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ABSTRACT 

S p a t i a l l y complicated magnetic f i e l d s a r e f requen t ly t r e a t e d as the sum 

of a l a r g e , slowly vary ing , mean f i e l d and a smal l , r a p i d l y va ry ing , f i e l d , 

the primary e r f e c t of the small f i e l d i s to modify the Ohm's law of the mean 

f i e l d . A s e t of p l a u s i b l e assumptions leads to a form of the mean f i e l d Ohm's 

law which i s fundamentally d i f f e r e n t from the convent iona l a lpha e f f e c t of 

dynamo theo ry . 
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I . INTRODUCTION 

The d e s c r i p t i o n of complex magnetic f i e l d s by mean f i e l d methods has 

become common in bo th a s t r o p h y s i c a l and l a b o r a t o r y plasma phys ics 

l i t e r a t u r e . The usual assumption i s t h a t the exac t magnetic f i e l d i s Che stm 
+ + 

of a slowly varying mean f i e l d Bm and a smal l f i e l d b , which has rap id s p a t i a l 

v a r i a t i o n . The s m a l l , r a p i d l y vary ing f i e l d b i s a l s o c a l l e d the t u r b u l e n t 

f i e l d . The primary e f f e c t of the t u r b u l e n t f i e l d i s the modi f i ca t ion of the 

mean f i e l d Ohm's law from the s tandard form 

+ v + + 
I + _ x B = Hj . (1 ) 

m e m m 

This modi f i ca t ion i s c o n v e n t i o n a l l y assumed to be of the form of an a d d i t i v e 
* 1 2 

term ^B^r the s o - c a l l e d a lpha e f f e c t , ' 

In t h i s paper , c e r t a i n assumptions w i l l be made about the t u r b u l e n t f i e l d 

which lead to a d i f f e r e n t and unique form for t he modi f i ca t ion to t he mean 

f i e l d Ohm's law. Ttie b a s i c assumptions a r e : 

1. The magnetic f i e ld energy and h e l i c . ^ y a re a c c u r a t e l y given by the energy 

and the h e l i c i t y of the mean f i e l d . 

2. The t u r b u l e n t f i e l d can lead to d i f f e r e n t i a l t r a n s p o r t of both f i e l d 

energy and h e l i c i t y . 

3 . The d i s s i p a t i o n a s s o c i a t e d with the t u r b u l e n t f i e l d can lead to enhanced 

d i s s i p a t i o n of f i e l d energy bu t not of f i e l d h e l i c i t y . 
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These assumptions w i l l be explained and to a c e r t a i n ex t en t j u s t i f i e d in Sec. 

I I I . Although the form of the modif ica t ion to Ohm's law, which i s d i c t a t e d by 

these assumptions, i s q u a l i t a t i v e l y d i f f e r e n t from the alpha e f f e c t , the form 

has been given for s p e c i f i c models by Schmidt and ¥oshika^>a, and by Jacobson 
A 

and Moses. 

II. MEAN FIELD EQUATIONS 

This section considers the equations which follow from the definition 

that a mean magnetic field has zero divergence 

5 • B = 0 (2) 
m 

and the assumption t h a t the exac t f i e l d energy i s a c c u r a t e l y approximated by 

the mean f i e ld energy. These equa t ions a re Faraday 's law, a p o r t i o n of Ohm's 

law, flmphere's law, and force b a l a n c e . 

The form of Faraday ' s law follows from the zero d ivergence cond i t ion on 
•r + 

B m . That i s , S B J J / H i s d ive rgence- f ree so t h a t i t must be t he cu r l of some 

3B * , 

W L - - c ' x \ » * ( 3 ) 

This d e f i n i t i o n of the mean e l e c t r i c f i e l d , E^, au tomat i ca l ly g ives p a r t of 
• » • 

Ohm's law. The mean e l e c t r i c f i e l d R in a frame of r e fe rence moving with 
+ -»> 

v e l o c i t y v ( x r t ) i s 

E + - x B = R (4) 
m e m 
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In. the usua l plasma e q u a t i o n s , v i s i d e n t i f i e d wi th the plasma v e l o c i t y and R 
+• + 

= nj with n the r e s i s t i v i t y of the plasma. Using mean magnetic f i e l d s , v may 

not be the plasma velocity nor i s S so simply r e l a t e d to the r e s i s t i v i t y , 
+ +• 

However, the form of Bq. (4) impl ies t h a t only R B , the component R along the 

mean f i e l d B m , i s impor tan t t o the s t r u c t u r e of the mean magnetic f i e l d s ince 

the o the r components can be e l imina ted by a proper choice of r e fe rence frame. 

By assumption, the mean f i e l d energy w a c c u r a t e l y approximates the exac t 

magnetic f i e l d energy with 

D i f f e r e n t i a t i n g w wi th r e s p e c t to t ime, 

£ - - J [ j • E + V • ( | - | * S ) ] d 3 x . (6) 
at ' L m til V4TI m m ' 

The mean c u r r e n t i s def ined by 

* * B - i l j , (7) 
m o Jm 

which i s flmphere's law. In the ea se s of i n t e r e s t R, w i l l be very smal l 

compared t o c h a r a c t e r i s t i c values of |v x Bj /c ( for example, wi th v the sound 
+ * + + 

speed) . using E^ = v x B r a / c r one can show t h a t ] m * 3,,,/c i s the force on a 
c u r r e n t c a r r y i n g medium which i s moving wi th v e l o c i t y v . 

I I I . JUSTIFICATION OF ASSUMPTIONS 

There a re t h r ee assumptions which r e q u i r e d i s c u s s i o n . r i r s t , the 

t u r b u l e n t magnetic f i e l d w i l l be assumed to d i s s i p a t e f i e l d eneroy 
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significantly but to dissipate helicity negligibly. Second, enhanced field 

energy dissipation is assumed to occur even when the turbulent field makes a 

negligible contribution to the field energy. Third, the transport of helicity 

and energy is assumed to be differential. That is, local changes in the 

helicity or energy are given by the divergence of a locally defined flux. 

while discussing these assumptions •we will use the exact fields E and B not 

just the mean fields E^ and B , 

The two most important characteristics o*: " magnetic field are its 

helicitv K and its energy W. These are defined in any region of space, 

bounded by magnetic surfaces, by 

K = / A • B d 3x and W * g- / B 2d 3x (8) 

with B the exac t n ^ j n e t i c f i e l d and A i t s vec to r p o t e n t i a l . Fa raday ' s law 

impl ies t h a t the r a t e of change of K and W in a region of space , which 

conta ins a c o n s i s t e n t t o r o i d a l magnetic f lux 2TN|I, i s 

« = < 2 » ) 2 # ! £ - 2 o / 3 • I d 3 * <91 

2 1 = . =_ | E X B • da - / J • E d ' x . (10) 

The notation 2irdx/dt is the rate of change of the poloidal flux outside the 

bounding magnetic surface, j is the exact current, E is the exact electric 

field, c is the speed of light, and the area integral is over the bounding 
+ 

surfaces. The destruction of helicity per unit volume is determined by 2cE • 

B and the destruction of field energy by j * E. The other terms in dK/dt and 

dW/dt represent the flux of helicity and energy across the boundaries of the 
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region. 

To evaluate the rate at which K and W are destroyed, a re la t ion between j 

and E i s required. We will use the standard model re la t ion , Ohm's law, 

+ v + * 
E+ - x B » 1 j (11) 

c 

with v the velocity of the medium carrying the current and n the 

r e s i s t i v i t y . The ra te of he l ic i ty destruction per Tinit volume i s 

2c E • B = 2o ri ] • B . (12) 

The total ra te of destruction of he l ic i ty K in the region i s 

/ n j • B d • X . ( 1 3 ) 

+• + 

The expression for j • E contains two terms 

+ + 2 + /-i -i 
j • E = n j + v (i » B] . (i4) 

+ + + 
The term v • (j x B)/c is the mechanical work done by the field on the current 

carrying medium. Only the term "nj represents dissipation of field energy. 

5Bie rate of field energy destruction W in the region is then 

W = "/ nj 2d 3x . (15) 

Using the Schwartz inequality one can jus t i fy the f i r s t assumption by 

showing that i f ei ther K or W i s dissipated faster than that of a 
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c h a r a c t e r i s t i c r a t e , then the enhancement of h e l i c i t y d i s s i p a t i o n i s always 

l e s s than t h a t of energy d i s s i p a t i o n . The c h a r a c t e r i s t i c d i s s i p a t i o n r a t e s Kc 

and w c a re defined so they would be the exac t d e s t r u c t i o n r a t e s i f the c u r r e n t 
+ + 

in the region were j = UB with U a cons t an t . They are 

.,2 * {<L-f r „ B V X ue> 
° K2 4 " 

and 

K 5 871 ^ w 117) 
C ri C 

The Schwarz i n e q u a l i t y impl ies 

(I n j V x } ( / n B V X ) > [/ n J • I d 3 * ) 2 da) 

which is equivalent to the desired inequality 

l~>[l-)2 . (19) 
W K 
c c 

ft h e u r i s t i c argument makes p l a u s i b l e the second assumption t h a t a 

t u rbu l en t f i e ld b with n e g l i g i b l e energy con ten t can give s i g n i f i c a n t energy 

d i s s i p a t i o n . Let 1/k be the s p a t i a l s c a l e of the t u r b u l e n t f i e l d , so the 

c u r r e n t a s soc ia ted with i t i s 

3=%n*b • ( 2 0 ) 

The d i s s i p a t i o n due to j i s 
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The mean field and the mean field current j m have a similar re la t ionship , but 

with the macroscopic spat ial scale a. Therefore 

^ = k 2 a 2 4 • < 2 2> 
r j m Bm 

If (ka) i s l a r g e , then the assumption i s v a l i d . 

F i n a l l y , cons ider the assumption t h a t the h e l i c i t y and the energy 

t r a n s p o r t a r e d i f f e r e n t i a l . There a r e two reasons for making t h i s 

assumption. F i r s t , i f ka, the r a t i o of the macroscopic to the t u r b u l e n t 

s p a t i a l s c a l e , i s l a r g e , then i t i s p l a u s i b l e t h a t the t u r b u l e n t f i e l d i s 

coheren t only in small r e g i o n s . This impl ies only ne ighbor ing macroscopic 

reg ions can in f luence each o t h e r , which i s e q u i v a l e n t tc saying the t r a n s p o r t 

i s d i f f e r e n t i a l . The second reason ig one of convenience . TO avoid 

unphys ica l r e s u l t s , conse rva t i on laws a r e r equ i red for h e l i c i t y and energy. 

The s i m p l e s t n o n t r i v i a l form for these laws i s d i f f e r e n t i a l . 

VI. MODIFICATION TO OHM'S LAW 

In t h i s s e c t i o n only t he mean f i e l d s w i l l be cons ide red . Therefore , the 

s u b s c r i p t ai w i l l be dropped to s impl i fy the n o t a t i o n . The equa t ion , which i s 

r e q u i r e d , i s the mean f i e l d Ohm's law. Prom Sec. I I , we know the Ohm's law i s 

of the form 

+ v + + 
E + - x B = R ( 2 3 ) 

with only R. being of interest. 



Consider f i r s t R t , the contribution of the turbulence to R([ . By 

assumption the turbulence should not destroy hel ic i ty only transport i t . 
+ + + 

Therefore, Rfc must be of form such that R,. • B integrated over any volume 
+ 

becomes a surface integral . This means, Rfc must have the form 

R = -S- V • h . (24) 

The second assumption is that the turbulence can enhance the field energy 

dissipation. In other words, i t must always dissipate field energy and never 
+ + 

create i t . This means that the volume integral of j • Rfc must be the sum of a 

positive definit ive volume integral plus a surface term. Using Bq. (24) 

/ J . S A - - / £ . v(ii)a3x + / h. £ . d j . ( 2 5 ) 

therefore h, the helicity flux, must have the form 

h = -X V _ (26) 

with X > 0. In summary, the turbulent contribution to Ohm's law has the form 

Itie additional field energy dissipation due to the turbulence i s *( ' j j /B) and 

the field energy flux due to the turbulence i s (jj/B)X 7( j j /B) . 

In addi t i r r to the turbulence contribution to B, the plasma r e s i s t i v i t y 

also contributes. That i s , we expect 



10 

R(( = Rfc + I , ? , , . (2a) 

Since the tu rbu lence i s assumed no t to enhance the h e l i c i t y d i s s i p a t i o n , 1^ 

should be the c l a s s i c a l , S p i t z e r v a l u e . 

V. DISCUSSION 

The most important d i f f e r e n c e between the t rea tment of t h i s paper and 

o the r t r ea tmen t s of the mean f i e l d Ohm's l a w 1 ' i s the i n c l u s i o n of 

conse rva t ion laws for f i e l d energy and h e l i c i t y . In the conven t iona l alpha 

e f f e c t , the t u r b u l e n t medium can e i t h e r c r e a t e or d i a a i p a t e mean f i e l d energy 

and h e l i c i t y . The fundamental conse rva t ion laws only a r i s e through the 

d f i t a i l s of the e v a l u a t i o n of a l p h a . 

The a p p l i c a t i o n of the proposed form for Ohm's law to the dynamo ac t i on 

of the reversed f i e l d pinch plasma confinement device i s obvious us ing 

T a y l o r ' s theory of the d e v i c e . If \ » PB a wi th a the plasma r ad iu s and B 

a t y p i c a l value of the f i e l d s t r e n g t h , then the propoaed Ohm's law reduces the 

f i e l d energy while conserving the h e l i c i t y in a reg ion con ta in ing fixed 

t o r o i d a l f lux . Thia i s t he energy minimizat ion p r i n c i p l e used by Tay lo r . 

The a p p l i c a t i o n of the proposed Ohm's law to the E a r t h ' s dynamo i 3 l e s s 

obvious . However, Cowling 's proof of the absence of an axisymroetric dynamo 

does no t apply wi th the proposed mean f i e l d Ohm's law. 
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