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Failure-Mode Analysis Using State Variables Derived 
From Fault Trees with Application* 

Robert J. Bartholomew 

Los Alamos National Laboratory 
Los Alamos, NM 87545 

ABSTRACT 

Fault Tree Analysis (FTA) is used extensively to assess both 
the qualitative and quantitative reliability of engineered nuclear 
power systems employing many subsystems and components. FTA is 
yery useful, but the method is limited by its inability to account 
for failure mode rate-of-change interdependencies (coupling) of 
statistically independent failure modes. The state variable ap­
proach (using FTA-derived failure modes as states) overcomes these 
difficulties and is applied to the determination of the lifetime 
distribution function for a heat pipe-thermoelectric nuclear power 
subsystem. Analyses are made using both Monte Carlo and determin­
istic methods and compared with a Markov model of the same 
subsystem. 

INTRODUCTION 

The fault tree is widely used for qualitative and quantitative assessment 
of safety, reliability, and risk for many engineered systems. The ana­
lytical methodology is called Fault Tree Analysis (FTAj. FTA is helpful in 
designing engineered safety and reliability subsystems for nuclear power 
plants. However, one class of problems in reliability analysis is difficult, 
if not impossible, to handle with FTA alone. This class is one where FTA is 
used to identify failure modes leading to the top event, subsequently consid­
ering physical processes coupling two or more statistically independent fail­
ure modes. In this paper we formulate a model using FTA so that these cou­
pling effects are studied. 

The fault tree is a non-unique logic representation of failure. However, 
two different fault trees of the same problem must always yield identical 
minimal cut sets if both fault trees are correct. The state variable method 
of analysis has the mathematical structure wherein this non-uniqueness prob­
lem can be resolved.^ This paper considers the input space as stochastic 
initiating events whose time-dependent properties we know. The state space 
we consider are the non-unique failure modes of the subsystem, and the 

*This paper is a result of research by the author in partial fulfillment of 
Ph.D. dissertation requirements. 



output space contains the top event(s). A practical example involves an 
electric power production module (subsystem) in a Space Power Advanced 
Reactor (SPAR).° Two state space models are formulated and compared: 
(1) a Markov model and (2) a failure mode state vector model. While these 
two models yield identical results for the top event lifetime distribution 
function for uncoupled models, the failure mode model possesses two distinct 
advantages over the Markov model: (1) The number of unknown states are 
considerably reduced, and (2) coupling effects between the time derivatives 
of the failure modes are easily studied. The failure mode model is studied 
from two different points of view: (1) a deterministic solution, and (2) a 
Monte Carlo simulation. This paper illustrates the advantages of the 
failure mode model over the Markov model. 

MODEL FORMULATION 

Physical Description of SPAR and Reliability-Fault Tree Models 

The SPAR system consists of (1) a fast-reactor core with high power den­
sity, (2) core heat pipes for heat transport, (3) direct conversion of heat 
energy to electrical energy through thermoelectric modules at the core heat 
pipe condenser ends, (4) radiator heat pipes radiating waste heat to space, 
and (5) control drums for reactor safety and power level control. For the 
purpose of our analysis here we consider a subsystem power generation module 
for which we wish to examine the failure modes and coupling between (2) and 
(3), for SPAR goal constant failure rates. Figure 1 is an artist's concep­
tion of the complete SPAR system, and component details. 

Fig. 1. (a) Complete SPAR system, (b) core details, (c) thermoelectric 
converter details, (d) radiator details. 
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In order to illustrate the advantages of the failure mode model over the 
Markov model, we consider the simplest three component case with a subsystem 
power generation module (Fig. 1) consisting of one core heat pipe, designated 
(T) and one thermoelectric converter unit, (T), consisting of two converters 
in parallel with the unit in series with respect to reliability as shown in 
Fig. 2. 
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Fig. 2. Series reliability model for redundant thermoelectric 
converter subsystem power generation module. 

With a Poisson process assumption for the stochastic behavior of failure 
" '• to exponential distributioi 

express the component reliabilities as 

w I Lii a ruibbuti pr ui,ebi dbbUMipi,iu 
mechanisms in this subsystem leading to exponential distributions of waiting 
time to failure,' we can express the 

-x,t -x^t 
R^(t) = r^(t) = e ^ , r2(t) = e ^ , r3(t) = 

-Xot 

(1) 

(2) 

and the series configuration with no cross coupling and stochastic 
independence assumptions gives the subsystem reliability 

R(t) = Rj • R2 

With stochastically independent components in the thermoelectric 
converter unit, the redundancy implied by the parallel reliability con­
figuration results in 

(3) 
-Xpt -X,t -(X,+X.5)t 

R2(t) = r2(t)+r3(t) - r2(t)-r3(t) = e ^ + e "̂  - e '̂  "̂  

o 
The corresponding lifetime cumulative distribution functions (cdf's) 
associated with equations (1), (2), and (3) are 

-X t 
Fj(t) = Uj(t) = 1 - rj(t) = 1 - e ^ 

-x^t -x.,t -(x„+x,)t 
F2(t) = 1-e ^ - e -̂  + e "̂  "̂  

-(x,+x,)t -(x +x-,)t -(x +x,+x.,)t 
T(t) = 1 - R(t) = 1-e ^ -̂  -e ^ "^ +e ^ ^ -̂  

(4) 



A simplified subsystem fault tree model was formulated consisting of a 
single core heat pipe to which two redundant thermoelectric modules are 
attached. We consider the following events: "G = top event power output 
failure, which can happen if. 

1) gr £ the core heat pipe C, fails. 

'OR' 

2) J"p = thermoelectric module Cp fails 

"AND" thermoelectric module C. fails. 

The fault tree for this subsystem is shown in Fig. 3. 

IS 

^ 
^1 J'? 

C-, C^ C3 

Fig. 3. Fault tree for SPAR example. 

The top event equation for the fault tree of Fig. 3, using Boolean 
algebra (+),(') reduction is 

75= Ci + C2C3 (5) 

C] and C2C3 are the minimal cut sets for this system. 

Assuming C^, C2, and C3 to be initiator failures, Poisson distrib­
uted, with constant failure rates xj, X2, X3(yi""^), we can formulate 
the failure mode state variable model in differential equation fo 

-X. 

0 -(X2+X3) 

Xj 0 0 0 0 0 0 0 

0 X3 x^ 0 0 0 0 0 

)rm as: 

U(t) (6) 



with initial conditions 

F (0) = [0 0]''̂  , U (0) = [1 0 0 0 0 0 0 0]^ 

and the top event equation 

T = [1 1] F + [0 -1 -1 -1 1 1 1 -1] U(t) 

C ' D" 
where 

(7) 

(8) 

p —X-i t —X Q L — X .̂  t. 

U = 11 l-e ^ 1-e ^ 1-e "̂  1-e 
-(x +Xp)t -(x,+xJt -(Xp+X,)t -(x,+X5+x,) 

^ ^ 1-e ^ -̂  1-e ^ -̂  1-e ^ ^ ^ 

In terms of reliability, we let T, = good state of heat pipe (1), Cp = 

good state of TE module (2), and "C, = good state of TE module (3). 

The Markov model consists of eight states: 

(1) SQ = state (Cj C^ C3), (2) S^ = state (Ĉ  Z^ C3), 

(3) S^ = state (C^ C^ C3), 

(5) S^ = state (C^ Z^ C3), 

(7) Sg = state (C^ C^ C3), 

(4) S3 = state (Cj C^ C3), 

(6) Sg = state (C^ C^ C3), 

(8) S^ = state (C, C„ C3), where 

.th 
C , i=l,2,3 is the bad state of the i component. 

The class structure of the set of states jS-j, i=0,l,2,. ..7[ is illus­
trated in Fig. 4, where the Markov probability statement concerning one-step 
transitions is stated as 

Prjremaining in or moving to S-j-at t+At|in Sj at t; i, j=0,l,2,.. .7| (10) 

^.(l^•^\^)t.'i 1-1*1 ( X i + X j A t l - l x ^ + X^JAt 1 

Fig. 4. Class structure and transitions for Markov model of redundant thermo­
electric converter subsystem power generation model. 



Using statement (10) and the Markov model postulates from Fig. 4, we can 
write 

rpjjU^atJ 
P,(t+ut 

p^lt+^t) 
Pjlt+nt) 
P^(t+ut) 
p^(t+ut) 
P^(Uat) 

_P;(t+nt) 

S 

(Aj+A^^ + A ^ j a l 

A^ot ) 

ApUt 

0 
A , i l l 

0 
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0 
- (Aj+A^l i j t 

0 1 
A^At 

0 
A, fit 

0 

0 

0 
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- U i * A 3 

AjAt 

0 
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A,At 
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At 

0 
0 

0 
1-AjAt 

0 
0 
0 

A,At 

0 
0 
0 
0 

l - lA^UjjAt 

X3At 
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0 
0 
0 
0 

0 
l-A^At 
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A ^ t 
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0 

0 

0 

0 

0 

l-AjAt 

AjAt 

0 ~ 

0 

0 

0 

0 

0 

0 
1 

Po'^'l 
'^^' 
p,(t 
p,(t 

p,(t) 
p,(t) 

P,(t J 

PU+"t.) (At) 
P(t) 

(11) 

The vector ̂ (t+At) is expressed as a forward (in time) recursion relation 
utilizing the transition matrix P..(At) and the vector P(t). P..(At) is ob-

3 12' ' -^ ' _ij_ ' 
viously column stochastic as required by the Markov assumption, 

7 
i . e . , Yi P . . (A t )= l fo r a l l j = 0 , l , . . . 7 , and P-.^O for a l l i , j . Transposing 

i=0 •̂̂  ^̂  
J_£(t) to the left hand side, dividing by At and passing to the limit as 
At»0 gives eight differential equations of the form 

P(t) = AP(t) 

with initial condition 

P(0) = [ 1 0 0 0 0 0 0 0 ] ^ . 

(12) 

(13) 

With no coupling the 8th order (eight state) Markov model involving 
P.(t), i=0,l,7 as given in Eqns (12) and (13), yields results identical with 

Eqns (4) for the "lumped" states 
7 7 

F,(t) = Z Pi(t) , F (t) = P (t)+P (t), and T(t) = Z P.(t). 
^ i=4 ^ ^ :! / i=3 

Failure Mode Coupling 

Let us now consider a possible cross coupling physical mechanism between 
the heat pipe and the compression fitted thermoelectric converter described 
as follows: 

1. Molecular diffusion of constituent materials of the thermoelectric 
module due to high heat flux and high contact pressure through the hot leg 
contact with the heat pipe, causing changes in rate of fluid pumping in the 
heat pipe. We assume this coupling (ai2) is linear and is defined as the 
rate of change of heat pipe pumping life rate with respect to thermoelectric 
converter life. 
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2. Overheating and re-cooling of the heat pipe causes the thermoelectric 
converters to creep at the hot leg, losing contact pressure and resulting in 
loss of converter efficiency or, in the case of a bonded contact, the bond 
may be strengthened or weakened. We assume this coupling (a2i) is also 
linear and defined as the rate of change of thermoelectric converter life 
rate with respect to heat pipe life. 

Mathematically, we describe coupling a22 and a2i as 

aFj dF^ 

I M 

8F, dF, -Xpt -^3^ 
'̂ 2(̂ ) =er/l"aT-/2"^3"2(^)"^2^3(^)=^21^r^2V^3(l-^ ^''2^^-' 

The introduction of these couplings (a..„, a„.) implies probability con­

straints on the matrix A in order to ensure that lim F,(t) = lim Fp(t) = 1.0. 
t>. t»= 

The requirement of this constraint implies that Xi = x, + ai^, and 
* 1 1 ill 

^2 = ^2^^3 •"̂ 21-

In order that the resulting recursion matrix in reliability space has 
columns that sum to unity, we need an additional equation of the following 
form: 

D(t+At) i {\^+a^^-^^^)Lt R^(t) + (x2+X3+a2^-a^2)^^ '^2^^^ 

+ (X2-X3)At r2(t) - (X2-X3)At r3(t) + D(t) 

The matrix of equations in incremental form is: 

(15) 

R^(t+At) 

R2(t+At) 

r2(t+At) 

r (t+At) 

* 
1-X, At 

a„. At 

0 

0 

a,„At 

* 

1-Xp At 

0 
0 

X3At 

l-XpAt 

XpAt 

l-X_At 

0 

0 

0 

0 

1""21 
N. 

(x^-a^jAt (x^-a^^ )At (X2-X3)At -(X2-X3)At 1 

4(t) l 

R2(t) 

r2(t) 

r3(t) 

(At) 

For Xp = X3 (identical singly redundant thermoelectric converters), 

P_ ^ (At) is a column stochastic transition matrix with conditions 

(14) 

(16) 

TJ 



(17) 

a > 0 , a > 0 
12 ' 21 

—X.1 < a-]̂ —â .1 < x,̂'*"X.̂  ~ cXr^ 

* 
Xj = Xj + a^2 

* 
Xo — ^o ^0 ^oi — ^Xo ô-i 

However, for X2 ^ X3, either the term -(x2-X3)At with X2 > X3 or 
(x2-X3)At with X2 < X3 IS negative, which violates the condition for 
a stochastic matrix that all elements be positive or zero. (Note that this 
is true even for the uncoupled case ai2=32l=0') This causes difficulty 
only in the Monte Carlo simulation moael; since we know that the failure 
mode state variable model gives the correct (equivalent to the Markov model) 
solutions for F-i(t), F2(t), and T(t) for ai2=a21=0' We can obtain 
an approximate Monte Carlo simulation of system (16) if we realize that the 
redundancy of the thermoelectric converter module implies an intersection in 
the reliability space involving r2 and ro, and transitions to D from 
either r2 or r3. Thus the equation for D(t+At) in (16) is a probability 
statement of events that are not mutually exclusive with respect to 
transitions from r2 or r3 to D. Since our main interest is not in Monte 
Carlo simulation but in establishing a state variable deterministic systems 
analysis procedure, we did not pursue further refinements in the 
simulation. The advantages of the deterministic state variable failure mode 
model over the more classical Markov model are clearly seen: 

(1) We have reduced the 8th order Markov model to the 2nd order failure 
mode model. 

(2) The failure mode model allows for the inclusion of rate couplings 
having a physical interpretation among the failure modes; whereas 
the Markov model does not. 

Application and Results 

The reliability goals for the SPAR power generation unit allow for 
failure on average of three heat pipes out of 90 for the 7-yr lifetime of 
the unit. The thermoelectric converter module is allowed one failure per 90 
heat pipes on average for the 7-yr lifetime. These goals translate to 
average (constant) failure rates of 

-3 -1 
X, = 5 X 10 yr for the heat pipes, and 

-3 -1 
x^ = 1.5 X 10 yr for the (non-redundant) thermoelectric converters. 

For the single redundancy for thermoelectric converters we assume identical 
thermoelectric converters giving 

-3 -1 
Xo = = 1.5 X 10 yr for the redundant thermoelectric converters. 
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Using the coupling constraints, several lifetime distribution cases were 
calculated both deterministically and with a Monte Carlo simulation. Fig­
ures 4a and 4b show these coupling effects on F^, F2 and T for a 100 
year period for the non-redundant and redundant systems, respectively. The 
implication of improvement in heat pipe reliability with positive a2̂ 2 cou­
pling is difficult to envision with respect to a physical mechanism. This 
situation implies that if degradation does occur due to a22 coupling, then 
a22 "fust be negative. This also infers that a2i could be negative also 
for some physical coupling situations. Since this violates our constraint 
conditions to ensure that the transition matrix is column stochastic, we can­
not expect that Fi(t), F2(t), and T(t) are cdf's with respect to time. 
However, these functions, though they are not Markovian, can still have a 
probability interpretation since we have implied that F.j(t+At) and T(t+At) 
are the probabilities of the union of several events during At that are not 
mutually exclusive and, in fact, have an intersection implied by negative 
ai2 afid/or negative 321. 

NO OF PfiRTICLES STARTED FOR MONTE CARLO 
SIMULATION " 200 000 

NO OF PARTICLES STARTED FOR MONTE CARLO 
SIMULATION • 400 000 

0 7r-

0 6 -

I r 
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1 1 1 1 1 — 
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X| ' 0 005 yr"' for h«ol pipo 

X2"OOOI5yr for non-redundont 
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•I^-o—o- <> 

0 7 

0 6 -

1 r-
Monlt Corlo 

•̂ 1 

1 1 1 1 1— 

Failure role goolt 
X, • 0 OOS yr~' for htot pipt 

X j ' X j . 0 0015 yr for rtdundont 
Ihermoeleclric convBrter 
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TIME (YEARS) 

—^--zB-Z^-'-m a <f 9 y 
40 50 60 

TIME (YEARS) 

(a) (b) 

Fig. 4. Comparisons of lifetime distribution functions with failure mode 
coupling for a SPAR power generation module: (a) non-redundant thermo­
electric converter system; (b) redundant thermoelectric converter system, 

CONCLUSIONS 

The major conclusions of this study are: 

1) A state variable method of reliability analysis using the failure modes 
of fault trees as elements of a state vector is a practical method of 
reliability analysis. 



2) A failure mode state variable reliability model has the distinct 
advantage over the classical Markov model in that the order of the 
system can be significantly reduced. 

3) A second advantage of the failure mode state variable reliability model 
over the Markov model is that physical coupling effects between failure 
mechanisms that may have an alleviating or degrading effect on relia­
bility can be easily included. 

4) The reduced order failure mode state variable reliability model can be 
solved deterministically and the solutions checked with Monte Carlo 
simulations that have an analog correspondence; i.e., systems governed 
by a stochastic matrix. 

FUTURE WORK 

Future effort should be expended in establishing the failure mode state 
variable method of analysis for applications of a wider engineering scope. 
The expected lifetime distribution functions are obtained by this method, 
and it would be desirable to extend the method for systems that have a 
non-constant or even stochastic uncertainty with respect to failure rates. 
Experiments should be designed to give a failure rate data base on advanced 
technology components such as heat pipes, thermoelectric converters, 
structural materials under high temperature, high stress, and vacuum loading 
in a radiation environment. 
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