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,\l) s_t n i c t

Th e  D i r a c  ( l e n e r a t o r  fo rmu I a t  i on f o r  re  1 a t  i v i s t  i c H a m i l t o n i a n  

d y n a m i c s  i s  e x t e n d e d  by e x p l i c i t l y  s e p a r a t i n g  t h e  q u e s t i o n  o f  

d y n a m i c a l  e v o l u t i o n  i n  an i n e r t i a l  f r am e  f rom t h a t  o f  chang es  

o f  f r a m e .  We o b t a i n  a new e l e v e n  g e n e r a t o r  f o r m a l i s m :  t e n  t o

r e a l i z e  t h e  P o i n c a r d  L i e  a l g e b r a ,  and one t o  p r o v i d e  e q u a t i o n s  

o f  m o t i o n .  l;o r  p o i n t  p a r t i c l e  s y s t e m s ,  a new f o r m o f  t h e  w o r l d  

l i n e  c o n d i t i o n s  i s  d e v e l o p e d .  It. i s  d e m o n s t r a t e d  t h a t  w i t h  

t h e s e  e x t e n s i o n s  one can c o n s i s t e n t l y  d e s c r i b e  c l a s s i c a l ,  p o i n t  

p a r t i c l e s  w i t h  i n t e r a c t i o n  i n  a r e  1 a t i v i s t i c a 1 1 y i n v a r i a n t  way  

w h i l e  m a i n t a i n i n g  i n v a r i a n t  w o r l d  l i n e s .  T h i s  p a p e r  u s es  t h e  

a p p r o a c h  b a s e d  on i n d e p e n d e n t  p a r t i c l e  v a r i a b l e s  t o  s e t  up such  

t h e o r i  e s .
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The r e q u i r e m e n t  o f  s p e c i a l  r e l a t i v i s t i c  i n v a r i a n c e  f o r  a 

c l a s s i c a l  d y n a m i c a l  s y s t e m  e n c o m p a s s e s  t wo  d i s t i n c t  n o t i o n s :  one

i s  t h e  i d e n t i t y  o f  d y n a m i c a l  l aws  i n  a l l  i n e r t i a l  f r a m e s ,  and  

t h e  o t h e r  i s  m a n i f e s t  c o v a r i a n c e .  T he  i n d e p e n d e n c e  o f  t h e s e  two  

n o t i o n s  i s  s e e n  m o s t  c l e a r l y  w i t h i n  t h e  c a n o n i c a l ,  f o r m a l i s m ,  t o  

w i l l c h  one i s  l e d  a u t o m a t i c a l l y  i f  one h a s  a L a g r a n g i a n  s t a r t i n g  

p o i n t .  W i t h  a L a g r a n g i a n  one  has a d e f i n i t e  p a r a m e t e r  o f  e v o l u ­

t i o n  w i t h  r e s p e c t  t o  w h i c h  one  has  d i f f e r e n t i a l  e q u a t i o n s  o f  

m o t i o n .  From t h e  L a g r a n g i a n  d e s c r i p t i o n  one can pa ss  t o  t h e  

e q u i v a l e n t  H a m i l t o n i a n  one b a s e d  on a p h a s e  s p a c e  and t h e  i d e a  

o f  P o i s s o n  b r a c k e t s ;  some d e f i n i t e  s e t  o f  p h a se  s p a c e  v a r i a b l e s ,  

r e f e r r i n g  t o  p h y s i c a l  c o n d i t i o n s  a t  a common v a l u e  o f  t h e  e v o l u ­

t i o n  p a r a m e t e r ,  i s  i d e n t i f i e d  as f o r m i n g  a c o m p l e t e  s e t  o f  

v a r i a b l e s ,  and s u i t a b l e  b r a c k e t  r e l a t i o n s  a r o  p o s t u l a t e d  among 

them.  D y n a m i c a l  e v o l u t i o n  w i t h i n  an i n e r t i a l  f r a m e ,  as w e l l  as  

t h e  p a s s a g e  f r om one  f r a m e  t o  a n o t h e r ,  a r e  b o t h  r e p r e s e n t e d  by 

c a n o n i c a l  t r a n s f o r m a t i o n s  on t h e  p h a s e  s p a c e .  Such a H a m i l t o n i a n  

d e s c r i p t i o n  can be set. up d i r e c t l y  e v e n  i n  t h e  a b s e n c e  o f  a 

L a g r a n g i a n .  T h e  i d e n t i t y  o f  p h y s i c a l  l aws  i n  a l l  f r a m e s  i s  t h e n  

g u a r a n t e e d  by h a v i n g  a r e a l i s a t i o n  o f  t h e  P o i n c a r d  g r o u p  by  

c a n o n i c a l  t r a n s f o r m a t i o n s  on p l u i ' e  s p a c e .  Th e  a d de d  r e q u i r e m e n t  

t h a t  f o r  s e l e c t e d  d y n a m i c a l  v a r i a b l e s  t h e  c a n o n i c a l  t r a n s f o r m a t i o n  

l aws  u n d e r  t h o  e l e m e n t s  o f  t h e  P o i n c a r d  g r o u p  be c o m p a t i b l e  w i t h

1.  I n t r o d u c t i o n
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an i n d e p e n d e n t l y  s t a t e d  g e o m e t r i c a l  t r a n s f o r m a t i o n  l a w  e x p r e s s e s  

m a n i f e s t  c o v a r i a n c e .

To s e t  up a c l a s s i c a l  r e l a t i v i s t i c  H a m i l t o n i a n  t h e o r y  one  

mu s t  t h e r e f o r e  s t a r t  w i t h  a s u i t a b l e  p h a s e  s p a c e  and t h e n  do two  

t h i n g s :  a d e f i n i t e  p a r a m e t e r  o f  e v o l u t i o n  must  be s p e c i f i e d ,

and e l e v e n  d i s t i n g u i s h e d  f u n c t i o n s  on p h a se  s p a c e  must  be g i v e n .  

T h e  f i r s t  o f  t h e s e  i s  t h e  g e n e r a t o r  o f  t h e  c a n o n i c a l  t r a n s f o r m a ­

t i o n s  d e s c r i b i n g  d y n a m i c a l  e v o l u t i o n  i n  any i n e r t i a l  fr;. .me; t h e  

r e m a i n i n g  t e n  g e n e r a t e  a c a n o n i c a l  r e a l i z a t i o n  o f  t h e  Poincare?  

g r o u p  and so d e s c r i b e  c h a n g es  o f  f r a m e ,  I t  i s  t h e  l a t t e r  t e n  

g e n e r a t o r s  t h a t  mus t  p r o v i d e ,  v i a  t h e i r  b r a c k e t s ,  a r e a l i z a t i o n  

o f  t h e  L i e  a l g e b r a  o f  t h e  P o i n c a r d  g r o u p .  C o n d i t i o n s  o f  m a n i f e s t  

c o v a r i a n c e  p r o v i d e  a d d i t i o n a l  r e s t r i c t i o n s .

Many y e a r s  ago D i r a c *  p r o p o s e d  t h r e e  n a t u r a l  forms o f  

H a m i l t o n i a n  r e l a t i v i s t i c  d y n a m i c s ,  n a m e l y  t h e  i n s t a n t ,  p o i n t  and  

f r o n t  f o r m s .  T h e s e  c o r r e s p o n d  e s s e n t i a l l y  t o  t h r e e  d i f f e r e n t  

ways i n  w h i c h  one m i g h t  p i c k  a p a r a m e t e r  o f  e v o l u t i o n  o u t  o f  

t h e  f o u r  s p a c e - t i m e  c o o r d i n a t e s  t h a t  a r c  a s s i g n e d  to an e v e n t  

i n  s p e c i a l  r e l a t i v i t y .  D i r a c ' s  l i s t  o f  p o s s i b i l i t i e s  i s  n o t  

e x h a u s t i v e  i n  t h e  f o l l o w i n g  c r u c i a l  s e n s e :  i t  v.as assumed t h a t

t h e  p a r a m e t e r  o f  e v o l u t i o n  i s  c h o s e n  k i n e m a t i c a l l y ,  i . e .  i n  t h e  

same way f o r  a l l  t h e  s t a t e s  o f  m o t i o n .  The  i n s t a n t  f o r m ,  f o r  

e x a m p l e , uses  t h e  " l a b o r a t o r y  t i m e , "  on.e o f  t h e  f o u r  c o o r d i n a t e s  

a s s i g n e d  by an i n e r t i a l  o b s e r v e r  t o  each s p a c e - t i m e  e v e n t ,  as 

t h e  e v o l u t i o n  p a r a m e t e r .  Thus  i n  t h i s  f o r m t h e  g e n e r a t o r  o f
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d y n a m i c a l  e v o l u t i o n  :in one f r ame  c o i n c i d e s  w i t h  t h a t  e l e m e n t  i n  

t h e  P o i n c a r e  a l g e b r a  t h a t  g e n e r a t e s  t i m e  d i s p l a c e m e n t s  b e t w e e n  

i n e r t i a l  f r a m e s .  M o r e  g e n e r a l l y  i n  e a c h  o f  D i r a c ' s  f o r ms  o f  

d y n a mi c s  o n l y  t e n  f u n d a m e n t a l  q u a n t i t i e s  need  t o  be  s p e c i f i e d ,  

f u l f i l l i n g  t h e  b r a c k e t  r e l a t i o n s  o f  t h e  P o i n c a r 6  a l g e b r a ;  t h e  

e l e v e n t h  g e n e r a t o r  i s  a l w a y s  one o f  t h e  t e n ,  o r  a s u i t a b l e  l i n e a r  

c o m b i n a t i o n  o f  t h e m.  The  f u n d a m e n t a l  p hase  spac e  v a r i a b l e s ,  o u t  

o f  w h i c h  t h e  t e n  g e n e r a t o r s  a r e  b u i l t ,  v a r y  o f  c o u r s e  f r om  one  

f r ame  t o  a n o t h e r .

T h e  a t t e m p t  t o  d e s c r i b e  a c o l l e c t i o n  o f  c l a s s i c a l  r c l a t i v i s t i c  

p o i n t  p a r t i c l e s  w i t h i n  t h e  D i r a c  p r og r a m me ,  w i t h  a c o n d i t i o n  o f  

m a n i f e s t  c o v a r i a n c e  i n c l u d e d ,  l e d  t o  t h e  a s t o n i s h i n g  and deep  

r e s u l t  t h a t  t h e  p a r t i c l e s  must  n e c e s s a r i l y  be f r e e  and no i n t e r ­

a c t i o n s  a r e  p o s s i b l e .  To be s p e c i f i c ,  t h i s  i m p o r t a n t  No I n t e r a c t i o n  

T h e o r e m ^  was p r o v e d  w i t h i n  D i r a c ' s  i n s t a n t  f o rm o f  d y n ami cs  w i t h  

t h e  f o l l o w i n g  d e t a i l e d  a s s u m p t i o n s ;  ( i )  t h e  s e t  o f

t h r e e - d i m e n s i o n a l  p o s i t i o n  c o o r d i n a t e s  o f  a l l  t h e  p a r t i c l e s  a t  

a common l a b o r a t o r y  t i m e  forms one h a l f  o f  a s y s t e m  o f  c a n o n i c a l ,  

v a r i a b l e s  i n  t h e  p h a se  space  o f  t h e  e n t i r e  s y s t e m ;  ( i i )  u n d e r  t h e  

H u c l i d c a n  s u b g r o u p  o f  t h e  P o i n c a r e  g r ou p  ( c h a r a c t e r i s t i c ,  o f  t h e  

i n s t a n t  f o r m )  t h e  c a n o n i c a l  and g e o m e t r i c a l  t r a n s f o r m a t i o n  laws  

f o r  t h e s e  c o o r d i n a t e s  c o i n c i d e ;  ( i i i )  i f  i n  any s t a t e  o f  m o t i o n ,  

as seen  i n  one i n e r t i a l  f r a m e ,  t h e  w o r l d  l i n e s  o f  t h e  p a r t i c l e s  

a r e  i m a g i n e d  d r awn  i n  spac e  t i m e ,  t h e n  t h e  c a n o n i c a l  r u l e s  o f  

t r a n s f o r m a t i o n  t h a t  t r a n s f e r  t h v  d e s c r i p t i o n  t o  a n o t h e r  i n e r t i a l
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f r ame  p r e s e r v e  t h e  o b j e c t i v e  r e a l i t y  o f  t h e s e  w o r l d  l i n e s .  

A s s u m p t i o n s  ( i i )  and ( i i . i )  e x p r e s s  t h e  i d e a  o f  m a n i f e s t  c o v a r i ­

ance i n  t h e  p r e s e n t  c o n t e x t .

The  f a c t  t h a t  t h e  o b j e c t i v e  r e a l i t y  o f  w o r l d  l i n e s  i s  a 

d e f i n i t e  c o n d i t i o n  n o t  i m p l i e d  by  t h e  s t r u c t u r e  r e l a t i o n s  o f  

t h e  L i e  a l g e b r a  o f  t h e  P o i n c a r e  g r o u p  was r e c o g n i z e d  l o n g  ago
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by P r y c e .  The  e x p l i c i t  e x p r e s s i o n  o f  t h i s  c o n d i t i o n  i n  t h e  

l a n g u a g e  o f  P o i s s o n  b r a c k e t s  and g e n e r a t o r s  on p h a se  s pa c e  was 

g i v e n  by  C u r r i e  e t  a l . , and  i s  c a l l e d  t h e  w o r l d  l i n e  c o n d i t i o n  

( W L C ) . T h i s  c o n d i t i o n  was g i v e n  by t hem w i t h i n  D i r a c ' s  i n s t a n t  

f o r m o f  d y n a m i c s ,  b u t  as we s h a l l  see t h e  i d e a  i t s e l f  i s  much 

more g e n e r a l .  As we s a i d  a b o v e ,  D i r a c ' s  programme us es  o n l y  

t e n  i n d e p e n d e n t  g e n e r a t o r s  and  n o t  e l e v e n .  I n  r e t r o s p e c t  one  

can  see  t h a t  i t  i s  t h e  f a c t  t h a t  t h e  t e n  g e n e r a t o r s  h a v e  t o  do 

d o u b l e  d u t y ,  n a m e l y  o b e y  t h e  L i e  r e l a t i o n s  o f  t h e  P o i n c a r d  g r o u p  

on t h e  one  h a n d ,  and o b e y  t h e  WLC on t h e  o t h e r ,  t h a t  i s  t h e

f u n d a m e n t a l  o r i g i n  o f  t h e  No I n t e r a c t i o n  T h e o r e m .

4 5R e c e n t l y  t h e r e  h a v e  b e e n  s e v e r a l  a t t e m p t s  ’ t o  s e t  up  

t h e o r i e s  o f  c l a s s i c a l  r e l a t i v i s t i c  i n t e r a c t i n g  p o i n t  p a r t i c l e s  

w h i c h  a r e  d e s i g n e d  t o  a v o i d  t h e  No I n t e r a c t i o n  T h e o r e m ,  e v e n  

t h o u g h  t h e y  a r e  d e s c r i b e d  i n  a g e n e r a l i z e d  H a m i l t o n i a n  f r a m e w o r k .  

A l l  o f  t hem a r e  c o n s t r u c t e d  i n  t h e  c o n s t r a i n e d  H a m i l t o n i a n  f o r ­

m a l i s m .  T h i s  f o r m a l i s m  was i n v e n t e d  by  D i r a c ^  t o  e x p r e s s  a t h e o r y  

b a s e d  on a s i n g u l a r  L a g r a n g i a n ,  i n  a g e n e r a l i z e d  p h a s e  s pa c e  

f o r m ;  and i n t r o d u c e d  t h e  i d e a s  o f  c o n s t r a i n t s  and D i r a c  b r a c k e t s



in  t h a t  c o n t e x t .  H o w e v e r ,  as D i r a c  h i m s e l f  p o i n t e d  o u t ,  one  

c an  us e  t h e s e  i d e a s  d i r e c t l y  e v e n  i n  t h e  a b s e nc e  o f  a L a g r a n g i a n .  

One s t a r t s  o u t  w i t h  a s u i t a b l e  p h a se  s p a c e ,  a d o p t s  some number  

o f  a l g e b r a i c a l l y  i n d e p e n d e n t  c o n s t r a i n t s ,  and some H a m i l t o n i a n  

c o m p a t i b l e  w i t h  t h e  c o n s t r a i n t s ;  one can t h e n  w r i t e  a g e n e r a l i z e d  

H a m i l t o n i a n  e q u a t i o n  o f  m o t i o n  w i t h  . v s p e c t  t o  some ( s p e c i f i e d  

o r  u n s p e c i f i e d )  p a r a m e t e r  o f  e v o l u t i o n .  Such a f o r m a l i s m  has
7

t wo  c h a r a c t e r i s t i c  f e a t u r e s  : ( i )  t h e  i n i t i a l  p h a se  s p a c e

i n v a r i a b l y  l ias more i n d e p e n d e n t  c o o r d i n a t e s  t h a n  a r e  n e e d e d  f o r  

t h e  p h y s i c a l  s y s t e m  one i n t e n d s  t o  d e s c r i b e  u l t i m a t e l y ;  ( i . i )  t h e  

p h y s i c a l  i d e n t i f i c a t i o n  o f  t h e  v a r i a b l e s  i n  t e r m s  o f  p a r t i c l e s ,  

a n d  t h e  f i n a l  s y s t e m  o f  b r a c k e t s ,  must  b o t h  be d e l a y e d  u n t i l  

a l l  n e c e s s a r y  c o n s t r a i n t s  h a v e  b e e n  s e t  down.

I t  i s  i m p o r t a n t  t o  u n d e r s t a n d  e x a c t l y  how one  has s u c c e e d e d  

i n  a v o i d i n g  t h e  No I n t e r a c t i o n  T h e o r e m ,  i . e . ,  p r e c i s e l y  w h i c h  

a s s u m p t i o n  o r  a s s u m p t i o n s  u n d e r l y i n g  t h e  T h e o r e m  h a ve  been  g i v e n  

u p .  One g e t s  t h e  i m p r e s s i o n  f r o m  t h e  l i t e r a t u r e  t h a t  what  has  

b e e n  g i v e n  up i s  t h e  e x i s t e n c e  o f  o b j e c t i v e  w o r l d  l i n e s ;  i . e . ,  

t h e  WLC. I f  t h i . s  i s  s o ,  i t  i s  h a r d  t o  a d m i t  t h a t  r e c e n t  w o r k  

c o n s t i t u t e s  a d e f i n i t e  a d v a nc e  o v e r  w h a t  had b e e n  known f o r  a 

l o n g  t i m e !  i n d e e d ,  soon a f t e r  D i r a c ' s  p a p e r  on t h e  f orms  o f  

r e l a t i v i s t i c  d y n a m i c s ,  b u t  w e l l  b e f o r e  t h e  No I n t e r a c t i o n  T h e or em
g

was p r o v e d ,  Thomas e x p l i c i t l y  s u g g e s t e d  t h a t  t h e  o b j e c t i v e  

r e a l i t y  of. w o r l d  l i n e s  be g i v e n  u p ,  and i n t e r a c t i n g  t h e o r i e s  

o f  r e l a t i v i s t i c  p o i n t  p a r t i c l e s  be s e t  up i n  D i r a c ' s  i n s t a n t

6
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form by c o n s t r u c t i n g  t e n  g e n e r a t o r s  f o r  t h e  P o i n c a r e  g r o u p .
9

Such t h e o r i e s  w er e  p r e s e n t e d  by B a k a m j i a n  and T homas ,  b u t  wer e  

soon shown by F o l d y ^  t o  h ave  a s e r i o u s  p h y s i c a l  d e f e c t :  t h e y

d i d  n o t  p o s s e s s  t h e  c l u s t e r  d e c o m p o s i t i o n  p r o p e r t y .  T h i s  d e f e c t  

shows i n  t h e  r e c e n t l y  p r e s e n t e d  mo d e l s  t h a t  a t t e m p t  t o  e s c a p e  

t h e  No I n t e r a c t i o n  T h e o r e m .

I t  a p p e a r s  t o  us t h a t  t h e r e  i s  no p h y s i c a l l y  w e l l - f o u n d e d  

r e a s o n  a t  t h e  c l a s s i c a l  l e v e l  t o  g i v e  up t h e  o b j e c t i v e  r e a l i t y  

o f  w o r l d  l i n e s  f o r  p o i n t  p a r t i c l e s ,  u n l e s s  one p o i n t s  t o  t h e  

No I n t e r a c t i o n  T h e o r e m  i t s e l f .  We i n t e n d  t o  show t h a t  t h e  way  

o u t  o f  t h i s  i mp as s e  l i e s  i n  an a l t o g e t h e r  d i f f e r e n t  d i r e c t i o n ^ :  

One m u s t  go b e yo n d  t h e  b o u n d a r i e s  o f  D i r a c ' s  programme f o r  

r e l a t i v i s t i c  d y n a m i c s ,  and e n v i s a g e  c h o i c e s  o f  e v o l u t i o n  p a r a m e t e r  

t h a t  a r e  d y n a m i c a l l y ,  n o t  k i n e m a t i c a l l y ,  d e t e r m i n e d .  I n  such a 

f r a m e w o r k ,  a l l  t h e  e l e v e n  g e n e r a t o r s  f o r  a r e l a t i v i s t i c  H a m i l ­

t o n i a n  t h e o r y  e n t e r  w i t h  i n d e p e n d e n t  and e q u a l  s t a t u s .  The  

i m p o s s i b l y  s t r o n g  c o n d i t i o n s  t h a t  t h e  t e n  g e n e r a t o r s  o f  t h e  

P o i n c a r f i  g r o u p  obey  t h e  b r a c k e t  r e l a t i o n s  o f  t h e  L i e  a l g e b r a  o.f 

t h a t  g r o u p ,  c o n t a i n  i n t e r a c t i o n ,  and obey  t h e  WLC, g e t  w e a k e n e d :  

t h e  WLC now need t o  be  obeyed  b y ,  o r  a r e  a c o n d i t i o n  o n ,  t h e  

g e n e r a t o r s  o f  t h e  Po . in c a r d  g r o u p  and t h e  e l e v e n t h  g e n e r a t o r  o f  

d y n a m i c a l  e v o l u t i o n .  I t  i s  i n  t h i s  way t h a t  t h e  e x i s t e n c e  o f  

i n t e r a c t i o n  and o f  o b j e c t i v e l y  r e a l  w o r l d  l i n e s  become c o m p a t i b l e  

w i t h  one a n o t h e r :  t h e  i m p l i c i t  a s s u m p t i o n  o f  a c l e a r  c u t

s e p a r a t i o n  o f  k i n e m a t i c s  and d y nami cs  u n d e r l y i n g  a l l  o f  D i r a c ' l;



f o r ms  o f  re. l  a t  i v i  s t. i c d y n a m i c s ,  must  be g i v e n  up.  T h e  f o r m a l i s m  

o f  c o n s t r a i n e d  H a m i l t o n i a n  dynami cs  i s  t h e n  t o  be v i e w e d  as a 

v e r y  c o n v e n i e n t  means f o r  t h e  c o n s t r u c t i o n  o f  such t h e o r i e s .

The p r o b l e m  o f  c l u s t e r  d e c o m p o s i t i o n ^  r e m a i n s ,  h o w e v e r ,  

u n r e s o l v e d .

S i n c e  t h e  p o s s i b i l i t y  o f  d e s c r i b i n g  a r e l a t i v i s t i c  H a m i l ­

t o n i a n  t h e o r y  w i t h  a l l  e l e v e n  g e n e r a t o r s  i s  n o v e l  and u n f a m i l i a r ,  

we s t a r t  i n  S e c t i o n  2 w i t h  a d e s c r i p t i o n  o f  a f r e e  s i n g l e  r e l a ­

t i v i s t i c  p a r t i c l e  i n  such a f o r m a l i s m .  The  case  o f  two i n t e r ­

a c t i n g  p a r t i c l e s  i s  t a k e n  up i n  S e c t i o n  3 .  I t  i s  e x p l i c i t l y  

shown h e r e  t h a t  one r e c o v e r s  t h e  No I n t e r a c t i o n  T h e o r e m  i f  one 

a d o p t s  a s y s t e m  o f  c o n s t r a i n t s  t h a t  r e d u c e  t h e  f r a m e w o r k  t o  

D i r a c ' s  i n s t a n t  f o r m ;  b u t  t h a t  w i t h  use o f  a d i f f e r e n t  s e t  o f  

c o n s t r a i n t s  and t h e  e l e v e n  g e n e r a t o r  f o r m a l i s m ,  b o t h  i n t e r a c t i o n s  

and i n v a r i a n t  w o r l d  l i n e s  can c o e x i s t .  B a s i c  t o  t h i s  d e m o n s t r a ­

t i o n  a r e  a c a r e f u l  a n a l y s i s  o f  w h a t  e x a c t l y  c o n s t i t u t e s  a s t a t e  

o f  m o t i o n  f o r  t h o  t w o - p a r t i c l e  s y s t e m ,  and a now form o f  t h e  WLC.  

The  e x t e n s i o n  t o  a s y s te m o f  N p a r t i c l e s  o c c u p i e s  S e c t i o n  4 .  I n  

b o t h  S e c t i o n s  3 and 4 ,  we use i n d e p e n d e n t  p a r t i c l e  v a r i a b l e s  

r a t h e r  t h a n ,  s a y ,  " c e n t r e  o f  mass" and r e l a t i v e  o n e s ,  and t h e  

e v o l u t i o n  p a r a m e t e r  i s  e s s e n t i a l l y  t h e  t i m e  i n  t h e  c e n t r e  o f  

momentum f r a m e .  O t h e r  ways o f  c h o o s i n g  t h e  e v o l u t i o n  p a r a m e t e r  

a r c  d e s c r i b e d  i n  S e c t i o n  5.  The  p r o b l e m  o f  c l u s t e r  d e c o m p o s i t i o n  

i s  d i s c u s s e d  i n  S e c t i o n  6 ,  and t h o  p a p e r  ends w i t h  c o n c l u d i n g  

r e m a r k s  i n  S e c t i o n  7.



9

Our  o b j e c t i v e  i s  t o  d e s c r i b e  a f r e e  r c l a t i v i s t i c  p o i n t  

p a r t i c l e  w i t h  mass in i n  a f o r m a l i s m  f l e x i b l e  enough t o  a l l o w  

f o r  d i f f e r e n t  c h o i c e s  o f  e v o l u t i o n  p a r a m e t e r .  We w i l l  a l s o  

d e v e l o p  t h e  WLC i n  t h i s  f o r m a l i s m ,  and show how and when i t  

r e d u c e s  t o  t h e  f o r m  i n  w h i c h  i t  was used  i n  t h e  p r o o f  o f  t h e  

No I n t e r a c t i o n  T h e o r e m .

To t h i s  e n d  we b e g i n  w i t h  an e i g h t  d i m e n s i o n a l  p h a se  spac e  

T w i t h  b a s i c  i n d e p e n d e n t  v a r i a b l e s  x ^ ,  p M, and p o s t u l a t e  t h e  

P o i s s o n  b r a c k e t  r e l a t i o n s

{ x ^ , x v } -  0 , { x M, p v } » g yv , { p y , p v } = 0 . ( 1 )

D e n o t e  a g e n e r a l  e l e m e n t  o f  t h e  Poincar<5 g r o u p  by ( A , a ) .  T h e n  

t h e  m a p p i n g s  o f  F o n t o  i t s e l f  g i v e n  by

R ( A , a ) :  x M •> x ' M = AMv x v + a M , p p -> p ,vl « AWVPV ( 2 )

e v i d e n t l y  p r e s e r v e  t h e  b r a c k e t s  ( 1 )  and so a r e  c a n o n i c a l  t r a n s ­

f o r m a t i o n s .  T h i s  c a n o n i c a l  r e a l i z a t i o n  ( A , a )  •+ R ( A , a )  o b v i o u s l y  

has  t h e  f o l l o w i n g  s e t  o f  i n f i n i t e s i m a l  g e n e r a t o r s :

J = x p - x p , P = p  . ( 3 )y v  v 1 }i ’ )j 1 (j v J

The b r a c k e t s  among t h e s e  g e n e r a t o r s  r e p r o d u c e  t h e  r e l a t i o n s  o f  

t h e  L i e  a l g e b r a  o f  t h e  P o i n c a r d  g r o u p .

2. Singlc Pr-jo Partic 1 c
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We now impose the constraint

2 2 0 . ( 4 )m

The  f u n c t i o n  K s e r v e s  two p u r p o s e s :  on t h e  one hand  i t  d e f i n e s

a c o n s t r a i n t  h y p e r s u r f a c e  Y l y i n g  w i t h i n  P and h a v i n g  d i m e n s i o n  

s e v e n ;  on t h e  o t h e r  h a n d  i t  can be u s e d  as t h e  g e n e r a t o r  o f  

c a n o n i c a l  t r a n s f o r m a t i o n s  on I’ w h i c h  ha ve  t h e  p r o p e r t y  o f  m a pp i ng

Y i n t o  i t s e l f .  As f o r  t h e  f o r m e r  r o l e :  i t  i s  c l e a r  ? s i n c e  K

i s  i n v a r i a n t  u n d e r  t h e  t r a n s f o r m a t i o n s  R ( A , a ) ,  i . e . ,  s i n c e

t h e  r e g i o n  Y d e f i n e d  by t h e  v a n i s h i n g  o f  K i s  i n v a r i a n t  u n d e r  

t h e  c a n o n i c a l  m a p p i n g s  R ( A , a ) :

T u r n i n g  t o  t h e  s e c o n d  r o l e :  s u p p o s e  we s t a r t  w i t h  some p o i n t

( x , p )  i n  Y and t h e n  a p p l y  t o  i t  t h e  o n e - p a r a m e t e r  f a m i l y  o f  

c a n o n i c a l  t r a n s f o r m a t i o n s  g e n e r a t e d  by K; we t h e n  b u i l d  up a 

l i n e  L ,  t h e  o r b i t  o f  ( x , p )  u n d e r  t h i s  g r o u p  o f  t r a n s f o r m a t i o n s .  

A l l  o f  L w i l l  c l e a r l y  l i e  i n  Y . One can s e t  up a s y s t e m  o f  

d i f f e r e n t i a l  e q u a t i o n s  w i t h  r e s p e c t  t o  an u n s p e c i f i e d  i n d e p e n ­

d e n t  v a r i a b l e  a ,  s a y ,  by  s o l v i n g  w h i c h  we can f i n d  t h e  l i n e  L:

{ K , i y  *  0 , ( 5 )

( 6 )

v { p  (cr) , K }  ,

xiJ(0) = , pu (0) = p“ . (7 )



H e r e  v i s  an a r b i t r a r y  m u l t i p l i e r :  as a r e s u l t  t h e  l i n e  L i s

d e t e r m i n e d  once  ( x , p )  i s  g i v e n ,  b u t  t h e  p r e c i s e  v a l u e  o f  a t o  

be a s s i g n e d  t o  e a c h  p o i n t  on L i s  l e f t  f r e e ,  s i n c e  i t  depends  

on t.<e c h o i c e  o f  v.

The s e v e n  d i m e n s i o n a l  i s  t h u s  t h e  u n i o n  o f  o n e - d i m e n s i o n a l  

l i n e s  L,  so t h e  l a t t e r  c o n s t i t u t e  a s i x  p a r a m e t e r  f a m i l y .  The  

r e l a t i o n s  ( 5 )  w h i c h  e a r l i e r  l e d  t o  t h e  c o n s e q u e n c e  ((>) can now 

be " r e a d "  i n  a n o t h e r  way:  i n  i t s  a c t i o n  on >], e a c h  t r a n s f o r ­

m a t i o n  K ( A , a )  w i l l  c a r r y  a l i n o  L o n t o  a n o t h e r  l i n e  L ' .

Up t o  t h i s  p o i n t  t h e  d e v e l o p m e n t  has  b e e n  p u r e l y  m a t h e m a t ­

i c a l ,  and we h a ve  y e t  t o  make c o n t a c t  w i t h  t h e  p h y s i c a l  s y s te m  

we r e a l l y  w i s h  t o  d e s c r i b e ,  n a m e l y  t h e  s i n g l e  f r e e  p a r t i c l e .

T h i s  i s  a c h i e v e d  by a d j o i n i n g  t o  t h e  c o n s t r a i n t  ( 4 )  a n o t h e r  one :

x ( x , p , T ) * 0 . (8)

The p u r p o s e  o f  t h i s  c n s t r a i n t  i s  t o  a s s i g n  t o  e a c h  p o i n t  ( x , p )  

on a l i n e  L a d e f i n i t e  v a l u e  o f  an e v o l u t i o n  p a r a m e t e r  t ;  t h e  

c h o i c e  wc make f o r  x w i l l  d e t e r m i n e  w h e t h e r  t  is k i n e m a t i c a l l y  

o r  d y n a m i c a l l y  d e t e r m i n e d .  To s e r v e  t h i s  p u r p o s e  x  must  obey  

two c o n d i t i o n s :  ( i )  i t  mu s t  be e x p l i c i t l y  d e p e n d e n t  on t ;  ( i i )

i t  must  v a r y  a l o n g  L f o r  f i x e d  t , i . e . ,

( X , K }  t  0 ; ( 9 )

t h i s  w i l l  e n s u r e  t h a t ,  f o r  e a c h  t , t h e r e  i s  j u s t  one  p o i n t  on

L a t  w h i c h  x v a n i s h e s .

11



Jiii.; p h y s i c a l  t lit i. ■ r p re t at  inn  of  one :>yst. cm as a f r e e  p a r t i c l e

(.•liif r s’ e •' o n l y  a i t  <■ i hot  h c o n s t r a i n t . - .  n , - i re i npo s f  cl. Tin.1 t r u e

p l i y s i c . i l  v a r i a b l e s  and b r a c k e t s  aiiioiu1, t hem a r e  o b t a i n e d  ( f o r  

t he  c h o i c e  . i f  e v o l u t  i on pa r.amet e r de t  e i  -,i! i ned b y { S ) ) when we pass  

i rom t h e  i o i s s o n  b r i c k e t s  ( I j t o  t h e  Pi  i\ k  b r a c k e t s * '  d e t e r m i n e d  

by K and :

I , ,1 • { •' ! , K • ; , , •  •. f  , /  ; • K , ji ‘ ! / • . , ,  K } , ( 1 n )

t h i s  i s a l io inh 'Kei ie  r a t  e sy.-< t <*i?: • >!’ b ra c k e  t ; i o r  a s i x d i mens i o ik i  1

| )ha se  s p a c e ,  j u s t  t h r  c o r r e c t  nt ir iher  o f  v a r i a b l e s  l o r  a s i n g l e  

p a r t i c l e .  vs a r e s u l t  o f  eq .  : : we can >ee t h. i t  t he  H i r a c

h r a c k e t  s b e t w e e n  t h e  t e n  i.tii i i t i e- .! , 1’ i ep ro d u c e  t h e  h i e

r e l a t i o n  o f  t h e  I ’o i n c a r ^  i r u i i p ,  i ust  as t h e i r  i’o i s s o p  b r a c k e t s  

d i d . We can t h e r e f o r e  use t he- . e  saiiie ;.;ene i a t o ,-s t o  set  up a

new r e a l  i ' a t  i on o f  t h e  i ' o i ncar t f  I ' .rottp, by i ra n.-> t o nna t i oil:;
*

R ( A , a )  t h a t  a r e  c a n o n i c a l  w i t h  r e s p e c t  t o  t h e  H i r u c  b r a c k e t .
A

I t  i s  t h e s e  t r ans  forma t. i ons R ! A , . i !  , and not  t h e  o r i g i n a l  R ( A , a ) , 

t h a t  must be p h y s i c a l l y  i d e n t i f i e d  a-, rep  r*“ sen l i ni; changes  o f  

i n e r t i a l  f ram e r  <• O ’ ( ,  a ) 0 . I'he two t ra n s  f o r m a t  ions  R (. A , a ) ,

*
R [ A ,  a )  f o r  t h e  same e l e me n t  ( A,  a)  i n th e  I 'o i iU M  r(  ̂ j ; roup a r e

r e l a t e d  i n t h i s  wav:  t h e y  hot ! ,  map o n t o  i (  R ( A , a )  itki]js a
A

l i n e  L o n t o  a n o t h e r  l i n e  1. * , t h e n  K t . \ , a )  a l s o  maps 1. o n t o  L ' ;
A

b e y o n d  t h i s ,  R ( A , a )  p r e ^ . v e s  t he  v a l u e  o f  ; when i t  c a r r i e s  

e a c h  p o i n t  op L t o  i t s  imajn on I , ' ,  w h i l e  t h i s  i s  not  g e n e r a l l y  

so f o r  R ( A , a ) .
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Now t h a t  Oij , ( S i  has supp 1 I ed n>- vv i ( h a do ! i in t e e v o l u t i o n  

pa [ v r a l o n g  .ii! ( , t h r  a )'b 1 t im r i l ies s in : !u- uu 1 i i p i i e r v hi  

t h e  d i f f e r e n t i a !  e q u a t i o n s  (_" 5 ;s l i l t e d :  i: f i x e d  by t he

c o n >i i t. i on

' ! A  ■ •  V ;  ,■ , K  !  0  > V ’- A  '  , .  K  • . ( 1 1 )
d I .* t ■ . ' '

Ke now h ave  d e f i n i t e  e q u a t i o n s  o f  e v o l u t i o n  ' .or1 . inv phase  \ p a c e  

f u n c t i o n  f ( x , p , t )  r e s t r i c t e d  t o  ;

J ! '1 ; 1 , K ; i i- , . ,

,1, f \ : k T ' ! I J |

The f o l l o w i n g  r e s u i t s  now h o l d ;  i t  i s  a) ' *  av*. . i M  e t o  f i n d

s i x  i n d e p e n d e n t  f u n c t i o n s  o f  x ,  , i such t h a t  t h e  i ’b ' s  l l )  among

them a r e  a nondegene  r a t e  s y s t e m ,  ami  l u r t h f i ' n m i e  when t h e s e  l>K's 

a r e  e x p r e s s e d  i n  t e r m s  o f  t h e s e  s i x  ( u n c t i o n : ,  t in- re  i s  no r e s i d u a l  

r d e p e n d e n c e ;  when b o t h  c o n s t r a i n t s  ( i i ,  ( >•} a rc  v a l i d ,  t h e n  any  

i u , , ) , 0  a p p e a r s  as some f u n c t i o n  of t h e s e  s i >: i n d e p e n d e n t  v a r i ­

a b l e s  and i ,  t h e r e b y  g i v i n g  a new meaning,  t o  t h e  t e r m  " e x p l i c i t
r

d e p e n d e n c e  on r " ,  d e n o t i n g  by .’ r t h e  p a r t i a l  d e r i v a t i v e  w i t h
I >

r e s p e c t  t o  such  e x p l i c i t  t de p en d en c e  i n  t h e  new s e n s e ,  “ a 

" H a m i l t o n i a n "  K w i l l  e x i s t  such t h a t  i t  a c t s  a -  t h e  g e n e r a t o r  

o f  d y n a m i c a l  e v o l u t i o n  v i a  t h e  H i r a c  b r a c k e t :

d f  .. a f  { f , K j 3X 1 f  *
"xa t  r: T( ' f x t n  a t  ' -Vi + { f ’ }°  • ( 1 3 J

The e l e v e n  g e n e r a t o r s  f o r  t h e  s i n g l e  f r e e  p a r t  i d . ; a r e  t h e n  t h e
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t <’ 11 t 1 I  I i- ■ >. > ; i :, I \ I ( I ,  l i  t t . t h i .  ! f . i  : ! .i t ! i ' l l  M ( ' , . ! !  I ! I ; i.

I ‘ I h c a I (" .. I ■'up  , a !u !  I fit. I i . I ’-; ! ! ! ■ t\ I i I; >( , i l l  r  1 <• v 1: n <| n a n  ? 1 ! : r  ■ .i I <.■

i l l !  i m a t r i y  l l i n e  > M in  ■ t lu- ■■ i.\ ; i n l c  p e n d e n  t d e c r e e s  <>{ ! r e e u o i i i

i'Ci'i.i i n  i ii;, iM .  c i  I i n ’ .s>n t r . i i a t  ■ K ,  , h i c e  l u - r r ,  i i:: p - > ' c * J  ;niti

o n e  t) . i • .'.s i ! c h o v i  : i->n i l w  ■: ! ! , '  ; !i ■ i i i • >! - ■:: t ■ ■ t !k - ,<i i \ u  b r a c k e t s .

i h r  r e l a t i o n  ' O .1 ' p i c  t l i i l i  tk-s c r l p t ■. on i . t i .n  i;h I l o I'wa l i l  .

I . r !  ami be {•,».) i ;ic i t i . i l  Ma r .  es .  i / i i k h ! t'J bv an i H I i n i t e > I jjm 1

i* 1 i.-immi t i , a ; ui' th e  i ' - ' i tK 'a i ' i1 >; r > > 11 p , -.o t h. i t  t h e  ,-*pace t i me  c o ­

o r d  11: i t o • \ \  " t l i . i t  a n -  t I t >' ' 'ne and t i . e ar:a- e v e n t  I*

i n 0 and i n <'1 a n  [ e l a t e d  >;rn:in t r t e a I 1 bv

■ • , i ) 0 :  v" * • a' , . , > • 1 . ( i l l

We se ( dp t ii<* ;;ene ra ! o I

ii 1 , i / ! '  . ( I  :>)
. . >. i

i f  t h e  p a r t i  e l i -  is in a s t a t e  o f  m o t i o n  c o r  r espond  i nj; to  t h e  

l i n e  I. in t'-.e c om. t  r . i m ;  s u r f a c e  , , t h e  p o i n t : -  on >. s u p p l y  us 

w i t h  a one - p a r a m e t e r  set  o f  spac e  • t imc pos i t  i on v e c t o r s  x M (< ) 

w i t h  w h i c h ,  i n  a f rame c ,  we can set  up a w o r l d  l i n e  i n  a s p a c e -  

t i m e  d i a g r a m  - - w e  p l o t  s p a t i a l  p o s i t i o n s  x ( : l  a t  l a b o r a t o r y  t i m e  

x <J( r )  in  C>. The  l i n e  I, i >  c a r r i e d ,  hy t h e  i n f i n i t e s i m a l  D i r a c  

c a n o n i c a l  t r a n s f o r m a t i o n  g e n e r a t e d  by ( I ,  i n t o  a l i n e  !. '  i n  a♦

m a n n e r  t h a t  p r e s e r v e s  t h e  . - v a l u e s .  The  p o i n t s  on I . '  now sup/ply  

us w i t h  a one  - pa r a m e t e r  se*  o f  s p a c e - t i m e  p o s i t i o n  v e c t o r s  .x'l i ( r )



wh i v. h -to ! i n 1 t ; on ,i :v  what r>u ■ t !<i- u>ed !■> I ( . .'It-, t I'UC t .1

\  ' t : ) V ' I ’ ! * ■ I . ( I 0 I

; f K i ' . l a 1 t i iil O <, l11 i t I 11.' I 1 11 > 1 • , a ! I 1 O d O a ! ! t i > 1 11 u 111 i til' '»i r i t H ■

i*:h and t lit' same on t e «. I 1 v o i y re a  i Kur  hi l i n e  i i ,  l o r  oacn 1 ,

' 1 ; i o b t a i n e d  b y  i.,i!ioi] u . i  I mc.iu> in i 10 ) 1 :■ r e a  I t e d  in ! hr

»;e ome t 1 1 c .1 i m a n n e r  o !  e q . ( N f  t o  \ 1 i * ' 1 j f o r  sum o  1 111 i n 1 I e 1

iit.i I ■ . :

X ' *' { .  ! ) X ,; ! ; 1 ' 1 ! • ’ : i ,:  . ( 1 7 )

h e r e  ' i i s  p e r m i t t e d  t o  ho a I 1 noa r e x p r e s s i o n  in  ̂ . imi a*'

w i t ii 000 t f i c 1 on t s t h a t  c o u l d  depen d  on d y n a m i c a l  v a r i a b l e ' .  .

Comb 1 11 i nj; o<j-.. I, 1 ) , (.!<>) and ; i “ 1 am! re t a i n 1 m; t h o s e  l i n e a r

in  . “ and 1” ;i torn’ , t h e  l.T is t l io c o n d i t i o n  t h a t  t h e r e  e x i s t

an e x p r e s s i o n  l o r  ' i  such that .

v C ,  x 1' } * - ^  * a ’ « '  ̂* 1 \ "  , K  . K  _ ; , ( 1 8 )

hi  t h i s  f o r m ,  the WLC is w r i t t e n  e x c l u s i v e l y  111 t e r m s  o f  t h e  

f i n a l  p h y s i c a l  b r a c k e t s  aiui  11 s 'euv-  e x p l i c i t l y  t h a t  in g e n e r a l  

i t  i s  a c o n d i t i o n  t o  be o b e y e d  j o i n t l y  by G and 1C.

We d i s c u s s  two c h o i c e s  f o r  ;<, one c o r r e s p o n d i n g  t o  a 

k i n e m a t i c  c h o i c e  f o r  1 and t h e  o t h e r  t o  a d y n a m i c a l  c h o i c e .  

Suppose  we t a k e
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X " x° - t .. (19)

Then one f i n d s  t h a t  t h e  D i r a c  b r a c k c t  ( 1 0 )  i s  a n o n d e g e n c r a t e  

one in t h e  s i x  v a r i a b l e s  x-1 , p j  , j  = 1 , 2 , 3  and t h e  b r a c k e t s  

bet. wet? n them a r e  i  - i tide p e n d e n t :

{ x - * , x k } = 0 , { x  ̂ ’ P  k ) “  6 k ’ ( P  j  * ) = 0 • ( 2 ° )

Now t h e  c o e f f i c i e n t  v i n  t h e  e q u a t i o n  o f  m o t i o n  ( 1 1 )  has  t h e  

va l u e

{ x J  ,-10 * *  K  , p J  - { p j , 3C} *  = 0 . ( 2 2 )

v = ( l / 2 ) p ^  , p°  * /  p"  + m4- ( 2 1 )

f l ic H a m i l t o n i a n  .!( i s  t o  be such  t h a t  v i a  t h e  DB i t  r e p r o d u c e s  

t h e  r i g h t :  e q u a t i o n s  o f  m o t i o n  f o r  x^ and  p^ ( i t s  e x i s t e n c e  

b e i n g  g u a r a n t e e d ) ;

i _ f
ft 

P

l i v i d e n t l y  we h ave

X  = / p 2 + m:  -  P°  . ( 2 3 )

We h a v e  a u t o m a t i c a l l y  r e v i e w e d  t h e  d e s c r i p t i o n  o f  t h e  s i n g l e  

f r e e  p a r t i c l e  i n  D i r a c ' s  i n s t a n t  f o r m :  t h e  b a s i c  v a r i a b l e s  a r e

x-1 , p j  ; t h e  f o r m e r  a r e  p h y s i c a l l y  i n t e r p r e t e d  as p o s i t i o n  a t  

some l a b o r a t o r y  t i m e  t ; t h e  b a s i c  b r a c k e t s  a r e  g i v e n  by ( 2 0 ) ;  

and t h e  e l e v e n  g e n e r a t o r s  a r c
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1 j k  “ x j i ' k  " V j  • J u j  "  “ ’ .i '  *"'1 • ' ' j  “ i ' j  • '*o "  i

I f  = 1’ °  ( 2 4 )

The WLC ( 1 8 ) ,  w h i c h  is c e r t a i n l y  e x p e c t e d  t o  be s a t i s f i e d ,  b e haves  

as f o l l o w s :  t h e r e  i s  no n e e d  f o r  St t o  c o n t a i n  t e r ms  i n v o l v i n g

and Uj , w h i c h  d e s c r i b e  a H u c l i . d e a n  t r a n s f o r m a t i o n .  The  r e ­

m a i n i n g  t e r m s  i n  ( 1 8 )  a r c

u>0 j { d o j , x M } *  - a ° { P 0 >xM} *  * to0 j  ( 6 j j x j  - o ' / ; )  +

St ( 2S)

The  c h o i c e  \\ = 0  s e r v e s  t o  d e t e r m i n e  S t :

0 0 j  r ^6 t = - a - u> J Xj  . ( 2 6 )

The  use o f  t h i s  i n  t h e  r e m a i n i n g  c omponent s  o f  ( 2 5 )  t h e n  shows  

t h a t  t h e  o n l y  n o n t r i v i a l  p a r t  o f  t h e  IVLC r e f e r s  t o  p ur e  Lorent?.  

t r a n s f o r m a t i o n s  and is

i- * k k *
{ J o j , x K} = - S?t  - x j { x , -K} . ( 2 7 )

' i 'his i s  t h e  form o f  t h e  WLC o r i g i n a l l y  used  i n  p r o v i n g  t h e  

No I n t e r a c t i o n  T h e o r e m ;  and f o r  t h e  f r e e  p a r t i c l e  case  ( 2 4 )  i t .  

i s  c l e a r l y  o b e y e d .

As a n o t h e r  ch o i  „e f o r  x wc n e x t  c o n s i d e r

X = p»x - mi . (28)



18

I'ho D i r a c  B r a c k e t s  can bo computed and a g a i n  o i k : f i n d s  t h a t  X’1 , 

Pj  a r e  a c o m p l e t e  se t  o 1' v a r i a b l e s  w i t h  i - i ndependen  t b r a c k e t s :

{ X , X k } --- ( x k p-  ̂ - X** ] ) ^ )  / i l l"  ,

p j p  *
{ x J f p k } *  -  5j> - , { | > : , P k } *  “ 0 .

The  m u l t i p l i e r  v is now

v =f 1 / 2 )  in , ( 3 0 )

so -If must  be so c ho s e n  t h a t  t h r o u g h  t h e  b r a c k e t s  ( 2 9 )  i t

g e n e r a t e s  t h e  q u a t i o n s  o f  m o t i o n

x-< -  ( x j  , 3 0 *  = I?A , p j  { p 3 , - 1 0 *  -  0 . ( 3 1 )

'1 he sol  u t i o n  i s

Pn / "  ?
j f  = ■ ni l n - ~  , p 0 = /  j>“ + ni . (3 2)

We h a v e  now a new d e s c r i p t i o n  o f  t h e  f r e e  p a r t i c l e ,  n o t  b e l o n g i n g  

t o  any o f  D i r a c ' s  f o r m s : t h e  s i x  b a s i c  v a r i a b l e s  X j , p j  have

b r a c k e t s  ( 2 9 ) ;  t h e  Xj  a r e  n o t  s p a t i a l  p o s i t i o n  v a r i a b l e s  a t  some 

l a b o r a t o r y  t i m e  b u t  a t  t h a t  p o i n t  on t h e  w o r l d  l i n e  w h i c h  i n  x 

u n i t s  o f  p r o p e r  t i m e  away f rom t h e  p o i n t  w h e re  p and x a r e  

o r t h o g o n a l ;  t h o  e l e v e n  g e n e r a t o r s  a r e
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■J jk = xji*k ' V ,  • J o.i a (nn + £•*> - xj po • '"j - p j  « po = p0 ;

Pn
•7f -  m I n - — . (.33)

P i

The b r a c k e t s  among 'J( |V> P(| c o m p u t e d  on t h e  b a s i s  o f  ( J 9 )  w i l l  

have  t h e  p r o p e r  v a l u e s ,  and -ft i s j n o t  j n  t h e  P o i n c a r e  a l g e b r a ,

T h i s  t i m e ,  t h e  Wi.C ( 1 8 )  has a d i f f e r e n t  b e h a v i o r  t h a n  p r e v i o u s l y ;

t h e r e  i s  no need  f o r  6x t o  d e pen d  on w a t  a l l ,  i t  must  beii v

c h o s e n  o n l y  t o  s a t i s f y

*

- { a -  l \ x ' - }  -  a ' 1 * ■ ♦ { x “ , K '  J i . ( .34)

The  n -  0 c a s e  d e t . e m u n e s  vi  t o  be a ' p / m ,  and t h e  r e m a i n i n g  

c o n d i t i o n s  a r e

i * i Pk i A
{ x -1 , P k J - Aj| - { x J ,.7C) . ( 3 5 )

( c' ’ x . i .  i p ,v)

T h e s e  n o n t r i v i i l  p a r t s  o f  t h e  WI.C r e f e r  t o  t h e  b e h a v i o r  o f  x-( 

u n d e r  s p a t i a l  t r a n s l a t i o n s ,  and a r e  o f  c o u r s e  o b e y e d .

B e c a u s e  o f  t h e  s i m p l i c i t y  o f  t h e  p r e s e n t  s y s t e m  ( e s s e n t i a l l y  

t h e  f a c t  t h a t  e ac h  L i s  one d i m e n s i o n a l )  one can e a s i l y  show t h a t  

t h e  W lx ; ( 1 8 )  can be s a t i s f i e d  f o r  any c h o i c e  o f  x* ( T h i s  means  

t h a t  wc can  v i e w  d i f f e r e n t  c h o i c e s  as v a r i o u s  ways o f  d e s c r i b i n g  

t h e  same p h y s i c a l  s y s t e m ,  n a m el y  t h e  f r e e  p a r t i c l e . )  We can  

r e w r i t e  (US') in t e r ms  o f  t h e  o r i g i n a l  P o i s s o n  b r a c k e t s  and Mien  

i t  r e a d s
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{ r , ) X } { K , x |J} = - { x !J, K } 6 t ( 3 6 )

Th e  c h o i c e

6 t = { G , x ) §£ ( 3 7 )

w i l l  a l w a y s  w o r k .  I n  any e v e n t  we h a v e  d e m o n s t r a t e d ,  w i t h  t h e  

s i m p l e s t  i m a g i n a b l e  s y s t e m ,  how one can a r r i v e  a t  new H a m i l t o n i a n  

r e l a t i v i s t i c  dcscr i r . v t  I ons  n o t  e n compassed  by D i r a c ' s  p r og r a mme .

We h a v e  a l s o  s e e n  t h a t  t h e  met hods  o f  c o n s t r a i n e d  H a m i l t o n i a n  

m e c h a n i c s  s e r v e  o n l y  as c o n v e n i e n t  t o o l s  t o  u l t i m a t e l y  a r r i v e  a t  

v a r i o u s  d e s c r i p t i o n s  o f  one p a r t i c l e ,  a l w a y s  c h a r a c t e r i . z e d  by 

s i x  i n d e p e n d e n t  v a r i a b l e s ,  s u i t a b l e  b r a c k e t s ,  and g e n e r a t o r s ;  

i t  i s  j u s t  t h a t  t h e  sy t em d e f i n e d  by ( 2 9 )  and ( 3 3 )  w o u l d  h ave  

b e e n  awkwar d  t o  d e f i n e  d i r e c t l y .

3 .  T wo I n t e r a c t i n g  P a r t i c l e s

We b e g i n  w i t h  a s i x t e e n  d i m e n s i o n a l  p h a s e  s pa c e  F w i t h

v a r i a b l e s  x , p , a -  1 , 2 ,  t h e  o n l y  n o n z e r o  P o i s s o n  b r a c k e t s  p a ’ 1 p a ’ * * 1

b e i n g

( 3 8 )

T h e  t r a n s f o r m a t i o n s

va
(39)
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a r e  c a n o n i c a l ,  p r o v i d e  a r e a l i z a t i o n  o f  t h e  P o i n c a r e  g r o u p ,  and  

h a v e  as g e n e r a t o r s

J = y ( x  p - x p ) , P = y p . ( 4 0 )liv “  ̂ ycr v a  v a ‘ ya ’ y “ 1 ya  v *

We must  now cho o s e  two i n d e p e n d e n t  c o n s t r a i n t s  K^,  K2 such  

t h a t  e a c h  i s  i n v a r i a n t  u n d e r  R ( h , a )  and t h e y  a r e  a f i r s t  c l a s s  

p a i r .  We make t h e  a n s a t z ^

K ] = P 1 '  ml  + V » K2 = P2 ' ,n2 + V ’ ( 4 1 )

i n c o r p o r a t i n g  a common " i n t e r a c t i o n  t e r m "  i n  a d d i t i o n  t o  t h e  

f r e e  p a r t i c l e  f o r m s .  The  f i r s t  c l a s s  c o n d i t i o n  i s

{K1 ,KZ} { p ' l  - p 2 j V } = 2 V = 0 . ( 4 2 )

The  most  g e n e r a l  V i s  e a s i l y  d i s c o v e r e d .  I n v a r i a n c e  o f  V u n d e r  

R ( / , a )  t e l l s  us t h a t  V i s  some f u n c t i o n  o f  x ,  - x , . The c o n d i t i o nI i*

( 4 2 )  t h e n  s ays  t h a t  V i s  u n c ha ng e d  i f  x^ and X 2 a r e  c hang ed  t o

X 1 + c P i >  x 2 “ e p 2 r c s Pe c t  i v e ' l y , w i t h  e s m a l l .  Thus  V must  be

some f u n c t i o n  o f  t h e  p a r t  o f  x^ - X 2 t h a t  i s  t r a n s v e r s e  t o

P = p^ + P 2 * W r i t i n g

f  ( * / '  - x / j  , r L -  ,  r -  - P -  L -  , ( 4 3 )

and f i n a l l y  i n v o k i n g  t h e  i n v a r i a n c e  o f  V u n d e r  R ( A , 0 ) ,  we see  

t h a t  we can t a k e  f o r  V any  f u n c t i o n  o f  L o r e n t z  s c a l a r s  f o r me d
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o u t  o f  [■ ^ , p^ and p £ .  F o r  s i m p l i c i t y  we s h a l l  c o n s i d e r  V t o
J. >

be somo f u n c t i o n  o f  r " a l o n e ,  so wo f i n a l l y  have  t h e  two f i r s t

c l a s s  c o n s t r a i n t s

K|  "  p j  • m 2\ + V ( £ )  , K 2 = p 2 " m 2  + ’

f . -  r .  2 - p 2 -  i L - n i  ( 4 4 )
.L. p L

One c o u l d  now choose  t o  wo r k  w i t h  t h e  two c o m b i n a t i o n s  Kj .J. K , ,  

i n  one o f  w h i c h  V i s  a b s e n t ;  b u t  we w i l l  use  t h e  a bove  s e t  as 

g i v e n .

T h e  r e g i o n  i n  F w h e r e i n  b o t h  K. and K-, v a n i s h  w i l l  be a1

f o u r t e e n  d i m e n s i o n a l  c o n s t r a i n t  h ype r s u r  f  ace I .  C l e a r l y  Y. i s  

mapped o n t o  i t s e l f  by R ( A , a ) .  Kj and t h e m s e l v e s  g e n e r a t e  

c o mm u t i n g  c a n o n i c a l  t r a n s f o r m a t i o n s  t h a t  a l s o  map o n t o  i t s e l f :  

t h e s e  f o l l o w  f r om  t h e  f i r s t  c l a s s  p r o p e r t y ,  ( l i v e n  any p o i n t  

( x , p )  i n  £ we can d e v e l o p  i t s  " o r b i t "  u n d e r  t h e  A b e l i a n  g r o u p  o f  

c a n o n i c a l  t r a n s f o r m a t i o n s  g e n e r a t e d  by and K^: t h i s  w i l l ,  be

a t w o - d i m e n s i o n a l  " s h e e t "  S l y i n g  w h o l l y  i n  >;. One can i m a g i n e  

g e t t i n g  S i n  t h i s  way:  we s o l v e  t h e  d i f f e r e n t i a l ,  e q u a t i o n s

dx ( o )  < \ dp ( a )  f >

, --a-— = {p0M(a5*K(i}v B - C45)

x u ( 0 )  = x y  , p M CO)  = p M , a  a  ‘ a  ' a

for all possible choices of the v^ and then collect together all



t h e  p o i n t s  o f  >; t h a t  can be r e a d i e d  f r om ( x , p )  in  t h i s  w a y .  The  

f o u r t e e n  d i m e n s i o n a l  X t h u s  b r e a k s  up i n t o  a u n i o n  o f  t w o -  

d i m e n s i o n a l  s h e e t s  S ,  w h i c h  must, t h e n  f o r m a t w e l v e  p a r a m e t e r  

f a m i l y .  And t h i s  b r e a k - u p  o f  Y. w i t h  d i s j o i n t  s h e e t s  i s  p r e s e r v e d  

by R ( A , a ) :  e a c h  S w i l l  be mapped by R ( A , a ) o n t o  a n o t h e r  e n t i r e

s h e e t  S ' .

So f a r  a g a i n  t h e  d e v e l o p m e n t  has been  ma t he.na I  i ca I ; more  

n e e d s  t o  be done b e f o r e  we a r r i v e  a t  a p h y s i c a l  s y s t e m  o f  two  

i n t e r a c t  11^  p a r t i c l e s .  I t  i s  n e c e s s a r y  t o  i d e n t i f y  p r e c i s e l y  

w h a t  c o n s t i t u t e s  a " s t a t e  o f  m o t i o n "  f o r  t h e  two p a r t i c l e s ;  and  

t h i s  must  be  such  t h a t ,  in e a ch s_t.a t e o f  mot i o n ajnd i n  e a c h  f r a m e

0 a p a i r  o_:'_woj' I d l j_nes Ln_ spl ice  t ime_ j_s _unamj)j  guous j.y de t o  uiu ne_d .

R e f l e c t i o n  shows t h a t  i t  w o u l d  be p h y s i c a l l y  i n a p p r o p r i a t e  t o  

i d e n t i f y  a s h e e t  S as a " s t a t e  o f  m o t i o n "  o f  t h e  two p a r t i c l e  

s y s t e m .  I t  s h o u l d  be c l e a r  t h a t  x*j* and x (| ,  t h e  " t i m e  c o m p o n e n t s "  

o f  x ^ , v a r y  i n d e p e n d e n t l y  o v e r  a s h e e t  S,  so on a g i v e n  s h e e t  we 

can  v i e w  x’ . and x n ( and p H as w e l l )  as f u n c t i o n s  o f  x*] .
1 t*  Ot J u.

H x c e p t  i n  t h e  non i nt e r ac t  i ng c a s e ,  we e x p e c t  e ac h  o f   ̂ , k ,  t o

d e pe n d  on b o t h  ol  Xj  , x 1,*. I f  t h e r e f o r e  a 11 o f  S w e r e  t o  be used

t o  r e c o n s t r u c t  s p a c e - t i m e  w o r l d  l i n e s  f o r  t h e  two p a r t i c l e s ,  we 

w o u l d  end up w i t h  a sheet ,  and not  a l i n e  f o r  e a c h  p a r t i c l e !  In 

o r d e r  t h a t  e a c h  " s t a t e  o f  m o t i o n "  l e a d  u n i q u e l y  t o  a w o r l d  l i n e  

f o r  e ac h  p a r t i c l e  i t  i s  n e c e s s a r y  t o  c ho o s e  some one \ i m e n s i o n a 1 

c u r v e  C i n  S and c a l l  t h a t  a l o n e  a " s t a t e  o f  m o t i o n " :  t h e  r e s t

o f  S i s  t o  be t h e n  d i s c a r d e d  as b e i n g  o f  no p h y s i c a l  s i g n i f i c a n c e .

2 3
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A c u r v e  C on c a c h  S i s  s p e c i f i a b l e  by c h o o s i n g  one c o n s t r a i n t

Xj  Cx , p ) w i t h  no e x p l i c i t  d e p e n d e n c e  on any  p a r a m e t e r s :

X 1 ( x , p )  *  0 . ( 4 6 )

I t  i s  o n l y  n e c e s s a r y  t o  e n s u r e  t h a t  t h e  f u n c t i o n  x n o t  c o n ­

s t a n t  o v e r  an S.  To t h e n  a s s i g n  a v a l u e  o f  an e v o l u t i o n  p a r a m e t e r  

t t o  c a c h  p o i n t  o f  C we m u s t  s e t  up an e x p l i c i t l y  t - d e p e n d e n t  

s e c o n d  c o n s t r a i n t

X2 ( x , p , t ) *  0 . ( 4 7 )

T h e  p a i r  o f  c o n s t r a i n t s  x a a dded  t o  t h e  e a r l i e r  p a i r  t h e n  

d e f i n e s  t h e  p h y s i c a l  i n t e r a c t i n g  two p a r t i c l e  s y s t e m :  t h e  s y s ­

t e m i s  n o t  r e a l l y  d e f i n e d  u n t i l  t h e  x a a r e  c h o s e n;  and one c a n n o t  

v i e w  d i f f e r e n t  c h o i c e s  o f  t h e  x u as y i v i n g  d i f f e r e n c e  d e s c r i p t i o n s  

o f  " t h e  same p h y s i c a l  s y s t e m .

F o r  t h i s  scheme t o  w o r k  i t  i s  c l e a r l y  a d e q u a t e  t h a t  t h e  s e t

o f  ' 'our  c o n s t r a i n t s  K , y bo s e c on d  c l a s s ,  i . e .a Aa ’

J e t  U X a . K u H  / 0 • ( 4 8 )

L e t  us now w r i t e

a a B ^ x B , K Y^ “ 6ay

T h e n  t h e  t r u e  p h y s i c a l  v a r i a b l e s  a r c  o b t a i n e d  by  i m p o s i n g  a l l  

f o u r  c o n s t r a  i n t s

xu * 0 ; (50)
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unci t h e  p h y s i c a l  b r a c k e t s  a r e  t h e  D i r a c  b r a c k e t s  r e l a t i v e  t o

T h i s  s y s t e m  o f  b r a c k e t s  s u p p o r t s  a t w e l v e  d i m e n s i o n a l  phase

s p a c e .  S t a t e s  o f  m o t i o n  a r e  t h e  c u r v c s  C on s h e e t s  S,  w i t h

p a r a m e t e r  o f  e v o l u t i o n  i . Sinc<~ t h e  K w e r e  c o n s t r u c t e d  t o  have  1 a

c o n t i n u r ,  t o  p r o v i d e ,  v i a  t h e i r  D i r a c  b r a c k e t s ,  a r e a l i z a t i o n  o f  

t h e  L i e  a l g e b r a  o f  t h e  P o i n c a r d  g r o u p .  T h e y  t h u s  i n t e g r a t e  t o

c a n o n i c a l  w i t h  r e s p e c t  t o  t h e  D i r a c  b r a c k e t .  Hach R ( A , a ) ,  l i k e

R ( A , a ) , maps Z o n t o  i t s e l f ;  m o r e o v e r  i f  R ( A , a )  c a r r i e s  S t o  S ' ,
■k :k

so does R ( A , a ) ;  b e y o n d  t h i s ,  R ( A , a )  t a k e s  t h e  c u r v e  C i n  S

d e t e r m i n e d  by  ( 4 6 )  t o  t h e  c u r v e  C  d e t e r m i n e d  s i m i l a r l y  i n  S ' ,

and p r e s e r v e s  t h e  v a l u e  o f  t in  t h e  p r o c e s s .  From now on t h e

change  o f  i n e r t i a l  f r a me  0 -* 0 1 = ( A , a ) 0  i s  r e p r e s e n t e d  by t h e
■k

t r a n s f o r m a t i o n  R ( A , a )  a c t i n g  on t h e  p h y s i c a l  s y s t e m .

The h i t h e r t o  a r b i t r a r y  q u a n t i t i e s  v„ i n  (4 5) a r e  now f i x e dCt

s i n c e  t h e  c o n s t r a i n t s  v = 0  mu s t  be m a i n t a i n e d :
A (X

{ f , g }  -  { f , g i  - a a 6 ( U > V { X 3 ’ 8 } - U ' > X 6 H K a , g } )

( 5 1 )

v a n i s h i n g  I’o i s s o n  b r a c k e t s  w i t h  and !■’ , t h e  l a t t e r  q u a n t i t i e s

a r e a l i z a t i o n  o f  t h e  P o i n c a r d  g r o u p  by  t r a n s f o r m a t i o n s  R * ( A , a )

( 5 2 )



i ' l n '  r e s u l t  i ! i i ’ c . e n e 1 .1 I so l i  o l  dynasn i c a  1 e v  = l u !  i o n  a l o n g

any  C :

d f  , , u . r V l
d ; 1 > ■: i i -

c an  hr  ;< w r i t  I o n  i is i i an i 1 t o:i i a n sor n u i t n  I h r  i n i ' ac  b r a c k e t  

i> r ov  i (.ir d l h r  iiitMii m i ;: n!  e x p l i c i t  J e p e n d r n c e  on i i s s u i t a b l y  

a I I. r  ro d  :

4{ ' 1 I , ’•(: * S .> 4 jd ! ..If 1

O w  inn;' t p i c k  t w e l v e  i n d e p e n d e n t  v a r i a b l e s  r u r v i v i n g  a f t e r  a l l  

c o n s t r a i n t s  (;>0)  . n r  i mp o s e d ,  ;uch t h a t  t h r  i hi  r . ic b r a c k e t s  

a r e  i i nde penden ( when e x p r e s s e d  i n t e r ms  o f  t hemse 1 v o s  ; i i' I' 

in  t '> 4 )  is  e x p r e s s e d  i n  t e r ms  o f  such a set  o f  i n d e p e n d o n t  

v a r i a b l e s ,  any r e s i d u a l  i - d ep e n d o n ce  is  what  c o n t r i b u t e s  i n ( $ > ! ) . )  

S u b j e c t  t o  d i s c u s s i o n  o f  t h e  ’.VI.C, t in '  r e l a t i v i s t i c  s y s t e m o f  t wo  

i n t e r a c t i n g  p a r t i c l e s  i s  d e f i n e d  by t h e  Jen g e n e r a t o r s  ( 4 0 )  and 

t h e  H a m i l t o n i a n  ft,  a l i  v i e w e d  as f u n c t i o n s  o f  t w e l v e  in d e p e n d e n t  

d e g r e e s  o 1' f r e e d o m  l e f t  when on th e  o r i g i n a l  p h ase  space  a l l  

l o u r  c o n s t r a i n t s  ( SOI  a r e  o p e r a t i v e .

The KI.C a r e  e a s y  t o  s e t  up.  The p o i n t  x j r ) ,  p ( t )  on 

C in some S l e a d s ,  i n  a f r a m e  0 ,  t o  t h e  p a i r  o f  s p a c e - t i m e  p o i n t s  

x , r ) . T h o s e  a r e  t he p o i n t s  on t h e  two w o r l d  l i n e s  t o  

w h i c h ,  in  t h e  c o n s i d e r e d  s t i ; t e  o f  m o t i o n ,  and in t h e  f r ame  0 ,  

a common v a l u e  i o f  t h e  p a r a m e t e r  i s  a s s i g n e d .  In t h e  f r a me  

O'  - ( A , a ) 0  w i t h  ( A , a )  i n f i n i t e s i m a l ,  one a s s i g n s  t h e  common



\ .1 t i k  I s i S h e  [ i i i ; . ■• ! p < > i Is t •

\  ' i v 1 i : ! ( i i , x ' ! ) ,* * ' *

;, !'■ m i  >. !'o i ;t;c v! . i i  i ii ■ ■ ; n > 1 .> 5 . M ; e  ir i'i'ii: t r ac t i o n  -• in i'1

. u n i  »' r e  ; e r  I o  t h e  ■ . r  sc v. > > i i ■.! ! i i .e i ; ! i n  r < ; » . ! ! w «• e ;»i c  ̂ i <>u s

, . , , - . i d  I t f i i l

\ i ’  . i , ’ » * - . , :»I» i
. i

. : iiii • t h e  pa : r o;  ;>e i n* . ,  u i t h  ,i iaa:iMon , \ i I .!<■ in  ' e - i i t M have

a i ! i i i e !. t . • v a 1 ue .■■ i i: ! ; Thai .. ! hi iS i ( i : t i., i i n  n i ' i i t  t ha t

l !h - i e e x i s t  e xp re ... ; on.- ; o i iia t

; ■ 1* ■ ' ‘ ' -V, • i
< (. , > \  < ;i ' ■ ♦ { x , h >
I * J ■’ > : *

t,

i s V

A l l  e l e v e n  j t *o n o 'M t  ui';- o t t h e  •>> -',1 cm a i t  ay. a ) m ! n v«» I v-ui ,

h i r  l hi- 1 u ij f o r  . u ' r e j  p a r t  i I e e a s e  i t  ; , .u  f r a e  t h a t

e x p r e s s i o n s  •. i c a n  h e  i’o u i u l  t o  ^>;i: i s i v : S \i , r  a n y  o i

,• , T i n  > r e  i n f o i , e s >ar v i e w  p o i n t  t h a t  ■ n-- , i .
‘ ’ i I

0.1 rt o f  ; he- d e f i n i t i o n  oi  t h e  p h y s i c a l  i'-i e.x.miiii'* i f

( 7  ) i. an he o b e y e d  i o r  v a r i o u s  c he. i ce' -  o f  ;! ; •, i ;;i;> i e r  t o

r e u r i t e  i t  i n t e r ms  < ; t h e  o r i g i n a l  Poi .sson n r.i,: ke  t >:

l \  -J , K , } a  ■'(»,'/ r ix ,J , K >a , -v ; , i • 1 , I . ( 5 H )
I. a i{ /  Y t i j  f! ’>'->} 'U <

1,et us f i r s t  see w h a t  ha|) j>ens w . t h  t h e  c h o i c e

0 I f 0 Ol . I ( 0  A u) , r 0 >
X i " r j x i ' x i j > X 2 " V [ x i x ;) ] ! • ^ J )



This correspond^ ’o .ulnpt in;; P-rar's instant I'orm. The matrix

( { .

The

Due

18} iv

. ! »
! u 
! l*l  ' v • ( )

v o  *-
dv t oo)

i n v e r s e  Miat r i  x C  t lu n

: p 1! * J i ’ "  V C .

J i*° ! V i  j

!) - y :  ♦ ,m i -v (0  1)

to Uuc 1 i dean i n v;»r i a nee o !' the x ' >, the Poisson b racke ts  

; ; .< i mp 1 i I v t u

0 j
r i > *  “ a 1

( 6 2 )

I f  t h e  6 i e x i s t ,  t h e y  must  he l i n e a r  e x p r e s s i o n s  i n  a ^ ,  and

must  o b e y



o r ,  e q u i v a l e n t l y ,

{xaM’ S }aSlw° j r j  = ' {xaW' Ka}a02(6aT + a° + J j ( x . x ♦ x ^ ) )  ,

no sum on a . (63)

I f  o^t do e x i s t ,  i t  must happen th a t  the  exp ress ion s

are p roport  io n a l  to ^ - ' r .  fo r  both a v a lu e s .  Thus the  3 t  w i l lJ a
e x i s t ,  and the Iv'LC w i l l  he obeyed, i f  out o f  the four v e c to rs

V  = D{xaU’ S U 0l ’ V  = D(x/ * V a62 ■ <64>

A j U is  p a r a l l e l  to  and A7U to B7M. These ve c to rs  a re :
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In the absence ol .jay in te r a c t  ion, V ’ = U, and Bj are  p a r a l l e l ,  

and su a re  and 1’. 7. mu?  for  i ree p a r t i c l e s  the WLC (57) or 

(58) can he obeyed. nut i t  V  .is n on :c ro ,  then the WLC demand 

tha t  r  ̂ ne p a r a l l e l  tu p̂  as w e l l  as to p , , and these co n d it io n s  

cannot tie met, -n ice  i t  is net a consequence o * the g iven  con- 

s t i a i n t s  th a t  is  p a r a l l e l  to p? . In t h i s  way the N o - In te ra c t io n  

I'heoreiii reappears i n the p resent framework.

on the o th e r  hand a dynamical cho ice  o f  e v o lu t io n  parameter 

can e a s i l y  he made for which the WLC are  obeyed. in  f a c t  e q . 

i5b) shows the way. Let u.-> choose x  ̂ e x p l i c i t l y  in v a r ia n t  under 

Rt A, a ) :

\ j = l*T  , = \ ]>• (X j + M> ) * T (66)

i'hen for both va lu es  o f i, i f  we set

y.t-. - - (G, A , i = - a-P (6 7)

the WLC. are obeyed, whatever be the in t e r a c t io n  p o t e n t ia l  V.

\s expected , i t  is  on ly  the behav io r  under space-time t r a n s la t io n s  

m a t  leaas to a n o n t r i v i a l  WLl w ith  the ,, of io t) j .  The system 

o f  c o n s t r a in t s  k , < of e q s . ( 44) ,  sbbj ,  the !)j r,;c b racke ts  (5 1 ) ,

the ten gene ra to rs  (40) and -he '* c r eq. (54) taken tog e th e r

d e sc r ib e  an in e r a c t in g  two p a r t i c l e  system w ith  o b j e c t i v e l y  r e a l  

world  l i n e s ,  m  the framework o f  a d yn a m ica l ly  determ ined e v o lu t io n  

p a ram e te r . S in ce  the choice o f  tw e lve  independent p h y s ic a l  v a r i a b l e s ,
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t in-i r b r a cke t s ,  ami t ho ge nera to r  'it a l l  (.an invo lve  (hr  i i ih-r 

.ut i tin V, tin- c o n s t r a i n t  formal ism is a convenient  t echn i ca l  

moans to sot tip the system in an i m p l i c i t  fash ion.

I t  i s  t r i v i a l  t o  r e m a r k  t h a t  a n y  c h o i c e  o f  ^  a n d  s u c h  

t h a t  -v | i s  i n v a r i a n t  u n d e r  R ( A , a ) a n d  a l o n e  c a r r i e s  a 

d e p e n d e n c e  e x p l i c i t l y  y i v o i i  a s y s t e m  u i l h a c c e p t a b l e  w o r l d  

I i l i e s ,  O n e  n e e d  o n l y  c h o o s e

v j ! - i’j i I i i i , \  i I j  ■ „ j ((> S )

t o  o b e y  t h e  WL C  I 8 )  . H o w e v e r  we s t r e s s  t h a t  t h e  c h o i c e s  o f  

V ,  a n d  A a 1 I t o g e t h e r  d e f i n e  t h e  p a r t i c u l a r  t w o  p a r t i c l e  

sn st  eiii i n  i n t i *  r a  c t i o n .

■I. The  Ni P a r t i c l e  P r ob l e m

'I'h o model  o f  t h e  p r e v i o u s  S e c t i o n  can be ;’,en e ra I i :'.ed f rom

I  t o  N p a r t i c l e s  f o r  any N . Wo s t a r t  w i t h  v a r i a b l e s  x , p ,
} f ( |i Ct

<■>. -  1 , 2 ,» • • , N g i v i n g  us an 8N - d i mens i ona 1 phase  s p r e e  I', t h e  o n l y  

n o i i ' Z e r o  P o i s s o n  b r a c k e t s  he ini '

S c e ' V  “ s i i v 6 ,.,0 • U ' B -  • «>»)

We must  n e x t  c hoos e  N i n d e p e n d e n t  f i r s t  c l a s s  c o n s t r a i n t s  K^,

e ac h  i n v a r i a n t  u n d e r  t h e  c a n o n i c a l  t r a n s f o r m a t i o n s  R ( A , a )  ( w h i c h

a c t  in t h e  o b v i o u s  way and h a v e  o b v i o u s  e x p r e s s i o n s  J , P f o r’  1 u v ’ }1
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The f i r s t  c l a s s  c o n d i t i o n s  a r e

I W a r) x - I V
a 3 Ox 8
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g e n e r a t o r s ) .  We assume t h e r e  i s  a common " p o t e n t i a l "  V and  

t a k e

( 7 0 )

( 7 1 )

M o r e o v e r  V mus t  be i n v a r i a n t  u n d e r  R ( A , a ) .  The ( N - 1 )  i n d e p e n d e n t  

. c o n d i t i o n s  ( 7 1 )  on V can be e x p r e s s e d  i n  t h i s  way:  f o r  e a c h  o f

t h e  v a l u e s  a = 1 , 2 , * * * , N - 1 ,  V must  be u n c h a n g ed  by t h e  i n f i n i ­

t e s i m a l  c h a n g e s

x -> x + cp a a * a x a + l  v xa + l cp a+ 1 ( 7 2 )

t h e  r e m a i n i n g  x ’ s b e i n g  h e l d  f i x e d .  T r a n s l a t i o n  i n v a r i a n c e  

r e s t r i c t s  V t o  be a f u n c t i o n  o n l y  o f  t h e  ( N - 1 )  d i f f e r e n c e s

y^ = Xj  - x 2 , y 2 = x 2 '  x 3> * * *  y , \ - j  ~ XN - ]  " XN ’ arK^

p . We must  e x t r a c t  f rom t h e  s e t  o f  (N - 1 )  f o u r  v e c t o r s  ( y ^ ,

y 2 * • • • , y jg _ i ) j u s t  t h o s e  c o m b i n a t i o n s  ( d e p e n d e n t  on t h e  pa t o o )

t h a t  a r e  u n c h a n g e d  u n d e r  e ac h  o f  t h e  (N - 1 )  t r a n s f o r m a t i o n s  ( 7 2 )

Let. us w r i t e ,  i n  v i e w  o f  ( 7 2 ) ,  t h e  s e t  y^ * * * > ' ^ - 1  as a co l umn

v e c t o r  w i t h  4 ( N  - 1) c o m p o n e n t s ,  and a l s o  s e t  up (N - 1 )  s i m i l a r

c o l umn  v e c t o r s  made up f rom t h e  p^ i n  t h i s  way:

■'V
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{ *1
’ p l  + P2 '

f
■P2

" P 2 P 2 + P 3

0 “ P3
> 2 j  a 7 zz 

> ~ 2
•••

0
•

yN - l

*

0
«
0

0 0

P 3

P 3 + P 4 • • • 7 ~

•
••

- P 4
~N -1 ••

0 0
*
•* " p N- 1

0 P.N-1 + P N
S

( 7 3 )

T h e n  wc need  t o  form e x p r e s s i o n s  l i n e a r  i n  y t h a t  a r e  u n c h a n g e d  

i f  we w e r e  t o  add  y t o  any l i n e a r  c o m b i n a t i o n  o f

V can t h e n  be any L o r e n t z  i n v a r i a n t  f u n c t i o n  o f  such  e x p r e s s i o n s  

and t h e  p L e t  us e q u i p  t h e s e  4 ( N  - 1 )  c omponent  q u a n t i t i e s  w i t h  

a m e t r i c  i n  w h i c h  we sum up t h e  L o r e n t z  s c a l a r  p r o d u c t s  o f  c o r ­

r e s p o n d i n g  c ompone nt  f o u r - v e c t o r s : t h u s  we h ave

* *5l = yl * Cpl +p2} - y-2 ' p2 ’

* 1  ‘ 22 = ' ( P l  f p 2} * p 2 " p 2 ( p 2 + P 3 } ’ *

(74)



I f  t h e  s y m m e t r i c  (N i j  (X - [J m a t i i x  has ;m i n v e r s e

B , ( t h e s e  a r e  a l l  f u n c t i o n s  o f  t h e  p ' s ) ,  t h e n  t ho  4 ( N  i )
U|<

component  o b j e c t

y ■ .. B , • y ( 7 5 )
• t

has  t h e  d e s i r e d  p r o p e r t y .  I t  g i v e s  us t h e  (N - I )  I,o r e n t  2 l o u r  

v e c t o r s  e a c h  b e i n g  l i n e a r  in  t h e  v and unchanged u n d e r  e v e r y  

t rai ls fo  rmut i on V can t h e n  be any ho r e n t . :  i n v a r i a n t  1 unc

t i o n  o f  t h e s e  (N - ! )  f o u r  v e c t o r s  and t h e  N v e c t o r s  p . ( I t .  

must  be n o t e d  t h a t  in  p l a c e  o f  ( 7 ‘H  one c o u l d  have  used o t h e r  

d e f i n i t i o n s  o f  a m e t r i c  f o r  t h e  q u a n t i t i e s  ( 7 3 ) ;  b u t  one f i n d s  

t h a t  one i s  n o t  l ed to  a n y t h i n g  e s s e n t i a l l y  n e w . )

The  c o n s t r a i n t  h y p e r s u r f a c e  Y. in  I’ d e f i n e d  by

K ■= 0 ( 7 6 )
u

is  7.N d i m e n s i o n a l :  in  i t  t h e  K g e n e r a t e  an N - p a r a m e t e r  A b e l i a nu

g r o u p  o f  c a n o n i c a l  t r a n s f o r m a t i o n s ,  g i v i n g  r i s e  t o  o r b i t s  i n  

t h e  form o f  N - d i m e n s i o n a 1 " s h e e t s "  S.  So t h e  s h e e t s  f o r m a 

6 N - p a r a m e t e r  f a m i l y .  A g a i n  j t  i s  i n a p p r o p r i a t e  t o  i d e n t i f y  

a s h e e t  w i t h  a s t a t e o f  m o t i o n  o f  an N - p a r t i c i e  s y s t e m .  One 

must  g i v e  a r u l e  f o r  s e l e c t i n g  a o n e - d i m e n s i o n a l  c u r v e  C on 

e a c h  S,  p a r a m e t r i z e  i t  w i t h  a v a r i a b l e  x ,  and v i e w  e a c h  such  

c u r v e  a b o v e  a s a s t a t e  o f  m o t i on .  Th e n  as x v a r i e s  a l o n g  a g i v e n  

C, i n  a g i v e n  f r ame  c) t h e  q u a n t i t i e s  x ^ ( t ) g i v e  a s e t  o f  N 

w o r l d  l i n e s .  The  s p e c i f i c a t i o n  o f  C and t h e n  o f  x i s  a c h i e v e d



Xu ( x »P3 -  0 » a = 1 , 2 , • • ■ , N - 1 ; Xn U , p , t ) « 0 , ( 7  7)

by adding a set of N constraints

t o  ( 7 6 ) .  O n l y  xjvj c a r r i e s  e x p l i c i t  t - d e p e n d e n c e , and t h e  K ,

X must  t o g e t h e r  form a s e c o n d  c l a s s  s y s t e m .  In e q s .  ( 1 9 ) ,  ( f i ! )  

i f  we now l e t  a , ! * , * ' *  run  f r om  J to  N,  we can w r i t e  t h e  r e p l a c e ­

ments  f o r  ( 5 2 ) ,  ( 5 4 ) .  T h e r e  w i l l  e x i s t  a d y n a m i c a l  g e n e r a t o r  

7( such t h a t  a l o n g  a n y  C one has a g e n e r a l  e q u a t i o n  o f  m o t i o n

The  e l e v e n  g e n e r a t o r s  .1 , P , K  used w i t h i n  t h e  D i r a c  b r a c k e t
^ pv |J

s y s t e m ,  and a l l  c o n s t r a i n t s  K^,  xa o p e r a t i v e ,  d o f i nc  t h e  r e l a ­

t i v i s t i c  N - p a r t i c l e  s ys t e m i n  i n t e r a c t i o n .  O f  c o u r s e  c h an g es  

o f  i n e r t i a l  f r a m e  a r e  i m p l e m e n t e d  by t r a n s f o r m a t i o n s  R ( A , a ) .

The  WLC i s ,  as b e f o r e ,  g i v e n  by t h e  r e q u i r e m e n t :  f o r  any

i n f i n i t e s i m a l  t r a n s f o r m a t i o n  ( A , a )  t h e r e  must  e x i s t  e x p r e s s i o n s  

6 t , a = 1 ,  • * •  , N , such t h a t

a  = 1 ,  • • • ,N  ( 7 9 )

F o r  c o m p u t a t i o n a l  e ase  we r e w r i t e  t h i s  as



A s i m p l e  c h o i c e  o f  x a y i e l d i n g  a p h y s i c a l  s y s t e m  o b e y i n g  t h e s e  

wu:  i s

Xj  “ P * ( X j  - x 2 ) , X2 = !> ' ( x 2 ‘ x 3'1 » ’ XN-  1 = P ‘ ^XN - 1  " XN;

X|N = P • x^ - t , ( 8 1 )

f o r  t h e n  t h e  v a l u e  6 r ~ - a  • 1' f o r  a l l  a f i t s  t h e  b i l l .  iNotea

t h a t  t i n  ( 8 1 )  ha s  t h e  d i m e n s i o n s  o f  a c t i o n .

S . Sp e c i a l  Cases  o f  i\ - P a r t i c  1 e Sys t  e ms

I t  s h o u l d  be c l e a r  f r om t h e  d e v e l o p m e n t  so f a r  p r e s e n t e d  

t h a t  t h e  r e a l  r e a s o n  we h ave  s u c c e e d e d  i n  n o t  b e i n g  bound by t h e  

N o - 1n t e r a c t i o n  T h e o r e m  i s  t h i s :  we h ave  e n l a r g e d  t h e  f r a m e w o r k

o f  r e l a t i v i s t i c  H a m i l t o n i a n  d y na m i c s  i n  an e s s e n t i a l  way by 

a l l o w i n g  f o r  a d y n a m i c a l l y  d e t e r m i n e d  e v o l u t i o n  p a r a m e t e r .  Bu t  

t h i s  new f r a m e w o r k  so g r e a t l y  i n c r e a s e s  t h e  p o s s i b i l i t i e s  o f  

c o n s t r u c t i n g  mo d e l s  w i t h  i n t e r a c t i o n  t h a t  we d e v o t e  t h i s  s e c t i o n  

t o  l o o k i n g  a t  some n o v e l  p o s s i b i l i t i e s .

( a )  Bot h  i n  t h e  two p a r t i c l e  and N p a r t i c l e  m o d e l s  so 

f a r  d i s c u s s e d  t h e  e v o l u t i o n  p a r a m e t e r  t  had t h e  f o l l o w i n g  m e a n i n g  

i n  a n y  s t a t e  o f  m o t i o n  o b s e r v e d  i n  a f r ame  0 ,  x was t h e  t i m e  as  

m e a s u r e d  i n  t h e  c e n t e r  o f  momentum f r a m e .  ( I n  ( 8 1 )  t h i s  i n v o l v e d  

m e a s u r i n g  t  i n  u n i t s  o f  / p ^ . )  S i n c e  P i s  a c o n s t a n t  o f  m o t i o n ,

k e e p i n g  0 f i x e d  we see  t h a t  f o r  e ac h  s t a t e  o f  m o t i o n  t h e  c e n t e r
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o f  momentum f r a m e  i s  a l s o  an i n e r t i a l  f r a m e ,  h u t  one  t h a t  

d e p e n d s  on P and so on t h e  p a r t i c u l a r  s t a t e  o f  mot  i o n . T h i s  

i s  t h e  c a s e  t h e n  w i t h  x a c h o s e n  as i n  e q s .  ( 6 6 ) ,  ( 8 1 ) .  B u t  we 

can  c o n s i d e r  a n o t h e r  k i n d  o f  s y s t e m  w i t h  t h e  c h o i c e s

Ra = P « 2 ' ,na 2 " V ( X ’ P)  ’ a -  ;

* * * x a = P 1 ’ ^Xa '  Xa +1 ' ) ’ a = 1 ,  2 , • • • ,N - 1 ; xN = P 1 * ^  - t ( 8 2 )

Tl ie  K ' can  be t a k e n  t o  be  t h e  same s o t  o f  f i r s t  c l a s s  f u n c t i o n s  a

as i n  t h e  p r e v i o u s  s e c t i o n ;  so t h e  t r a n s i t i o n  f r o m  r t o  T. and  

t h e  s u b s e q u e n t  b r e a k u p  o f  £ i n t o  s h e e t s  S i s  e x a c t l y  as b e f o r e .

B u t  t h e r e a f t e r  t he mode l  c h a n g e s .  Th e  c u r v e  C we p i c k  o u t  on e a c h  

C t o  i d e n t i f y  w i t h  a s t a t e  o f  m o t i o n  i s  no l o n g e r  t h e  same as 

b e f o r e ;  so e v en w i t h  t h e  sajnc " p o t e n t i a l "  V we h a v e  now a coni- 

p l e t e l y  d i f f e r e n t  p h y s i c a l  s y s t e m  o f  N i n t e r a c t i n g  p a r t i c l e s :  

t h e  D i r a c  b r a c k e t s  and w i l l  a l l  be d i f f e r e n t  f r o m  t h e  case  

w i t h  e q , ( 8 1 ) .  I n  p a r t i c u l a r ,  s i n c e  i n  t h e  p r e s e n t  m o d e l  t h e  

f i r s t  p a r t i c l e  i s  n o t '  f r e e ,  i . e .  p ,  i s  n o t  a c o n s t a n t  o f  m o t i o n ,  

t  no l o n g e r  has t h e me a n i n g  o f  b e i n g  t h e  t i m e  i n  some ( d y n a m i c a l l y  

d e t e r m i n e d )  i n e r t i a l  f r a m e .  N e v e r t h e l e s s  a l l  t h e  r e q u i r e m e n t s  

o f  s p e c i a l  r e l a t i v i t y  and a l s o  t h e  WLC r e m a i n  f u l f i l l e d .  I n  

p a r t i c u l a r  t h e  WLC ( 8 0 )  i s  now s a t i s f i e d  w i t h  t h e  common c h o i c e

6 a T = " a ’ P 1 » a = 1 , 2 ,  • • • ,N . ( 8 3 )
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( b )  The  c as e  we j u s t  c o n s i d e r e d  was t h i s :  one o f  t h e

p a r t i c l e s  i n  t h e  N - p a r t i c l e  s y s t e m ,  s u b j e c t  t o  i n t e r a c t i o n  l i k e  

t h e  r e s t ,  " c a r r i e s  a c l o c k  w i t h  i t "  and t h a t  g i v e s  us a p a r a m e t e r  

t . We can e a s i l y  make a m o d e l  i n  w h i c h  t h i s  " t i m e  k e e p e r "  i s  

f r e e  b u t  i s  n o t  t h e  " c e n t e r  o f  momentum" o f  t h e  t o t a l  s y s t e m !

To h a v e  a s y s t e m  o 1' N - p a r t i c l e s  in i n t e r a c t i o n ,  *'e a d o p t  t h e  

f o r u n l i s m  o f  t h e  p r e v i o u s  s e c t i o n  a p p r o p r i a t e  t o  a s y s t e m  o f  

(N 1 ) - p a r t  i c l e s  , and make t h e  c h o i c e

Ka “ P a~ " V  * v ( x i » ‘ ’ » * v P ]  * * * • ’ <l = ;

v  2  2  

N + l  “ PN+1 ‘ mN+l  ;

xa = PN+1 * U a • a “ I

XN+ I “ PN M  ' XN+ 1 ‘ niN + .1 T ■

T h e  f u n c t i o n  V i s  o f  t h e  k i n d  we i n v e s t i g a t e d  i n  J i c  p r e v i o u s  

s e c t i o n .  We h a v e  t h e n  an i n i t i a l  r  o f  d i m e n s i o n  8 (N  + 1 ) ;  t h e  

s u r f a c e  d e f i n e d  by t h e  v a n i s h i n g  o f  k j  , k ■ -> , • • • ,  k ^ +  ̂ i s  o f  

d i m e n s i o n  7 ( N  + J ) ; t h e s e  f i r s t  c l a s s  K ' s  g e n e r a t e  i n  T. s h e e t s

S o f  d i m e n s i o n  (N 4 1 ) ;  and t h e  f i n a l  D i r a c  b r a c k e t  s y s t e m  r e f e r s  

t o  a s y s t e m  w i t h  6 ( N  + 1 )  p h a s e  s pa c e  v a r i a b l e s .  The  f o l l o w i n g  

b r a c k e t  r e l a t i o n s  a r e  c h e c k e d :
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{K„,Kn+1} * 0 , a = 1,2, *..,N ;
a

{ + 1 * Xa ) -  0 ,

■̂KN+1. , x N* ~ Zm N + l  ;

* K ot, x N + l } = 0 > a  = 1 , 2 ,  • • • , N ;

^KN + 1 , x N + 1^ 35 ~ 2mN + l  *

The  e q u a t i o n  o f  d y n a m i c a l  e v o l u t i o n

3 T  *  I I  + 1  ' f ’ K a > %  + f f ’ KN + I > ' V l  ( 8 C >a= 1

has  c o e f f i c i e n t s  v w h i c h  a r e  f i x e d  by  t h e  r e q u i r e m e n t  t h a t  e a c h  

X be p r e s e r v e d  i n  t i m e .  I n  t h i s  way we f i n d :

dXN + l  „ n => v -  1 r j m
~~j~T“-  -  0 => v N + i  “

F o r  t h e  e q u a t i o n s  o f  m o t i o n  f o r  Pj\j+i wc h a v c :

d x N + l  PN+1 dpN + l
a x  ~ mN+1 ’ dT 0 . ( 8 8 )

t hThus  t h e  (N + 1 )  p a r t i c l e  i n d e e d  moves f r e e l y ,  b u t  i t  s u p p l i e s  

i t s  own " r e s t  f r a m e  t i m e "  as t h e  e v o l u t i o n  p a r a m e t e r  f o r  t h e  

e n t i r e  s y s t e m .  I n  p a r t i c u l a r ,  l e t  us n o t e  t h a t  t h e  p h y s i c a l  

ch a n g es  o f  i n e r t i a l  f r a m e  0 -> 0 1 -  ( A , a ) 0  a r e  r e p r e s e n t e d  by



AD i r a c  c a n o n i c a l  t r a n s i o n n a t i o n  R (A,a) in the final p h a s e  s p a c e
o f a 1 1 (N + I ) pa r t: i c 1 cs w i t h  t he g o n e  ra t.o r s he i ng

N + 1 N M
(89)

o v e n  t h o u g h r it is t r u e  that, the c o n t r i b u t i o n s  to J a n d  1' f r o m.IV \i
p a r t i c l e s  1 , J , • • - , N a n d  f r o m  p a r t i c l e  (N *■ 1 ) a r e  s e p a r a t e l y  
c o n s  t ant s o l '  mot i on .

T h i s  p a r t i c u l a r  m o d e l  s u g g e s t s  tha t  ue m a y  h a v e  s u c c e e d e d  
in a v o i d i n g  t h e  N o - 1n t o r a c t  ion T h e o r e m  m e r e l y  bv i n c l u d i n g  the 
d y n a m i c a l  v a r i a b l e s  o f  ,i n o n i n t e r a c t i n g  but o b s e r v i n g  p a r t i c l e ,  
in sho r t  a J>ass i_ve (Observer, in the o v e r a l l  f r a m e w o r k .  H o w e v e r  
it is m o r e  a p p r o p r i a t e  to say that s u c h  a p o s s i b i l i t y  is ono_of_ 
m an}' 1 1 iji t a r i se in o i ir _ ex t e luted f o r in o (' re 1 at i v is t cl yn a inj c_s .

4 0

■,jv p - x p<i Va v u 1

b, C l u s t e r  D e c o m p o s i t i o n  and _ S e p a  ra!' ij i i y i n t_c> _Si*h t^em.s

(liven a s y s t e m  of i n t e r a c t i n g  p a r t i c l e s ,  for m a n y  p u r p o s e s  
o n e  is i n t e r e s t e d  in t h o s e  i n t e r a c t i o n s  w h i c h  a l l o w  for the 
s y s t e m  to s e p a r a t e  i n t o  two d e c o u p l e d  s u b s y s t e m s  w h e n  the s p a t i a l  
s e p a r a t i o n  b e t w e e n  c l u s t e r s  o f  p a r t i c l e s  i n c r e a s e  ’' s u f f i c i e n t l y . ” 
O r  c o u r s e  t h i s  is t r u e  o n l y  for n o n c o n f i n i n g  f o r c e s :  for e x a m p l e ,
a h a r m o n i c  o s c i l l a t o r  i n t e r a c t i o n  b e t w e e n  the c o n s t i t u e n t s  wil l  
n o t  a l l o w  t h e  i n t e r a c t i o n  to die d o w n  w i t h  d i s t a n c e ,  it o n l y



i n c r e a s e s .  F o l d y  h a d  p o i n t e d  o u t  thi s  e s s e n t i a l  r e q u i r e m e n t
a n d  p o i n t e d  out that it war- q u i t e  d i f f i c u l t  to c a r r y  out in the
i n s t a n t  f orm o f  re 1 at j v i s t i c interacting, t h e o r i e s .  We sha l l  see
tha t  tho p r e s e n t  f o r m a l  ism is m o r e  f l e x i b l e  a m i  a l l o w s  s e p a r a b l e

1 5i n t e r a c t  i o n s ,
Let us s t a r t  w i t h  the s i m p l e s t  c a s e  o f  t w o  p a r t i c l e s  d i s ­

c u s s e d  in S e c t i o n  3. If the p o t e n t i a l  V f a l l s  o f f  " s u f f i c i e n t l y  
f a s t "  t h e n  the s y s t e m  a p p r o a c h e s  a c o l l e c t i o n  o f  two free p a r t i c l e s .  
H o w e v e r  the W L C  d e p e n d  on t h e  c h o i c e  o f  t h e  x ' s - l:° r ^ h o i c c
(f>9) we h a v e  t w o  free p a r t i c l e  w o r l d  l i n e s  e a c h  o f  w h i c h  w o u l d  
c o r r e s p o n d  to t h e  c h o i c e  (19) for s i n g l e  p a r t i c l e  d y n a m i c s .  T h i s  
is h a r d l y  a s u r p r i s e .  H o w e v e r  if w e  m a d e  t h e  c h o i c e  (6 6 ) for t h e  
x's w e  get a n e w  p h y s i c a l  s y s t e m  in w h i c h  t h e  p a r a m e t e r  r is 
m e a s u r e d  in the " t i m e  keeper*' s y s t e m  w h i c h  c o i n c i d e s  w i t h  the 
C M  f r a m e  o f  the two f r e e  p a r t i c l e s  as in t h e  c h o i c e  (82) a n d
(85), T h e  CM m o m e n t u m  P is a c o n s t a n t  o f  m o t i o n .

Ii
Let us n o w  d i s c u s s  the c a s e  o f  a c o l l e c t  ion o f  in + n  p a r t i c l e s  

in w h i c h  the first m p a r t i c l e s  i n t e r a c t  a m o n g s t  t h e m s e l v e s  a n d  
the nex t  n p a r t i c l e s  i n t e r a c t  a m o n g s t  t h e m s e l v e s  o n l y .  If we 
t r e a t  all the m + n p a r t i c l e s  o n  t h e  s a m e  f o o t i n g  a c c o r d i n g  to 
(70) wc w i l l  n o w  get the s t r o n g e r  r e l a t i o n

■) Vp ' <rr - - P(p) (no s u m  o v e r  a) (90)cx o xa

i n  p l a c e  o f  (7.1) w i t h  a L o r e n t z  i n v a r i a n t  f u n c t i o n  F ( p ) .  F o r





t he I i ist c l u s t e r  o f  in p a r t i c l e s  s e p a r a t e  I rum the n ext 11 

p a r t i c l e s  b y  s u f f i c i o 111 1 y I ar, ■ ( s p a t i a l )  d i s t a n c e s  w e  e x p e c t
t h e  i n t e r a c t i o n  V (Xj , • •« , x ||) + n ) to s p l i t  int o  the s u m  o f  two
i n f e ract i o n s :

• V ,  ( . x i , - - • . x m) . v , | ( x i | i+1,

We w o u l d  t h e r e f o r e  e x p e c t  (91) to be o b e y e d  in the limit: but 
t h e n  it m u s t  be o b e y e d  e v e n  w i t h o u t  t a k i n g  the limit. T i n s  
n o c c  sjsa r_y c o n d i t i o n  is a l s o  s u f f i c i e n t ,  s i n c e  if (91) is s a t i s ­
fie d  e v e r y  d e c o m p o s i t i o n  for w h i c h  the i n t e r a c t i o n  s e p a r a t e s  in 
the s e n s e  o f  (92) t h e r e  a r e  no a d d i t i o n a l  r e q u i r e m e n t s .

l:o r  t w o  n o n  i n t e rac t  i nj; s u b s y s t e m s  we c o u l d  h a v e  o f  c o u r s e
h a d  a n o n u n i f o r m  t r e a t m e n t  o f  the p a r t i c l e s  by s t a r t i n g  w i t h  
the c o n s t r a i n t s

1L. 1
+ V . ( x , p)m • * * ,in

K., - p ^ “ • ♦ Vjjfx,])) , is - m+ j ,m+2 , • • • ,in+n (‘->3)

m - 1 , 2 , • • • , in

-- m <• 1 , ♦ • * , iii + ii . o n

T h e  r e q u i r e m o n t  t h a t  K ' s  be fir s t  c l a s s  i m p o s e



B e t w e e n  K a n d  K t h e r e  are no c o n s t r a i n t s .  T h e  p a r a m e t e r s  Ti u (•; i
a n d  i m a y  he c h o s e n  i n d e p e n d e n t l y  and we r e a l l y  h a v e  the 
d i r e c t  p r o d u c t  o f  t w o  s y s t e m s  w i t h  r e s p e c t i v e l y  m a n d  n p a r t i c l e s .  
In t h i s  c a s e  we n e e d  not. s p e a k  o f  a d e c o m p o s i t i o n  s i n c e  the 
p a r t i c l e s  w e r e  n e v e r  t o g e t h e r .

A m o r e  s a t i s f y i n g  s e p a r a b l e  s y s t e m  m a y  be t r e a t e d  by 
a d a p t i n g  the f o r m a l i s m  of S e c t i o n  f>(b). We s t a r t  w i t h  (m + n  + 1 )  
p a r t i c l e s  o b e y i n g  c o n s t r a i n t s  (8-1) w h e r e  N ~ m + n .  In t h i s  c ase 
the (N + 1 ) 1 ̂  p a r t i c l e  is the t i m e - k e e p e r .  If tho s y s t e m  o b e y e d ,  
in a d d i t i o n  the con:: t ra i nt { 1 J (or (.90)!) t h e n ,  p r o v i d e d  V ( x , p )  
h a d  the p r o p e r t y  (9J) of s e p a r a t i o n  the l i m i t i n g  f orm r e p r o d u c e s  
t h e  d i r e c t  p r o d u c t  o f  two s y s t e m s  o f  the s a m e  t y p e  w i t h  N = m 
a n d  N - n. T h e  s a m e  t i m e - k e e p e r  w o r k s  for b o t h  c o m p a n i e s .

T h e  i n t e r a c t i o n s  w e r e  m o m e n t u m -d e p e n d e n t  f rom the s t a r t  in 
v i e w  o f  t h e  c o n d i t i o n s  (71). B u t  for a t w o - p a r t i c l e  s y s t e m  in 
the C M  f r a m e  t his c o u l d  h a v e  b e e n  t h o u g h t  o f  as d e p e n d e n c e  o n l y  
on the s p a t i a l  d i s t a n c e .  But the s t r o n g e r  r e q u i r e m e n t  (91) i m ­
p l i e s  t h a t  V  be a f u n c t i o n  o n l y  o f  t h e  r e l a t i v e  c o o r d i n a t e  w h i c h  
is n o r m a l  to b o t h  the t o t a l  f o u r - m o m e n t u m  I’ a n d  the r e l a t i v e  
m o m e n t u m  p = (pj S u c h  an i n t e r a c t i o n  is n o t  r e a l l y  a
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p o t e n t i a l  .sincc, at l e a s t  for e q u a l  m a s s e s  p is p u r e l y  s p a t i a l  
in the CM fra m e  a n d  lienee V d e p e n d s  o n  the c o o r d i n a t e s  o n l y  
t h r o u g h  r. x p; in o t h e r  w o r d s  o n l y  o n  the o r b i t a l  a n g u l a r  
m o m e n t u m  the C M  frame.

On the o t h e r  h a n d  w e  m a y  s t a y  w i t h  the w e a k e r  c o n d i t i o n
(90) for s e p a r a b i l i t y .  In t h i s  c a s e  it o n l y  i m p l i e s  t h a t  the 
p o t e n t i a l  V d e p e n d  o n l y  on r as a l r e a d y  s e e n  in S e c t i o n  5. 
in t h i s  c a s e  t h e r e  c o u l d  be a n  a d d i t i o n a l  l i n e a r  d e p e n d e n c e  on 
the d i s t a n c e .  S u c h  d e p e n d e n c e s  a r e  u n u s u a l  f r o m  t h e  p o i n t  o f  
v i e w  o f  s c a t t e r i n g  s y s t e m s  b u t  h a v e  b e e n  p r o p o s e d  in m a n y  
p h e n o m e n o l o g i c a l  t h e o r i e s  in h i g h  e n e r g y  p h y s i c s .  For a t r u l y  
i n d e p e n d e n t  d e s c r i p t i o n  c a r r y i n g  n o  e x t e r n a l  t i m e - k e e p e r  t h e  two 
p a r t i c l e  p o t e n t i a l  b e c o m e s  l i n e a r  in p • (x^ - x p  w h i c h  b e c o m e s  
the r a d i a l  c o o r d i n a t e  in the C M  f r a m e  for a two p a r t i c l e s  o f  
e q u a l  m a s s .

7• C o n c l u d i n g  R e m a r k s

T h e  w o r k  d e s c r i b e d  in t h i s  p a p e r  is d e v o t e d  to an a n a l y s i s  
of r e l a t i v i s t i c  t h e o r i e s  o f  N i n t e r a c t i n g  p a r t i c l e s  m a k i n g  u s e  
o f  t h e  c o n s t r a i n t  f o r m a l i s m  o f  D i r a c .  T h e  s t a r t i n g  p o i n t  is a 
c o l l e c t i o n  o f  q u a d r u p l e t s  of c a n o n i c a l  p a i r s  o n e  for e a c h  
p a r t i c l e .  T h e  f o u r  m o m e n t u m  v a r i a b l e s  o f  e a c h  p a r t i c l e  is 
c o n s t r a i n e d  b y  o n e  c o n s t r a i n t  e a c h ;  a n d  t h e s e  N c o n s t r a i n t s



are roqui r o d  to ho first c l a s s .  liven w i t h  t ho so c o n s t r a i n t s  
tho s y s t e m  is not vel a col loot ion of p a r t i c l e s  s i n c e  tho
a l l o w e d  r e g i o n  >. ol p h a s e  s p a c e  is 7.\ - di m e n s  iona 1 and m a p p e d
into i tso IT by tho P o i n c a r d  g r o u p  \i( ‘ ,n ) act. i nr on the p r i m i t i v e  
8N - d i m e n s  i o n a  I space, In v i e w  of the first c l a s s  n a t u r e  o f  the 
N c o n s t r a i n t s  K the s e  c o n s t r a i n t s  v e n e r a t e  comma., ing c a n o n i c a l
t r a n s f o r m a t i o n s ,  Any po i n t  in the 7 N -d i m e n s i o n a 1 c o n s t r a i n e d
s u r f a c e  Y, is t a k e n  into an N - d  i m e n s  i o n a  1 s h e e t  S by t h o s e  t r a n s ­
f o r m a t i o n s .  O n  the o t h e r  h a n d  a c o l l e c t i o n  o f  N p a r t i c l e s  w o u l d  
h a v e  an i n i t i a l  s t a l e  label led by o,\ v a r i a b l e s ;  a n d  d y n a m i c a l  
e v o l u t i o n  s h o u l d  be d e s c r i b e d  !>y a o n e  - ti i m e n  s i o n a  1 c u r v e  i n d e x e d  
b y  a n  e v o l u t i o n  p a r a m e t e r  i. Ive sh a l l  h a v e  to i n t r o d u c e  t h e n  N
c o n s t r a i n t s  y w h i c h  f orm a s e c o n d  c l a s s  s y s t e m  t o g e t h e r  w i t h  (t
the K , a n d  the p a r a m e t e r  of e v o l u t i o n  i s h o u l d  e n t e r  at l e a s t(X 1

o n e  o f  t h e  c o n s t r a i n t s .  W h e n  q u i_pj)e_d w i t h  t h o s e  c o n s t r a ints 
the s y s t e m  m a y  be v i e w e d  as a s y s t e m  of .N p a n i c l e s ,

We r e c o g n i s e  that m u c h  o f  the spirit: of o u r  s t u d y  f o l l o w s  
t h e  v a r i o u s  d i s c o v e r i e s  and ideas of D i r a c ,  w e  find t h a t  o u r  
f o r m a  1 i s m  for re lat i v i st i c d y n a m i c s  ;.;oes b e y o n d  the fou r  forms 
o f  re I a f: i v i st. i c dynjuiu c s t hat w e r e  out I ijn o J b y  D i r a c .  We n e e d  
to a l l o w  d y n a m i c a l l y  ( r a t h e r  than k i n e m a t  i ca i. I y) d e f i n e d  L o r e n t z  
frame.s. In t h o  p r o c e s s  we h a v e  b e e n  led to c o n s i d e r  e l e v e n  d i s ­
t i n g u i s h e d  g e n e r a t o r s  c o r r e s p o n d i n g  to t h e  P o i n c a r d  t r a n s f o r m a t i o n s  
a n d  the d y n a m i c a l  e v o l u t i o n  of the s y s t e m .  T h e  d y n a m i c a l  e v o l u t i o n  
m a y  be i d e n t i f i e d  w i t h  t h o  tim e  t r a n s l a t i o n  o p e r a t o r  as a s p e c i a l

r-r ... ^

■1 l>



47

hut not u s e f u l  c h o i c e  w h e n  d e s c r i b i n g  i n t e r a c t i n g  p a r t i c l e s .
It is o u r  b e l i e f  t hat w e  h a v e  d e f i n i t e l y  m a d e  an a d v a n c e  in 
r e l a t i o n  to t h e  f o r m u l a t i o n  o f  re l a t i v i s t i c  d y n a m i c s .

It woultl be i n c o r r e c t  a n d  u n s a t i s f a c t o r y  to c o n s i d e r  t h e  
c h o i c e  o f  t h e  x c o n s t r a i n t s  as " g a u g e "  c o n d i t i o n s . * ' *  T h e  p h y s i c s  
o f  the e v o l u t i o n  o f  t h e  s y s t e m  d o e s  c r i t i c a l l y  d e p e n d  u p o n  t h e  
c h o i c e  as w e l l  as t h e  r e l a t i v i s t i c  I n v a r i a n c e .

T h e  w o r l d  l i n e  c o n d i t i o n  is an a d d e d  r e s t r i c t i o n  to t h e  
d y n a m i c s  g o i n g  b e y o n d  t h a t  o f  r e l a t i v i s t i c  i n v a r i a n c e .  T h e  
N o  - I n t e r a c t i o n  T h e o r e m  h a v i n g  b e e n  p r o v e d  c a n n o t  b e  set a s i d e  
o r  i n v a l i d a t e d  w i t h o u t  a b a n d o n i n g  t h e  t h e o r y .  T h e  N - d i m e n s  iona'J 
s h e e t s  are r e l a t i v i s t i c a l l y  i n v a r i a n t ,  b u t  t h e y  do n o t  y e t  d e s c r i b e  
p a r t i c l e s  a n d  t h e i r  e x i s t e n c e  a n d  c h a r a c t e r i z a t i o n  n e i t h e r  a f f i r m s  
n o r  d e n i e s  t h e  N o - 1n t e r a c t i o n  T h e o r e m ,

W h a t  we n e e d  t h e r e f o r e  is t o  t r y  to i m p o s e  a r e q u i r e m e n t  
d i f f e r e n t  f r o m  t h e  o n e s  t h a t  l e d  to the N o - I n t e r a c t  ion T h e o r e m .
T h e  w o r l d  l i n e  c o n d i t i o n ^  d i s c u s s e d  in t h e  t e x t  is s u c h  a c h o i c e .  
W i t h  t h i s  c h o i c e  a n d  in t h e  f r a m e w o r k  o f  t h e  p o s t - D i r a c  f o r m u l a ­
t i o n  o f  r c l a t i v i s t i c  d y n a m i c s  w e  a r e  a b l e  to o b t a i n  d y n a m i c a l  
r e s u l t s .

T h e  r e q u i r e m e n t  o f  c l u s t e r  d e c o m p o s i t i o n  b r i n g s  in a h o s t  
o f  n e w  p r o b l e m s .  O u r  d i s c u s s i o n  of t h e s e  s h o u l d  s e r v e  to f o c u s  
a t t e n t i o n  o n  t h e  f a c t  t h a t  t h e s e  go b e y o n d  all t h e  o t h e r  r e q u i r e ­
m e n t s  i m p o s e d  o n  t h e  s y s t e m .

\
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p a r t i c l e  m a y  e v o k e  d i f f e r e n t  r e s p o n s e s  f r o m  d i f f e r e n t  r e a d e r s .
O n  t h e  o n e  h a n d  e v e r y  c l o c k  is a mo r e - o r - l e s s  iso la r e d  s u b u n i t ;  
a n d  as s u c h  t r e a t i n g  it as a " p a r t i c l e "  (free or o t h e r w i s e )  or
a. s u b c o  M o c t i o n  o f  p a r t i c l e s  is no e s s e n t i a l  l i m i t a t i o n .  T h e r e ­
fore, o n e  m a y  a r g u e ,  w e  h a v e  e s s e n t i a l l y  o v e r c o m e  the l i m i t a t i o n s  
i m p o s e d  by t h e  N o - I n t e r a c t i o n  T h e o r e m .  On the o t h e r  han d ,  o n e  
c o u l d  argut t h a t  as l o n g  as the f r a m e  o f  t h e  c l o c k  is a d y n a m i c a l  
s y s t e m  w e  h a v e  g o n e  o u t s i d e  t h e  d y n a m i c a l  f r a m e w o r k  for c o n s i d e r ­
ing o b j e c t i v e  w o r l d  l i n e s  w h i c h  are p u r e l y  g e o m e t r i c a l .  We l e a v e  
it to t h e  r e a d e r  to d e c i d e  h o w  m u c h  o f  an a d v a n c e  w e  h a v e  m a d e .

T h e  a u t h o r s  t h e m s e l v e s  a r e  not in c o m p l e t e  a g r e e m e n t  a b o u t  
t h e  p h y s i c a l  s i g n i f i c a n c e  o f  the x - ^ o n s t r a i n t s .  In t his p a p e r  
the ati i t u d c  is t a k e n  that the d y n a m i c a l  s y s t e m  is n o t  d e f i n e d  
u n t i l  the X " c ° n s t r a i n t s  h a v e  b e e n  s p e c i f i e d .  H o w e v e r ,  in the 
f >1 l o w i n g  p a p e r ,  t h e  p o i n t  of v i e w  is t a k e n  t h a t  t h e  d y n a m i c s  o f  
re i n i e r a c t i n g  p a r t i c l e s  is g i v e n  by the K - c o n s t r a i n t s  w h i l e  t h e  

, c o n s t r a i n t s  d e f i n e  a o b s e r v e r s  b y  f i x i n g  t h e  r e l a t i o n -
•: ;> a;:tong t h e  p a r t i c l e  c o o r d i n a t e s  at a d e f i n i t e  v a l u e  of the 

e o l u t i o n  p a r a m e t e r  r. T h e  " k i n e m a t i c "  or " d y n a m i c "  c h o i c e  o f  x 
ti on a p p e a r s  as a r e l a t i v e l y  u n i m p o r t a n t  c h o i c e  o f  c l o c k  a n d  c l o c k  
r at e .  T o  s o m e  e x t e n t  t h i s  d i f f e r e n c e  in p o i n t  o f  v i e w  is o n l y  
s e m a n t i c .  It d o e s ,  h o w e v e r ,  g i v e  a d d i t i o n a l  i n s i g h t  i n t o  t h e  
m e a n i n g  a n d  s i g n i f i c a n c e  of the W).C.

The  p a r t i c u l a r l y  i n t . e ro s t  i ng r e s u l t s  on tho  t im e - k e e p e r  <,
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