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The progress made during 5/1/86-4/31/87 under contract No.
DE-F902-34FR45082 is reported. The validity of the Impulse Approximation
{IA) to the dvnamic form factor. 5(Q,w), has been investigated using
realistic models of solid helium. The calculations suggest that the A can
be used to obtain the momentum distribution, n(p), within 1% at Q = 30 A'l,
if S(Q.w) is first svmmetrized about the recoil frequencv. wg. For solid
helium under pressure {e.g. 5 kbar) a 2 50 471 4s required. The S(Q.w)
in liquid 3He and “He in the wave vector transfer range 3 £ Q0 £ 10 A1 has
been evaluated, beginning from the pair potential. The general shape and
width of S(Q,w) obtained agrees well with existing experiment. The width
of S(Q.w) is found to oscillate as a functicen of Q in “4e but not in 3He.
The dvnamics of atoms adsorbed in solid lavers on surfaces has been studied

using self-consistent methods.



I. PROGRESS REPORT

Progress made during the period 5/1/86 to 4/31/87 is reported. Since
a full proposal presenting the research proposed for 5/1/87 - 4/21/90 was
submitted in October 1986, we present a progress report onlv here,

Progress has been made in three broad areas: (1) Exploration of the
validity of the Ilmpulse Approximarion. (2) Evaluation of kinetic energies
in solid 3He and %He, (3) Evaluation of the dvnamic form factor, S$(Q.w), in
liquid 3He and “He from first principals for 3 € Q € 15 A"l and (%)
evaluation of phonon energies and lifetimes in two~-dimensional solids.

This is presented in sections 1-4 below.

1. IMPULSE APPROXIMATION

In the impulse approximation (IA), S(Q,w) is approximated by

7. . . - g - .
where wyp = hQ</2M is the recoil frequency and n(p) is the equilibrium
. . . - g :
fraction of atoms having momentum in the range p to p+dp. When the
-
1A holds (with reasonable accuracv) the n(p) can be extracted from an
observed S(Q,u). in the context of helium the IA was first mentioned by

Miller et all and articulated hv Hohenberg and Platzman.2 The aim was to
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obtain the condensate fraction ng, in liquid “He from $(Q.w). It has been
used primarily for this purpose3‘9 plus determinations of n(p) in liguid
“He and He by Martel et al? and Mookl0, respectivelv. The term impulse
approximation appears to have been coined by Chewll in the context of
proton scattering from deuterons, although it has been used in Compton
scattering12~13 from electrons since the late 1920's. With the advent of
pulsed neutron sources, the IA will become increasingly emploved in helium.
The validity of the IA has enjoved a lively debate.B8:14-23 1 i1l
approximate S(Q.w) at high Q when the impulse, hQ, transferred from the
neutron to the scattered atom is much greater than the impulses transferred
to the scattered atom from its neighbors. For atoms interacting via a
smooth protential the IA is exact/:1%4.23 for Q + ». However, for atoms
interacting via potentials having a perfectly hard core (e.g. a fluid of
hard spheres) the 1A is never reached! 2717 even at G = ®. In hard sphere
collisions, the impulses transferred between atoms, Ft, where F ~ §V/6x,
can be infinite no matter how short a time scale T we consider. Helium
atoms interact via a smooth potential which is steeplv repulsive (but not
infinitelv steep). Thus we expect the IA to hold at Q @ ©. The questions
are; how high a Q is reguired for the IA to hold with sufficient accuracy
in helium to be useful? What are the most accurate methods for determining
n(p)?
In this context we undertook calculations of $;(Q.w) (the incoherent
dvnamic form factor) for a realistic model of solid helium.20,21.24  rpe
aim was to compare S5; and Sya for the same model. We assumed that ( is

large enough that the interatomic interference terms in 5{Q.w) may be
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neglected and S(Q.w) reduces to $4(Q.w) ( Q 2 10A~l in helium). The

difference

S = S. Y - s
85 = 5,(Qu) - S (Q.0)

provides a direct measure of the departure or S from Sia due to "final
state interactions'.

Solid helium was considered sinc. microscopic models of S(Q,w),
beginning with the pair interatomic potential, can be made. The microsopic
model was a self-consistent phonon theory coupled with a T-matrix treatment
of the steeply repulsive core. From the phonon energies and lifetimes an
anharmonic density of states, g(w), was computed. This g(w) sets the
energv scale of the solid. It also has an anharmonic high frequencv tail
due to the core of the interatomic potential.

The $4(Q.t), where the 1-2 phonon interference terms vanish, is well

approximated at T = 0 K by

@
: 1 -iw't
. oy, [ du'gle') = e
S.(Quw) = = j~ dret*t a7V o R p w (2)
i 2m

The IA is fundamentally a high energy transfer, short time approximation.

1t may be obtained from (2) by approximating e”16t = 1 - it - %wztz (short

time approximation) giving,

: 2,2
(0.0 = (2mg2)" Hwmu ) fo” ,
S51A Q,w) = (2ng7) e (3)



-6-
where 02 = wR<w1) = wp(4/3h)ICKE>. BRere <w™ is the nth moment of g(w) and
CKE> is the atomic kinetic energy (strictly the zero point energy here).

The JA in this case is a Gaussian because we have assumed statistically

independent phonons.
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Fig. 1: Incoherent, $;(Q,w); IA, S;a(Q,w); DS = S; - Sya. (From Glyde,

Ref. 20).

In Fig. 1 we show Sj, Syp and 6S = DS for bce 3He. The 6S =0 at w =
wp and is nearly anti-symmetric in (w - wp). The leading term in S

(obtained by keeping the t3 term in the expansion of e~iwt) is23



2 (W= ‘3 (w=w_ )
. Cai ) R R
§S (Q,w) = = [ 1 - ] S, (Q.w)
49 ) 9 ! x
1 (w1> 2 30 IA
9
= Sw2 vy by 5 (v) (4)
(rl) Q {RE> 1A

where v = (M/Q){w-wp) is the West23 or v-scaling variable and E, = hzyz/ZM.
The 657 is clearlylanti-symmetric about wgp suggesting that 65 is well
approximated by 85). Clearly if the higher moments <wh) are large, then
high Q will be required to reach the IA.

Also bv comparing 88 and‘SIA at Q = 15 and 30 A-l in Fig. 1 we see
that 65 scales as 1/Q relative to Sys. as suggested by (4). This shows
that 65 is dominated by the 65; at Q 2 30 Al. Thus we see that 55
approaches Syy as Q increases for a realistic model of solid helium.

To determine how accuratelyv S5 approaches Siyp, well 24 have compared
the momentum distribution, n(;), obtained from S4{(Q,w) with the true

-—’
nip). From (1),

When S4{(Q.w) is substituted into (5), an approximate or different function
nu(g) is obtained. As S5; 2 Syp. n, ? n. We found?! that although §;

looks like Syp on a graph, sav at Q = 30 ﬁ'l, the n, and n differ by ~ 10%
at Q = 30 A"l,  The discrepancy between ny and n can be reduced by a factor

of 10 using the symmetrization procedure discussed by Sears.’ 7 14 This
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procedure eliminates the antisvmmetric term 65y in (4) from S;. In (5), if
we use the upper (lower) sign, we evaluate thé derivative on the right
(left) of wgp. If we average the two nu(g) evaluated with Qpper and lower
signs, we obtain a svmmetrized ns(g). This svmmetrized ns(g) is a much
improved approximation to n(;). Indeed in (5) when S{ = Syp and §4 is
(not svmmetric about wp, we do not know which sign to use in (3).

We therefore conclude that §; 2 §;, at high Q in solid helium. [Using
a svmmetrizing procedure the ns(p) obtained from $; approaches the true
n(p) within 1% in solid *He at svp for Q ~ 308~l. The Si(Q.w) in bcc 3He
also provide functions that can be compared directly with experiment to
test the self-consistent phpnon theorv and different models of short range

correlations.

9. KINETIC ENERGIES IN QUANTUM SOLIDS

The kinetic energy of atoms in solid helium is suprisingly large. This
is due directly to the highly anharmonic nature of quantum solids. To show
this and to compare with experiment, we2b have calculated <KE> in bce “4He
and JHe.

Firstly, if we assume scolid helium is a moderately anharmonic solid,
we may estimate the <(KE> using a Debye model. The Debyve temperature, 0p,
could be adjusted to fit the observed disperison curves or the observed
Debve-Waller factor. In the Debyve model, <KE) = (9/8)8p. This yields a

¢<KE> which is approximately 350% of the observed value. Similarly, we might
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assume a Gaussian vibrational distribution for the atoms around their
lattice points. The width of this distribution can be determined to fit
the observed Debye-Waller factor. Again with this model a <KE> of 50% of
the observed value is obtained. The Debye <KE)> is compared with the
observed values and values ralculated using Monte Carlo (MC) methods in
Fig. 2. The large <KE> of solid helium is a clear signature of the highly

anharnonic nature of solid helium.
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Fig. 2: <KE> in solid %4He: i and §, observed; [ and A, Monte Carlo (MC).

(From Moleko and Glyde, Ref. 26).

The <KE> may be evaluated using the full, anharmonic one-phonon
response function A(gh,w). This function has tails reaching up to high w
well above the mean one-phonon frequency wgh s especially for longitudinal
phonons for q near the Brillouin zone edge. These high energy (hw) tails

arise from the short lifetime of the phonons. The tails are due ultimately



-10-
to the steeplv repulsive (anharmonic) potential. The <KE> in terms of the

Algh,w) is

. y
(KE> = %ﬁ :E: El“ j do o™ Algh,w). (6)
qr ar

The presence of the ©2 in (7) means that the tails of A(g\,w) contribute
significantly to <KE>. On the other hand the mean square vibrational

[y

ampliltude Cudy appearing in the Debyve-Waller factor is

2 ' v .
u™> = 5%3 :E: / dw Alqh,w) | (7)

qA

so that the tails of A(qgA,w) do not contribute greatly to 2W = <[Q-uldy.

Using a microscopic model (T-matrix and self-consistent phonons) we
have calculated the <KE> in bce “He and obtained é value which lies
somewhat below but in reasonable agreement with experiment (see Fig. 2). In
this way we may calculate phonon energies, <u?> and <KE> in reasonable
agreement with experiment. This is possible only if A(gh,w) has high
energv tails. As has been noted previously,l6’24’30 this demonstrates the
existance cf high frequency tails in S(Q,w).

We have also evaluated the (KE> in becc 3He at several volumes. As
expected, the anharmonic (KE> is much larger than predicted by a Debye-
model. The voluﬁe dependence of the anharmonic <KE> is also smaller than
predicted by an approximately harmonic or Debye model. These (KE> values

Rac)

have been communicated to Professor R. O. Simmons who is planning a
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measurement at Argonne National Laboratory. These measurements in bcc SHe

can distinguish between different models of the dynamics of solid He.

3. ExciraTions 1N Liouip 3HE at Hicu Q

We have undertaken a general study of excitations and S(Q,w) in liquid
3je at high momentum; 4 SQ £ 15 &-1. The aim is to evaluate S(Q,w) for
comparison with the observed values of Mookl0 and of Sokel et al3l and to

compare wiih experiments in progress at Argonne National Laboratory.
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Fig. 3: Widths of S(Q,w) in liquid 3He (o) Mook's data and guide to eye

(evennn ), ( ) present calculations using models 1 and 2,

) Sokol et al.'s observed W(Q)/Q for 12 < Q § 15 A-1,

There are two issues of special interest. The first is the Full Width

at Half Maximum, W(Q), of S(Q,w) as a function of Q. Mookl0 has measured
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W(Q) in the range 3 < Q>S 7 A-1. He finds an average value of W(Q)/Q =
©.18 meV A and that W(Q) has a minimum at Q = 5.5 & (see Fig. 3). Sokol et
al also find W/Q = 1;9 © 0.30 meV & at 12 < Q €15 A1, In liquid %He,
Martel et al? and Cowley and Woods32 observe that the FWHM, W(Q), in 4he

"oscillates" with Q (see Fig. 4). In the IA, W(Q)/Q is a constant.

o<t
<
&
<
xI
t——
o
L=
5'_. —
()L_,L | A | 1 | :’ ] 1 J
4 () 8 (O 12
Q (AT
Fig. 4

Fig. 4: Widths of S(Q,w) in liquid %He: (o) and (x) data of Martel et al.

(Ref. 9); B and B' model calculations from Ref., 9; ( ) present

width using model 1.
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(M

Martel et al” have suggessted that the oscillations in WIQ) are related
to oscillations in thebHemHe atom scattering cross-section 6(Q). For
example,z5 the 0(Q) for two free He atoms scattering in free space is shown
in Fig. 5. The o(Q) indeed onscillates with Q. The oscillationg in the

3He-3He 0(0) are nearlv 180° "out of phase” with those in the ahe—aﬁe aln).

Martel et al drew the connecticn between 5(Q,w) and 0(Q) using a simple

model
~ { p+Q)) .
5(Q.u) —-1.; :>- nip) = L f:_i (%)
4 .( ,)
Lotu-w, - Q)2 + +Q
p w uR v ) T(p ()
in which
h
Y(Q) = n | ]-\-[% ol Q). (9)

The relation (3) was proposed by Hohenberg and Platzman.? It may be
derived using kinetic theory arguments. These arguments give the lifetime
=11 = nvo for a particle of velocity v = hQ/M in a dilute gas of
density n due to inter-particle collisi-mns. Using (2) with a Gaussian n(p)
Having <p2) adjusted to fit experiment Marte) al obtained the line shown as
B in Fig. 4 which veproduced their observed W(Q) quite well. A goal here

is tv evaluate W(Q) in liguid 3

He from first principles to see whether the
observed W({)) ran be obtained and to investigate the origins of the

variation of W(0Q) with Q. Particularlv, if (9) is correct, W(Q) should also

oscillate with Q in He.
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Fig. 5: He-He atom cross-section: + (4He), of(3He) observed, Feltgen
et al., J. Chem. Phys. 76, 2360 (1982); __ present

calculations.

Secondly, the atomic kinetic energy is related to the second moment of

the inccherent $;(Q,w) by

02 = f dw (w - wR)ZSi(Q,w) = %f-; wR(KE). (10)

If S;(Q,w) is assumed to have a Gaussian shape, then the <KE> is related to

W(Q) by
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o3 A a W ‘
(KE> = 32‘“2( '-_M) (Q) (1)

This relation was used by MooklO and Sokol et 3131 to obtain the (KE> from
their observed values of W. A second immediate goal is to investigate the
shape of S(Q,w), to evaluate 52 directlv and to test (11).

Dur calculation of S(Q.w) is a first principles calculation beginning
from the pair He-He potential. We use the form proposed oy Aziz et al.>2
The properties of liguid 3He are then evaluated using the Galitskii-
Fevnman-Hartree-Fock approximation.46 This method describes the "dressed"
pair interaction (particularly the repulsive core) in the liquid
accurately. This interaction is the Galitskii-Fevnman (GF) T-matrix
interaction. It ignores the interation between a pair of atoms via the
collective excitations. Since collective excitations disappear at 2
2471, the T-matrix should describe the full pair interaction well at high
Q. VUsing the T-matrix, the energies and lifetimes of single particles e(p)
having momentum p are evaluated within the Hartree-Fock (HF) approximation.
This GFHF theorv forms the basis of our calculation of S(Q,w).

S(Q,w) is related to the dynamic susceptibilityv x(Q,«) by

5(0,0) = = == Im(Q,u). (12)

In general, Y(Q,w) is related to the interparticle interaction I in the
fluid by a complicated integral equation. At high Q (Q >> pp), where pp ~

0.84-1 4is the Fermi momentum) we assume that [ depends chiefly on Q (and w)
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and much less on the momentum p of the particles involved in the

interaction. In this case the equation for Y reduces to the RPA result,

X, (Q.w) o
X(Quw) = 777 Q. uwlx (Q.w) Y
where
1 = n{p) - n(p + Q) ‘ n
Y (Quw) = o Z w - e(p+Q) + e(p) + in . e
P

Here I'(Q.,w) is taken as the T-matrix interaction, £(p) is the single
particle energv. n(p) is the momentum distribution and Y, is the Lindhard
function.

We have considered two models:
Model 1

To test the relation between W(Q) and 0(Q) we consider a verv simple
moael consisting of two approximations applied to (13) and (14). Firstly,
the I'(Q.w) is assumed to be the t-matrix or scattering amplitude of two
atoms in free space, which we denote as I'°(Q). From this I'%(Q) we may
calculate 0(Q). Our calculated 0(Q) is shown in Fig. 5 and clearly agrees
with the observed values. The difference between o(Q) for 34e-3He and
bHe-%He is only in the angular momentum (L) components which must be
selected to satisfy statisties. At Q ~ 10 A'l, we found 15 L components of
[9(Q) were needed to calculate ['© accurately. Secondly, free particle

energies were used in (14). Thus, in summary, we use (13) and (14) with
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F(Q.w) = OQ)
(Model 1)

e(p) = e%p) = p2/2M.

The FWHM, W(Q), of S{Q,w) in Model 1 is shown in Fig. 3 as line 1. The
value of W(Q) is in good agreement with observed values. However, W(Q)/Q
is essentiallv independent of Q. Thus although I'°(Q) (and 0(Q)) oscillates
with Q the W(Q) does not oscillate with Q. Thus oscillations in W(Q) and
0(Q) are not necessarily simply related - as suggested by (9),

Model 2

Yere we use the GFHF theoryv outlined above to calculate S(Q,w). The

I'Q,m) is the GF T—ﬁatrix for the scattering of two e atoms in liguid

3He. 1t includes the effects of the Fermi surface and the renormalized

(and complex) single particle energies e(p) = ¢%(p) + Z(p,ep). In X, we
also use the GFHF e(p). Particularly important is the imaginary part of L.
Thus

NQ.w) = I'Q,w)

)
y = Do : "
elp) T Z(p,ep) (Model 2)

2

In Fig. 3 we show W(Q) calculated using Model 2 as line 2. The
predicted W(()/Q again has only very small amplitude oscillations with A,
too small to be observed. Thus, models 1 and 2 do not predict observable

oscillations in W(Q)/Q in JHe.
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We have aiso used modél 1 to evaluate W(Q)/Q in liquid “He. The
result is shown as the solid line marked MODEL 1 in Fig. 4. There we see
that model 1 predicts oscillations W(Q)/Q of magnitude, period and phase
which agree well with the observed oscillations. These oscillations come
directly from oscillations in the T-matrix scattering amplitude in the RPA,
Eq. (13). The magnitude of W(Q)/Q lies somewhat below the observed value,
and decreases with Q. because we have used a free particle momentum
distribution in model 1.

Thus our model predicts oscillations in W(Q)/Q in aHé but very small
or no oscillations in JHe. We believe this arises from a combination of
two phvsical effects. TFirstly, the magnitude of W(Q) is larger in SHe than
in “He: W(Q)/Q % 22-24 K in JHe versus W(Q)/Q ~ 18-22 in “He. Thus the
"Doppler" width due to kinetic effects is larger in 3He than in %He, due to
the larger zero point energyv of 3He. This larger Doppler width tends to
mask or dominate variations in the width due to interactions or final state
effects. Secondlv, the coscillations in the T-matrix scattering amplitude
is smaller for SHe than for “He. This is reflected, for esxample, in
smaller amplitude of the oscillations of the 3He~3ﬂe atom cro%s-section
0(Q), shown in Fig. 5. Two contributions to a width generally contribute
to the total in a very non-linear way, often as a sum of squares. Thus the
contribution of a larger doppler width in ’He and smaller amplitude
oscillations in I')(Q,w) leads to very small, probably unobservably small,
oscillations in W(Q)/Q.

3

The magnitude of the calculated W(Q)/Q = 2.0 meV A in JHe agree well

with the magnitudes observed by Mookl and bv Sokol et al. >l However, we

TR o w ".wl‘ IR I TR A 'R

(R
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find the second moment (10) of our calculated $(Q,w) is much greater than
that given bv the "Gaussian" value (11). Indeed. our calculated S(Q,w)
have high frequency tails at large (w-wg) which makes o in (100
significantly larger than suggested by (11).\ Thus the values of (KL

obtained by Mook and Sokol et al using (11) almost certainly underestimates

" the <KE>. Their values lie below the most reliable Monte Carlo values. 2>

A paper on this work is in preparation.

4. PHONONS IN MONOLAYERS

The dvnamics of atoms and phonéns in two dimensional (2-D) solids can
now be studiedvexperimentaly.34'40 The 2-D solid is usually a monolaver or
several lavers of atoms absorbed on a substrate. Phonons can be observed
in lavers by means of inelastic scattering of n&eu‘cu_”or\s,3“/"35 of He
atoms30.37.38 and of electrons. 39,40

wel have begun a study of phonons in 2-D solids and monolavers. The
aim is to calculate phonon energies and lifetimes, to assess anharmonic
contributions and guantum effects, to determine mean-square vibrational
amplitudes of the atoms and other dynamical properties of 2-D solids. A
secondarv aim is to study phase transitions as a function of temperature
and pressure in monolayers on substrates, although there has already been
substantial progress in this area. To date, this work has been done in
collaboration with Ken Moleko and Bela Joos (Univ. of Ottawa) and Toufic

Hakim and S$iu-Tat Chui (Delaware).
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To begin we have calculated the phonon energies of the in plane modes
of "floating'" monolavers of Ne, Ar, KRr and Xe. By "floating" we mean an
ideal 2-D monolaver with no substrate (i.e., no inteaction of the atoms
with the substrate). These floating monolavers represent ideal 2~D systems

" in space. We assume a periodic ¥3«v3 structure.

essentiallv "floating'
These ”floatiﬁg" monolavers are said to be "commensurate" since this is the
structure aﬁ adsorbed monolaver assumes when it is commensurate with a
graphite substrate.

The phonon energies have been evaluated®! within the self-consistent
harmonic approximation (SCH) and in the harmonic approximation (QH). The
difference between the phonon energies in these two approximations is a
verv direct measure of anharmonic effects.%2 In the SCH Model, the
vibrational amplitudes of the atoms and the phonon energies are determined
iterativelv until self-consistent. In Fig. 6 we show the "in plane" phonon
frequency dispersion curves calculated in the SCH and HA for Xe monolayers,
compared with the freqguencies calculafed by Marchese et al43 using
moulecular dynamics methods. The MD values include the interaction of the
Xe atoms with a graphite substrate. Comparing the SCH and QH we seé
anharmonic effects are small. Also the interaction with the substrate
affects the in plane phonon energies little, except at the Brillouin zone

center where it introduces a gap.
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Fig. 6: Phonon Dispersion Curves in 2-D Xe. O0-Monte Carlo (From Moleko et
al, Ref. 41).
Fig. 7: Phonon Dispersion Curves in 2-D Ne and Ar. (From Moleko et al,

Ref. 41).

In Fig. 7 we show similar dispersion curves for 2-D Ar and Ne. There
we see a substantial difference between the SCH and the QH values. This
shows that anhérmonic contributions are important in these 2-D solids for
spacings appropriate for absorbed films on graphite. Particularly in Ne
the anharmonic terms in the SCH theory increase the phonon‘energies by a

factor of nearly 2.
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The RMS vibrational amplitude, <u2>%, at I’ =0 Kk 1is ~ . % of the
interatomic spacing, R, in Xe and ~ 8 % of R in Ne. While <u?> is infinite
at T > 0 K,‘it is finite at T = O K in 2D. This is tvpical of the ratio
<u2>%/R in bulk solids. The Debye temperatures calculated using the SCH
frequencies are 0p ~ 65K‘in all of Ne, Ar, Kr and Xe. Since the SCH theory
overcstimates the phonon energies (qu). these 0 may be somewhat too large
in Ne and‘Ar.i These 8y values show lhat quantum effects will be important

up to T ~ Op/2 ~ 30K in each case.

5. REVIEW ARTICLES

Two teview articles have been written on neutron studies of liquid and

solid helium: (1) Glyde, Dvnamic Properties of Quantum Solids and Fluids,

Chapter 5 in Condensed Matter Research Using Neutrons ed. Lovesey and
Scherm, Nato ASI Series, Vol. 112 (Plenum, 1984); (2) Glyde and Svensson,

Liguid and Solid Helium, Chapter 13 in Neutron Scattering in Condensed

Matter Research ed. Price and S$kdld (Ac.ademic Press,1987).
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