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ABSTRACT componentandthenatureoftheseismicinput.Theconditions

TheEquivalentStaticMethod(ESM) isa simpleandcost for ESM applicabilityarc describedin many designand
effectiveapproachin thedesignof systemsandcomponents analysiscodesandstandards.In generaltherequirementis
subjectedto seismicloads. However,its applicabilityis thatthcsystemcanbercpresentedbyasimplemodel,i.e.,has

simpledynamiccharacteristics.This paperexaminesthe
restrictedto systemswhichcanberepresentedbya "simple ESMissueof simplestructureandthecorrespondingampli-
model." In this paper the restrictionto a simple model is ficadonfactors. Specifically the focus is on proppedcantile-
examined using the example of a proppedcantilever, for
which somecodesor standardsexplicitlystatethatESMis not verswith variouslengths of overhang.
applicable. By comparing ESM results for the propped
cantileverwith those for a regular(un-propped)cantilever, it BACKGROUND
is found thatESMcanconditionallybe appliedtothepropped
cantileverconfiguration. To understandthe essenceof the equivalentstaticmethod,

asummaryofthestandardseismicanalysesisgivenbelow:

INTRODUCTION Timehistory method -

Key components,includingpiping ofnuclearpowerplants, Forgiven inputmotion histories,theequations of
must be qualifiedforseismic loadsthat arelikely tooccurat motioncan be numericallyintegratedin time in a
theplantsite. Onewayof qualificationby analysisis the time- step-by-step manner to yield directly the total
history analysis. This requiresdetailedinputhistoriesat the response. This approachis known as the direct-
componentlocationtogetherwith acompatiblyrefinedmath- integrationtime-historymethod. This methodcan

also be used for nonlinear systems in which the
ematical model, e.g., a f'mite-elementmodel, of the compo-
nent orsystem. I1_emethodis relatively labor-intensiveand normalmodes arenot clearlydefmod.
time-consuming. A somewhat simplerand less work-inten- Alternatively for linear systems, an eigensystem
siveapproachistousetheResponseSpectrumMethod,for analysiscanbef_tperformedon thesystemto
whichonlythedesignresponsespectrumforthesystemmust obtainali theimportantvibrationmodes.Each
be specified. However, it is often desirable to have even mode is uncoupled from the rest. Dependenton
simpler methods in order to obtain conservativeresponse the seismic input time history, each modal re-

: estimatesof a system with relativelylittle effort, sponseis obtainedby numericallyor analytically

Such a methodis the so-called EquivalentStaticMethod integratingin dmethe correspondingmodalequa-
tionof motion.Eachmodalresponsethereforeisa

(ESM).Itssuccessfulusedependsonthecharacteristicsof the
functionof time. The totalresponseof the system



is the sum of ali the modal response histories, and the mass distribution of the structure is used, the ESM is not
is a function of time. This approach is known as entirely a static method and could just as well be called the

. the normal-mode time-history method, equivalent dynamic method.

Response spectrum method - The major parameter that must be selected in this approach
is the factor multiplying the mass distribution to define the

The vibration modes of the system are first ob- equivalent static load. This factor has the unit of acceleration
tained. The maximum response of each mode is and mitst reflect the dynamic characteristics of both the
then obtained at the corresponding modal fre- seismic load and the structure. Therefore, the factor is

quency from the given seismic design response dependent on the design acceleration response spectrum and
spectrum. This is so because the response spec- on the shape and boundary condition of the structure. The
trum is arepresentation of the maximum responses factor generally is taken to be the product of the maximum
(acceleration, velocity, or displacement)ofa fam- spectral acceleration of the design response spectrum and a
ily of idealized linear single-degree-of-freedom (static) coefficient to include the "higher mode effect."
damped oscillators as a function of natural fre-
quencies of the oscillators to a specified vibratory The essence of ESM is that the dynamic behavior of the
motion at their supports. The design response structure can be adequately captured by the fundamental
spectrum is a smoothed response spectrum ob- modealone(withinascalarmultiplier)anJthatthefundamen-
tained by analyzing, evaluating, and statistically tal mode can be adequately described by the stafie deflection
combining a number of individual response spec- of the mass-proportional load. Natural frequencies of the
Ira derived from earthquake records. Each modal structure are not required; however, when available, they may
response, therefore, is a constant. The total re- be used to refine the approach. Thus instead of the maximum
sponse of the system is the sum of all the modal spectral acceleration, the spectral acceleration at the funda-
responses. The summation can be done abso- mental frequency or the maximum spectral acceleration on the
lutely, or by SRSS or 10% grouping or other higher-frequency end can be used. Any ESM will yield a
appropriate algorithms, conservative estimate of the response, if a sufficiently large

acceleration or coefficient is chosen. The success of ESM lies

Equivalent Static Method- in providing a conservative estimate without undue penalty by
Similar to the response spectrum method, this judicially choosing the spectral acceleration and static coeffi-
method directly uses the (design) response spec- cient and their combination.

trum. The system is analyzed by subjecting it toan To further illustrate the essence of the ESM approach and
equivalent static load proportional to its mass application, guidelines from some of the important codes and
distribution in the direction of the earthquake. The standards are summarized below:
load magnitude is determined from the design
response spectrum together with a load or static IEEE Recommended Practice for Seismic Qualification of
coefficient (amplification factor). The value of Class lE Equipment for Nuclear Power Generating Sta-
this coefficient is consequential in providing con- tions[ 1]

= servailve estimates to the responses of the system.

Evidently the time-history method may be preferred, when 6.3 Static Coefficient Analysis. This is an alternate
the goal is to examine a system's state under a particular method of analysis that allows a simpler technique in
seismic event when the recorded time histories are input to the return for added conservatism .... A static coefficient of
analysis. For design and qualification purposes, because the 1.5 has been established from experience to take into.

seismic input may only be specified through a smoothed account the effects of multifrequency excitation and
design response spectrum, a spectrum-consistent time history multimode response for linear frame-type structures,
is generally not available without major effort. Under these such as members physically similar to beams and col-
circumstances, the equivalent static method may be preferred, umns, which can be represented by a simple model ....

In a static coefficient analysis, the seismic forces on
each component of the equipment are obtained by

EQUIVALENT STATIC METHOD multiplying the values of the mass times the maximum

The seismic load is applied as an equivalent static load peak of the RRS times the static coe_cient. The result-
(magnitude determined from the given response spectrum) ant force should be distributed over the component in a
proportional to the mass distribution of the structure. Because manner proportional to its mass distribution. The stress=

121 I



__. SIMPLE MODEL

at any point in the equipment can then be determined by When a structure, equipment, or component is classified
co_,bining the stress at thatpoint due to the earthquake as simple, and hence can be represented and analyzed by a
loading in each direction using the SRSS method, simple model, then the ESM estimates conservatively the

response. Generally, the acceleration used is the maximum
spectral acceleration and the static coefficient is 1.5. The
above cited codes and standards allow lower value of either

USNRC Standard Review Plan[2] the acceleration or the static coefficient, if justified.

Unfortunately, there is no clear definition of "simple
"'" model." One definition could be that those whose dynamic
An equivalent static load method is acceptable if: responses can be conservatively estimated by ESM are simple
(1) JustCication is provided that the system can be models. This definition, however, begs the question. For
realistically represented by a simple model and the familiar structures the simplicity probably can be established
method produces conservative results in terms of re- from experience or from reported results in the open literature:
sponses. Typical examples or published results for Such as IEEE's recognition of linear frame-like structures
similar structures may be submitted in support of the (beams and columns), and ASCE's of cantilever. For general

use ofthe simplified method, unknown and complex structures, the simplicity can only be

(2) The design and associated simplified analysis resolved by complete dynamic analyses if it can not be
account for the relative motion between ali points of established a prioriby "engineering judgment."
support. The ASCE's guidelines explicitly exclude the application

of ESM to propped cantilevers, without clearly defining what
(3) To obtain an equivalent static load of a structure,

they are. This exclusion is counter-intuitive and also appears
equipment, or component which can be represented by to contradict the IEEE guidelines.
a simple model, a factor of 1.5 is applied to the peak
acceleration of the applicable floor response spectrum. In the following, it is demonstrated that for purpose of
A factor of less than 1.5 may be used if adequate ESM application at least some propped cantilevers are just as
justification is provided, simple as the regular unpropped cantilever.

PROPPED CANTILEVER

ASCE Standard[3] A (regular) cantilever iswell-defined: It is abeam structure
with one end fixed and the other free; i.e., an overhanging

"'" beam. A propped cantilever can mean a cantilever whose
: 3.2.5 Equivalent-Static Method overhanging free end is propped, resulting in a structure

3.2.5.3 Simple Multi-Degree-of-Freedom Models without overhang; or a beam with one end fixed and the other
simply supported or hinged. In such case, it is not a cantilever

(a) For cantilevers with nonuniform mass distribution at all. Alternatively, a propped cantilever is still a cantilever
and other simple models in which the maximum re- with a characteristic overhang. The prop then must be a
sponse results from loads in the same direction, the simple support somewhere between the free and fixed ends.
equivalent-static load shall be determined by multiply- To cover ali the possible cases, tl-,esecond interpretation is
ing the structure, equipment, or component masses by used in this study. When the support is at the free end, the first
an acceleration equal to l.5 times the peak acceleration interpretation results.

of the applicable response spectrum. Smaller values The dynamic mode shapes and the static deflection due to
may be used, if justified, or the floor ZPA value may be the mass-proportional load are essential for ascertaining the

" used if it is shown that thefundamentalfrequeney is so
applicability of ESM to propped cantilevers without actually

high that no dynamic ampi_cation will occur, performing complete dynamic analyses. The ESM requires
(b) The equivalent static method does not apply to closenessbetween the fundamental modeand static deflection
propped cantilevers, shapes; and the particular static coefficient of 1.5 requires that

. the fundamental mode constitutes more than two-thirds of the

total response. Therefore it is necessary to have measures for

! ! B J Hsieh [



i

(1) the closeness between the two shapes, (2) the modal (2) Modal participation:

participation. The static coefficient multiplying the spectral accelera-

To identify when ESM applies, the prop location is varied tion in the ESM reflects the relative contributions of the
to cover the case of uniform regular cantilever, the fixed- dynamic modes. Each modal participation typically

hinged beam, and many intermediate propped cantilevers. No depends on the dynamic nature of the structure and of
actual time-history or response-spectral analysisis is per- the seismic load. The larger the contribution of the
formed; the applicability of ESM is deduced by comparing fundamental mode (first mode in this study), the closer
these measures to those of the regular fixed-free cantilever, for the static coefficient can be to unity.

which it is known that ESM is applicable. Without explicitly solving the dynamic system with

(1) Closeness of shapes between fundamental mode and specific input, the participation can only be estimated.
static deflection: lt is related to the participation factor (of the input)

defined by
The mode and static deflection of a propped uniform

cantilever are obtained by solving the regular beam PFD = _ ¢(x)p(x)dx (2)
equations.

For the static deflection under uniform mass-propor- Here _x) is the (fundamental) mode shape, p(x) is the

tional loading, the solution is obtained by combining the mass-proportional load which is constant in x for uni-
solution ofaregular fixed-free cantilever under uniform form cantilevers, and PFD stands for dynamic partici-
load and a solution of the same cantilever subjected to pation to distinguish it from the static participation

a concentrated force at the prop location. The magni- defined below.
tude and direction of the force are such that the displace- The ESM approximates _x) by ys(x), the static deflec-
ment at the prop location will cancel out that produced tion due to p(x); therefore, a gtatic participation factor,

by the uniform load. The respective solutions for PFS, can be similarly defined by
uniform and concentrated loads can be obtained from

handbooks, such as Roark's[4]. PFS = _ Ys(x)p(x)dx (3)

For the dynamic modes, the propped cantilever is di- The comparison between PFD and PFS together with N
vided into two segments, one from the fixed end to the gives an indication of the closeness between _x) and
prop and the other from the prop to the free end. A ys(x).
regular eigensystem is formulated for each segment.
Through a match of the segmental mode shapes at the Table 1 summaries the results for the propped cantilever.
prop location, a characteristic or frequency equation The PFD corresponds to the f'trst or fundamental dynamic
em_rges. The natural frequency of the propped cantile- mode shape, the nondirnensional prop location, a, is the ratio
ver is then obtained by a numerical iterative scheme °fthe length between the fixed end and pr°p t° the t°tal length'
from an initial estimate. The complete mode shape is The results are obtained by using Mathematica software to

then the union of the segmental mode shapes, derive the above integrands and to integrate.

The closeness between the mode shape and the deflec- In principle, similar tables can be constructed for higher

tion shape is measured by the normality N as follows: dynamic modes. However, selecting the initial estimates and
checking the final convergence for the iterative solution of the
nonlinear transcendal frequency equation is a tedious, manual

N = _ _p(x)y,(x)dx task, particularly when many modes are examined. Thus the

l=S_2(x)d.x (1) propped cantilever is also analyzed by the ANSYS soft-ware[6], which directly gives the participation factor and

1 = I y2 (x)dx effective mass of each mode. The number of modes extracted
is only limited by the degrees of freedom of the finite element

where Ys is the normalized static deflection, and _ is the model, the accuracy of the eigensystem solver, and the pa-
normalized mode shape, tience of the analyst. Eighteen modes are extracted in the

The Mathematica[5] software is used in both the static current study.

and the eigensystem processes. Table 2 shows the relative modal participation factors in
percentage of the total participation of ali modes. Since the

14 I I BJ.sie I



TABLE 1 TABLE3
SUMMARY OF PARTICIPATION AND NORMALITY SUMMARYOF RELATIVEMODALEFFECTIVEMASS

BETWEEN FIRST MODE SHAPE AND STATIC DEFLECTION ,i

NtmdimensionalPropLocadon.........

Nondimensional Mod_ 0/8 1/8 2/8 3/8 4/8! 5/8 6/8 7/8] S/8
Prop Location "PFD N PFS 1 63% 62% 53% 42% 30% _ 12% 6% 63% 77%

0/8 0.782962 0.9999 0.789323 2 19% 19% 14% 7% 7% 56% 68% 4% 1%
....... 1/8 0.743342 0.999905 0.74913 3 7% 6% 3% 12% 44% 7% 0% 0% 12%4 3% 3% 0% 24% I% 3% 9% 17% 0%

2/8 0.695408 0.999923 0.699631 5 2% 1% 14% 3% 2% 8% 4'% 0% 5%
3/8 0.630579 0.999957 0.634131 6 1% I%1 10% 0% 4% 4% 2% 7% 0%

4/8 0.531135 0.99983 0.543177 7 1% 0% 2% 1% 6% 0% 6% 0% 2%

5/8 0.332942 0.981584 0.468487 8 1% 0%1 1% 2% 0% 3% I 0% 4% 0%

6/8 0.233876 0.793142 0.66661 9 1% 0%l 0% 5% 0% 2%t 2% 0% 1%

7/8 0.735872 0.99946 0.746453 1o 0% 3% 0% 1% 3% 0% 0% 2% 0%...... 11 0% 3% 0% 0% 0% 2% _ 0% 0% l 1%
8/8 0.860001 0.999922 0.863743 12 0% 1% 1% 0% 0% 1% 1% 1% 0%

13 0% 0% 2% 2% 0% 0% 0% 0% 0%
14 0% 0% 0% 1% I 1% 1% 0% 1% 0%

TABLE 2 Z5 0% 0% 0% 0% 0% 0% 0% 0% 0%
SUMMARYOF RELATIVEMODALPARTICIPATIONFACTORS 16 0% 0% 0% 0% 0% 0% 0% 0% 0%

•_...... 17 0% 0% 0% 0% _ 0% 0% 0% 0% 0%

Nondimension=lPropLocation 18 0% 0% 0% 1% 0% 0% 0% 0% 0%
Mode 0/8 1/81 2/81 3/8 4/8 5/8 6/8 7/8 8/8

21 17% 17% 14% 9% 9% 25% 33% 8% 4% 1st 61%ssdl ! ! I I14'%139% 27% i1% 5% 57% 74%

3_ 10% 10% 6% 12% 24% 9% 2% 1% 16% For each propped cantilever, the entry in this table is
4 7% 6% 1% 17% 4% 6% 12% 16% 2% (PFD)_= l¢_(X)l_x)dx;, _ = ithmod¢shap¢

5 6% 5% 14% 6% 5% 10% 8% 3% 10% FD_

, 5% 3% 12% I% 7% 7% 5% 11% I% .7 4% 2% 6% 3% 9% 2% 10% 1% 7% (PFD)_
8 3% 1% 3% 4% 0% 6% 0% 8% 1% t=

93% 1% 1% 8%! 2% 5% 5% 1% 5% MM=_(PFDS /'"" IO 3% 7% 3% 3% 6% 2% 3% 6% I% ?oralMissofCantilever

11 2% 7% I% 1%: 2% 4% 2% 1% 4%

12 2% 4% 4% 1% ! 1% 3% 5% 5% 1% TABLE4
13 1% 2% 5% 4%' 2% 1% 0% 1% 2% SUMMARYOF FIRSTMODALFREQUENCYANDPARTICIPATION
14 2% 2% 2% 3% 4% 4% 3%. 4% 1% RELATIVETO THATOF REGULARCANTILEVER

[ 15 1% 1% 1% 1% 1% 0% 0% 1% 2%
Nondimensional Natural Participation Effective Modified

16 1% 1% ' 0% 1% 0% 2% 1% 2% 1% . Prop Location Frequency Factor Mass Mass
17 0% 1% 1% 1% 2% 2% 0% 1% 1% 0/8 1.00 1.00 1.00 1.00
18 1% 0% 0% 3% 2% 2%1 0% 1% 0% 1/8 !.22 0.98 0.98 0.90

For each propped cantilever, the entry in this table is 2/8 1.53 0.87 0.84 0.791

(PFD)_= _'¢_(x)p(z)dx; k = ithmodeshape 3/8 2.01 0.7 ! 0.67 0.64
4/8 2.80 0.63 0,48 0.45

= 4.20 0.37 0.19 0.18

Entry kP_kpFO) d 5:_ 6.11 0.32' 0.10 0.09, 7/8 5.62 1.02 1.00 0.93
8/8 4.38 !.31 1.22 1.22

The participation factor is relative to the absolute sum.
The effective mass is relative to the total modal mass of 18 modes.

factors are signed, the total participation is defined as the sum The modified mass is relative to the tc.tal physical mass.

of the absolute contribution of each of the modes. This tends

to reduce the portion of the first mode compared to an shouldapplyalsotoproppedcantileverswithnondimensional
algebraically summed total. Also because the participation
factors relate directly to the composition of the input load (or prop location of 1/8, 7/8, and 8/8.
the mass dislribution) rather than directly to the response, they Table 3 is similar to Table 2 but shows the relative modal
can not be directly used to judge the ESM applicability of any masses in percentage of the total modal mass of the 18 modes.
particular propped cantilever in a definitive sense. For ex- Since each modal mass is the square of the corresponding

- ample, it is not clear from this table why ESM is only modalparticipationfactor, the modal mass is unsigned. Itcan

applicable to the regular cantilever (a - 0/8) per ASCE's be shown that the total physical mass of the structure is the
guidelines. However, given that it is and ali other conditions total modal mass, if an infinite number of modes is included

- being equal, then it is reasonable to deduce that the ESM and if the mode shapes are normalized in a certain way.

-
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Because the seismic effect is transmitted to a structure as an this under-representation of mass can be remedied by using a
inertia load, the percentage of total modal mass relative to the larger static coefficient for those propped cantilevers classi-
total physical mass is an important indicator of the adequacy fled as having "close shapes."
of the finite element model. The MM row in Table 3 lists this

percentage. Each entry when referred to the total physical In seismic analysis, the participation factor of a mode is the
coefficient before the mode shape when the mass-propor-

mass must be modified accordingly. Row 1st is the modified tional load is decomposed into the mode-shape or modal
percentage of the first or fundamental modal mass. lt is

spectrum, lt is a measure of the input load in terms of each
evident that ESM is at least as applicable for the case a = 8/8 mode. When the response is decomposed into the modalas for the case a =0/8, and the cases a = 1/8 and a = 7/8 are also
tolerable, spectrum, the coefficient for each mode is termed mode

coefficient in ANSYS. The participation factors can be
Table 4 summarizes the first modal properties relative to calculated within a scalar multiplier without specific seismic

the case of a = 0/8. The natural frequency clearly shows input. But the mode coefficient depends on the response and
nonlinearity in terms of prop location. The cantilever is hence can only be computed for a given seismic input.
stiffest at prop location of 6/8. In this case, clearly the ESM Actually, it is the dominance of the fundamental mode coef-
does not apply, unless a large static coefficient is used. ficient that ensures the success of ESM. Since generally the

seismic input is unknown, the mode coefficient is unknown.

The mode coefficients are related to the modal participation
DISCUSSION AND CONCLUSIONS factorsasawhole. This is sobecausethe loadand theresponse

The referencepoint is that the ESM applies to the regular, are linked by the equations that govern the behavior of the
unpropped cantilever with a static coefficient of 1.5. The structure. Generally speaking, the structure works like a
applicability of ESM toproppedcantileversis first examined narrow-bandfilter with the passingfrequency range around

thefirst modal frequency.Therefore,for random-likeinputor
by analyzing thefundamentaldynamicmodeshapeand static uniform designresponsespectrum,the mode coefficient de-
deflection shape,both related to the massdistribution. The creasesrapidly for higher modes. The decreaserate is much
central requirement is that the two shapesmust be close to faster thanthat of the modalparticipation factor. (This isalso
each other. However, the shapesneednotbe infinitesimally verified by ANSYS results for the current study.) Conse-
close to eachother. The closenessneedsonly becompatible quendy, the participation factor or its square, the modal
to that for the regular cantilever. The closenessmeasure, effective mass,underestimatesthe En'st-modecontributionto
Normality N in 'Fable 1, indicates that the theseshapesare the response.Therefore, it isconservarive to usethe partici-
amazingly close for ali casesexcept the caseof a = 6/8 and
maybe a= 5/8. A different senseof closenessisprovided by pation factor to examine the ESM applicability.
PFD andPFS. Theseare ali plotted in Figure 1. Note the two Figtures1and2 leadto the following conclusion.ForESM
participationsdiffer significandy in the range5/8 _<a _<7/8. applicability, aproppedcantilever iscataloged into oneof the
Here the ESM is notapplicable. However, the static del'le,c- following depending on thenondimensionaldistance,a, be-
tion may actually pick up more massthan the first mode. tween the fixed endand the prop location:

The closenessbetween fundamentalmode shapeand the (1) a = 0
staticdeflectionshapeindicatesthat the staticsolutionisclose This is the regular cantilever and ESM is applicable.
to the one-mode modal solution, which inturn is hopedto be
agoodapproximationto theactualresponse.Forthosewhose (2) 0 < a < 1/2

ESM is conditionally applicable. The static coefficientclosenessis compatible to that of the regular cantilever,one
mustalso ensurethat thefundamentalmodealonehasenough shouldbe modified by the factor, f = 1 + 22a/9.

This linearmodificationequationisobtainedbydrawing
modal mass to sufficiently represent the inertia property, a straight line between the points a = 0 anda = 1/'2andAgain, the percentageof the first modal massneedsonly be

_. compatible to that of the regular cantilever, about 61% of the realizing the mass at the latter is only 45% of the former.
total physical mass; note that the static coefficient of 1.5 is The static coefficient is then 1.5f. At a = 0.5, the

coefficient can be as high as 10/3.
expected to somehow compensate for the missing 39%. The
summarized first-mode modal properties are plotted in Figure (3) 1/2 < a < 7/8
2. Unequivocally, there is a substantial range of prop location ES M is not applicable because the mode shape and static
where the f'u'stmode catches less than 90% of the mass relative deflection are not close.

to that of the regular cantilever. This is not admissible for
ESM application where the static coefficient is 1.5. However, (4) 7/8 < a < 0.9118

ESM is conditionally applicable. The static coefficient

161 I BJ Hsieh ]
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should-be.,modified by the factor, f = 2.8644 - 2.0448a. ACKNOWLEDGMENT
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