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I l • INTRODUCTION 

Let T(t), t ~ 0, be a strongly continuous semigroup of botinded 

linear operators in the Banach space X with infinitesimal generator A 

and let -f be a continuous X-valued function on (0, oo). It is well-known 

·that without some restrictions on the semigroup T(t), t ~ 0, or the 

continuous func~ion f, the weak solution 

v(t) = T(t)x + J6 T(t-s)f(s)ds, ( 1 • 1 ) 

need not be a strong solution of the inhomogeneous linear differential 

· equation 

du(t)/dt = Au(t) + f(t) 

u(O) = X. 
(1.2) 

. . . . ~·. 

R~ Phillips [6] has shown that if x E D(A) and f is continuou~ly 

differentiable, then the weak solution {1.1) is the unique strong solution 

of (1.2). The condition that f be continuously differentiable can be 

weakened by requiring further conditions on the strongly continuous,semi­

group T(t), t ~ 0. For example, it is known [4] that (1.1) is a strong 

solution of (1.2) for every Holder continuous function f if T(t), t ~ 0, 

is holomorphic. Webb [8] has established that T(t) XC D(A) fort> 0 is 

a sufficient condition for a weak solution to be a strong solution for 

every continuous function of bounded variation-. Beirao n·a Veiga--fias 

recently shown [1] that in a reflexive Banach space X, the condition T{t)X 

C D{A) for t > 0 is not needed.· That is, if x E D{A) and f is a continuous 
-function of bounded variation, then· the.weak solution (1.1) is a strong 

soluticin of (1.2) . 
. ---·-~----~- I 
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Our objective in this paper is to characterize the class of strongly 

continuous semi groups for vhich a v1eak solution of equation (1.2) is a 

stt·ong solution 1·::1e;; f £ C([o,r];X). He demonstrate that (1.1) is a 

strong solution of (l .1) for every continuous function f if a~d only if 

the semigroup T(t), t ~ 0, is of bounded semivariation. 

2. OPERATORS OF BOUNDED S01IVARIATION 

Given a closed interval [a,b] of the real line, a subdivision of 

[a,b] is a finite sequenced: a= d0 < d1 < ••• < d =b. Let D[a,b] n 

denote the set of all subdivisions of [a,b], and X and Y be Banach spaces. 

For a: [a,b] + L{X;Y) and d £ ~[a,b], define 

= sup~il .I [a(d.)- O'.(d. l)]x. ujx .. , £X, llx,.ll,;;;; l}' 
l i=l 1 1- 1 

and 

We say a is of bounded semivariation (see [3]) if SV[a] < ro 

It fo ll m'is from 

n 
,;;;; l. ll~(di)- a(d

1
._

1
)11 

i =l 



that the concept of bounded semivariation is an exten~ion of the concept 

/ of bounded var.i ati on. For functions, the concepts .of bounded semi variation 
I 

and bounded var·iation are equivalent. In fact,· if f: [a,b] ->- X c L(X 1 ;C) 

and < ·, ·> is the pairing between X and X 1 
, then 

= supfll I 
i =1 

= 
n 
I llf(di) 

i =1 

< f ( d . ) - f ( d . 1 ) ' X . > I I X • £ X I ' I! X .II ~ 1 } 
. .1 . . 1 - 1 1 . 1 

f(di-1)11 

The following proposition is stated without proof. 
fiQPOSitio.l_ 2.1 (Honi_g_)_ 

If a: [a,b] + L(X;Y) is. of bounded semivariation and f: [a,b] + X is 

continuous, then the Riernann-Stieltjes integnl.l Jb da(s)f(s) exists. 
. a .. 

Lemma 2.1 -------
If a: [o,r] + L(X;Y) is of bounded semivariation, a(t) is strongly 

continuous at t - 0, and f:[o,r] +X is continuous, th~n 

t 
lim + f d o:(s) f(s) = 0 
t ->- 0 0 

·-

' . i 



3. REGULARITY OF SOLUTIONS 

When F is the cl~ss of H~lder continuous functions, Crandall and 

Pazy [2] demonstrate that 

(i) T(t)X c D(A) for t > 0 

(-ii) lim tPIIAT(t)ll < oo for all p > l , 
t->-o+ 

~e n~cessary and suffic.ient conditions on the ser:nigroup T(t) to assure 

that the function (l.l) is a strongsolution of the Cauchy problem (1.2) 

for every f £ F. Our principal result will be to establish bounded 

semivariation as a necessary and sufficient condition on the semigroup 

T(t), t ~ 0, to assure that (1.1) is a strong solution of (1.2) when F 
... 

is the class of continuous functions. We first establish some necessary 

1 emmas. 

Le1i1rna 3. T 

Iff is continuous and T(·) is of bounded semivariation on [o,1~], 

then fort £ [o,r], 

Jt T(t-s)f(s)ds E D(A) 
0 . 

(3."1) 

and 

i ,. 
I 

: 
i . 



t t . . 

A J T(t-s)f(s)cts = J( dsT(t-s)f(s) 
0 0 . 

(3.2) 

Under the assumptions on f and T(·), it follows from Proposition 2.1 
t . 

integ1~a1 1 d
5 
T(t-s)f(s) exists. For a fixed 

"t 0 

that the Riemann-Stieltjes 

n positive integer n, let di = ~' Hhere i = 0, 1 , ... , n. Define 

gn(s) = T(t-s)f(d~) for d~-l < s ~ d~ and gn(o) = T(t)f(o). Since the 

_seque.nce {gn} is un"iformly bounded and converges to T(t-s)f(s) on [o,t], 

t t 
lim J gn(s)ds = 1 T(t-s)f(s)ds 
n-)<.0 o o 

Since It g
11

(s)ds. e: D(A) and 
0 . 

A it g (s)ds = 
o n . 

n 
I [T(t-d~) ~ T(t-d~_,)]f(d~) 

i=l 

t . 
->- [ d T(t-s)f(s) 

0 s 

(3.1) and (3.2) follow from the closedness 6f A. 

Lemma 3.2 

(3.3) 

(3.4) 

Iff is continuous and T(·) is of bounded semivariation on [o,r], 
t 

then 1 cl5T(t-s)f(s) is continuous in ton [o,r]. 
0 . 



-· ... 

Proof 

Assume 0 ~ t < r and 0 < 6 t, and observe that 

t+L1t t . t 

i d5T(t+L1t-s)f(s) -1 d
5
T(t-s)f(s) = [T(L1t) - Ilj d

5
T(t-s)f(s) 

0 0 . . 0 

L1t 
. +fa dsT(t-s)f(t+L1t-s) . 

Si nee it follows from Lemma 2.1 that 

lit 
lim+ !a dsT(t-s)f(t+L1t-s) = o, 

lit ->- 0 

t 

continuity of J., d T(t-s)f(s) from the right is a consequence of the .fact: 
0 s . 

that li~ [T(h) - I)x = 0 for all x E X . 
. + 

h->0 

To show continuity from the left, let 0 < t ~ r and 0 < L1 t. . Then 

Lt lt-L1t . 
dsT(t-s)f(s) - · dsT(t-L1t-s)f(s) 

0 . 0 

t-t::.t . . t 
· = l d T(t-Lit-s)(T(t::.t) - I)f(s) + 1 d T(t-s)f(s) 

S • At s 0 · t-o 

rt-Lit . rt::.t . 
· = ~ . dsT(~)(T(llt) - I)f(t-t::.t-s) + J dsT(s)f(t-s) . 

0 . . . 0 



1- --

S·ince 

rt-t~t 
11)

0 

dsT(s)(T(L\t) -- I)f(t-Llt-s)ll ~ SV[T(·)J.~~<t--L'lt II(T(Llt)- I)f(s)l! 

.and 

t-.t 
1 i m + J . d s T ( s ) f (-t- s) = 0 

bt + 0 0 

continuity from the left follov-1s from the uniform continu-ity of f on [o,r] 

_and the fact that lim (T(h) - I)z = 0 uniformly for z in a compact subset 
h-->-o+ 

of X. 

Proposition 3.1 

The function (1.1) is a strong solution of the Cauchy problem (1.2) 

for every continuous function f if and only if T(·) is of bounded semi~ 

variation on [o,r]. 

Proof 

It is easily shovm (Pa.zy [5]) tho.t the \·:eak solut·ion v defined by ·(1.1) 

is a strong solution of (1.2) if and only if v(t) E D(A) and Av(t) is 

continuous on [o,r]. Iff is continuous and T(~) of bounded ~emivariation 

on [o,r], then these conclit·ions are satisfied by virtue of Lemmas 3.1 

and 3.2. 

To demonstrate the necessity of the assumption that T(·) he of bounded 

semivariation on [o,r], assume SV[T(·)] = 0 on [o,r] a~d define the bounded 

1inearoperator_.L: C([o,r]; X)->- X by L(f) = Jr T(r-s)f(s)ds. 
0 .. 

j 
. ' 



Since every weak solution is a strong solution, L(.f) r: D(A) fot· every 

continuous f. It follows from the closedness of A and the boundedness. 

of L that AL: C([o,r]; X) ~X is bounded: Since SV[T(·)J = ro, there 

exists a sequence dn E D such 

~d (t) = f(d~) if d~-1 
n 

· . Define 

. l 
that svd [T(·)] >Nand Adn < N· 

n 
< t < d~ and define 

1 

~ 11 (f)_ = (r T(r-s)fd (s)ds . 
Jo n · 

Since AL (f) + AL(f) for fixed f E C([o,r]; X), it follows frrnn the Banach-. n 

Steinhaus theorem that there exists f!j such that IIAL II < r·1 for all n ~ l. n . 

Gut 

Thus 

IIALn(f)ll = 11/l. (r T(r-s)fd (s)dsll 
Jo n 

= II 

n 
=II I [T(r-d~) - T(r-d~_ 1 )]f(d~)ll i=l 

The proof will be complete if we show that for fixed d - {S.}£0,, 
1 



sup{u I [T(r-s.)- T(r-~ 1< 1 ).Jf(s .. 
1
)llllfEC([o,r]; X); llfll ~ i} 

l i = 1 l 

That 

follov1s easily. To see the converse, for fixed but arbitrary xi£ X; 

i = l, .•. ., n, llx;ll ~ l, ,define f(s) = (l->.)x1_1 + t..x1 for 

s = (1->.)si-J + ),si' 0 < >. ~ l. Then 

The result now follows. 

The characterization of strongly continuous semigroups of bounded 

semivariation remains an open question. However, we cai establish some 

partial results in this direction. 

Lemma 3.3 

..... 

A necessary condit·ion for a strongly continuous se:nigroup T( ·) to be o.f 

bounded semivariation on [o,r] is that T(t)X c D(A) for t > 0. 



It suffi.ces to prove th.at T(t)X c D(A) for· t c (_o,r) since 

T(t
0

)X c D(A) implies T(t)X c D(A) fort~ t
0

• Suppose there exist 

x
0 

E: X and t
0 

E: (o,r) such that T(t
0

)x0 i D(A) and consider the Cauchy 

problem u'(t) = Au(t) + f(t), u(o) = 0, where f(s) = T(s)x
0

. The unique 

weak solution of this equation given by. u(t) = tT(t)x
0 

is not a strong 

solution since it is not differentiable at t = t
0

. This is in contraction 

to Proposition 3.1 since f E: C([o,r]; X). 

·Lemilla 3.4 

If a strongly coritinuous semigroup is of bounded semivariation on 

[o,r], r > 0, then it is of bounded semivariation on [o,a] for any a > 0. 

Pl'OOf -

·If a> 1~, then it is easily established that 

SV[o,a] [T(·)J ~ SV[o,r] [T(·)] + SV[r,a] [T(·)] . 

As a consequence of Lemma 3.3, T(t), t ~ 0, is continuously differentiable 

in the uniformly operator topology for t > 0, and, consequently, since 

r > 0, the1·e exists f'1 > 0 such that IIT'(s)ll ~ ~1 for s c: [r,a]. Thus if 

{d.} is a subdivision of [r,a] and 
1 

II X .II ~ l ' 
1. 



1: 

then 

d. 

=II .~ J l ·- L T•(s)xidsll:.;; H{a-r) . 
l==l di-1 

It follows that SV[r,a] [T(·)] < oo,. and validity of the lemma is established. 

He can thus define a strongly continuous semigroup to be of bounded 

semivariation if it is of bounded s~nivariation on some, and hence a11, 

intervals of the fOr'nJ [o,r], r > 0. Oul~ next proposition characterizes 

strongly continuous groups of bounded semivariation. 

Pro.Qosition 3.2 

· A strongly continuous group is of bounded semivariation if and only 

if its infinitesimal g~nerator is bounded. 

Proof 

Let A denote the infinitesimal generator of a strongly continuous 

group T(t), t E R, and assume A is bounded. Then for arbitrary d E D[-r,r], 

II 

n 
== II I 

i==l 

n jsi 
l. ' i==l s. 1-1 

imp-lying that T(·) is of b-ounded semivariation on [-r,r]. 



.-

~·. 

To prove the converse, suppose T(t), t E R, is of bounded semivariation. 

13y Lemma 3.3, T(t)X c D(.A) for t :> 0. Thus for x E X and t f 0, 0 . 

x = T(o)x = T(t
0

)T(-t
0

)x E D(A), implying that D(A) =X. The boundedness 

of A now follows from the closed graph theorem. 

Corollary 3.1 

Suppose the oper~tor A in equation (l .1) is the infinitesimal generator 

of a strongly continuous group. then a weak solution of (1.1) is a strong 

.solution for every continuous function f if and only if A is bounded. 
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