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ATOMLLL: - ATOMS with 
Shading and Highlights 

Nelson L. Max 
Lawrence Llvermore 

Laboratory 

Abstract 

The ATOMS program, written at Bell Telephone 
Laboratory, 1s capable of determining the the v i s i ­
ble portions of a scene consisting of interpene­
trat ing spheres and cylinders, put together to 
represent "space-f i l l ing" or "ball-and-stick" mole­
cular models. The Lawrence Livermore Laboratory 
version contains enhancements to add shading and 
highlights, and to render the spheres on f i lm as 
el l ipses, so they w i l l appear round when projected 

various wide-screen formats. 

The v is ib le parts of each sphere or cylinder 
are shaded by a minicomputer control l ing the f i lm 
recorder, thus releasing the main computer from 
transferring the mil l ions of intensity values for 
each frame. The minicomputer 1s microprogrammed 
with an e f f i c ien t algorithm for the Intensi t ies, 
which uses the color look-up tables in the f i lm 
recorder to store the reflectance as a function of 
angle of Incidence. ^ 1} 
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1. Introduction 

The ATOMS program (5), by Kenneth Knowlton and 
Lon'nda Cherry at Bell Telephone Laboratory, com­
putes the v is ib le regions of a scene consisting of 
potential ly intersecting spheres or cyl inders,, 
called parts. The ATOMLLL version runs on the CDC 
7600 at Lawrence Livermore Laboratory. I ts input 
i s a l i s t of atomic coordinates, r a d i i , and colors, 
and a connection table for the bonds, i f any- I ts 

' output is a binary tape containing shading informa­
tion for each part , followed by a l i s t of "trape­

zoids" into which the part has been divided, as 
described 1n Sec. 2. 

This tape 1s read by a Varlan V-75 minicompu­
ter , which controls a Olcomed D-48 color f i lm 
recorder. The Varlan divides each trapezoid Into 
vert ical raster segments, and uses an e f f i c ien t 
algorithm described 1n Sec. 3 to f ind the shading 
values along each segment, which are then plotted 
by the Dicomed. The most complex figures shown 
here took about 2 seconds on the 7600 to compute 
and output the v is ib le surface parts, and 2 minutes 
on the Varlan - Dicomed system to compute and plot 
the shading at 1536 x 2048 pixel resolution. Users 
can view the outlines of each part on a black and 
white TV monitor In their o f f ices, while composing 
a sequence on the CDC 7600, before committing i t 
to f i lm (See Fig. 17). 

Similar pictures have been produced by Thomas 
Porter (8) , and John Staudhammer (9), using color 
video output. Porter's system can create pictures 
on a stand-alone PDP-11 minicomputer. Because I t 
uses a depth buffer algorithm, several Z computa­
tions and comparisons may br> required for each 
p ixe l . Staudhammer's system uses special purpose 
hardware to generate shading and highlights on the 
f ly at video rates, from a previously prepared l i s t 
of v is ib le segments. His shading algorithm Is 
based on a table, and is similar to the method re­
ported here, although the actual table is quite 
di f ferent. 

Both these systems currently output at the re­
solution of the standard color TV monitor. The 
ATOMLLL system can plot on wide format f i lm at up 
to 4096 - 4096 resolution, giving much higher qual­
i ty at the cost of extra plot t ing time, and can 
plot bonds as well as atoms. I t is also capable 
of rendering the spheres on f i lm as el l ipses, as 
described In Sec. 4, to compensate for the distor­
t ion introduced by various wide screen projection 
lenses. 

"Wort performed under the auspfcc* of the 
O.S. Department of Energy by the Lawrence 
Livermore Laboratory under contract number 
W-7405-ENC-48." 
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2. The Hidden Surface Algorithm 

As described in (5), the ATOMLLL program keeps 
track of the v is ib le portions of each part in terms 
of a l i s t of "trapezoids". Each such trapezoid, as 
shown in Tig. 1 , has two straight vert ical sides. 
The other two sides may be straight lines or arcs 
of c i rc les. The circular arcs can be convex down, 
as is the top arc in Tig. 1 , or convex up. In 
addit ion, each arc must be monotone, with y either 
non-1ncreasing or non-decreasing. Thus, a sphere 
is i n i t i a l l y represented as two trapezoids, each 
having one degenerate vertical side, as shown in 
Fig. 2a. 

Figure 2a Figure 2b 

I f th is sphere 1s intersected, or "truncated, 
by a second sphere, as in Fig. 2b, the intersection 
curve is approximated by a circular arc, and the 
trapezoids of the f i r s t sphere are chopped or sub­
divided Into their v is ib le pieces. They are fur­
ther subdivided in Fig. 2c by a third atom in front 
of the other two. tn general* the trapezoids in 
the currently v is ib le l i s t for a part can be com­
pared one by one to the trapezoids defined for a 
potential ly occluding part, and reduced or subdi­
vided appropriately. A new modification may remove 
the reason for an ear l ier subdivision, as seen in 
Fig. 2c, where some of the vert ical l ines are no 
longer required. Thus, after any occlusion changes 
the l i s t , i t is compacted to amalgamate adjacent 
trapezoids i f possible, as in Fig. 2d. Further 
details on the hidden surface algorithm can be 
found in (5) and (6). 

3. Shading and Highlights 

The shading algorithm 1s closely t ied to sever­
al hardware features of the Dicomed D-48 f i lm re­
corder. I t contains a computer controlled color 
f i l t e r wheel, with six colors, and a seventh clear 
posit ion. There are also eight loadable look-up 
tables, one to be used for each of the seven f i l t e r 
positions, and an eighth for black and white expo­
sures. These tables translate an eight b i t input 
intensity into another intensity for output onto 
the f i lm , and were designed to compensate for f i lm 
characterist ics. In raster mode, the Dicomed gets 
a stream of bytes by direct memory access of an 
output buffer on the Varian, and plots the compen­
sated values across a scan l i ne . Meanwhile, the 
Varian may be f i l l i n g a second buffer of intensi­
t i es . 

The atoms arc shaded as i f the l i gh t came from 
a point i n f i n i t e l y far behind the viewer. Thus the 
reflected intensity i s a monotone decreasing func­
t ion f (e ) , of the incidence angle e, shown in Fig. 
3. For diffuse l igh t ing , an appropriate intensity 
function might be 

f(e) = A + D cose 

Figure 2c Figure 2d Figure 3 



The color of the diffusely reflected l igh t is the 
color of the surface. 

For highlights, representing specular reflec­
t ion concentrated at small incidence angles, an 
appropriate function might be 

g(e) = C(cosel n . . . 2) 

for some large n. The color of the highlight is 
white. The functions f(e) and g{e) are entered 
into the color and black-white look-up tables, 
respectively, so any ref lect ion law may be used. 
More sophisticated functions are given in Blinn 
(1). 

The functions f and g are actually tabulated in 
terms of cos^e. We now demonstrate how cosze can be 
computed very e f f ic ient ly using f i n i t e differences. 

Figure 4 

Figure 4 shows the projection of a sphere onto 
the picture plane. The point P=(X,Y,Z) is on the 
surface, C=(XC, YC, ZC) is the center, and R is the 
radius. Figure 3 shows a section of this sphere, 
in a plane perpendicular to the dotted line. 

From triangle PDC in Fig. 3, we find 
*2 2 "PO2 

cos e = —^ 
(Z-ZC) C 

Solving the equation of the sphere, 
(X-XC) 2 + (Y-YC) 2 + (Z-ZC) 2 = R 2 

for (Z-ZC) 2, and substituting in Eq. 3 we get 

(Y - YC)2 

. . . 4) 

Since the trapezoids have vert ical sides, they 
are colored in vert ical raster scan segments. 
Along a vert ical segment such as the one shown in 
Fig. 4, the quantities R, X, XC, and YC are con­
stant, so Eq. 5 represents a quadratic polynomial 
in Y. This polynomial i s evaluated at successive 
points along the scan segment* using f i n i t e d i f fe r ­
ences. The second difference for any quadratic 
polynomial is a constant, equal to i t s second der i­
vat ive. Therefore, the exact value can be accumu­
lated using two additions per cycle of the 
difference loop. 

I f N is the number of raster points to be 
plotted, the second difference is added effectively 
(tJ-l)(N-2)/2 times, so double precision integers 
are required on a 16 b i t machine. Since the as­
sembly language of the Varian does not permit more 
than one double precision operand to be retained in 
registers, the coding for the difference loop would 
be quite ine f f ic ien t in memory access. 

Fortunately, a writeable control store was 
available, so the whole loop was replaced by a new 
machine instruction written in microcode. Eight 
registers are loaded with N, the double precision 
values for cos'e and i t s f i r s t and second d i f fe r ­
ences at the bottom point 0 of the scan segment, 
and the start ing address of the output buffer. The 
microcode then does the two double precision adds, 
loads the high order byte of the accumulated value 
for cos^e Into the proper byte of the output buf­
fer, tests for completion, and loops, a l l in eight 
195 ns microinstruction cycles. For atoms which 
f i l l up a substantial area of the screen, i t can 
generate the intensity values faster than the 
Dicomed can plot them. For smaller atoms, the 
square roots required for computing the upper and 
lower boundary arcs for the trapezoids become the 
bottleneck. They could be removed by using 
Bresenham's algorithm (2) , as suggested in (8). 

Y © W 
0 

• Q 
. . . 5) 

Figure 5 



Ideally, the shading for a cylinder can also be 
determined from a quadratic polynomial along a ver­
tical scan segment. Horever, after the perspective 
transformation, cylinder" become cones, an* the 
shading 1s no longer so simple, especially when the 
directions of the projected edges l ie in different 
quadrants, as in Fig. S. 

Let Q be the "vanishing point" for these edges, 
so that QA and QC, the extentlons of the projected 
edges, and QB, the projected center line, all meet 
at Q. Assume QA has negative slope, while QB and 
QC have positive slopes. Then the part of the bond 
lying in AQB will be shaded using quadratic poly­
nomials on horizontal segments, and the part 1n 
BQC will be shaded using different polynomials on 
vertical segments. These polynomials are 
adjusted to have their maximum value (which depends 
on the angle between the bond axis and the plane of 
view) along the line QB, and to be zero along QA 
and QC. Thus they agree smoothly along QB, and 
give a close approximation to the true shading. 

The usual method of color rendition represents 
the combined diffused and specular reflection as 
the sum of red, green, and blue components, painted 
in three separate passes through three colored f i l ­
ters. The present algorithm renders the diffuse 
reflection through one of the seven colored f i l ­
ters, using the look up table for f(cos^e) and then 
adds the highlights through the clear f i l t e r , 
getting g(cos'e) from the black and white table. 
In this way, only two passes are required, each 
with exactly the same data. 

In stannary, the combination of the finite 
difference technique for cos^e, with the look-up 
tables for the shading functions, results in a very 
efficient shading algorithm. 

4. Hide Screen and Dome Projections 

In early 1978, Lawrence Livermore Laboratory 
was approached by a group which proposed to produce 
computer animation in the IMAXI3), an<! OMNIMAXH) 
wide screen movie formats. The film used is 70 mm 
wide, projected in a horizontal orientation, so 
that the larger dimension of the picture runs along 
15 perforations of the fi lm. Figure 6 shows a 
frame in full scale. I t has more than 10 times the 
area cf a 35 mm movie frame, permitting excellent 
resolution even when projected on a very wide 
screen. The IMAX format uses a 90° field-of-vi 
wide angle lens to project onto a huge slightly 
curved screen, while the OMNIHAX uses a 180° f i 
of view flsheye lens to project onto a hemisphc -
cal dome. 

Both these systems introduce their own dist ••-
tions, which must be compensated for when plott 
on the film. In the IMAX format (see Fig. 15), • •• 
image on the screen is a direct magnification c 
the Image on the film. Nevertheless, because c 
forshortening, a sphere viewed from the center 
the theatre must be represented as an ellipse, 
whose long axis points toward the center of thi 
screen. Near the corners of the screen, the el 
gatlon factor (ratio of long axis to short axis 
may be as great as 1.6. In the case of the 0» 
lens, which must distort a f lat picture to cove 
the dome, the projection was chosen to concent! 
the high resolution near the center of the imat 

Figure 6 An IflAX movie frame. 

and spread out a relatively 'small film area to co­
ver the peripheral edges of the image, where human 
perception 1s not as precise. As a result, a 
sphere near the edge of the dome must be repre­
sented on film as an ellipse whose short axis 
points towards the center of the Image, and whose 
elongation factor may be as large as 4.8 (see Fig. 
16.) 

We may put both these projections in the same 
conceptual framework by imagining a "dome of view", 
a unit hemisphere, with center at the projector and 
observer (assumed to coincide) which intercepts the 
rays headed for the screen. The characteristics of 
the projection lens determine the mapping between 
points P on the film, and their corresponding 
images Q an the dome of view. 

Suppose P is represented, as in Fig. 7a, by the 
polar coordinates ( r , e ) , while Q is represented as 
in Fig. 7b, by the spherical coordinates I s , * ) . 
Then 8 will equal B, and the lens characteristics 
are represented by the function 4>=<t>(r). For the 
IHAX lense, * ( r )= arctan ( r / r „ ) . For the OMNIMAX 
lens, <Kr) is as plotted in Fig. 8, and was approx­
imated by a polynomial in the computer. 

( \ p \ 
A ) A ) 

Figure 7a 



Figure 7b 
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Figure 8 

How a small sphere in space w i l l project onto a 
small round disk on the dome of view, with equal 
angular extents (CQ and QD) in the la t t i tude and 
longitude directions. Expressing these lengths in 
terms of the infinitesimals d and de, we get the 
equation 

d$ = sin <]>de >>> 10) 

To f i r s t order, the inverse image of this disk 
w i l l be an el l ipse in the f i lm plane, with a 
semi-axis PB in the tangential d i rect ion, of 
length rde, and one in the radial direct ion, PA, 
of length dr. Their ra t io , PB/PA=rde/dr i s the 
elongation e ( r ) . Solving Eq. 10 for do and 
subsituting, we find the elongation 

e(r) _ rde dr 
r d<!> _ r 

sin $ dr sin •*'(r) 11) 

If the function -Mr) = cos-idl-r^/U+r 2)] is sub­
stituted Into Eq. 11, the elongation turns out to 
be identically 1, and circles on the sphere map to 
circles (or straight lines) In the plane. This 
particular function is called stereographlc projec­
tion, and is often used to map regions around the 
earth's poles, since it preserves the shape of land 
masses. In the case of the OHNIHAX projection, 
e(r) will bo greater than one, since the ellipse is 
squashed In the radial direction by the inverse of 
the lens projection. For the IMAX lens, e(r) will 
be less than 1. 

A sphere of finite size should usually have an 
egg shaped film image, since the general projection 
is non linear. However, the first order elliptical 
region, with orientation and elongation computed as 
in the infinitesimal case, 1s adequate. Inside such 
a region, the shading function cos'e can be repre­
sented as a quadratic polynomial in X and Y, which 
vanishes at the boundary ellipse. Thus the shading 
can again be computed by finite differences along 
vertical scan segments. Note that e here measures 
the direction of the normal vector to the atom be­
fore the distortion, so the shading will be correct 
after projection, and 1s not the correct shading 
for an ellipsoid. 

The shading of the ellipses is simple enough, 
but the hidden surface algorithm is another ques­
tion. Four person-years went into the algorithm of 
(5), which depends In two essential ways on circular 
arc boundaries. 

The first Is in a quick test to see whether two 
parts can interact 1n the picture plane. For exam­
ple, two atoms do not interact if the sum of their 
projected radii does not exceed the distance between 
their projected centers. The structure of these 
quick tests was retained, by conducting them In 
sterographlc coordinates, where spheres do project 
to circles. 

Even these quick tests must be done N(N-1)/Z 
times for N parts, which would make the algorithm of 
order (r. For large structures, the parts are 
therefore first sorted into lists corresponding to 
an array ot film plane windows, so that parts which 
could possibly interact with a given part can be 
found in an appropriate subset of the lists. 

The second dependence on circular arcs is in 
the algorithm which compares two trapezoids, and 
modifies one if it is occluded by the other. Here, 
elliptic boundaries could add substantial complica­
tion. For example two ellipses can intersect in as 
many as four points, while two circles can intersect 
in at most two. 

Since the ellipse only approximates the egg 
shaped sphere projection, it was decided to approx­
imate the ellipse boundary in turn by four circular 
arcs. The quadratic polynomial for the shading be­
comes negative for points outside the boundary el­
lipse. In order to avoid wraparound in the color 
look-up tables, the approximating arcs must thus 
remain inside or tangent to the ellipse, as shown 
in Fig. 9. The basic problem is to find the best 
approximation to the standard ellipse 

... 121 
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Figure 10 

of elongation A>1. The approximation can then be 
rotated, translated, or magnified as required. A 
solution for the best approximation, which may be 
of use in other computer graphics applications re­
quiring el l ipses, is given in the Appendix. 

Once the approximation is found i t can be 
divided up into trapezoids, as shown in Fig. 10. 
Since the top and bottom points, T and B, need no 
longer have the same X coordinate, and we have 
introduced four new points of d iv is ion, the i n i ­
t i a l subdivision w i l l in general have seven trape­
zoids instead of two. After the trapezoids for a 
part are created, they may be modified as before 
by the trapezoids from a potential ly occluding 
part. 

Further complications are caused by the " t run­
cation" arcs (see Fig. 2b), which are projections 
of the circles where two parts, say two spheres, 
intersect each other in space. The linear part of 
the perspective projection from space to the dome 
of view w i l l turn such a c i rc le into an e l l ipse. 
The linear part of the inverse projection from the 
dome through the lens onto the f i lm , which we have 
jus t discussed, w i l l then turn this el l ipse into 
another e l l ipse. The equation for this "trunca­
t ion" el l ipse can be found by composing the l inear 
parts of these two transformations. I t can then be 
approximated by four circular arcs as before. In 
general, three of these arcs w i l l be required to 
"truncate" an atom, and as many as 15 trapezoids 

may be generated. This process, which applies for 
the non-distorted projections as wel l , removes the 
corners seen in Fig. 2b. 

5. The Film "QNA With Ethidium" 

The public presentation includes a f ive minute 
computer animated f i lm (7), produced at Lawrence 
Livermore Laboratory, i l l us t ra t ing the interaction 
of DNA with the drug ethidium bromide. 

Ethidium is used as a fluorescent stain for QNA 
In cytological research. I t is known to cause 
"frame" mutations in bacteria by being mistaken in 
i t s intercalated position (Fig. 12) for a base dur­
ing DNA repl icat ion. 

The f i lm opens with six base pairs of DMA, ro­
tating about the double helix axis. The computer 
simulates the "CPK space-f i l l ing molecular models," 
interlocking plastic spheres invented by Pauling 
and Corey to study chemical structure, and now in 
widespread use. Carbon atoms are dark blue rather 
than black, to stand out against the black back­
ground, but the other colors are standard: red 
for oxygen, white for hydrogen, blue for nitrogen 
and yellow for phosphous. 

The rotation stops, and the DNA changes i t s 
conformation. The center two base pairs open up to 
twice their normal separation, and the other bases 
adjust by par t ia l ly untwisting the helix (Fig. 11). 
The ethidium ion then moves into the gap that has 
been created I .e . , " intercalates" (Fig. 12). The 
coordinates of the atoms during the interaction 
were calculated at Case Western Reserve University 
by Nelson Max and Deepak Malhotra. The CAMSEQ pro­
gram, developed by Anton Hopfinger and his stu­
dents, calculated the total Interaction energies 
(including the effects of the surrounding water) 
for a large number of di f ferent positions, created 
to satisfy certain i n i t i a l constraints, and the 
ones of minimum energy were chosen. 

Work is continuing at Case-Western Reserve to 
refine these coordinates, and to calculate the in ­
teractions of DNA with other small molecules. The 
goal of this research is to learn to predict the 
mutagenicity and carcinogenicity of an arbitrary 
chemical compound, in order to select those com­
pounds which are high p r io r i t i es for expensive 
biological test ing. Interactive computer graphics 
with space-f i l l ing models to show Van der Waal5 
contacts could be a useful tool in this e f fo r t . 

The next scene shows a dissolve between two 
dif ferent representations of the center two base 
pairs: the space-f i l l ing, and the ball-and-stick. 
When seen rotat ing, an intermediate stage in this 
dissolve gives the impression of a transparent 
outer electron she l l , revealing the inner bond 
structure (Fig, 13). 

The f inal scene shows a ball-and-stick repre­
sentation of another local energy minimum for the 
DNA-ethidium interaction (Fig. 14), th is time with 
the ethidium outside the "narrow grove. 

Figure 15 shows in IftAX projection several unit 
cel ls of the structure of antimony thio- iodide, 
which has the largest known photoconductivity ef­
fect , and a number of other interesting physical 



Figure 11 Six base pairs of DMA. Figure 12 DNA with intercalated ethidium. 

Figure 13 Double exposure. Figure 14 Ball and stick image. 

i # # 

f * % 
Figure 15 IMAX view of crystal. Figure 16 OMNIMAX view of crystal. 



properties. I f viewed from a distance of half the 
picture width (possible only i f you are very near­
sighted) the ellipses will be forshortened into 
circles. Figure 16 shows the OMNIMAX image of the 
sane structure. Note that the spheres now undergo 
the reverse distortion. 

Figure 1? snows the outlines of the visible 
regions of Fig. 16, as they would appear on the 
one-bit-vtdeo THDS screen in a user's office. 

Figure 17. Outlines for Fig. 16, in one-bit 
video. 
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APPENDIX 

Here are the details for approximating the el­
lipse of fq. 1Z by the four circular arcs IIJ, JL, 
LM, and HN, shown in Fig. 9. One of these, NJ, has 
center at P=(0,-0) and radius 11, and another, JL, 
has center 0=(C,0) and radius S. If U=(X,V) is a 
point on the approximation, then the "relative 
radial error" 

X 2 

E j A 2 
+ Yd - 1 13) 

represents the radial distance from the dome pro­
jection of W to the closest point on the circle 
which is the projection of the ellipse. We wish to 
determine the four numbers C, D, R, and S, as func­
tions of the elongation A, to minimize the absolute 
value of E over all points W on the approximation. 

Since our shading scheme will overflow i f the 
approximation lies outside the true ellipse, we re­
quire E to he non-positive. This makes the approx­
imation tangent to the ellipse at eight points of 
two Types, represented in Fig. 9 by G and H respec­
tively. The relative radial error E is worst at 
eight joints of two other types, represented by u 
and V respectively. 

We can get four equations in the four unknowns 
C, D, R, and S, as follows. By the pythagorean 
theorem in triangle POO, we have 

C2 + D2 = (R-S)2 14) 

since the length of the hypotenuse PO is the dif­
ference in the radii of the two circles. Next, 
since the large arc is tangent to the ellipse t G, 
we get two equal expressions for the distance PG: 

R = 0 + 1 ... 15) 
Now as we continuously adjust the four parame­

ters, keeping the two arcs tangent to each other, 
and to the ellipse, the two relative errors Ej and 
Eg, at U and V, respectively, will change. A de­
crease in one will be compensated by an increase 
in the other. Thus the overall minimum will occur 
when Ej and Eg are equal. Now, the error E^ at 
I) = IC*S,0> is easy to computer 

El = 
(C+SP 16) 

To find the error at V, we note that V repre­
sents a local minimum of the error E along the arc 
GVJ. Let W=(X,Y) be a point on this arc, and e be 
the angle between the radius PW and the X axis. To 
minimize E, we express it as a function of the 
angle 8. Along the arc GVJ, X and Y are given by 

X = B COS 9 
V = R sin e - 0 



Substituting in Eq. 13, we must minimize 

E(e) = I R " 5 e > + (R sin e - O ) 2 - 1 ... 17) 
A 2 

which can be written in terms of sin e alone as 

E( e ) = R 2 U — J sin2a -2 DR sine + \ +D 2 -1 ...16) 
A 2 A 2 

This is a quadratic function of sine, and takes on 
the minimum value: 

A2 A M 
. . . 19) 

The appropriate root s of this polynomial was 
tabulated for 21 non-unlformly spaced values of the 
elongation A, from 1 towards infinity, and then 
approximated by a least squares f i t polynomial in 
powers of 1/A. The result was 

S(A)= .33333 + .62934 + .06592 .03992 + .01135 
A A 2 " A3 A" 

... 24) 
which approaches 1 when A approches 1, and 
approches 1/3 when A approches infinity. If A and 
S are known, C, 0, and R can De determined from 
Eqs. 23), 14) and 15). 

Since the largest error 1s a minimum when Ej 
and Eg are equal, we combine Eqs. 16) and U ) to 
get 

5 AM 
IC+S) 2 

A 2 
20) 

To find the fourth equation, note that the 
tangency at H occurs at the point on the arc JHU 
where the error E takes on its maximum value, zero. 
Along this arc 

X = S cos e + C 

V = S sin e 

so we have 

(S cos e * C) 2 

E(e) -
A2 

and 

+ (S sine) - 1 21) 
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which, written in terns of cose alone, becomes 

E(e)=S2(A- -1) cos2e + - ^ cose C2 

-1 ... 22) 

Note that the coefficient of S^ is negative, when 
A 1, so this quadratic function has a maximum. 
Computing this maximum value and setting it to 
zero, we get 

C 2 9 
£- + S 2 - 1 + 
A 2 A 2(A 2-1) 

... 23) 

Thus, our four equations in the four unknowns 
are equations 14), 151, 20) and 23). These equa­
tions can be manipulated algebraically to give a 
single fourth degree polynomial for S, whose coef­
ficients depend on A. 
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