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3-D TREATMENRT OF CONVECTIVE FLOW IN THE EARTH'S MANTLE

by
John R. Baumgardner
Theoretical Division, Group T-3
University of California

Los Alamos Natlional Laboratory
Los Alamos, New Mexfico 87545

Abstract

A three—-dimensional finite-clement methc | is used to investipgate thermal
convection in the earth's mani le. The equations nf motion are solved impiicitly
by means of a fast multigrid technique. The computational mesh for the spherical
problem ig derived from the regular icosahedron. The calculations described usc
a mesh with 43,5% 4 nodes and 81,920 elements and were run on a Cray X. The
carth's mantle 15 modeled as a thick sphertical shell with isothermal, free-slip
boundarles. The fnfinfte Prandtl number problem is formulated in terms of pres-—
nure, denstty, absolute temperature, and veloclty and assumes ar 1sotropic
Newtonlan rheolopy.  Solutlons are obtalned for Rayleftph numbevs up to appy xl-
mately |()(' vor a varfety of modes of heating. Cases Intttallzed with a tempera-
ture distribatton with warmer temperatures bencath spreading rlidges and cooler
teaperatures beneath present zubduction zonea yleld whole—mant le conveet lon salu-
tlous with sar! ¢ velocltfes that correlate wel!l with carrent Iy observed plate

velocltles.



1. Introduction

Although sea-floor spreading and continental drift have i2en widely accepted
for almost two decades, the processes responsible for the observed pattern of
plate motion stil]l are nct well understood. The present consensus is that the
novements of the tectonic plates are the surface expression of a global pattern
of solid-state thermal convection in the earth's silicate mantle—-the region that
occupies the outer 452 of the earth's radius and some 83% of its volune.

Estimates for the mantle's viscosity and temperature structure together with
experimental data on the thermal properties of silicate minerals yiel1 Rayleiph
numbers In excess of IOH times that required for the onset of convccton.(l)
Therefore, the mantle is almost certainly convecting in a viporous fashion.

Much effort has becn devoted to obtaining more accurate estimates with bet-
ter spatial resolution of the mantle's plysical properties- In general such es-
timatvs vust be 1aferrced from seismic, gravicty, hei' flow, and topographic meas-—
ureacnts made at or near the carth's sarface. Recently setsmic technfques hawve
provided the ability (o reconstruct the mntle's threce—dimensfonal denslty struc-
ture, althoupgh the resolutlon ls still severely llmll'(-«l.(2'1)

A hiphly desirable compoanent fn thlis  ask of relatlop the plate motl fons to
the dynamfe processes In the mant le 1s the abtlity to stmulate numerfceally the
convect lve [ow II(-l(l.(""‘) Because the problem s nonlincar and, fn pencereal
nlra tlme=dependeat ;. sven an Incospreasalble and constant malerial property
treatneal In three dimenslona han been conslidlered beyord the reach ol present
|'nm;n|th!z. Thin paper suamavizen an approach that allowa sucle =D fwe-

dependent enleulattony and prenents results for Raylelph vumbers wp to TOOD 1 baes

the value at which convect fon beplon.



2. Mathematical Formulation

The mantle convection problem is formulated in terms of conservation equa--
tions of linear momentum, mass, and enargy inside a spherical shell with appro-
priate boundary conditiong. Rotstional effects are neglected since the Coriolis
force (8 extremely small compared with the viscous rorces and sinci: the the cen-
trifugal force causes the ratio of major radius to minor radius of the earth to
depart tfrom unity by only one part in three hundred. The inertial forces simi-
larly are quite small relative to the viscous forces, and they also are omitted
from the 2oquations of motion. A linear and isotropic congtirutive law is assumed
80 thai the mantle is treated as an infinite Prandtl number Newtonian fluid.

Under these assumptions, the following equations descrlbe the lacal

hehavior:

0= Vp +pg +Ver . (1)
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constart volume, and p dynamic viscosity. Equation (l) describes the belance
among pressure gradient, buoyancy, and viscous forces. Equartion (2) expresses
the consarvation of mass. Equation (3) describes the conservation of energy in
terms >f the absolute temperature. Equation (4) is the constitutive law, and (5)
represencs the equation of state as a suitahle function of density and tempera-
ture. This compressible formuiation that uses the primitive variables, p, p, T,
and u is notably more general than the inconpressible Boussines¢ formulation com-
monly employed for such protlems.

Fron seismic observations, the earth's outer core {s known to be in the liq-
uid state. Free-slip, isnthermal boundary conditions are therefore appropriate
for the 1nner boundary. Similar boundary conditions are also reasonable for the
outer surface. For simplicity, the boundaries are also assumed undeformable.

A common measure of the vigor of the ccavaction Is the Rayleigh number R.

For a plane layer of thickness d hearted frem below, the Raylelgh number {s de-

fined as

ko SEPSSE (6)

where a ts the volune coefllclent ol thermal expanslon, AT is the Lemperatare
difference acrods the layer, and the other gquantitles are as defined above.  When
the layer {n heated entirelv from within, AT 1a replaced by II(I’ /k- These def lnl-
tiona for Raylelgh namber will be applted to the apherieal shell, where «d repre-
acniu the ahell thicknesse The Rayletph aumber ot whitch the tayer become:s uasta -
ble to the onaet of convect ton Fa known an the erftienl Ravielph ounber.  For oo
apherical ohell with a ratlo ol Tanery to onler rndine correapomdding to that ol
the enrth'ys snnt e, *he crtitlenl Raylelegh wmber 4g aboal 1000 when the heat Tep
fo eotfrely from tae Inner Lowndary and about THOO when the heating s entfrely

)

from nources Interfov to the phell.



3. Computational Strategy

An efficient method for numerica. solution of the system of cquations in the

(n

previous section will now be described. Briefly, it 1s an Eulerian finite-el-
ement formulation that utilizes a fast multigrid elliptic solver for the equa-
tions of motion. A nested set of almost uniform discretizations of the sphere,
constructe from the regular icosahedror (Fig. 1), provides the basis for the
nultigrid pro:edure.(a) The successively finer meshes shown in Fig. ! are ob-
tained by construction of great circle arcs between side midpoints of the spheri-
cal triangles. The refinement process can be repeated to yield almost uniform
triangulations of the sphere of any desired resolution.

The three~dimensional mesh 1s realized (Fig. 2) by replicating the splerical
mesh at various radial positions to yield elements havirg the form of triangular
prlims with spherical ends. Spherical barycerntric coordinates are defined on
each ol the spherical triangles. The finitez-element basis functions are
Cartesian products of plecewise linear functions (the spherical barycentric coor-
dinates) In the tanpentlal directlon and pfecewise lincar functions in the radial
dircction.

The calealations deseribed [n the next section use, as the inest nesh, one
with 16 subdivislons of the origlnal lcosahedral sldes (Fig. 1e¢) and 16 layers of
clements tn the radizl directfon.  Such a mesh bas 43,5%4% nodes and 81,920 cle-
went 5. The velocity fleld 18 dlsceretized T ferms of the plecewize Tlacar basls
lunct lens ftdent i fed with the nodes, whtle the deastty, temperature, and pressure
fleide are diseretized usfop plecewise conztant (anet fans defIned on the ele-
ment g NHenee, there are P10,062 degrees of frecdom associated with the veloclty
(leld and 81,970 depgrees of frecdom fn the sealar denslry and temperatuwre Hlelds.

Necanse the badsia tanetlons are factorable ato tangent tal and radlal pmts,

the (tnltte~element operators may e peacarated and atoved Toaexg sosfvely fo 2actor -
. (]



ed form and assembled only as they are applied. The symmetri :s cf the icosahe-~
dron are exploited to reduce further the costs of genreration, storage, and assem-
bly. Combining pairs of the original twenty icosahedral triangles to form ten
Aiamonds on the sphere leads to a data structure composed of ten loglcal cubes.
Such a structure 1s well-suited to vector processing and multitasrking. On a vec-
tor machine such as a Cray, this implementation yields a speed correspcnding tc
one addition or multiplication, on the average, for every twe computer-clock
rycles for the codc 1is a whole.

The key to the overall efiiciency of the nunerical approzcii 1s the multigrid
solution of the equations of motion. The multigrid mechod requires only order n
mach'rie operations to solve an elliptic cystem of n 2quations. It 1is taerefore
competitive with spectral methods that utilize the FFT algorithm and can be ap-
plied where harmonic representations are Inappropriste. As implemented for the
present application, the iterative wultigrid algorfchm first projects the resldu-
al field from the finest grid onto all the coarsecr grids. Then beginnlng with
the coarsest grid, it uses a local approximate Lnverse at each grid level to 1m-
prove the correction field as this correction fieid 1s (aterpolated hacl. to the
finest grid. The lozal approximate Inverse operators are coustrained to have the
same graph, that is, to involve the same nodes in the mest, as the Tocward
finitc—clcment operators. A least-squares procedure 18 used to gencerate the fo-
verae aperators {rom the forward operaiors.  The aultlpgrld alporitim ylebds aore
duction In the norm of the resbdual of a Iactor, typically, of three to ten pem
fteration. The cort per {teratlon I3 cqual approximately to Tour applications ol
tie forwiard operator.

A consarvative cell-wall advection technigque Is used to treat the Ve(pu),
Ve(Tu), and Veu terma 1o Tqs. (2) and (3).  NHeat conduction [a handled fnoa sim-

ple ftalte=dIifference fanbion.



The strategy for solving the system (1)-(5) is first to conpute the pressure
field from the density and temperature fields sia the equatior of state, to solve
(1) implicitly for the velocity field usin: the multigrid solver, to compute from
(2) and (1) the rates of change of the density and temperature fields using this
velocity tleld, and to take a time step and update the density and temperature
fields. Actually, a second-order time futegration scheme is used that requires
two such solution passes per time step. For optimum performance, the time step
is dynamically adjusted so as to require but one iteration of the muliigrid algo-
rithm to maintain a pre-specified level of accuracy in the solution of the equa-~
tions of =motion.

For the case of constant viscosity aud almcst incompressible flow, tne di-
vergence of the striss in Eq. (1) reduces to the viscosity times the Laplacian
operator appllied to the velocity field. VFor this simplified trcatment, the cost
ver time step for Lhe mesh with 81,920 :lements is approximately 2.0 CPU sceconus
on the Cray X. For Ligh Ravleigh number problems where fine resolution Is rweded
near the sholl boundaries, typlcally 2000 cime steps are required per ceavective
overturn. Thus, the cost for such calcularions on the cuecrent  gencration of
machiacs . still tar fron medest.

4. Resules

Thix sectfon desceribes ca'culations [rom a Fortran=coded verslon of the no-
werlieal method just reviewed.  In additlon 1o the assumpt fon: ment foned in Sec.
2, the calealatfons farther asmwre constam matertal propertles throuphout Che
shetl and almont tnconpressibie flow.  Althoue!, mant Ie viscoasity Is strongly tem-
Jerature= and pressure-dependent and althouph there are mineral-phaue changes
through the apper mant Ie ns well an some V0L compression acvoss the lower mant Ley
the afmplificd wodel pravide: the abilfty to tovestlipate the Tuandamental choavae -
ter o the three dinenstonal convect lon In a aphevieal shell, whose averape prog -

ercles closely mateh thone o the mant 1.



The assumption of almost incompressible flow admits a simple equation of

state

p =X -p /o _+a(T-T) ., )

vhere K is the bulk modulus, p° the reference density, and To the veference
temperature. The radius ratio of :he spherical shell used to represent the man-
tle {s chosen to be the ratio of the core-msntle boundary to the earth's outer
radius, or 0.547. The model therefore assumes a whole-mantle style of convective
flow.

The resolution of the mesh imposes a limit on the Rayleigh number because of
zoning requirements for the boundary layers. This maximum Rayleigh number is of
the o-der cf 106, when heating is primarily from below. While the Rayleigh num-
ber estimated for the mantle 1is of the order of 107, this resolution nevertheless
allows calculations far {nto the supercritical reglon--some lO3 times the crici-
cal Rayle!, number compared wich l’)u, the actual physical value.

Under the forcpgolng constraints, the problem need be examined in terms of
only three Inputs—-the Raylelgh number, the extent of internal heating, and the
tnitfal condlitlons. Brlefly, the caleulatlons reveal notable difterences In e
charncter of the convection in cases for which the heating Is mostly [rom below
comparad with cases domlnated by internal heating.  When heating s mostly from
below, l.c., from the Inner boundary, tempo ally stable sotations are obtained up
to the higheat Raylelgh numbers Investigated. At the hlgher Raylelpgh nimber:s,
the upwelllng Flow constricts to a small number of aarrow plumes.  The number ol
plumes Is only wenlily related 1o Rayvlelgh number. By conirvast, mortly interual
heating, ylelds Uoe=dependent solul lons vhen the Rayletgh noaber exceads aboul
19 t1men the erltical value.  fn these golutfons 1t Is the downwelling Tow that

diaplays pluac=I1'ke character.  Forinermore, the nanber ol ploames Iacreases



strongly with Rayleigh number. When heating is mostly from below, high spatial
frequercy components in the initial condition dissipate quickly, but the low fre-
quency componerts persist for many convective overturns. When hearing is mostly
internal, memory of the initial condition is brief, especially at the higher
Rayleizh rumbers.

Since the cha icter of the motion observed at the earth's surface strongly
resembles the low frequency nature of coanvection when heating is mostly from be-
lcw, it seems probable that this indeed is the convective style that prevails In
the mantle. Before considering this issue further, some examples will be pre-
sented that iliustrate the general trends.

Figure 3 shows the statle solution obtained for a case heated entirely fron
below at a Rayleigh numober of 5 X 105, or approximately 500 times critical. This
case used a L = 3, M = 3 cectorial harmonic as its initial temperature distribu-~
tion. Figure 3 is plotted in Mercator projection so that the whole sphere, apart
from small reglons at the poles can be displayed in a sinpgle frame. Color is
uscd to represeat the temperature fleld. Arrows denote tangential velocity,
trlangles radlally upward velocity, and squares radially downward veloclty. The
three ftrames depict different radial positions {n the spherical shell.

The solution in Fig. 3 consisting of three zoves of upwelling flaw repre-
seals the preferred pattern for spherical shells of radiug ratio near 0.55 when
heating be entirely frem below for Raylelgh nunbers Just above critieal ap to ag
least 107, 1t 1s approachad in the steady state irom alwost all intilal condi-
t{oms. Al Raylefgh mumbers on the order of only o few times eritleal, the solw-
tlon resembles a L= 3, M= 1 seciorial harmonle with a small added amovnt of the
L= 2, M2 harmonfc.  The notevorthy aspect of this mode of heat fup, is the
small numher of upwellfing zones, a Feature that persists fo the highest Rayleleh

nepthers studied.



The middle and tottom frames of Fig. 4 show the soluticn for a case heated
entirely f:om within, with a Rayleigh number of 5 x 106, or about 2800 times
critical. The large number of downwel ing plumes are evident. The top frame of
Fig. 4 1s the random 1nitial condition used for this case.

At this high Rayleigh number, the convection has the character of diffuse
upwelling flcw, with downwelling occurring in tight columns that drift with time
but which are distributed more or less uniformly over the sphere. A aotable as-
pect of this mode of heating 1s the high spatlal frequency character of the con-
vective flow at high Rayleigh number. The high frequency pattern appears quickly
regardless of -he 1initial condition.

In the earth's mantle, there is Loth internal heating as a consequence of
radiocactive elements in the mantle rocks and heat flowing into the mantle from
the core. The relative contributions from these two sources are not well con-
stralned by present obhservations. Motivation exists, theretvre, tc investiyate
convective behavior when there 1s a combinatlon of internal lieating and heatiag
fron below.

Figure 5 shows the solution obtaincd for a case with random initial condi-
tions, a Raylelch number of 5 % 105, and 50Z internal heating. There are [ive
upwelling plumes with the suggestion of a sixth. The downgolnp flow consists
mostly of pieces of the cold outer boundary layer that descend in sheet-like
Zashion and maintain shecet-like character most of the way Lo the innec bouadarv,
This snapshot was after approximately five convective overturans, and the solutlon
appears to te stable in time.

Severa) observations can he distllled from cal~ularfons with a mixturce of
tuternal heating and heating from below. When the proportlon of internal heating
1s less than 757, the convectlve style hes the essential character ol hea tap

purely from below wliih upwelllng at cell centers. Almost steadv (low Is real



alized. At Rayleigh numbers (based on the heating frowu below formula) abovz 100
times critical, the flow is characterized by a small number of upwelling plumes.
The number of plumes seems tc he only weakly influenced by the amount of internal
heating and to increase slowly with Iincreasing Rayleigh number. Six plumes seen
te be preferred for R = 106, and 50Z internal heating.

The spatial frequencies and the character of the dowawelling flow in Fig. 5
display similarities with observable tectonic features of the earth. The outer
elastic portion of the earth known as the lithosphere, typically 50 to 100 km :In
thickness, 1s broken into seven major plates. The plates are moving apart at
mid-ocean ridges aud are being subducted into the mantle at ocean trenches. To
explore the possibilivy of 1 correlation between the distribution of the ridges
and trenches and a global pattern of convective flow in the mantle, cases were
run with inicial conditions that incorporate the current ridge/trench pattcri.
Specifically, the initial temperature distributlon contained a positive perturba-
tlon becneath present ridges and a negative perturbation beneath subduction zones.

Flgure 6(a) shows the solution near the bepiuning of a calculation using
this special initfal condition, a Rayleigh number of 5 X lOb, and 507 Interr-l1
heating. ¥xcept for the 1nitial condition, this case is Identical with that of
Fip. 5. Figures 6(b) and (c) are snapshots of the solution near the outer bound-
ary at approximately 1.3 and 2.6 convective overturas, respectively. Flpures
6()-(1) rupresent a snapshot of the selatten after approximately 3,9 convect bve
sverturns.

Among the noteworthy fteatures of thls solut m 1s that the sheel-1ike pat-
tere of upwelling assoclated with the iafcial temperature discribation quickly
constrlicts tate seven well=delfined plomes whics then perslst for sceveral convece-
tlve overturns.  The locatlons ot these plumes corve™ate savprizioaply well with

voleante activity tn Teeland, the Horn ol Afrlea, the Kerpuelen Tslands) and
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Hawaij. The surface velocit.es likewise agree well in direction and relative
magnitude with observed plate velocities. Absolute velocities are low by approx~
imately a factor of 10. This reflects the fact that the Rayleigh number for *his
case is a factor of 20 to 40 below that of the mantle. 3ince convective velocity
scales approximately as the two—thirds pnwer of the Rayleigh number, the absoiute
velocities are In reascrnable agreement with observed values.

Conciusions

The sharp contrast in the character of the convective flow at high Rayleigh
number between mostly internal heating aud moderate heating from beiow provides a
good basis ror concluding that a substantial portion of the heating of the
earth's mantle is from the core. This conclusion secws justified by the Ffact
that dynamo acticn in the core to maintain the geomagnetic fleld agalast ohmlc
disslpation also appears to require a sig:ificant core heat flux. 1f this indeed
is tru., then these calculations indlcate tha'. the flow pattern {n the mantie Is
dominated by a relatively suall number of upwelling plumes. The pattern and
spatial [requency character of the m'd-ocean ridges would Lherefore be related to
this system of localized upwelling flow.

These calculatlons imply that the computational tools are now avallahle to
pexrform relative well-resolved three~dimenslonal simulatfons of che earth's [n—
terfor. This capability, coupled with the recent advances In seismic technlques
that provide three-dimensfonr! observatfonal data, supsests that sipe:lf leant new
Inglphts fnto the procesces responsihle for the carth's tectonle history may be
tmminenc.
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FIGURE CAPTIONS

Fig. I.

Fig. 2.

Fig. 1.

Flp. 4.

(a) Mesh produced b projection of the regular icosahedron onto the
sphere. (b)-(f) Successive mesh refinements obtained by connecting

midpoints of triangle sides with great circle arcs.

Portion of three-dimensional finite element mesh. Elements have three

planar taces and two faces that are spherical triangles.

Convection soluticn shown in Mercator projection for spherical shell
heated only from below with Rayleigh number 5 % 105. Arrows represent
tangential velocity in magnitude as well as in dircction. Triangles
denote radinlly ovutward velocity and squares radially inward velocity.
Tempcerature 1s depicted by color. (a) Solution acar outer boundary
with teaperature range bhetween 320 and 16350 XK. (b) Solution at mid-
depth with temperature range between 660 and 2800 K. (¢) Solutlon near
inner boundary wich tewverature ranpe between 2120 ana 3750 K. Note
the localized character ol the upwel ling flow.  5Solution 15 stable with

time.

(a) Exanmple of random Inltfal teaperature distribution. (b)) and (¢) So-
lutton near the outer boundary and at mid=depth, respectively, for a
case with purely Internal heat bnp and Rayletph vumber of 5 x 10°.  Ten-
peratures vory with depth approximately as o Flg. Y. Note the high
spal lal frequeacy charactec of the patters . Solutfon ta Cfme—depondent

with the downwelllng colwmms In (¢) dleplaying n alow drift.



Fis- S.

Figo 6.

Corvection solution for spherical shell with 50Z internal heating, 502
heating from below, Rayleigh number 5 x 105, and initiali{zed with a
random temperature distribution. Pattern consisting of six upwelling
Plumes is realized after approximately two convective overturns and
changes very little during three additional overturns. Solution at
this Yinal *ime is shown (a) near the outer boundary, (b) at mid-depth,
and (c) near the inmner boundary. Apart from an increased number of
upwelling zones, the solutisn is similar in character to that of Fig. 3

in which the heating 1is entirely from below.

Time history for a ccse identical to that of Fig. 5 except for Initial
condition. Here the Fnitisl temperaturc distribution contains a posi-
tive enomaly Lencath mid-ocean ridges and a negative anonmaly buneath
subduction zones on the carth. (a)-(d) are snapshots of the solution
near the outer boundary at 0.1, 1.3, 2.6, and 1.9 convective overtarns,
respectively. (e¢) and (f) are atr mid-=depth and at the {faner boundary
at the tast rime of 3.9 overturus. (p) throush (1) provide a somewhat
better visualizatlon of (d). Remarkable correlatlon exfsts bhetween the
aurfacce velocities and plune locations In this solutfon with the plate

vieloclties and sites of mid-ocean voleanle activity abserved for the

earth.
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