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A B S T R A C T 

Experimental observations of direct ion cyclotron resonant frequency (ICRF) heating 
at fundamental ion cyclotron resonance on the L-2 stellarator have stimulated interest in 
the theoretical basis for such heating. In this paper, global solutions for the ICRF wave 
fields in a helically symmetric, straight stellarator are calculated in the cold plasma limit. 
The component of the wave electric field parallel to B is assumed zero. Helical symmetry 
allows Fourier decomposition in the longitudinal (z) direction. The two remaining partial 
differential equations in r and (j> s 6 — hz (A is the helical pitch) are solved by finite 
uifferencing. Energy absorption and antenna impedance are calculated from an ad hoc 
collision model. Results for parameters typical of the L-2 and Advanced Toroidal Facility 
(ATF) stellarators show that direct resonant absorption of the fundamental ion cyclotron 
resonance occurs mainly near the plasma edge. The magnitude of the absorption is about 
half that for minority heating at the two-ion hybrid resonance. 

vii 



1 INTRODUCTION 
Recent measurements in the U.S.S.R. on the L-2 stellarator have demonstrated efficient 

heating of a pure hydrogen plasma (ne ~ l-2xl013cm~3) with ion cyclotron resonant 
heating (ICRH) power in the range of the first harmonic of the ion cyclotron frequency [l]. 
Since conventional theory for tokamak plasmas shows that heating at the fundamental ion 
cyclotron resonance is ineffective [2], there has been some interest [3,4] in understanding 
the theoretical basis for the observed fundamental heating on L-2. Kovrizhnykh and Moroz 
[3] study mode structure for the fast magnetosonic wave in a cylindrical metal waveguide 
filled with plasma. The assumed magnetic field is uniform in the axial direction, and the 
applied frequency equals the ion cyclotron frequency everywhere. They find that for 1013 < 
nBV < 3.8 x 1013cm-3 (as in L-2), only the m = 1 mode exists, E+ is a surface wave, and 
significant heating is possible only near the plasma edge. For n > 3.8 x 1013 cm-3, m = (0, 2) 
modes can also be excited with secondary maxima for E+ inside the plasma. This implies 
heating inside the plasma as well. The same authors show that, in stellarators [4], the helical 
structure of B can lead to absorption that is enhanced compared with that in tokamaks 
with similar plasma parameters. 

In this report, we address the question of fundamental heating in stellarators by ex-
tending the full-wave calculations for tokamaks and mirrors [2] to the case of a straight, 
helically symmetric stellarator. Global solutions of the ion cyclotron resonant frequency 
(ICRF) wave fields are found numerically in the cold plasma limit for parameters typical 
of the L-2 and Advanced Toroidal Facility (ATF) stellarators. The component of the wave 
electric field parallel to B is assumed zero, and helical symmetry is used to Fourier de-
compose the solution in the longitudinal ( z ) direction. The remaining set of two coupled, 
two-dimensional partial differential equations in r and <f> = 9 - h z ( h is the helical pitch) is 
solved by finite differencing. Energy absorption and antenna impedance are calculated from 
an ad hoc collisional model. Similar calculations for parameters typical of Heliotron-E and 
ATF have been carried out in Japan by Fukayama et al. [5] using finite element analysis 
and including parallel electric fields. Fukayama et al. [5], however, consider only the case 
of minority heating at the two-ion hybrid resonance. We also consider direct heating of the 
majority ions at the fundamental ion cyclotron frequency and compare the results to similar 
cases of minority heating at the two-ion hybrid resonance. 

Section 2 reviews the assumptions of helical symmetry and describes the decomposition 
of the cold plasma dielectric tensor into components along unit tensors in flux coordinates. 
The wave equation for the straight, helically symmetric stellarator is developed in Sect. 2.2, 
and the reduced set of two partial differential equations, which are solved numerically, is 
displayed in detail. These are shown to reduce exactly to the equations for a tokamak 
when h — 0 and Br — 0. In Sect. 3, the model magnetic field for an i = 2 stellarator 
is developed, and expressions for energy deposition and antenna impedance are derived in 
Sect. 4. Section 5 describes numerical results for L-2 and ATF parameters and compares 
minority heating at the two-ion hybrid to majority heating at the fundamental ion cyclotron 
resonance. 
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2 THE STRAIGHT, HELICALLY SYMMETRIC 
STELLARATOR 

In the helically symmetric system, it is useful to transform from cylindrical coordinates 
(r, 9 , z ) to helical coordinates (r, <f>, z ' ) where <f> = 9 — h z , z ' = z , and h = 2 n / L p , where 
Lp is the helical field periodic length in z. Note that <f> = const is the equation of a helix. 
Helical symmetry requires that the unperturbed magnetic field be a function only of r 
and tf> but 'rot z'\ that is, the field at one point in space depends only on which helix that 
point is on £.nd not on its position in z. Writing V • Bo = 0 in helical coordinates (r, <f>, z ' ) 
and requiring Bq to be independent of z' (helical symmetry) gives 

Br~7d<f>' 
(1) 

where i / j ( r , < j > ) is the scalar flux function for B o ( r , <f>), 

f * r B Q
r d 4 > , (2) 

Jo 

and <j>B = f o * ^ H d z ' i p ( r , 4 ) = ( 2 i r / h ) i f t ( r , < f > ) is the magnetic flux through a helical surface. 
Likewise, V • J = 0 in (r, <f>t z ' ) coordinates with J independent of z 1 gives 

(3) 
/ . . . \ <}y 

Mof 

where x(r> 4") is the scalar flux function for the plasma current J { r , < f > ) . Now from hqJ = 
V x 2?o written in (r, <f>, z ' ) 

(4) 

Comparing Eqs. (3) and (4) gives 

= (5) 

Combining Eqs. (1) and (3) with Eq. (5), we can write the helically symmetric magnetic 
field B o ( r , <f>) and current density J [ r , < f > ) in terms of the flux functions ip and x 9 8 

3 _ ^ . t r t f - h r S ) y(i + h r 9 ) 
~ ~ T ~ 1 + h ' r * + " l ~ T ( 6 ) 

{ z + h r O ) , (7) 2 h x 

(1 + h'r*) 
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where the notation f x means the partial derivative of / with respect to x, df/dx, and 

rdr\l + h*rZ dr ) * r, 

From Eq. (6) we get 
(1 + h7r2) |j§o| =X2 + |V^|2 • 

With p = p(V»), the component of the equation of force balance is 
(8) 

|VV|! 
dP 

av 
= Vip • J x Bo. 

Then substituting Eqs. (6), (7), and (8) for B0, J, and |Vt/>|2 and using x = x W , we find 

A * , / , - — iinf>'(tb*l + 2 k x - i S M x 

which is the Grad-Shafranov equation for helical symmetry. 

2.1 DIELECTRIC TENSOR REPRESENTATION 
We now choose the right-hand orthogonal coordinate system with unit vectors: 

= w = 

$2 = bx V^ = 

1 + h2r2 1 + h2r2 

(9) 

where the circumflex * denotes a vector of unit magnitude. Now K can be written 

K = hiKzzBi • E + Kxyh • & + KXJS • E) 

+ S2(KvJi • E + KWS1 • E + KvJa • E) 

+ h(K,Ji • E + Kiy6i • E + KtxS3 - E) . 
A —* A ^ 

Now, assuming S3 • E = b • E = 0, we have 

E ' = - % E r ~ E > % -

The components of E perpendicular to B are defined as 

* \Er +"IB+**i]• 

(10) 

(11) 

Ey — 62 ' E — 
| V * | H H D -

(12) 
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Equation (10) now gives 

K-E = 6X{K ZXEIF> + KXYEX) + SI^KYFXE^, + KVVEX) 

+ h ( K z x E $ + K Z V E X ) , 

where in the cold plasma limit 

E wpj 

(13) 

w pj 
w - n ! ' j i 

K x y K y x = - t K x — — t y ] 

ifII = ifjy = 0 . 

w w ' - n v 

Also from Eqs. (11), (1), and (5) we find 

F 4- hrFa - Fa±L - W B a + h r E e - - + i ? , - ^ _ — , 

- h r E , = A r i ^ + i ? , - ^ = E ^ - E r % 
m SO 

2.2 WAVE E Q U A T I O N — S T E L L A R A T O R 

We now write the = Vt/> and 5j = 5x Vi/» components of the wave equation, 

- V x V x £ + (w2/c2)K • & = -iw/j0/.xt • 
This gives 

iwVV' • V x f? + • K - E= -iw/ioV^• J«xt, 

- i w & x ^ • V x 3 + - r b x ^ t p - K - E = - i u t f i o b x ^ • f e x i , 

(14) 

(15) 

where we have replaced V x E with iu>B for convenience. The terms • K • E and 
6 x tty • K 'E are given by Eq. (13). To write the - V x l and S x ^ • V x § terms, 
we Fourier analyze E and Jext as 

k, 
(16) 

and write V x B = (l/ia»)V x V x I in helical coordinates: 

V x B = 

+ - + fcrB9)](0 - /irz) 

+ 

8r' 
i s f c * - * ^ 2 f i f l j _ ( l ± * ! r ! ) ^ + 
r o r r dtp 

( z + h r O ) . (17) 
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Then from Eq. (9), 

V ^ - V x B = r ^ 1 d(Bt + hrBg) 
r d<f> ikzBe 

+ hrBe) 
dr 

b X Vr/> V x B = ,-,?—..{ r I W f 
+ h2r2 

1 + h2r2 dBr 

lMBe-hrB.) + 

r dr 

d<j> 
+ ihkzrBr 

+ xVv [.,- o _ 
1 + h2r2 r 

d(B£+Arfl £ ) ] 
ar J 

x1>,t\ld(Bt + hrB0) 
r I r dtf> 

and Eqs. (14) and (IS) become (multiplying by |VV*|) 

»u/ fif>,r d{B, + hrBf) V.* d(Bt + hrBe) 
d<f> dr + 

OJ 
+ 

= —tWUo 

do 

V>,rJr + ^ ( J , - /irJ,)J , 

UJ 

ita |VV-|2 

\Bo\ 1 + h*r* r or r dtp 

twx 
|Bol 

a(Bg + fcrB») _ d{Bz + hrB9) 
r2 a ^ 1 + /i2r2 5r 

+ 

(18) 

(19) 

(20) 

X | .!» 
= — j-̂ —| [ , * , • ( / . + ~ X-So • J«t] • (21) 

In Eqs. (20) and (21), V x B is written for brevity as iu>B. We now replace iuB with VxE 
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helical coordinates. Eliminating Ez with Eqs. (11) and (12) gives 

+ \-h 

1 
+ -r 

dEr 

a f + ' k 

drEg dE, 
dr d<t> 

z. 

From Eq. (22) we find also 

iu ^Bf - hrBt^J = ikzEr + ^ + ^ f o ) - h 
drEe 

dr 

1 +h2r2dEr 

d<t> 
-f ihlcxrEr. 

Thus, with the definitions u = rEr and v = rE$, Eqs. (20) and (21) become 

1 d2v hrd2(iv + au) 1 + h2r2d2u n.L1du 
— — 1 o — — 2thkz~ -r d<j>dr Rt d<f>dr 

K 

r2 d<f>2 

' d (ldv\ hr d d(iv + au) ' d f l + h2r2\du du 
rdr\rdr) + RTd/ dr * d r \ ~ l * ~ Jd* H fr 

dtf> 

ik. \ a d(au — kv) d(ati + iv) -j . I 5 -f- r—1 -
R? Ik d<f> dr 

I <!>,,* j L 3 r V' a ' l flT 
d(vK — au) 

RT 

iv + au) 
~dr 

+ 

, ( h r l Y i l l U i **(* 

/ i V ^ l + fcVVr, 1 d2(KV-au) _ 
U . r X r j K a * 

du 
dr 

dv 
d<b 

+ 
0,rX K 

2hdu 
r d<j> 

d ( l + h2r2du\ , a / t , l 2 2 , 
~rlTr{—?-dtJ + « i l + h r ) 

1 + h2r2 d2u ikzr d[au + iv)' 
r2 d<f>2 Rr dr 

1 d2v hr d2(iv + au) 
r djdr Rt dj>dr 
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\l + h>f>»*( h , K b \ k J x , , 

= -iw/ior—y—7—[J*(l - + - * M - J , (*M], (25) 

where in the cold plasma limit Kxx = Kvv = Kzy = -Kyx = -iKx, Ktx = Kzv = 0; 
X = bz + hrbe, = -be + hrbz, |V^|2 = + 62( 1 + /i2r2); and 

6r 

T V ' * = — — , (26) 

r bz 

Rt is the major radius. Note that i is a local quantity and thus does not correspond to the 
usual definition of rotational transform in stellarators. We note that if a = 0 and h = 0, 
then <f> = 0, k = -i, = -bg, x = bz, and |V$|2 = bj so that Eqs. (24) and (25) reduce 
to the equations for a tokamak [6]. 

Boundary conditions for the solution of Eqs. (24) and (25) are that the tangential 
component of E should vanish at r = R. This gives rE$ = v = 0 and Ez = 0 at r = R, so 
that from Eq. (11) we also have rEr = u = 0 at r = R. Also, we use periodicity in <f> to 
give \i(jf> = 0) = u(<k = 2n) and = 0) = = 2ir). 

3 MODEL STELLARATOR MAGNETIC FIELD 
To solve Eqs. (24) and (25) we take the helical flux functions ij> and x Eqs. (2) and 

(5) to be [7,8] 

if>{r, <f>) = Bo^j- - r £ sMthr)cos , 

X(r, 4>) = B0 = const, 
where It is the modified Bessel function of order £. Then from Eq. (6) 

B ? _ iMM+x = flo_^ U M t h r ) a x v , 

where we have used Bessel's equation z2I'/(z) + zl't{z) + (z2 + £2)/« = 0 to find that 

±rl't{ehr) = £(l + h*r*)It(ehr). 
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For the case of the £ = 2 stellarator, the helical terms are dominated by the £ = 2 term in 
Eqs. (27) and (28), which matches the external winding number. In this case the coefficients 
occurring in Eqs. (24) and (25) are 

Rrbr ) — 
2e2/̂ (2/tr)sin2<?!> 

B0- 2e2l2[2hr)coa2<f> 

V h ' l * -

e2I2(2hr)cos2<f> 
Bo - 2e2h(2hr)coB2<f> 

i cos 2<f>, 

where e2 depends on the radius of the helical coil [9]: 

r > 0 

r = 0 

r > 0 

r = 0 

(29) 

(30) 

(31) 62 = 2BohacK'2(thac). 

Expanding t/>(r, <j>) in Eq. (27) for small r, we find that the ratio of the axis of the 
elliptical, constant-ip surfaces is given by 

ai / IT 62/BQ 
e2/B0 ' 

In the limit 2hr < 1, an expansion of I2 gives l2[2hr) ~ [(2/ir)2/8] [1/(1 + / iV)] and 
%{2hr) ~ (2Ar)/4. 

Figure 1 shows contours of constant ip(r, tf>) and |jB°(r,<f>)\ from Eqs. (27), (28), and 
(31). The parameters are those of the ATF stellarator: 

£ = 2 
m = 12 

2jt Lp = — = 2.2 m helical field period length in z 

.fix = 2.1 m 
B0 = 2T 
ac = 0.46 m (0.54 m used) . 

The coil radius ae for ATF is 0.46 m, but to match the ATF ^contours more accurately 
with the helically symmetric model, we take ac = 0.54 m. Note that the positive value of 
Lp used here corresponds to a right-handed helix. The ATF device is actually a left-handed 
helix (negative Lp). 

LOCAL ENERGY DEPOSITION 
A N D A N T E N N A IMPEDANCE 

We rewrite the components of the electric field perpendicular to B in Eq. (12) as 

(32) 

E, 
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ORNL-DWG 87-2574 FED 

Figure 1: Helically symmetric magnetic field model for ATF: (a) contours of constant tp(r, <j>) 
and (b) contours of constant \B(r,<f>)\. 
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Now the plasma current can be written as 

: —twee iploama = O •£? = -iweo ( k - • E, 

4-* 
and we use Eq. (13) for K -E to get 

•/plasma = "»'«»£ | [ ( K x x - 1 )E+ + KxyEx] 

. . 1 ( 3 3 ) 

4- $2 [KVzEv + (Kvy - 1) J + 6$ (KzxEj, + KZVEX) > . 

Now the local energy deposition rate is 

W = -2 Re (e* ' /plasma) = \ Re + E*xJPiX + E{JP||) , 

which with Eq. (33) and E\\ = 0 gives 

W = ^ [lm(^T„ - l)|ify|2 + - l)|£?x|2 + 2 Re(iir,v)Im(£7;JBx)] . (34) 

In the cold plasma case including collisions, Kxx = Kvv = Kj. and Kxy = —iKx, so that 

^ = ^[lm(/Tx - 1)(|^|2 + |£x|2) + 21mKxIm(E;Ex)] 

Now we define E+ and E~ to be the left-hand and right-hand polarized waves respectively, 

= + iEx (LHP), 
E_=E+- iEx (RHP). 1 ' 

Then by defining 

<r++ = - iwe 0 ( i - 1), ( 3 6 ) 

o— = — iueo(R — 1) , 

where L — \(Kxx + Kyy) + iKyx and R — \(KXX + Kvv) - iKvx, we can write L'q. (34) 
equivalently as 

W = » [Re(£r++)|£;+|2 + Re(c—)|£?-|2 + we0hn(Ksx - Kw)Re E*+E-] . (37) 

5 NUMERICAL RESULTS 
In this section we present numerical solutions to the partial differential equations given 

in Eqs. (24) and (25). Figure 2 shows schematically the geometry treated. An elliptical 
plasma is contained within a perfectly conducting, straight, metal cylinder. There is low-
density edge plasma between the wall and the main elliptical plasma. An external current 
with components Jfi>ext and JZlext represents the antenna. The spatial distribution of this 
current is a delta function in r and a Gaussian of arbitrary width in ij> — 9 — hz. The 
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ANTENNA 

<j> = 8 - hz 

- - (MINORITY CYCLOTRON RESONANCE) 

— =K x (TWO- ION HYBRID RESONANCE) II 
Figure 2: Straight hePcal geometry showing contours of constant density n(r, tf>) (soliJ 
line),the two-ion hybrid resonance (chain-dashed line), and the minority cyclotron resonance 
(short-dashed line) for the ATF parameters of Table 1. 

magnetic field is that shown in Fig. 1, and the density profile is taken constant on the flux 
surfaces of Fig. 1 with 

where tpb determines the plasma edge and n, is the surface density. The dashed lines in 
Fig. 2 show the resonant surfaces for a minority hydrogen (5%), majority deuterium (95%) 
plasma. There are two minority hydrogen cyclotron resonance surfaces (short dash), which 
cross the vertical (y) axis above and below the horizontal plane. The applied frequency 
/ = 29.33 MHz has been chosen so that the pair of two-ion hybrid resonances (chain-dash) 
cross the y-axis close to the origin at r = 0. 

Figures 3-5 show results of solving Eqs. (24) and (25) for plasma parameters and antenna 
location typical of the ATF plasma in the minority hydrogen case (see Table 1). The finite 
difference mesh consists of 100 points in the radial direction (0 < r < rmBX) and 50 points 
poloidally (0 < <f> < 2it). Figure 3 shows contours of constant |JE+(r, and for 
a case with / = 28 MHz. The outline of the elliptical plasma is clearly visible in Fig. 3(a) 
because E+ (LHP) tends to be shielded out of the plasma because of the ion cyclotron 
resonance; E-, on the other hand, penetrates the plasma quite readily. 

Figure 4 shows a sequence of power deposition contours W(r, <j>) and the flux surface 
average of the power absorbed {W}̂  as a function of y for three different applied frequencies 
/ = 28, 30, and 31 MHz. At the lowest frequency, both pairs of resonant surfaces cross 
the vertical axis near the plasma edge, and the surface-averaged power deposition is peaked 

(no - « ,)(1 - ip/rl>b) + n, , ip < 

> 
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Figure 3: Contours of (a) constant \E+(r,<f>)\ and (b) constant |2?_(r,^)| for / = 28 MHz 
and parameters of Table 1. 

fairly far off axis. Raising the frequency slightly causes the resonant surfaces to move closer 
to the axis, and power deposition becomes more nearly peaked near the plasma center. The 
best case, in fact, is 30 MHz, where because of the saddle point in |£ | the two-ion hybrid 
crosses the horizontal axis and the minority cyclotron resonance crosses the vertical axis. 
Finally, at 31 MHz both pairs of resonances cross the horizontal plane and power again is 
deposited only near the plasma periphery. 

Another interesting result concerning the resonance structure shown by Fig. 4 is the 
tendency for power to be absorbed in thin layers along the flux surfaces rather than along 
the resonance contours themselves. This result was first noticed in tokamak geometry by 
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(b) f = 30 MHz (c) f=31 MHz 

0.10 

0.08 

\ 0.06 

* t 0.04 

0.02 

1 1 i 

— 

\ f = 3 0 MHz 
— 

- \ . 2 8 -

\ t j r \ 31 

^ i"" i 
0.375 0 .500 0 0.125 0 .250 

... y(m)„ 
Figure 4: Contours of power deposition W(r, <f) and flux surface average of power absorbed 
{\W)y, for / = 28, 30, and 31 MHz. 

i 
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(o) f = 2 8 MHz (A) f = 3 0 MHz ( c ) f = 3 1 M H z 

y (m) 
Figure 5: Same as Fig. 4, but for the lowest order warm plasma dielectric tensor, with 
k±pi = 0 and = kt. 

Hellsten and Tennfors [10], and we observe a similar effect in helical geometry. This effect 
is also evident in Fig. 5, where we replace the Lorentz collision model with the lowest order 
warm plasma dielectric tensor, assuming fcj_ = 0 and Jb|| = kt. 

In Fig. 6 we consider parameters typical of the L-2 stellarator (see Table 2). Recent 
measurements on L-2 report efficient heating of a pure hydrogen plasma [11]. Thus, in Fig. 6 
we compare (a) a pure hydrogen case to (b) a 5% minority hydrogen case for L-2. The total 
ion density in both cases is the same, n = 1013cm~3. In Fig. 6(a), the total power absorbed, 
although comparable to that in the minority hydrogen case, is almost totally absorbed at 
the plasma edge. The electric field contours corresponding to this case show that E+ is only 
a surface wave for the modes accessed by the plasma at this density, thus explaining the 
total lack of any central heating in Fig. 6(a). Whether or not it is possible to access other 
modes similar to m = 1 in mirrors remains to be seen. 
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-0.I7S 

(a) 

—I 
0.;i75 

E + ( r , * ) | 

-0.175 

(t>) 

W ( r , < £ ) * 
..Q.W6-, 

—I 0,'175 

Figure 6: Power deposition and contours of constant \E+{r, for the L-2 stellarator 
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Table 1. Numerical Results for ATF Stellarator 

t = 2, m— 12 
_ 2n Lp — —r~ = 2.2 m 

n 

RT = 2.1m 

£o = 2 T 

°coil = °-46m (0.54 mused) 

aa,plasma ~ 0 3 8 m 

"antenna = ° - 4 0 m 

°i,plasma ~ 0 2 7 m 

n(H) = 2 x 1012 cm"3 

n(D2) = 4 x 1013cm-3 

n„ = 4 x 1011 cm"3 

f = ~ ~ 30 MHz 

kxRT = "toroidal = 8 

- ~ 5 x 10"3 
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Table 2. Parameters for L-2 Calculations 

1=2, m = 14 

LP = — = 0.8976 m 

= 10 m 

fl0= 1-2 T 

°coil = ° l 7 5 m (0.225 used) 

"antenna = ° - l 3 9 6 m (m = 0, symmetric in <f>) 

a i .plasma — 

a% .plasma = = 0.125 

= 0.105 

n4 = 1 x 10u cm-3 

^ / = ~ = 18 MHz 2)r 

kgRj' — —5 

- = 5 x 10~3 
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