nucleation or instantaneous
nucleation. An example of a continuous nucleation rate law is

(4)

For an instantaneous nucleation model, the number of grains per unit volume, N, is
determined by counting the number of grains in a micrograph of the casting.

An undercoding dependent equation was used to estimate the growth rate.

dR
~=p(T1-T)2 (5)

Equations 2,3 and 5 forma system of ordinary differential equations which can be solved
numerically for the temperature, solid fraction, and grain radius as a function of time. The
FORTRAN code is contained in Appendix 1. Figure 1 shows the temperature response for
a hypothetical material with properties defined in Table 1. Notice the phenomena of
recalescence occurring at a time of 50 seconds.
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Figure 1: The solidification curve shown is the temperature solution from solving equations
2,3 and 5 using the vaxiables defined in Table 1. Notice the predktion of nxalescence at
time=50.
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3. Obtainhg Rate Constants From Experimental Data

The evaluation of the kinetic laws based on first principles are just in the formative stages
and are a current research area. An alternate approach is to evaluate the rate constants from
experimental results on a simple casting, and then apply the laws to a production casting
model. This can be accomplished by recording temperature versus time data from a
solidification experiment and then using an optimization method to calculate the grain

grOWth constantj w by minimkhg the diffenmce between the experimental data and the
temperature response calculated by equations 2,3, and 5.

The Global Local Optimintion code (GLO) [3] was used. GLO is a macro-program
controller which runs other programs under an optimization method. GLO uses a Broyden,
Fletcher, Goldfarb, and Shanno variable metric sequential quadratic programming
methodology with a modified Powell merit function. GLO treats the slaved ~gram as an
objective function, supplying it with new parameter values for optimization. The figure of
merit (FOM) to be minimbd is defied as the squared error diffemwe between the
experimental result and the calculated result. GLO runs the optimization modules in a loop
until it finds the best set of parameters by minimkhg the FOM.

I To validate the approach, the data in figure 1 was used to represent experimental data and
GLO was used to calculate the grain growth constant. This provides a method to evaluate
the robustness of GLO by comparing the optimized prediction of the grain growth constantI

\ to the value used to create the curve in figure 1 (i.e., p= 3.Oe-06m /s C2).

a
\

Some of the important variables in the optimization procedure include the selection of the
initial guess, and the upper and lower bounds of the variable to be optimized Table 2
summriza the results from variations in these parameters. This table gives the value of
the figure of merit and percentage error based on the comparison with the known value of
p. From the table, it can be seen that the values of the initial guess and for the upper and
lower bounds are very important factors which affect the optimized variable result. From
the behavior, it was determined that initial guesses between 500e-6 and 10.e-6 can yield
mod results. It was hard for the optimizadon code to obtain the correct value of the
&efficient when a initial guess W-Wgiven below the correct value. The upper bound values
are mom important in determining the optimized growth kinetic coefficient than the lower
bound values as shown in the variation of lower bound parameters at a initial value of
500E-6. Based on the trends shown by the table, it is recommended that for an actual
situation whene the growth coefficient is unknown a series of optimizadons be performed to

Table 2 GLO optimization code results in predicting p=3.Oe-06

initial guess upper bound lower bound prediction figure of merit % error

500e-06 1100e-06 0.Ole-06 3.22e-06 2.67 7.33
500e-06 1looe-06 O.le-06 2.9978e-06 1.6E-3 0.07
500e-06 1100c46 1.Oe-06 2.98796e-06 2.4E-2 0.40
100e-06 200e-06 0.Ole-06 2.9675e-06 8.2E-2 1.08
loe-06 looe-06 0.Ole-06 2.9997e-06 5.2E-3 0.01
le-06 100e-06 0.Ole-06 10.684e-06 481.94 256
le-06 10e-06 0.Ole-06 3.000e-06 0.000 0
0. le-06 looe-06 0.Ole-06 10.099e-06 451.4 237
0.05e-06 100e-06 0.Ole-06 10.049e-06 448.8 235

4



,.

I

1

1

I

I

I

determine the effect of these parameters. The best initial set of values to use would be 500e-
6 as the initial guess, 1100e-6 as the upper bound and O.le-6 as the lower bound.

4. Experimental Design

A schematic of the experimental apparatus is shown in Figure 3. The size of the crucible
and insulation was designed by numerical modeling to produce axial solidification. The
finite element mesh is shown in F@ue 4 and temperature contours during the solidification
are shown in Figure 5. Notice the horizontal shape of the contours at the bottom of the
crucible where we are trying to produce axial solidification between the 2 thermocouple
positions as indicated in Figure 3. The initial condition for all materials in the model was set
to 1673K. Convection and radiation boundary conditions were specified on all exterior
surfaces with a convection heat transfer coefilcient of 5 W/m2C, an ambient temperatw of
298K, and a surface ernissivity of 0.8.

The apparatus shown in Figure 3 was fabricated and instrumented. A data acquisition
system was assembled using a PC and add-on analog cards for thermocouple sensors. A
cylindrical furnace and power supply were obtained from a previous LLNL experiment.
We validated the experimental procedure using aluminum. The recorded temperate data
for the top thermocouple in the sample is shown in Figure 2. However, we were unable to
field the experiment using uranium before the closure of this 1 year project. The problem
was scheduling time in a glove box for protection against radiation exposure.

720

700

680

660

640

620

600

580

[

a

;
..y..”-.q...q.

: ..-”——y..—.”.—

.

.—.”..”..”.”.—”

.

: ~ ~
; % :
I I t

0 1 2 3 4 5 6

time [minute]

Figure 2: Shown is the temperature history recorded by the top thermocouple in figure 2 for
aluminum solidification in the crucible.
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5.
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Figure 4: Shown is the ftite element mesh used in the numerical model of the experiment.

I

Figure 5. Shown are temperature [K] contours during solklillcation of the uranium. Notice
the horizontal shape of the contours at the bottom of the crucible where we are trying to
produce axial solidification belween the 2 thermocouple positions as indicated in F@ure 3.
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Appendix 1: FORTRAN code solving equationa 2, 3 and 5 using the variables defiied
in Table 1.

program micromodel

implicit double precision (a-h, o-z )

data

data

data

data

data

data

pi /3.14159/
vol,area /1.Oe-06, 6.Oe-04/

rho,cp /2698., 920./

hl,hs,tinf /2., 2., 25./

tliq,hlat,growth,grains /660., 4.44e+05, 3.Oe-06, 1.0e+06/
nstep, timend,nprint /10000, 2000., 10/

tO=670 .
t=to
r=O.
V=o.
dtdt=O .
drdt=O .
dvdt=O .
Volsol=o.
energy=O.
time=O.
dt=timend/ns tep

write (1,20) time,t
20 format (lp2e12.4)

iprint=O

do 40 k=l,nstep

time=time+dt
iprint=iprint+l

if (t.lt.tliq and. energy.lt.blat) then
tnpl=t
rnpl=r
Vnpl =V

do 30 i=l,5
tmid=.5*(tnpl+t)
rmid=.5*(rnpl+r)
vmid=.5*(vnpl+v)
dtdt=(-hs’area’ (tmid-tinf)/vol+rho*hlat*dvdt )/(rho*cp)
drdt=growth* (tliq-tmid)**2
dvdt=grains *4.*pi*rmid* *2*drdt*(l .-vmid)
tnpl=t+dtdt*dt
rnpl=r+drdt*dt
vnpl=v+dvdt *dt

30 continue
t=tnpl
r=rnpl
V=vnpl
volsol=grains*4 .*pi*r**3/3.

9



energy=energy+hlat *dvdt*dt
else

dtdt=(-hs*area* (t-tinf))/(vol*rho*cp)
t=t+dtdt*dt

endif

if (iprint.eq.nprint) then
iprint=O
write (1,20) time,t

endif

40 continue

stop
end
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Appendix 2. Physical Properties of Liquid and Solid Uranium (by Leonard
T. Summers)

—

Introduction

This represents a Partial list of the physical properties of liquid and sofid uranium as a
functiofi of tempe&ure. These data * ‘htend&l ihly for the u& in the LDRD funded effort
to model casting microstructure and defects.

Density

Phase

Them is a wide spread in the uranium liquid phase densities repoti in the literature. A
sampling of reported data is shown in Table 1. l%o~g (SANL), using the gamma ray
absorption technique, reports a density of 16.95 g cm at the Iiquidus with a tempemtum

‘1 1 Shaner from LLNL, reports values of 17.6 gdependence of 1.29 x 10+ g cm-3 K . ,

cm-3 and 1.74 x 10-3 g cm-3 K-l as measured using isobaric expansion experiments
(IEX).2 Grosse et al. also measured the density of liquid uranium using the Amhhedean
technique.3 The Drotning data represents the lower bound for density measurements of
liquid U while those of Grosse et al. are near the high side of reported values.

Table 1. Reported densities of molten uranium

Drotning 16.95 1.29 x lo~
Shaner 17.6 1.74 x 10-3

17.9 1.05 x 10-3
Steinberg 17.27 1.03 x 103

Ii& and Guthrie reference the survey work of Steinberg wherein he considered the ranges
of temperature over which experimenters measured the density and the anticipated accuracy
for the types methods they employed.4 Steinberg’s nxmunended values (as reported b~
Ii& and Guthrie) = 17.27 g cm-3 with a temperature dependence of 1.03 x 10-

g cm3 K-l. I recommend that the Steinberg values be employed as they am derived horn
several sources which are critically analyzed for accuracy. Note, however, that no
temperature range of applicability has been specified for the Steinberg data4
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Solid Phase

The density (as well as thed expansion) of solid uranium is complia by sewed
issues. First the= = 3 allotropic ph=$ beween room *rope_ md the melting point.
Secondly, within =h ~otrope there exists a crYs~o-P~c *mpy ‘f ‘~f
properties. Thirdly, propeties such as density, are mfluend by the soundness

castings.

The density and lattice constzuIts of solid uranium as a function of te~ have been
surveyd by Gittus and am shown in Table 2.5 The data are from several sourcos and
should be consided to be reasotily accumte.

Table 2. Density and lattice constants df uranium

a-phase

25

200

400

650

b-@-

662

675

700

725

750

772

I@ticeconstants
nm

a = 0.28545
b = 0.58681
c = 0.49566

a = 0.20656
b = 0.58653
c = 0.49758

a = 0.28840
b = 0.58590
c = 0.50041

a = 0.291%
b = 0.58332
c = 0.50608

a= b=l.0744
c = 0.56515

a=b = 1.0748
C = 0.56518

a= b=l.0754
c = 0.06525

a=b= 1.07~
c = 0.56535

a=b= 1.0761
C = 0.56550

a= b = 1.07~
c = 0.56550

y-phase

19.04

18.90

18.70

18.34

18.17

18.15

18.13

18.11

772

800

850

900

950

1000

1050

1100

lattice constants
nm

~= b=c=O.3532

a= b=c=O.3534

a= b=c=0.3538

a= b=c=O.3542

a= b=c=O.3546

a= b=c=O.355C

a= b=c=().355d

a= b=c=O.35~

density

L

17.94

17.91

17.85

17.79

17.73

17.67

17.62

17.56

18.09

18.07
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Thermal Expansion

Uauid

The thermal expansion of the liquid is directly equivalent to the changes is liquid density.

&21kl

Thermal expansion of solid uranium is complicated by both allotropic phase
transformations and crystallographic anisotropy. In general anisotropy can be ignored in
fine grain polycrystalline materials. Solidification of a casting, however, usually occurs by
nucleation and growth of grains with a preferred crystallographic orientation that is aligned
with temperature gradients in the liquid. Therefore, the effect of the crystallographic
anisotmpy of this physical property should be considered.

Touloukian et al. have surveyed the thermal expansion data in the literature and have
developed recommended curves.6 The Touloukian data for polycrystalline and single
crystal samples appears in Table 3 and Figure 1.

Table 3. Thermal expansion of uranium. The a+~ and ~+ phase transformations occur at 941

Temp.
K

200
293
400
500

700
800
900
941
941
1000
1048
1048
1100
1200
1400

IIa-axis

&!L@L

-0.210
0.0

0.252
0.511
0.807
1.161
1.587
2.104
2.346

and 1048 K respectively.

II b-axis

~

-0.006
0.0000
0.002
-0.018
-0.063
-0.162
-0.305
-0.452
-0.527

II c-axis

A&!w?L

-0.170
0.0

0.216
0.451
0.737
1.09
1.49

1.907
2.076

polycryst.
AM.. (%)

-0.128
0.0

().157
0.315
0.494
0.697
0.924
1.186
1.300
1.635
1.737
1.820
2.050
2.168
2.398
2.855

polycryst.
axl~

13.4
13.9
15.2
16.9
19.0
21.4
24.3
27.7
29.1
17.3
17.3
17.3
22.9
22.9
22.9
22.7
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Figure1.Thermalexpansionofuranium.

Thermal Conductivity

Liauid Phase

There is no readily available data on thermal conductivity of liquid uranium. This is in part
due to the experimental dtilcuky of measuring conductivity at high temperatures and also
to the high mact.ivityof molten U with mold materials.

It is possible, with a small leap of faith, to use electrical resistivity data and the Wiedmann-
Franz-Lorentz law to predict the thermal conductivity. The WFL law is well established for
solids and has been demonstrated to hold for molten, low-melting point metals. Electrical
resistivity data exists for liquid U; however, the validity of the WFL law to liquid U has not
been demonstrated due to the lack of direct thermal conductivity measurements.

where,

The WFL law simply states that the resistivity is proportional to the thermal conductivity.
The relation is given as,

@ x’k’—= — = 2.45x10* (WM-2)
T 3e2

k= thermal conductivity
p = electrical resistivity
k = Boltzmann’s constant
e = electric charge

There have been several experiments to evaluate the high tempera-electrical properties of
liquid uranium. Gathers et al. used the isobaric expansion method to determine the equation
of state of liquid uranium to very high temperatures and pressures.7 The isobaric expansion

14
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experiment also provides a means to directly measure the electrkd resistivity of the liquid.
Gathers’ data has been replotted and is shown in Figwe 2. In his paper Gathers shows
evidence that the data tim isobaric expansion experiment (a dynamic measurement) is
comparable to data obtained from solid uranium using static techniques.
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Figure 2. The resistivity of uranium as a function of enthalpy. The discontinuity observed below 0.2
MVkg results from the polymorphic phase changes and melting.

Mulford and Sheldon performd similar experiments and show a linear correlation between
uranium enthalpy and its temperature.8 A best fit to their da@ replotted in Flgum 3, is
H(kJlmol) = -9.793 + 0.04272T(K).

250 , 1 I I I 1 1 I I
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50 ,
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Figure 3. The temperature of uranium as a function of enthalpy (isobaric).
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Using the data of Gathers et al., Mulford et al., and the Wiedmann-Franz-timXz law we
can calculate the thermal eonductivhy of uranium at high temperatures. The results are
shown in Table 3 and in Figure 4. A best fit curve is provided for use in calculation.

Table 3. The transport properties of liquid uranium. The resistivity and enthalpy data are from Gathers et

al., and Mulford et aL7S8I%e thermal conductivity was calculated using the Wkdmann-Franz-Lorentz law.

Tempemture

K

1405
1425
1450
1475
1500
1525
1550
1575
1600
1625
1650
1675
1700
1725
1750
1775
1800
1825
1850
1875

1900
1925
1950
1975

Enthalpy

kJ/mol

56.52
57.47
58.65
59.83
61.01
62.19
63.37
64.55
65.73
66.91
68.09
69.27
70.45
71.63
72.81
73.99
75.17
76.35
77.53
78.71
79.89
81.07
82.25
83.43
84.61

Resistivity

@m

0.64
0.65
0.65
0.66
0.66
0.66
0.67
0.67
0.68
0.68
0.69
0.69
0.69
0.70
0.70
0.71
0.71
0.71
0.72
0.72
0.73
0.73
0.74
0.74
0.74

l’hermal
conductivity

W/(m*K)

53.46
53.94
54.53
55.11
55.69
56.26
56.82
57.38
57.93
58.47
59.00
59.53
60.05
60.57
61.08
61.58
62.08
62.57
63.06
63.54
64.02
64.49
64.95
65.41
65.86

I
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Figure4.Thethermal conductivity of liquid uranium as a function of temperature. A best fit to the data is
obtained using the 2nd order polynomial expression a(W /m ● K)= 10.154+ 0.03787T - 5.0103x104T2.

SQM-m=
The thermal conductivity of solid uranium has been well studied by a number of
researchers and a good summary and analysis of the data appears in Totdoukiart et al.9
Table 4 and Figure 5 shows tie To~*~ ~ ~s. ~o~n~ c~e for ~~ti ‘i@
pufiw pdycrys~ine urtim (> 99.5 wt. % purity).

Table 4. The thermal conductivity of uranium as a function of temperatum.

Tempemtme ‘fhermal
conductivity

K
w cm-}K-l

250 0.264

273.2 0.270

300 0.276

350 0.286

400 0.296

500 0.317

600 0.340

700 0.364

800 0.388

900 0.413

1000 0.439

1100 0.463

1200 0.490
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Heat Capacity

w

The heat capacity of the liquid, as reported by Mulford et al., iq linqar with respect to
tem~rature and has a value-of 0.0472 ‘Mmol-l K-l (11.3 cal mol-i K-1).8 This is similar

A

to the value of 11.6 cal morl K-l reported by Stephens using a calorimetric technique.8

w

A good review of specific heat data of solid uranium is reported by Touloukian and
Buyco.10 The data from the sources cited by Touloukkm and Buyco are shown in Figure
6 and Table 5. There is good agreement among all the sources with the exception of the
data for curve 4 in the P and y regions. It is recommended that the data in curve 4 be
discounted.
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Figure6. ‘fhespecifi cheatofsolidmium. The curve numbers refer to the order in which Touloukian

Temp. Spec:lHea~
K calg K

curve 2

323.15
373.15
573.15
623.15
673.15
723.15
773.15
823.15
873.15

0.026800
0.028400
0.034500
0.036200
0.037800
0.039400
0.O41OOO
0.042500
0.044000

and Buyco reference the data sources.

Table 5. The specific heat of solid uranium.

remp. Spec;lHea~
K cidg K

curve 3

!98.00 0.027580
IO(M)O 0.027600
100.oo 0.029510
KIO.00 0.032300
XIO.oo 0.035430
700.00 0.038730
WO.00 0.042120
WO.oo 0.045550
335.00 0.046760
935.00 0.043600
950.00 0.043600
1000.O 0.043600
1045.0 0.043600
1045.0 0.038220
1100.0 0.038220
1200.0 0.038220
1300.0 0.038220

=

remp. Spec:lHe~
K calg K

curve 4

373.15 0.027800 ‘
473.15 0.029600
573.15 0.032400
673.15 0.035300
773.15 0.039200
873.15 0.043700
933.15 0.046600
953.15 0.039400
973.15 0.039600
1043.2 0.039700
1063.2 0.034000
1073.2 0.034000

I’emp. Spec:lHea~
K calg K

curve 5

273.15
323.15
373.15
423.15
473.15
523.15
573.15
623.15
673.15
723.15
773.15
823.15
873.15
923.15
941.15
941.15
973.15
1023.2
1047.2
1047.2
1073.2
1123.2
1173.2

0.027500
0.028300
0.029190
0.030220
0.031350
0.032570
0.033880
0.035290
0.036810
0.038460
0.040310
0.042530
0.045210
0.048180
0.049300
0.042620
0.042620
0.042620
0.042620
0.038430
0.038430
0.038430
0.038430
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