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NOMENCLATURE

Accelerations Fj, (3a (for undeformed and reference configurations)

Base vectors Ba

Cartesian coordinates Z1 ,z\Ya (for undeformed, deformed, and reference 
configurations)

Constitutive tensors n ^abdt^abdt >

Curvilinear coordinates ya

Densities P, ( (for undeformed and reference configurations)

Displacement tensors wa,v0 (Cartesian and curvilinear)

Metric tensors Bab

Normal vector V

Strain tensors £a6

Stress tensors ^.ab

Surfaces s,u (for deformed and reference configurations)

Traction components ti,r° (for deformed and reference configurations)

Unit vectors ia

Volumes V, Vt (for undeformed and reference configurations)



GENERALIZED FINITE STRAINS, GENERALIZED STRESSES, AND A 
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PROGRAMS USING CURVILINEAR COORDINATES

by

W. A. Cook

ABSTRACT

A generalized hybrid variational principle is presented that includes, as special 
cases, hybrid variational principles for the Lagrangian and Eulerian formulations. 
This generalized hybrid principle approximates force equilibrium and constitutive 
equations. This report is an extension of a similar report entitled “Generalized 
Finite Strains, Generalized Stresses, and a Hybrid Variational Principle for Finite- 
Element Computer Programs.” The difference between these reports is in the 
use of curvilinear coordinates. Presented in these reports are two approaches for 
solving nonlinear stress analysis problems with this generalized hybrid variational 
principle. Both approaches use the finite-element method: one iterates the nodal 
displacements, and the other iterates the incremental displacements.

I. INTRODUCTION

This report is an extension of the generalized hybrid variational principle described in Cook 
(1988), which was an extension of the generalized virtual work principle described in Cook and 
Genin (1988). This report differs from Cook (1988) in that this one uses curvilinear coordinates 
instead of Cartesian coordinates for strain and stress.

This report describes the theory used to develop a continuum nonlinear geometry computer 
program that uses generalized finite strain tensors, generalized stress tensors, and a generalized 
hybrid variational principle. These strain tensors are generalizations of the mathematical Green 
or Lagrangian strain tensors that use undeformed or original geometry as their reference config­
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uration and the Almansi or Eulerian strain tensors that use deformed or final geometry as their 
reference configuration. The parameter Lambda (A) specifies the portion of the deformed and 
undeformed configurations used for the reference configuration (Cook 1986 and Cook and Genin 
1988). When Lambda equals one, the reference configuration is the deformed configuration; 
when Lambda equals zero, the reference configuration is the undeformed configuration; and 
when Lambda equals one-half, the reference configuration is an average of the deformed and 
undeformed configurations. Tensor transformations exist to transform between the generalized 
strain tensors and the Green or Almansi strain tensors.

Generalized stress tensors and the energy conjugate generalized strain tensors use the same 
reference configuration (Bathe 1982). Consequently, Lambda (like the generalized strain ten­
sors) specifies the reference configuration associated with generalized stress tensors. Relative 
tensor transformations of weight one exist to transform between the the generalized stress ten­
sors and the second Piola-Kirchhoff or Cauchy stress tensors. The weight parameter for these 
relative tensors is the ratio of the densities.

The hybrid variational principle for the Lagrangian continuum formulation uses Green 
strain tensors and second Piola-Kirchhoff stress tensors. The hybrid variational principle for 
the Eulerian formulation uses Almansi strain tensors and Cauchy stress tensors. Similarly, a 
generalized hybrid variational principle is defined that uses generalized strain and stress ten­
sors. When Lambda is specified as one, zero, or one-half, the continuum formulation may be 
Lagrangian, Eulerian, or centered, and Lambda may be any other value between one and zero. 
For all formulations, the body force and traction integrals are equal. Thus, because the body 
force is known in the Lagrangian formulation that uses the undeformed configuration, the body 
force integral in the Lagrangian formulation is used in the final hybrid variational principle. 
Similarly, because the traction integral is known in the Eulerian formulation (deformed config­
uration) for follower forces, the traction integral in the Eulerian formulation is used in the final 
hybrid variational principle.

The continuum model is approximated with finite elements by using Lagrangian interpo­
lation formulas to approximate stress and displacement quantities. The stress quantities are 
eliminated at the element level, thus allowing the stress quantities to be discontinuous. The 
resulting nonlinear finite-element equations are solved by iterating linear solutions to converge 
to the nonlinear solution. Two techniques have been used to do this: one iterates the nodal 
displacements, and the other iterates the incremental nodal displacements. Each of these tech­
niques has performed well for particular problems.
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II. GENERALIZED FORMULATION

This section defines the reference configuration as a linear combination of the undeformed 
and deformed configurations. The generalized strain tensors for this formulation are specified. A 
generalized hybrid variational principle, the constitutive equations, and the boundary conditions 
are then presented.

When Lambda is defined as shown in Eq. (II-l), the reference configuration is a linear com­
bination of the undeformed and deformed configurations, as shown in the following equations:

T1 = (1 — K)Zl + A.zl , (II-i)

r2 = (i-A)z2+A22 ,

and

y3 = (i-a)z3+A23

The generalized strain tensors (Cook 1986) are

£as - 2
u«;fc + + (1 - 2A) vc,avl

where va are the covariant components of the displacement vector

u = vaBa

The hybrid variational principle for the generalized formulation is

Jn Tab [(^a);6 + (1 “ A)uC.0(&Jc);i dQ,

+ /„ b
1-2A,

+ ( —;— 1 vc.avc.b - STab dQ

(II - 2)

(II-3)

(II - 4)
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f (J3a8va dQ — f Ta8va duj = 0 
Jn Jw

where

rab are the generalized stress tensors,

Cabde are the material tensors,

£ is the density of the reference configuration,

f3a are the components of the body acceleration vector (/3 = /3aB0),

1/ is the normal vector to the reference configuration boundary u (1/ — isaBa),

P are the components of the traction vector with respect to the normal vector t',

Q is the volume of the reference configuration, and 

u is the reference configuration boundary surface.

The generalized constitutive equations are generalized strain tensors as a function of gen­
eralized stress tensors or generalized stress tensors as a function of generalized strain tensors, 
and they are written as

,de (II-5)

or

where cabde and Kabde are material tensors. 

The traction boundary conditions axe

[t“6 + (1 — A) Tc (II - 6)

or the displacement boundary conditions are

6va =0 . (II - 7)
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The equations presented in this section reduce to the Lagrangian formulation when Lambda 
equals zero. In this case, the generalized strain tensors become the Green strain tensors, the 
generalized stress tensors become the second Piola-Kirchhoff stress tensors, and the generalized 
hybrid variational principle becomes the hybrid variational principle used in the Lagrangian 
formulation. Similarly, when Lambda equals one, the generalized formulation becomes the 
Eulerian formulation, the generalized strain tensors become Almansi strain tensors, the gener­
alized stress tensors become the Cauchy stress tensors, and the generalized hybrid variational 
principle becomes the hybrid variational principle used in the Eulerian formulation. Any for­
mulation in which Lambda is any value between zero and one is a legitimate formulation. Note: 
When Lambda equals one-half, the strain tensors are simplified, as shown in Eqs. (II-2).
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III. COVARIANT DIFFERENTIATION OF DISPLACEMENTS

This section derives the covariant differentiation of displacements va as functions of the 
partial derivatives of the Cartesian displacements wa.

The displacement transformations from the curvilinear coordinates ya to the Cartesian co­
ordinates Ya (reference configuration) are

Va =

Covariant differentiation of displacements are

(in -1)

va;b —
dva
dy6

(III - 2)

where {^fe} are the Christoffel symbols of the second kind.

Since Ya are Cartesian coordinates and the Christoffel symbols of the second kind are zero in 
these coordinates (Fung 1965:46), we see that

jc i = d2Yd dvc
dyadybdYd *

By substituting Eqs. (III-l) and (III-3) into Eqs. (III-2), we get

dYc dwc 
dya dyb

Similarly, the variations of the displacements are

;b
dYc d(6wc)
dya dyb

(III - 3)

(III - 4)

(III - 5)
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IV. DISPLACEMENT ITERATION APPROACH

This section presents the form of the generalized hybrid variational principle that is used for 
the displacement iteration approach. The finite-element method is used to derive the stiffness 
and force tensors.

It can be shown from Fung (1965) that all of the body force integrals and all of the traction 
integrals from the virtual work principles in Cook and Genin (1988) are equal. Since the body 
forces in the virtual work principle used in the Lagrangian formulation and the tractions in 
the virtual work principle used in the Eulerian formulation are known, the generalized hybrid 
variational principle, Eq. (IT4), can be written as

When we know Cl (volume), t (deformed traction), and c (nonlinear materials) from the last 
iteration, the integrals from Eq. (IV-1) are as follows: •

• the first and second are the stiffness integrals,

• the third modifies the force vector integral, and

• the fourth and fifth are the usual force vector integrals.

Finite-element approximations can be represented as

(IV - 1)

=paw° (IV - 2)

and
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(IV - 3)

where

pa and pQ are finite-element shape functions,

10“ are Cartesian nodal point displacements, and 

r®6 are nodal point generalized stresses.

Repeated lower-case Greek letters indicate the summation of all element nodal points.

By substituting Eqs. (IV-2) into Eqs. (III-4), we get

=
dYcdPa
dya dy*

The variations of Eqs. (IV-2) and Eqs. (IV-3) are

(IV - 4)

and

(IV - 5)

6rab = p°6t? (IV - 6)

By substituting Eqs. (IV-5) into Eqs. (III-5), we get

(Sva), =
dYc dpQ 
dya dyb

6u)a (IV - 7)

The substitution of Eqs. (IV-4), (IV-5), (IV-6), and (IV-7) into Eq. (IV-1) gives the gener­
alized hybrid variational principle (where k designates element number) as
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(IV - 8)E
'(ft, )'

dYc dp0 -ab C...a

+ c^^)«)Vww^'cw'l3

'(ft.)’

1
+ 2

cabdeP^Pa dCl \ t^6t.

U-)-w£fc«

ab
0

Sw*

-[/, PFcPa dV (5u;f — / (ic)"pQds <$«;“ = 0

The superscript n refers to the last increment or iteration. 

The (u“6) are

(«%)* = (*••»«*)■ ,

where

The (rai) are

dY‘d(wcy
' a’b dya dyb

(r“1)" = («■“')" (e,.)” ,

where

(e..)* = J [(».,.)■ + («m)" + (1 - 2A) (^.)n (o,,.)-]

(IV - 9)

(IV - 10)

(IV-11)

(IV - 12)



We use the following equations to update the geometry

(r1)" = Z1 + A(u/)” , (IV-13)

(y2)" = Z2 + A(u;2)" ,

(y3)" = z3 + a («;3)n ,

(z1)” = Z1 + (V)" , (IV-14)

(^■ = Z>+ («•)■ ,

and

(z3)" = Z3 + (U,3)" .

Everywhere within w1i w2, and wz are Cartesian displacements.

The nonlinear finite-element equations are obtained from Eq. (IV-8). We eliminate the 
nodal stresses at the element level and iterate nodal displacements for a solution. This ensures 
continuous displacements but allows the the stresses to be discontinuous.
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The generalized hybrid variational principle presented in Section II is modified for incre­
mental displacements. The stiffness and force tensors are then derived using the finite-element 
method.

The incremental Cartesian displacements are defined as

(u;a)n+1 = (u?a)" + . (V — 1)

V. INCREMENTAL DISPLACEMENT ITERATION APPROACH

The curvilinear incremental stress tensors are

(raf,)"+1 = (ra(>)" + Ara6 . (V - 2)

The variation of the Cartesian displacements are

6wa = <5(Au;0) (V - 3)

The geometry approximations are

and

(fi)n+1 = (ny (V — 4)

(»r=w • (V-5)

Thus, the first and second integrals of Eq. (II-4) can be written in an incremental form as

Jn + (1 - A)(tftO., d£l (V - 6)

1 — 2A+ ii [Va'b + (—2—) vC'aVc:b ~ CabdeTde
6rab dQ
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t M'C-A) W]

d£l

+t-{^ + (1_2A)W"]
n-i dYd d(&wd)

dye Qyb

The superscript n refers to the last increment or iteration.

-cabdtJ\rde}6{^rab)dQ

The (1;%)’ are

where

(V — 7)

The are

(».=.)■ =
dY'diW')’
dya dyb

(r“)” = («““”)" (sdeT ,

(V - 8)

(V — 9)

where

(e..)* = 5 [(«.=.)■+ K.)’ + (1-2A) ' (V-10)

Symmetry does not exist between the incremental displacements and the incremental stress 
tensors unless the 2A is replaced with A. This is the same approximation used in Cook and 
Genin 1988:18-23 and Cook 1988:14-19. With this approximation, Eq. (V-6) becomes
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Jo T“6 [(^.);» + (! - tyKo (^);i dQ (V-ll)

+ I h*+( 1 — 2A
vc.avc.b - co6(ferd 6rab dQ

=

+i,.aT“[s:+<1-A>(0"]
»i ayda[6(A«;rf)]

»»1 dy*
-cabdeATde}6(ATab)dQ

The substitution of Eq. (V-ll) into Eq. (IV-1) gives the generalized hybrid variational 
principle for incremental displacements as

J„. (t'T [<: + <>- A> (”••)'] " (v-«)
+ /^[S: + (1-A,(,»)•]

+L{[4:+(i-a>w‘]«1 dYd d(Awd)
dyc dyb

-cabdeATde\6(Arab)dQ

- [ PF^iAwj) dV — f ti6(Awi)ds = Q , 
Jv J(»y

When we know Q (volume), r (generalized stress tensor), t (deformed traction), and c 
(nonlinear materials) from the last iteration, the integrals from Eq. (V-12) are as follows:
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• the first modifies the force vector integral,

• the second and third are the stiffness tensor integrals, and

• the third and fourth are the usual force vectors.

Finite-element approximations can be represented as

Au;0 = pa Aw*

and

(V - 13)

Ar“‘ = p” Ar“* , (V — 14)

where

pa and p° are finite-element shape functions,

Aw* are Cartesian nodal point displacements, and 

At"1’ are nodal point incremental generalized stresses.

Repeated lower-case Greek letters indicate the summation of all element nodal points.

Equation (V-13) can be differentiated as

d(Awa)
dyb

(V — 15)

The variations of Eqs. (V-13) and Eqs. (V-14) are

6(Au>a) = (V — 16)

and

<5(0 = P*<5(At:6) (V — 17)
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The differentiation of Eqs. (V- 16) are

d{S(Awa)}
dyb

dpa
dyb

6(Aw:) (V - 18)

The substitution of Eqs. (V-13), (V-14), (V-15), (V-16), (V-17), and (V-18) into Eq. (V-12) 
gives the generalized incremental hybrid variational principle (where k designates element num­
ber) as

(r”k)" [<: + (l-A) («',.)"]
dY'dp,. 
dyc dyb

(V — 19)

+

+

[« + - s> K)‘l WW*

{L-1<; + “ ■ a) Wv1' ■”}
f cabdepap? dft] A^^(Ar0“6) 
An* )n

PFaPa dV 6(Aw“) - ^ {taT pa ds tf(A<) =0

The geometry is then updated with Eqs. (IV-13) and (IV-14). The nonlinear finite-element 
equations are obtained from Eq. (V-19). We eliminate the nodal stresses at the element level 
and iterate nodal displacements for a solution. This ensures continuous displacements but 
allows the the stresses to be discontinuous.
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VI. CONCLUSIONS

The hybrid variational principle presented in this report was checked by solving several 
problems, including a rectangular body with concentrated loads, body force loads, and traction 
loads; a cylindrical body with traction loads; and a spherical body with traction loads.

Two methods for solving nonlinear continuum problems are described in this report. Each 
of these methods works well in accuracy vs computer time for particular problems. Neither 
method, however, has proved to be consistently better than the other.
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