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ANALYTIC COHERENT STATES FOR GENERALIZED POTENTIALS

by
Michael Martin Nieto and L. M. Simmons, Jr.
Theoretical Division
Los Alamos Scientific Laboratory

University of California
Los Alamos, New Mexico 87545

We give a prescription for finding "coherent states" in generalized
potentials. By "coherent states" we mean states which in time foliow the
motion that a classical particle would. This prescription is based upon
finding those "natural classical variables" which vary as the sine and

the cosine of the classical wct. As an example, the symmetric Rosen-Morse

potential is discussed in detail.

“Work supported by the United States Department of Energy.



I. INTRODUCTION

This is workl’2 which I (MMN) and Mike Simmons have been doing at
Los Alamos. It's hopefully going to be short, sweet, and to the point.
The title is "Analytic Coherent States for Generalized Potentials," and I
have divided the talk into sections. In the next section I'm going to
review in some detail the properties of the coherent states for the harmonic
oscillator. Then I'm going to descibe what I will call the '"classical
motion generalization." By that I mean I will define "coherent states"
not only for the simple harmonic oscillator but for particles in different
potentials. These coherent states should follow the classical motion of
a particle in such a classical potential. Finally, to show that our
proposed generalization is indeed a good one, I am going to present a
specific example which we have analytically beaten to death,
closing with a discussion.

[This written form of my presentation is modified from a tape record-
ing of the talk which was actually given at the conference. In places I
will insert further comments, sometimes concerning results which have been

obtained since then. These will be surrounded by square brackets.]



II. HARMONIC OSCILLATOR COHERENT STATES
You probably all are familiar with the simple harmonic oscillator
problem. It is one of the first you see in your beginning course on
quantum mechanics. The eigenstates ¢n are the solutions to the eigenvalue
equation

2 2
_ _ |nc 4 1 22 :
Hy =E ¢ = [iﬁ ;;E 5 mwx ]wn . (2.1)

They are given in terms of Hermite polynomials,

<=
U

e Hn(aox) , (2.2)

and have eigenenergies

E =hu(n + %) : (2.4)

In particular, and this will be important later on, note that for
the simple harmonic oscillator the difference in energy between adjacent
eigenstates is independent of n. It is always the constant hw no matter
what n.

As you all probably also know, the position aud momentum can be de-

fined as tke sum and difference of the lowering and raising operators, a

+
and a ,

I
X = (EE&) (a + a+) , (2.5)



Y, .
= (E;E) % (a” - a") . (2.6)

The lowering and raising operators satisfy the standard commutation rela-

tion,
[a ,a])]=1, (2.7)
and have the property

%

a’ln> = (o + % T %) In ¥ 1> . (2.8)

Eq. (2.8) tells us that a and a+ are also independent of n.

Given the above, the '"coherent states’ for the simple harmonic oscilla-
tor can be defined in many equivalent ways. Altliough these ways are equi-
valent for the harmonic oscillator it is not clear that they will be equi-
valent in general. [Indeed, they are not.]

a) Minimum Uncertainty Coherent States (MUCS)

One definition of the coherent states comes from the uncertainty rela-

tion between x and p. Since

[x,p] = ih , (2.9)
one has
AxAp = h/2 . (2.10)

The coherent states are those states which satisfy the equality in (2.10),
SUBJECT tc . he condition that

Ax/8p = 1/mw . (2.11)
The point in (2.11) is commonly fluffed over. All minimum uncertainty
states are not coherent states for all oscillators. A subset of them,

restricted by (2.11), are coherent states for a particular oscillator.



(We'll see that very clearly in 2 minute or two., Note that with the
restriction (2.11), the ground scate is one of the coherent states.

Anyway, this is one definition of the coherent states. The definition
yields that the coherent states are particular Gaussians. How do you get
that? This comes from a general result that if you have three Hermitian
operators A, B, and C satisfying

[A,B] = iC , (2.12)
(in general C is a q-number not a c-number), this implies that

wa)? @B)? > 1 <o? . (2.13)

The states which will satisfy the equality in this-generalized uncertainty

relation are given by the solutions to the eigenvalue equation

[A + ——22;;2 B:‘ Y = [<A> + ;:-Z—]C;;—Z— <B>]¢ . (2.14)
L

For the harmonic oscillator with A and B being x and p, the solution
to Eq. (2.14), subject to the restriction (2.11) are

-1/4

¥ = [2n(ax) 217 exp (2.15)

2
x-<x> i
- [T—:' + 3 <p>x

That gives the first definition of the coherent states.

b) Annihilation Operator Coherent States (AOCS)

Another definition of the coherent states is that they are the cigen-

states |o> of the annihilatior operator a :

\
= 1{x p_ _
a|a>—2<Ax+iAp)la>—a|a>
=1 <x> . <p>
‘z(Ax +1Ap>"’>- (2.16)



As is well known, these turn out to be the following linear combination of

the number states:

1 2@
- lal Z n
lo> = e 2 A %ﬁT In> . (2.17)
n:

Further, by using the generating function of the Hermite polynomials, a
little algebra allows one to show that, up to a phase, Eq. (2.17) is the
same as Eq. (2.15).

It is from this point of view that one can see the property (2.11)
that I emphasized before. Notice that the coherent states we are dis-
cussing are in principle defined in terms of four parameters: <x>, <x2>,

, <p2>. But o has only two parametars, (Re o) and (Im o). You've got

<p>
to eliminate two. They are eliminated by the equality in (2.10) and the
restriction (2.11).

If you were to put in a different value of Ax/Ap and then decompose

these other states into the number states, they would not be Hermite poly-

0’ but of a different a,

c¢) Displacement Operator Coherent States (DOCS)

nomials of )X, where a, is the pinper a X.

Finally, there is a third standard definition. This is that one apply

the unitary operator

A(o) = exp[aa+ - a*a-] (2.18)
onto the ground state,

la> = A(a)|0> , (2.19)

where o is the o we defined before.



All three of the above definitions are equivalent in the simple
harmonic oscillator system. You can use any of them and you com: up with
the same set of states. These coherent states satisfy the following pro-
perty, they will follow the classical motion no matter how small is
<a|H|a> = E. What do I mean by that? If I take a coherent state whose
energy is E, then <a}x(t)|e> will have the same motion as x(t) for a class-
ical particle of energy (E - Eo), where E0 is the ground state energy hw/2.
Further, there will be no dispersion of the wave-packet with time.

This zoncept, that these states follow the classical motion, is going
to be the motivation Icr our generalization.

Before proceeding I wish to point out that Barut and Girardello3 and
Perelomov4 have separately proposed generalizations of the AOCS and the
DOCS which have been applicable, using gro.p theory methods, to systems
with équally spaced levels, such as spin and angular momentum, including
with magnetic fields.

But our question was the following. How do you apply these techniques
to systems which aren't equally spaced? Like really, you usually don't have
equally spaced levels. You can have a continuum. What if the system is
not exactly soluable -- you may not know a dynamical group or anything about
it.

Finally, there was one more thing which really tickled us. Some
people who are doing lasev-molecular physics problems have a great interest
in classical analyses of these problems, sometimes simply because that's
the only game that one knows how to play. It turns out, at least accord-
ing to the adherants of this school, that often these classical analyses
;ork surprisingly well. This too made us interested in coherent states

which would follow the motion of a classical particle.



So, the question we have been asking is, '"Can one define states which
follow the classical motion in arbitrary potentials; real honest-to-God
ones?" That being said I'm not going to start with MUCS, AOCS, or DOCS.
Rather, I am going to look at the classical motion as Schrodinger™ origin-
ally did, and then see if there are any connections to MUCS, AOCS, or DOCS.

We will see that the most direct connection is tc the MUCS.



IIT. CLASSICAL MOTION GENERALIZATION
OK, back to classical physics. These next equations you saw even

before your first course in quantum mechanics.

T+V=E, (3.
) _

Ymx™ +V(x) = E , 3.

x= 3% [E - vl . 3.

Recall that for the simple harmonic oscillator with

2 _, 22

V(ix) = % kx" = % mw"x" , (3.

the solution for x(t) is

x(t) =|:£2—]'2 sin(wt) , (3.
mw
so that
. L
p(t) = mx = m [%E] cos(wt) . (3.

Note that w is a constant, no matter how large the amplitude - no matter

what the energy. That's a property only of the harmonic oscillator. In

1)

2)

4)

5)

6)

general w is classically a function of the energy. This is the reason why

people can put wm2 in place of k, the force constant, in the potential
equation (3.4).
What we propose to do, and this is our first physical ansatz, is to

take a classical potential and find a map which changes its Hamiltonian

equation into variables Xc(x) and Pc(x,ﬁ) such that the Hamiltonian equa-

tion is "harmonic-oscillator-like" in these variables, for a given cnergy.



(The subscript "c" denotes classical.) That means we want to find xc(x)

and Pc(x,x) vhose time variations are given by

-

c = A sin wt , (3.7)

X

o
1

B cos wt . (3.8)
Eq. (3.7) means that (prime denotes d/dx)

X X~
c c

PG
"

= AC w, cos w t . (3.9)
Thus, our Pc can be givern as
(3.10)

By relating the cosine to the square-rcot of oue-minus-sin-squared, one can

combine (3.3), (3.7), and (3.9), to give Xc as the solution to the equation

%
Ai-xi(x)]

5
. _[(m
ko =(3) u, [ﬂm (3-10)

Putting this all back in to the original Hamiltomian equation (3.1) you

obtain
1 .2 22 _ ¢, 2,2
2m Fe T 2w X" = (% mw_ Ac] . (3.12)

QUESTION: (Rohrlich) Can you map the Coulomb potential inte the
harmonic oscillator potential?

ANSWER: Are you talking classically or quantum mechanically?

REPLY: (Rohrlich) Classically.

ANSWER: Classicially, yes. The '"natural variables" turn out be to

just the variables vhich you use in solving the classical



Kepler problem. (l/r-l/ro) is one of them and P, is the
other one. It turns ov*, however, that in this multidi-
mensional problem one does not discuss things in terms of
W but rather in terms of the angular velocity between
apsidal distances. (This is one of the reasons why we
want to talk to Mostowsky6 after this talk, since this is
our version of the problem he looked at.) But there is an
Xc and there is a Pc, so the answer classically is, "Yes."
The answer quantum mechanically is, "Almost." Although
there is a r.apping of the Coulomb pctential eigenstates
into the harmonic oscillator eigenstates, the mapping is
not one-to-one. Almost, but not quite.
Anyway, if we have done the above we have solved the classical problem.
Now wHaL do we propose to do quantum mechanically? We say that one should
consider the quantum operators which are the quantum analogues of these

"natural" classical variables Xc and Pc' That is, consider

Xc > X(x) , (3.13)

h
P~ P= -

d - . d
c 71 [a; X(x) + X (%) axl (3.14)

(Note that in (3.14) we have symmetrized X (x) and p.) Because X and P

satisfy
[X,P] = ih(¥")“ , (3.15)
they have the associated uncertainty relation

2 h? o2

2(AP) ZZ_Q( > . (3.16)

(&X)

11



We claim that the appropriate coherent states are those states which satisfy

the equality in (3.16); i.e., they satisfy

=« wa , (3.17)

>
Q€'
n
A
B>
+
BI™
S—
-G
=
1

SUBJECT to the restriction that the ground state is one of the set. (This,
of course, is an alternative to setting a particular value to AX,AP.) A
will turm out to bé the proportional to the ground state annibkilation
operator.

[A comment to be made here is that in all our special cases, vith
our ckoice of "natural" classical variables, it is always possible to set
one o1 *he three parameters of the states which satisfy the equality in
(3.16) equal to a specific value such that the ground state is one of
the set. This is not possibie if one were to take Xc(x) and the momentum
which is classically conjugate to Xc(x) as the variables. Thus, cur
choice o{ variables is appropriate.]

T™,erefore, we have a continuous, two parameter set of states. That
is the whole physics of it, right there. It is very simple. First year
quantum mechanics students shovld be able to understand it. Now lets sece

what happens with this formulztion.

12



Iv. THE SYMMETRIC ROSEN-MORSE POTENTIAL
We have examined in more or less grecat detail a number of specific
potentials. Hopefully this number will continue to grow. What I am going

to concentrate on here is the symmetric Rosen-Morse (RM) pol’.ential,”8

2

V(x) = U, tanh” ax (4.1)
= &0 s(s+1) tanh? z , (4.2)
2 2
- ha
g, =22, (4.3)

because it has built into it many of the possible problems. There's a
continuum, the discrete eigenstates are not equally spaced, and, depending
on how deep the pocential is, I can have many bound states or few bound
states. However, despite this, we can handle this thing analytically, as
you vill see. (We were also interested in this potential because of its
relation to the soliton problem.)

Rosen and Morse7 invented this potential in 1932, to discuss diatomic
molecules. They actually had it in an asymmetric form, which is a slight
generalization of (4.1), and with the symmetric part being proportional to
(cosh z)_z. For convenience we have added "1" to this so that the minimum
of the well is at the origin. That makes it (tanhb z)z.

As sn aside, it's very interesting that in doing this work we have gone
through many of the old quantum mechanics poteantials, and it turned out
that, at lrast to our knowledge, some of the propertics of these solutions
have never been obtained, such as the exact normalization constants. For
example, for the Rosen-Morse potential things were originally solved in
terms of hypergeometric functions, and then dropped. So, partially we

have been going along up the old QM papers.z'

13



Now, we will solve the classical problem, although, with foresight,

in Eqs. (4.1)-(4.3), we have already defined U, ip terms of the parameters

0

which will be useful quantum mechanically. The classical solutions for

X and P are
c c

. E % .
XC = ginh z = [ﬁg:ﬁ] sin wct . (4.4)
P = = [2ma%E]*
c =P cosh z = [2ma“E]* cos wt, (4.5)
2a%(Uy-E) |
w, = ——— | . (4.6)

You put the above in Eqs. (3.11) and you find that it is satisfied. The

classical equations of motion are

Xc = Pc/m , (4.7)
P o= -mw? X (4.8)
c c ¢’ ’

Now we are going to du our coherent states procedure. The "natural

quantum operators are

X=X =sinhz, €4.9)
h 2 .d d
P = 27 @ [EE cosh z + cosh z a;] , (4.10)

s0 that we are looking for states which satisfy the equality in the un-

certainty relation

2

@x)2ap)? > B~ a® <cosh?z>? . (4.11)

14



These states, complete with normalization constants, are

chs = N(Cls) ¢C8(x) ’ (4-123)

o = |oT(BHr " I(BHyiu) %

cs rOT (B)T (B+Y)

x (cosh z) B exp[C sin! (tanh z)] , (4.12b)

<cosh2 Z>

B=y —SCosh 2 ., (4.13)
(A sinh 2)

C =u+ iv = B<sinh z> + <cosh 2z %E> . (4.14)

Finally, if
B=s , (4.15)

this set of states includes the ground state., Therefore, imposing (4.15)
gives us our coherent states.

Before continuing, I want to take a closer look at the quantum eigen-
value problem, and show how one can get our '"natural quantum operators'
from the raising and lowering operators. (In fact, this is how we first
stumbled on our "natural operators.") The cxact eigenstates and eigen-

values are

Y, = N(n,s) ¢_(x) (4.16a)
- b

: {ﬂ!q:ﬂ%Qﬁi?iﬂﬁ]).] P:-H (tanh z) , (4.160)

En = 80[2na - n2 + 5 . (4.17)



.
Now, because the eigenfunctions are in terms of associated Legender
funct..ns, you can derive @he raising and lowering operators. However, for
those of you who may be familiar with the work of Infeld and Hull,9 our "n"
raising and lowering operators are not theirs. They obtain a factorization
which is correct mathematically, but is not the useful one physically.

What their factorization does is to raise and lowar "

s." Thus, essentially
they raise and lower you from one potential to a different potential,
keeping the number state constant. To actually generate the number states

for a specific potential from their operators would drive you out of your

mind. Anyway, the raising and lowering operators are
At = (s-n) sinh z + cosh z d (4.18)
n dz ° )

It turns out that, in a generalization of the way x and p are defined
in terms of a and a+ for the harmonic oscillator (see Eqs. (2.5) and (2.6)),
X and P can be defined in terms of Hermitian suns and differences of the
raising and lowering operators. I say, "Hermitian," since here and in

general A; is not the adjoint of A;. Specifically,

><
t

= ftamy 16+ @+ g+ DD (4.19)

2 -
-l (TN WL IO W I (4.20)

o
1

The above shows in one more way how what we are doing is a generaliza-
tion of the harmonic oscillator. This generalization is el..cidated by
showing how all our results go over to the harmonic oscillator in the
specific limit

1im = lim (s, a0, snz+mw/h) . (4.21)
HO

16



It is straightforward, but somewhat involved, to show that in the limit
(4.21) the eigenstates, eigenvalues, and coherent states for the RM poten-
tial go over to the same objects for the harmonic oscillator. For

example, for the eigenstates you start with the associated Legender func-
tions and change them to (cosh z)n-s times Gegenbauer polynomials. There
is a relation ketween Gegenbauer pnlynomials and Hermite polynomials in the
limit we are considering. With the above transformations you can show

that the RM eigenfunctions become the harmonic oscillator eigenfunctions,
complete with normalizations.

The quantum equations of motion are

o
n

-ih~1 [X,H] = P/m , (4.22)

.
1
F N

= -a{Uy - 0 - 7 8,X} . (4.23)

Believe it or not, the above allow one to exactly calculate the operators

X(t) and Xz(t), and similarly P(t) and Pz(t). Specifically,

e1Ht/h xe-lﬂt/h

-iw, t & 2
= Xe cos wHt + 1 UB_H sin wHt
-iwgt ] Y
+ Pe —— sin wt (46.25)
2ma (UO-H)

17



2 2 H+8, W
X°(t) =|X° - % TR T exp[-iéwot] cos(2wHt)
0 0
U \l/ & %
- i[XQ + !Q(U_.:}TI) ( ﬁ—:ﬁ> exp[-ilo\uot] sin(2mHt)
0 0 0
J (4.26)
H+&
0
+ 3 ,
® UO-H-&O)
where -
wy = &o/h , (4.27)
2 Y
wy = [gn%‘ (UO—H)] , (4.28)
- d
Q = cosh z o= . (4.29)

LE)

e calculation of (4.25), for example, is done by expanding exp(xiHt/h)
in the right hand side of (4.24) as series of nested commu%ators, and then
using (%.22) and (4.23) to cbtain two three-term recursion relations. They
can be solved. [See Ref. 2 for a description.] I have written the re-

sults with X and P (or Q for convenience) on the left and all the functions
of H on the right. That turns out to be useful in calculations. If you go
through the same type of calculations for the harmonic oscillator you get

simpler but similar looking messes. Observe that wy of Eq. (4.28) would be

the classical frequency w, of Eq. (4.€) if E were substituted for H.

18



QUESTION: It's an operator?

ANSWER: 1It's an operator. Right.

Returning to our cohercnt states of Eqs. (4.12)-(4.15), we can calcu-
late <X>, <X2>, <p>, <P2>, <H>, and all the rest. They satisfy the equality
in the uncertainty relation (3.16).

By decomposing the coherent states at t = 0 1nto the eigenstates, the

time-evolution of the coherent states can be given by

_ -ifit/h
Wcs(x,t) = e wcs(x) (4.30)
[s)
= MC.s) 3 N%(n,s) expl-iE_t/h]
n=0
x 0(n,C,s) Pz-s (tanh z)
+ Continuum , (4.31)

where 0(n,C,s) is the overlap. Further, one can calculate the overlap

analytically. The n-even overlap function is

1n
) F(s-2)T (s+5-5
0(n-even,C,s) = n 2 22
- 2
F(s+1+n)2°™" . 110 _.C |
lr(‘-’+2 2 12 .'
1
s43g 0 $t3T5 0 STE
X 4F3 1 , (4.32)
1n .C 1 n,iC
S+‘2“"2“"]§ ’ S+§-E+§- ’ st+1-n

with a similar relation for n-odd. The 4F3 hypergeometric series terminates,
since one of the upper indices is a negative integer, so the overlaps are

finite sums. It is all very complicated, but in exact closed form.

19



-

- will go'off.Lhc sides with time.

V. DISCUSSION

In the above decomposition I have not written out the continuum con-
tribution. To sce why, let us first look at the bound states. The bound
state superscript on the associated Legender functions of (4.16) is (n-s),
n <s. But (n-s)2 is measures the energy between the top of the potertial
and the particle eigenenergy. That is to say, |n-s| essentially is propor-
tional to the magnitude of a wave vector. When you go into the continuum,
n trys to get larger than s, and that amounts to introducing *i in front
of the quantity |n-s] which is the superscript to the Legender function.
That is, the continuum wave functions go 1s exp(*ikz). So, they are plain
waves ot infinity which, as they come to the well, zoop through and go out
again. So, with time these continuum centributions just go of[ to the
sides, leaving the bound state contribntions confined.

Strictly speaking, there is always some overlap with the continuum
(except for the coherent state which is the gronnd state). As staled, this
) However , iflyou‘ure rehson;bly deeb in
the well the overlup of the CS with the continuum will be exponentially
siall. This is consistent with the numerical calculations of Preston and
Walkcrlo for the Morse harmonic oscillator. Taking a harmonic oscillator
coherent state with <p> = Iulz, they only nceded on the order of Ial2
states to describe the time evolution. 1t is eriqtly true that there
are vanishingly small pieces of 5]1 the higher states, bul to numerical
accuracy, they don't contribute.

Because one knows what wrs(x) is in terms of the eigenfunctions (just
set. t = 0 in Eq. (4.31)), all the operators involving £(I) in Egs. (4.24)-
(4.29) will just give you f(En) when operating on each particular eigen-
state contribution (wn) to the decomposition ot ¢c~" That means Lhat. we can

S
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exactly calculate the bound state portions of <X(t)>cs, <X2(t)>cs, etc.,
and they can he evaluated numerically.

Given all our analyses, do our coherent states follow the classical
motion? If you look at all these complicated formulas and make a first,
rough, analytic approximation, you can show the states follow the classical
motion in this approximation. But you have to drop all kinds of terms t¢
state tbis. The real question is how good is this approximation under
various circumstances, like if the average energy is high or low compared
to the well depth. The exact answer depends on the parameters of the
system.

We are now programming our results to get precise numerical answers.
Notice that the formulas are exact analytically, so you don't have to do
any solving of differential equations. What we've got are just functions
of x and t. Plot them! 1It's complicated but exact. A friend of minc
by the name of Vincent Gutschick, who is a theoretical chemist by trade, --
he has many trades but that's his real one -- is at this vary moment
crunching away on the time evolution of these cohcrent states.

Then we will complete this same program for other cases. The
analytic calculations have been done completely for some potentials,
and partially for others. [Now the one-dimensional analytic calculations
are complete.]) Finally, we will also numerically look at the time evolu-
tion of the coherent states for these different potentials.

So, the conclusion is that we have a physical ansatz from which we
fecel one can define coherent states which follow the classical motion, of
a particle in generalized potentials. For the example we have given, we
know this is true in first analytic approximation. How well does their
exact motion follow the classical motion? Come back in about one month

and we hopefully can give you some answers.



And, in 29 minutes and 1 second, that's it. Thank you.

[After this talk was presented, a series of detailed numerical calcu-
lations were done on the coherent states for this and other potentials.
These states were found to follow the classical motion quite well. In
general, the deeper the state is in a well and, given that, the more
eigenstates which have significant overlap with the coherent states, the
longer the state coheres in terms of the number of classical oscillations.
Each time the packet hits the wall, a piece of it goes off to the back-
ground, but the main hump still follows the classica. motion. A computer
generated film is availiable showing the time evolution of these states.ll
A detailed discussion of our general coherent states will appear else-

where.lZ]

22



QUESTION:

ANSWER

QUESTION:

ANSWER

VI. QUESTIONS
To the effect of, "Can you give the connections of your formalism
to those of Barut and Perelomov?"
I can give a connection to Barut3 faster than I can to Perelomov.
A connection t» Barut's is that one uses the ground state lowering
operator in the eigenvalue equatior (3.17). The connection to
Perelomov's we are now not so sure of, although we have a couple
of ideas. Our big problem in making a connection there is that
the raising and lowering operators, as we have defined them, are
n-dependent. One can make an ad-hoc choice and use the ground
state lowering operator to make a connection to Barut's formalism.
[And it is ad-ho¢ since one picks out the Aa over the general
A;.] But because in Perelemov's formulation you have an expon-
entiation of operators, we're not exactly sure what's a proper
choice. It may turn out that a connection can only be made if
you modify or change the AOCS or )OCS formul-tions for general-
ized systems. That is pussible. That is something which we have
looked at, but which we have not conciuded something on yet.
[Since the conference we have found a way to generalize the AOCS
and DOCS concepts to non-equally spaced eigenvalue systems. In
general they are not equivalent to what can be called the
generalized MUCS that we have espoused here. This will be
discussed elsewhere.lz]
(Bialynicki-Birula) To the effect of, "You can also precduce coher-

ent states bascd on higher-n raising and lowering operators?"

: Yes, but you see the way I presented this talk is completely

"bass-ackwards" from the way that we actually obtained our

23



QUESTION:

ANSWER

REPLY

ANSWER

QUESTION:

ANSWER

QUESTION:

ANSWER

results. It turns out, and this Is true for all our examples.

If you start by looking for those xc and PC which ciassically

vary as the sine and cosine of wct, and then you change t. the
quantum mechanical cperators, by magic every single time the

X and P can be defined as the Hermitian symmetric sum and differ-
ence of the raising and lowering operators -- you know -- with the
n-dependence normalized out.

Concerning the relation of ou: analytic work to the group theo.y

point of view,

: Miller, where's he at?

(Simmons) Willard Miller - Minmesota.

: He has dcne a tremendous amount of werk on the connection between

group symmetries and the special functions of mathematical physics.
As you saw, here the point basically was to find out that the
wave functions are Legender functions of (tanh z). It turns out
that in all our other examples you can do similar weird trans-
formations. If you like the special functions of mathematical
physics, it's a fun game.

(Jaynes) Conceruning what was done about the eigenfunctions in the
original Rosen-Morse paper.

I want to make sure I quoted it right, first. OK, '32 it is,
Phys. Rev. The solutions were given by them in terms of un-
normalized hydrogeometric functions.

(Zwanziger) "Can you state again the class of potentials that
you've considered?"

So far we have considered the radial part of the Coulomb problem,

the inverse cosh-squared (or the tanh-squared, as discussed here
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today), the Poschl-Teller potential, which limits into the in-
finite square well--most people consider them separately but
there .s a certain limit connecting them, of course we have
the harmonic oscillator, and the Morse potential.

(Zwanziger) What's the generality of the method, then?

: The generality of the method is that it is based on the relatioan

between X“ and X. In principle it can be solved numerically. So,
people who know how to handle differential operators on computers
can hopefully take an arbitrary potential, find the eigenvalues,
find the raising and lowering operators, defiiie the classical
pcoblem and therefore numerically go through the whole procedure
that we ha;e done analytically in this example. 1t so happens
that what we have discussed is an analytic problem to see if in
an analytic problem you can define & ‘tes which are "coherent"

in the sense that we have defined them; i.e., they feollow the
classical motion and don't disperse very fast. Clearly for few
level systems, and so forth, they will  uickly disperse. The
question is how fast, for all situations.

"What about the number of dimensions? Can you do anything for

higher dimensions?"

: What we feel you do there is to look as we have in the Coulomb

probl“m.1 You look at the radial oscillation. There W is
rep'acred in the classical problem by 6(t). That's the circular
variable that you work with. Pcoplel3 have beaten us to the
punch azimuthally for the angular part of the problem for

"

spherically symmetric potential. These stutes are called "in-

telligent spin states." If you look at their solutions they
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amount to using L, raising and lowering operators in the MUCS
formalism.

But is that not special because there is no precession?

: T agree, but in general you can solve all such probhlems numerically.

You have to foliow 68(t) Letween successive apsidal distances.

The orbit will not be closed except for the Coulomb potential and
the harmonic oscillator. Other s;stems will have to be done
approximately or numerically, but in principle they can be
studied this way.

(Rohrlich) "Have you looked at potentials with two minima?

: Ahlih... You are a sor of a bitch, Fritz. The answer is we don't

know yet. Let me tell you what the problem is. Clearly, quantum
mechanically you've got tunneling. Classically, if you are in
one well you are going to stay in one well. What I think will
end up happening is that one will have a set of states which
originally will start in one .-ell oscillating back and iforth

and slowly will spread out. That's what we think will happen.
But we do not know yet.

(Rohrlich) But you think you can harnlle it?

: Hope? How's t. at? Yeah, we have hopes, I think that is a fair

way to put it. We have hopes that ve can do it. Thank you very

much.

{From the results of our nunerical work, we think we can now give « more

definitive answer to Rohrlich's question. It appears that as a matter of

principle, the timc .oiution of a coherent wave packet in a potential

with more than one minimum is no more complicated (in principle] than for a

potential with one minimum. For definitencss, consider the potential



U-Z(UR)!2 x2 + Rxa, with the particle confined to the right at t = 0.

Ordinarily, with one minimum, the coherent state starts at t = 0 as
4z minimum uncertainty wavepacket, and then slowly disperses. ‘“hen one
thinks of the CS as being a superposition of eigenstates, the super-
position is such that the nodes of all the eigenstates cancel each other
except for the one hump. As time evolves, this cancelation gradually
is ruined.

But it is no different for our double-minimum potential. With the
double minimum one has a set of almost degenerate eigenstates (even and
odd), which cancel on the left and also cancel on the right, except for
one hump. As time evolves, the "tunneling" can be simply viewed as the
cancelation on the left gradually getting ruined, just as it is getting
ruined on the right at places different from the vicinity of the classical

position.]

s
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