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Similarities between fluidization and sedimentation have been

recognized for decades, and it is even common practice to estimate the

solids holdup in the particulate regions of the fluidization beds using

expressions developed for describing rates of particulate sedimentation.

The most frequently used expression is that of Richardson and Zaki.

This equation has a simple form and predicts for suspensions of uniform

particles sedimentation rates that are proportional to the Stokes

settling velocities at infinite dilution and proportional to the void

fraction raised to an exponent between 2 and 5. The value of the=

exponent depends upon the Reynold's number for the settling partic).es.

However, recent measurements have shown that this relation does not

always give an accurate description of the sllp velocities or the solid

holdup in particulate fluidized beds. The Richardson and Zaki equation

predicts slip velocities between the fluid and the particles that are

usually too high; this means that the predicted solids holdup is often

lower than those measured experimentally.

I

This paper incorporates concepts of unlmodal and bimodal

, sedimentation to develop a model that accurately predicts bed expansion

during particulate fluidization. During bed expansion a particle is

considered to be fluidized not by the pure fluid, but by a slurry

consisting of the pure fluid and other surrounding particles. The

contributions of the other surrounding particles to the additional

ii
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buoyant and drag forces are accounted for with the use of effective

fluid or slurry properties, density and viscosity. As bed expansion

proceeds, influences of the surrounding particles decrease; therefore,

these effective properties are functions of the changing void frac1:ion

- of the suspension. Furthermore, the expansion index, which empirically

represents the degree to which viscous and inertial forces are present,

is traditionally a function of a constant terminal Reyuold's number.

Because the effective fluid properties are considered to be changing as

fluidization proceeds, the degree to which viscous and iner=ial forces

also changes; therefore, the expansion index is written as a function of

a local or intermediate Reynold's number. These concepts are further

extended to bimodal fluidization in which small or light particles aid
_

in the fluidization of the large or heavy particles. The results

_

indicate that the proposed model more accurately predicts particulate

"- bed expansion for awider range of systems (gas - liquid, low Reynold's

number - high Reynold's number) than other analytical or empirical

models.

L
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CHAPTER I

• INTEODUCTION

Charles E. Robinson pioneered the technique of fluidization and

sedimentation more than a century ago. I Researchers in petroleum

refining, waste water treatment, chemical separations, mineral ore

mining, etc. have elaborated on his efforts. Fluidizing technology has

- been used on a large scale since 1942. Early applications were applied

to the catalytic cracking of high boiling petroleum fractions.

,_ Currently, fluidization and sedimentation technologies are being applied

to an increasing number of new application; however, process design is

based on past experience and a limited undersuanding of the fundamental

J

relationshlps, z This study investigates one promising path to a better

unified understanding of fluidization and sedimentation phenomena which--

are very important in much of the same process industries.
--

Fluidization and sedimentation both involve drag and gravitational

forces acting on particleswithin a suspension. During fluidization of

a suspension with a constant fluid flow, particles exhibit a random
_J

motion with a net vertical velocity of zero. Particles produce an

additional drag on other particles and result in an apparent viscosity

of the suspension greater than the viscosity of the fluid. Conversely,

during sedimentation of a unimodal (unlformparticle size) suspension

1
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with no applied fluid flow, the downward movement of particles has been

observed to be uniform and constant. 3 Particle - particle interactions

are thus limited to restrictions in flow be_een particles, drag effects

are not influenced by direct particle - particle interactions, and the

apparent viscosity affecting particles of the suspension is that of the

fluid. For a multimodal suspension, this does not appear to be true. 3

Particle - particle interactions do occur as larger particles s_ttle

past the slower settling smaller particles and thus the smaller

particles contribute to the apparent slurry viscosity as "seen" by the
L

larger particles. As in fluidization, these particle interactions

produce an additional drag and result in an apparent viscosity affecting

particles of the suspension greater than the viscosity of the fluid.

Although fluidization and sedimentation have some differences,

they can be described by similar relationships. Investigators in the

past have developed models that apply to both fluidization and

sedimentation; however, these models usually ignored sona_ differences

between the _wo phenomena. Attempts have been made by Richardson and

Zaki,* Zhang Fan, 5 Stelnour, s Foscolo 7 and others to model fluidized bed

expansion anJ settling; however, their models have limited applications

and are subject to errar. Much of the errors exist due to a failure to

account for the difference between sedimentation and fluidization.

Problems associated with the previously developed models are

indicated when they under-predict fluidization velocities for liquid -

solid systems 5 and over-predict fluidization velocities for gas - solid

2



systems e at given void fractions. Although these models may be accurate

for select cases, they do not apply over a range of systems (gas -

solid, liquid - solid) and a large range of flow regimes (Reyuold'st

Nwnber).

_

The goal of this study was Co extend a sedimentation model for

application to fluidization. A theoretical model for sedimentation of

bimodal suspensions developed by Sho__ and Watson 3 is used as the

foundation of the research, The Shot and Watson relationship accounts

",- for the previously mentioned apparent fluid properties and accurately
II

predicts sedimen_atlon velocities for bimodal suspensions. In this

paper, the Shor and Watson relationship is altered to describe

fluldlzation of unlmodal suspensions. The relationship is then extended

- 'Co describe fluidlzatlon of bimodal suspensions.

h.



- CHAPTEI¢ II

LITERATUEE EEVIEW

This study investigates both fluidization and sedimentation, and

literature for both topics is reviewed. Some relationships for

predicting voldages and v_locltles have been derived by the

- incorporation of effective fluid / particle properties into traditional

fluidization or sedimentation equations. Others models have been

derived by strictly empirical means. Both sedimentation and

fluidization relationships, empirical and analytical, have contributed,

to the development of models that predict voldage and fluidization

_ velocities in unimodal, as well as multimodal, beds.

TERMINAL VELOCITY

"Terminal velocity" is the rate at which a single particle will_

settle in a large body _f quiescent fluid. A particle allowed to free

= fall will accelerate and reach its terminal velocity when the drag

forces exerted on the particle by the fluid (gas or liquid) are balanced

by the gravitatlonal/buoyant forces.

5



effective drag +

gravitational - buoyancy

force forces

v

Settling of a single particle can be categorized by three regions'

Stokes (or creeping flow), intermediate (or transition), and inertial.

The regionwhich best describes a particle's settlin_ phenomena depends

on the Reynold's number, the ratio of the inertial to the viscous

forces. Particles in the Stokes region are characterized by relatively

low or creeping flow conditions. Inertial effects from the fluid

accelerating around the particle are not significant and viscous forces

predominate. Particles in the inertial region are characterized by

relatively high settling rates and large particle diameters. In this

region the fluid accelerates rapidly around the particle's outer surface

contributing to inertial effects. Viscous forces are less significant.

Particles in the intermediate region, as expected, exhibit both inertial

and viscous effects, characterizing the transition between the Stokes

and inertial region. A plot of drag coefficient versus Reynold's number

shows that the Stokes region exists below a Reynold's number of 0.3, the

intermediate region exists between Reynold's numbers of 0.3 and I000,

and the inertial region exists above a Reynold's number of i000. °

Because different fluid dynamic forces are more important in

certain regions than in others, there must exist three separate

relationships to describe the terminal velocity. These tl,ree

relationships have been developed to describe settling in the separate

6



I

regions in terms of the drag coefficieut for spherical particles. _

vc . [4gDp(pp.pz)/(3PfCD ) ]_/2 C1)

. where

- g- gravitational acceleration

Dp- particle diameter

pp - particle density

pf - fluid density

CD - drag coefficient

q

The drag coefficient for the Stokes region is given by

CD - 24/qLe t (2)

Substituting equation 2 into i results in the terminal velocity for a

particle in the Stokes region.

Vt - Dp2(pp-pf)g/(18#f) (3)

where
T

Pz " fluid viscosity

Similarly, for the intermediate region, the drag coefficient is

approximately

_ CD - 18.5/Ret°'e (4)

7
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Substitution of equation 4 into 1 yields the terminal settling velocity

for a single particle in the intermediate or transition region.

Vt - (O.0721gDp _'s(pp-p=)/(p°'sp°'*))°'Tt*3 (5)

Finally, the drag coefficient for the inertial region remains

approximately constant at 0.44. As a result the terminal velocity in

this region Is defined as

Vt - 1.74(gDp(pp-pz)/pz) _/2 (6)

~

SEDIMENTATION

Sedimentation is characterized by the downward movement of

particles of a suspension relative to a stationary container. In dilute

systems, the settling rate will approach the terminal velocity.

Settling rates in more concentrated systems will be slowed by the

presence of other particles; this is often called "hindered settling."

The "hindering" In concentrated systems results from two effects.

First, the drag is increased because near-by particles constrict the ,,

flow field around a particle and increase the velocit 7 gradient.

Second, the settling particles displace fluid, and there is a net upward

fluid velocity equivalent to the volumetric downward flow of the

settling particles. Unlmodal suspensions appear to settle with little

particle - particle contact. 3 The settling particles are affected by ,_

8



the upward fluid flow, the density of the suspension, and the hindered
_

flow between particles. In most difficult sedimentation cases inertial

effects are more likely to be negligible and viscous effects are more

likely to be predominate. During sedimentation of bimodal suspension,

the faster settling particles descend past other slower settling

particles as well as displace fluid. As a result, these faster settling

particles are affected by both the fluid and the presence of the smaller

particles.

Unimoda_ Sedimentatio n

--

Robinson, in 1926, investigated settling velocities of suspensions

of very small particles in a viscous fluid. I° He modified Stoke's Law n

to p_edict the settling rate, Vo, of fine uniformly sized particles.

_

= Vo " Dp2K(Pp"P,u, )g/P,u, (7)

where

K - constant

Psus " average density of suspension

= #,u, " viscosity of suspension

--

This equation yields a settling rate as a function of the suspension

viscosity and density. He assumed that the settling particles are

affected more by a slurry of particles than by the pure fluid;

therefore, the driving force for settling is not the difference between

9



the particle and fluid specific gravity, buc the difference between the

particle and slurry specific gravity.

Steinour, in 1944, adapted the equation for the effective

gravitational force of a single particle in an infinite medium to

compensate for the effects of concentration in a suspension. 8

Fs " wDp3(pp-Psus)g¢c/6 (8) -

where

c - void fraction

- sphericity

Phi (_) was inserted into the equation, to account for the geometry and

size of the spaces available for fluid flow. Inserting this relation

into Stoke's Law yields the following slip veloclty, or, the velocity of

the particle relative to the fluid.

Vm - Dp2(pp-psu,)g_c/(18_f) (9)

Since the free space available for flow is c, the fluid velocity around

the particles relative to the wall is"

Vo(l-c)/c

v. - Vo+Vo(l-c)/¢- Vo/c (i0)

Pp'P,u," pp-{pp(l-_)+pf_) - c(pp-pf) (ii)

i0



Steinour performed experiments with tapioca in oil, applied the above

relationships, and arrived ac the following conclusion.

_, _- I0"1"8zcI-_ (12)

- Therefore,

- Vo - _2Dp2(pp-pz)gl0"1"s2(1"')/(18_z) (13)

where

, V_ - superficial settling velocity

Although Stelnour's approach has logic, his expression for _e is largely

empirical. It applies only to sedimentation and is limited to unimodal

suspensions.

J

In 1954 Richardson and Zakl derived a relatlonshipfor superficial

fluid veloclty which has been applled to both fluldlzatlon and

sedimentation.*

,

Vo - Vtz" (14)

where

- Vt - terminal settling velocity

n - 4.65+19.5d/D Re t < 0.2 (15)

n - (4.35+17.bd/D)Ret "°'°3 0.2 < Re t < 1.0 (16)

n - (4.45+I8d/D)R% "°'I 1.0 < Re t < 200 (17)

n - 4.45Ret -°'I 200 < Re t < 500 (18)

n - 2.39 500 < Re t (19)

_

ii



This equation can be easily manipulated and substituted into material

balance relations to yield various other useful forms of the Richardson __

and Zakl model. Slip velocity is defined as the velocity of the

particle relative to the fluid. Therefore, if the particle's net

movement is zero, then the slip velocity is the sum of the superflcial

inlet fluid velocity (Vo) and the displaced fluid velocity (Va).

V, - Vo+Vd (20)

Substituting the Richardson and Zaki equation into equation 20 yields

the following.

V, - Vtc"+Vd (21)

Solving a material balance on a finite section of a fluidization column,

Vd¢- (l-c)V o (22)

Vd- (l'c)Vo/_ (23)

Substituting the original form Richardson and Zaki equation into

equation 18,

Vd- (l-_)c"Vt/c (24)

Finally, subst_.tuting equation 24 into equation 21, and rearranging

results in an equation for slip velocity as a function of void fraction

_
_

12



- and terminal settling velocity.

, V,- Vtcm+Vtc"(l-c)/c (25)

V, - Vtc"(l+(l-c)/_) (26)

- V,/V_- cn(l/c) (27)

Va/Vt ,. _(n-Z) (28)

!

Equations 14 and 28 are very effective for predicting settling rates in

unimodal liquid systems. Furthermore, when combined with equations 15 -

19, equations 14 and 28 yield reasonably good predictions for a number

of different unimodal systems. However, the model does not accurately

predict settling velocities for bimodal systems. This is because the

model Was developed based on particle behavior in the presence of a pure

fluid. In unimodal sedimentation, the settling particles appear to

- descend uniformly and without significant particle - particle

interactions; therefore, the drag associated with a settling particle

results from the fluid - particle contact. Significant interactions

with other surrounding particl_s would greatly influence the drag on a

suspended particle.

-

Bimodal Sedimentation

In 1979, Hirza and Richardson applied the Richardson and Zakl

equation to bimodal suspensions and developed an equation to predict the-

settling velocity of the larger particles as they descend and displace

13



smaller particles. _

ro.- vt,(_"'_)(l-c,)- v_b(c"'_)(cb) (29)

where

Vo.- settling velocity of large particles

Vr. - terminal valocity of large particles

V_- terminal velocity of small particles

Ca - solid concentration of large particles

Cb - solid concentration of sma) l particles
_

This relationship is a result of a material balance between the settling

particles and the displaced fluid. Although this was an improvement

since it took into account, by a material balance, the displaced fluid

as well as the displaced smaller particles, there appear to be other

factors which influence the settling rate of the larger partlcleu. The

equation tended to over-predlct settling rates for the larger particles.

During sedimentation of bimodal suspensions, the settling

particles appear to be influenced by their movement relative to the

other particles. The drag on a settling particle is due, not only to

the displaced fluid, but to the displaced particles. Consequently, the

Richardson and Zaki equation applied to bimodal systems over-predlcts

settling velocities. That is, the Richardson and Zaki model does not _-

account for particles - particle interaction or hinderance during

settling.

14



- In 1983, Selim modified the Mirza and Richardson equation by

incorporating an effective density of a slurry to account for hindered

settling. 13 The fluid density is redefined to reflect its effect on the

_ larger settling particles; therefore, the effective density is written

- as a weighted volume average concentration of the fluid and the smaller

particles as if the larger particles were not present.

_ P,tt" (PbCb+Pt¢)/(I'Ca) (30)

where

- Pb " density of small particles

The density of the fluid in the Stokes equation becomes the density of a

slurry.

- Vt - Dp2(pp-petf)g/(18#z) (31)

where

pp - density of the settling particle

p®_ - effective density of the settling slurry

This is a notable improvement to the original Mlrza and Richardson

equation and gives excellent predictionof available blmodal settling

data, but its unequal account for buoyant force contributions by all the

particles doesn't look theoretically sound. The pressure gradient

across a suspension isequlvalent to the effective density and all

- particles contribute to the effective pressure. In other words, all

particles contribute to the effective buoyant force which oppose the

15
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gravitational force. In addition, Selim's relationship is inaccurate

for bimodal suspension of closely sized particles. It does not

quantitatively account for the difference in particle density or size;

therefore, it treats bimodal systems with larser differences in particle E

sizes the same way lt treats systems small differences in particle

sizes. Consequently, application of the Selim relationship to a

suspension of a continuous distribution would yield inaccurate results.

In 1990, Shor and Watson proposed to modify the Mirza and

Richardson model in a different manner by incorporating an effective

viscosity into the terminal settling velocity equation. 3 This was done

as an alternative to the density correction proposed by Selim in order

to account for the hindered settling of bimodal suspensions. They

assumed that the effective density came from all particles and its

effects were already incorporated in the Richardson and Zakl equation

for unimodal systems. The resulting terminal velocity may be written as

J

Vs.- Dp2(pa-Pt)g/(18Po_t) (32) "

where

Pa " density of large particle

p

Po:_" effective viscosity of slurry

In 1911 Einstein derived a equation for the viscosity of a

suspension as a function of the fluid viscosity and the solids

fraction. I* Unfortunately, this relationship holds only for dilute

stages of sedimentation.

16



Pezt" _(1+2.5C) (33)

where
_

C - volume fraction of solids

i_

At large void fractions (0.9 < c < 1.0), the solids concentration is

approximately zero and the effective viscosity of the suspension
--_

approaches the actual fluid viscosity. E_wever, this equation indicates
_

that the effective viscosity dependence on solids concentration is
_

_ linear over the entire solid concentrations range. This is not the case

for void fractions approaching minimum fluidization and ultimately at

static bed conditions. At void f_action nearing the static bed voidage,

the slurry appears more rigid and the viscosity should approach

infinity.

Tlng and Luebbers in 1957 dev_loped a similar relationship for

viscosity accurate over a much wider range of solid fractlons. 15

-

_.zf " _f(0.464+0.21C)/(0.464-0.78C) (34)
-_

In dilute sedimentation there is little difference between this and the=

-- Einstein relationship. Both equations appear linear with a slope of

2.5. The dlstinction between the _wo relationships arises at large

solid fraction. As the solid concentration approaches a value of 0.595,

an approximate solids concentration for a settled bed of spheres, the

- denominator of the Ting and Luebbers equation approaches zero and

effective viscosity approaches infinity. The res_!t is a semiemperical

_ 17
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equation that accurately describes the effective slurry viscosity over a _.

much broader range of solid fractions.

Shor and Watson chose to incorporated the Ting and Luebbers
_

correlation to represent the effective viscosity of the suspension. The

large particles are expected to have little effect on the slurry

viscosity, but the smaller particles are expected to have significant

effects on the slurry viscosity. As a result, Shor and Watson proposed
e

that the contribution of each size fraction is a function of the

relative motion between the large and small particles. The solids

concentration is thus defined to account for the relative contributions

of the different size particles to the slurry viscosity; therefore, the

solids concentration for use in the Ting and Luebbers equations is "

written as follows.

cb' - o_(1-v_,.) (35)

Shot and Watson incorporated the Ting and Luebbers correlation with the

effective solids concentration into the equation for termi;ml velocity

in the Stokes region to arrive at a slight modification of the Mlrza and

Richardson relationship.

Comparison with experimental results indicated that this equation was

accurate for sedimentation of suspensions having paz_icles of different

18
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- densities, as well as different diameters. Upon analyzing new data, it

was found that the terminal velocities of the large particles at

infinite dilution corresponded to Reynold's numbers of approximately 30,

a value well within the intermediate or transition region. Under those

conditions, inertial forces are significant and the viscosity has less

- of an influence in the transition region (0.3 < Re < I000) than in the

Stokes or creeping flow region (Re < 0.3). Therefore, the dependency of

the fluid propertieson the terminal settling velocity was determined by
--

expandingequation 5.

Vt - O. 1528g°'TZ43DpZ" z4ze(p,. p_) o.7z43/(p o.42eepfO.=e57) ( 37 )

This relationship was applied tw the Mirza and Richardson equation and

resulted in an equanion for settling in the intermediate region.

Vo, - Vt...(""'l"Tz*s) (l-C,) (p¢//_,¢z)°'*z"6(pt/po¢¢) °'=ss7 (38)

( (P='Pef._)/(Pa'Pf))0"71*3 . ,Vt.b(t:_n-Z.7143) (Cb)

The density ratio factor accounts for the effective density of the

slurry accelerating around the settling particle's outer surface.

Because the larger settling particles descend and displace the fluid and

the smaller particles, the effective density is equivalent to the

weighted volume average concentration of the suspension as if the larger

particles were not present. That is, the density of the fluidizing

_ media has properties of a slurry containing the pure fluid and the

smaller particles. This is identical to the effective density proposed

19



by Sellm, but it is used in the inertial term.

P.Zf " (PbCb+PZc)/(l'C.) (30)

The ratio of the density differences accounts for the effective buoyancy

forces of the slurry on a particle of the suspension. As described

previously, the pressure gradient is equivalent to the density

difference. Furthermore, all particles contribute to the effective

pressure gradient across the suspension, and the settling particles are

opposed by the effect pressure gradient; therefore, the buoyancy forces

should include contributions from all particles of the suspension,

regardless of size. Consequently, the effective density to be used in

the densit_ difference ratio is a weight volume average concentration of

all the components (fluid and particles) of the suspension.

_

O' " Caoa + CbPb+ CPZ (39)

The final Shor and Watson equation, incorporating the effective fluid

properties for the buoyancy, the viscosity, and the accelerating fluid,

accurately predicts settling rates of bimodal suspension as larger

particles descend and displace fluid, as well as smaller particles, in

both the Stokes and transition regions.

20



VOID FRACTION IN PARTI_TE FLUIDIZATION

Fluidization involves the suspension of particles by a fluid

flowing upward. As the superficial inlet fluid velocity, Uo, is

increased above the velocltyrequired for minimum fluidization, Umz, the

--

particles begin a random motion, colliding with other surrounding

particles and, for most gas - solid systems, bubbling occurs. At a

constant superficial inlet velocity, all particles are fluidized in a
m

_ suspension at a constant voidage. In addition, the net vertical

velocity of a single particle is zero. At this point the buoyancy
-

- forces acting on the all particles of the suspension are balanced with

the effective gravitational and drag forces. A continued increase in

flow rate results in bed expansion. Further increases cause the bed

expansion to reach a point of minim_Im bubbling, Uo-U_, and the void

fraction, c, Eemains relatively constant. Finally, beyond the region of

constant voidage, bubbling continues, but the void fraction, ¢,

- increases.

Systems 'which have a relatively large ratio of particle density to

fluid density (llke gases - solids systems) tend to exhibit an early

onset of bubbling. This bubbling results when the particles are

arranged in such a manner that a large proportion of the flow exceeding

that required for minimum fluidization rises through the bed in region

. of large voidages (bubbles). 16 A typical bubbling system would consist

= of a gas flowing through a bed of dense particles (air - steel

bearings). An example of this bubbling phenomena is presented in the

21



Jacob and Weimer data consisting of fine carbon powders fluidized by a _

high pressure gas. 8 This study was directed at cases when fluid flows

are uniform over the width of the suspension with no bubbling.

.

Although most gas fluidized beds are prone to bubbling, liquid

systems are less likely to bubble and can be more easily modelled.

Fluidization wlthou_ bubbles is called partlcula_e fluidization. This

type of fluldizatlon, characteristic of many liquid systems, is the

simplest of all fluldizatlon in that no bubbling occurs and bed

expansion is uniform. Increases in the superficial inlet fluid velocity

produce increases in bed expansion. Ultimately, bed expansion reaches a

point at which the particles are suspended by the fluid with no

particles interaction and the superficial inlet fluid velocity is

equivalent to the suspended particle's terminal velocity.

FLUIDIZATION / SEDIMENTATION COMPARISON

Fluidization and sedimentation have similarities which suggest that

a single descriptive model can be derivedfor both processes

incorporating parameters such as voidage, Reynold's number, particle

diameter, etc. Each phenomena involves the suspension of particles by a

fluid and can be modelled by force balances which account for suitable

drag, buoyancy, and effective gravitational forces. In addition,

starting points for modelling either process may be Stokes Law, the drag

coefficient relationships for the transition region, and/or the
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Richardson and Zakt equation.

Current relationships for fluidization do not always apply to

sedimentation. This can be partially attributed to the different

conditions under which each phenomena most often appears. Most

fluidization occurs in the transition region where both viscous and

inertial effects are important. However, most important sedimentation

cases are in the Stokes region where particle inertial forces become

_ insignificant (viscous forces predominate).

m

L

PARTICULATE FLUIDIZATION

Bed expansion relationships for particulate fluidization are

essential for the design of both liquid and bubbling gaseous systems.

For liquid systems, an accurate model of bed voidage as a function of

_ fluid flow and physlcal properties of the fluid and particles would be

useful in determining a bed height and reactor volume. For a bubbling
t

gaseous system, such a relationship would be useful in determining a

reactor residence time of relatively small particles, and possibly the

gas density in the particulate phase. 17

The linear log - log relationship between settling velocity and

bed voidage proposed by Richardson and Zaki (see Equation 9) has been

used to p_i_<_iictvoidage during fluidization as well as sedlmentation. 4
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Re - Retz n (40)

Although this equation is accurate for predicting settling velocities of

unimodal suspensions, it needs modifications to predict fluidization

velocities in both gas and liquid systems. The model predicts slightly

lower fluidization veloclties_than those observed for liquid systems;

however, it predicts significantly higher fluidization velocities than

thoseobserved for high pressure gas systems. 5,8 The Richardson and

Zaki exponent or expansion index, n, is a function of only the particle

diameter to column diameter ratio and the particle's terminal Reyuold's

number at infinite dilution; therefore, the expansion index remains

constant for a given particle and fluid, regardless of the superficial

inlet fluid flow or the void fraction. These conditions would give a

constant slope of the log (Uo/U_) vs. log(z) plot. lt is apparent from

data of several investigators that the Richardson and Zakl exponent does

not remain constant for a given particle and fluid. 5

In 1977 Garside and Ai-Dibouni analyzed fluidization and

sedimentation data for redefining the Richardson and Zaki equation. 18

They plotted data in the form of the superficial veloclry / terminal

velocity ratio vs. the terminal Reynold's number. They concluded that

the shape of this plot represented a logistic curve and the Richardson

and Zaki exponent should take the form of a logistic equation. The

result was a new correlation for the expansion index to be used in the

Richardson and Zaki equation.
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(nm-n)/(n-n_) - aNR._b (41)

where

n - Richardson and Zaki expansion index.

_ n_R - asymptotic value of n in the turbulent region.

nLa - asymptotic value of n in the laminar region.

- a - constant determined by slope if logistic curve.

The general shape of the curve appears to logistic; however, at the

__ region of inflection the model does not conform to the experimental

results. In addition, the model tends to become less accurate in

modeling behavior at high void fractions.

Foscolo et al in 1983 derived a model which predicts bed expansion

for a wider flow range and all void fractions. This equation applies to

flow conditions with terminal Reynold's numbers between O. 2 and 500.

Uo/U t - { [0. 0777Re t ( 1+0.0194Re t) ¢4.8+1 ]0. _. 1 }/ (0. 0388Re t) (42)-

_

Under the same conditions (particle size and pressure drop) as

Richardson and Zaki, the results are substantially improved (seeFigures

4 and 5). Foscolo's equation was derived from an analytical model. His

equation originates from the Ergun equation for pressure drop in a

packed bed and, thus, incorporates the Hagen-Poiseuille equation for

pressure drop through straight tubes. As expected, because the voldage

is not made up of straight tubes, this alone did not model the true

I characteristics of fluidization. As a result, a factor to correct for
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the various fluid paths was add_ and the equation took the form of the

Blake-Kozeny equation, lt was then assumed that this correction factor

could be replaced wlth a constant tortuosity factor. The results were

substantially improved; however, the tortuoslty factor was largely

empirical.

Zhang Fan in 1985 graphically presented data on twelve unimodal

suspensions and illustrated that there are instances in which the
_

log(Re) vs. log(z) relatlonship exhibits nonlinearity at void fractions

over 0.430. s At a void fraction of I, the experimental terminal

velocity, Us', is theoretically equal to Ut; however, experimental data

yield slightly lower results. A plot of Log(Re) versus Log(vold

fraction) indicates a distinct inflection at_void fractions near 0.9.

Fan et al attempted to model this change in slope by making use of the

classical Richardson and Zaki equation. They determined that entire

curve could be modeled by two linear equations. The first equation

would hold for the portion of the curve below the inflection and the

second for the portion above the inflection. Therefore, through an

empirical regression analysis, Fan determined the point of inflection

and the relationships to be used for the new exponents of the Richardson

and Zakl equation.

nI - 1.90 + 5.46 Log(At) - 2.96 LogZ(Ar) Ar < 21 (43) -

nI - 5.72 - 1.70 Log(At) - 0.27 Log2(Ar) Ar >- 21 (44)

n2 - 4.92 Ar < 7.2 (45)

n2 - 5.11 - 0.Ii Log(Ar) - 0.12 LOg2(Ar) Ar >- 7.2 (46)
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Re_z - Ret2co = (47)

Ret2 - 0,0517 Ar z'°_e'°'°ee hosCAr) (48)

m- 3.02 - 5,46 Log(At) + 2.96 Log2(Ar) 2 < Ar < 7,2 (49)

: m- 3.21 - 5.57 Log(Ar) + 2.84 Log2(Ar) 7.2 <- Ar < 21 (50)

m- 1.59 Log(Ar) - 0,39 Log2(Ar) - 0,61 21 <- Ar < 1600 (51)

Re t - 0.0616 Ar z'°°°'°'°*8 Los(At) (52)

t c - 0.853 - 0.076 Log(Az) + 0.009 LogZ(Ar) (53)

_ Values of nz and n2 are the expansion indexes or exponents to be used in

the Richardson and Zakl type equation for predicting the velocity vs._

d
-_ voidage relationship below and above the curve inflection point,

respectively. Each Richardson and Zaki equation remains ].inaar due to a

constant expansion index over a range of void fractions.

l
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C_,I'TEI_ III

THEORETICAL

_

Numerous models have been developed to describe the relationship

between sllp velocltTand suspension voidage; unfortunately, most models

_ lack the ability to incorporate both observed sedimentation and

fluidization phenomena into the correlations. Restated, the goal of
I

-_ this investigation was to expand a model that would be applicable to

both se4imentation and particulate fluidization. Because fluidization

and sedimentation both involve similar fundamental fluid dynamic

relationships, it is likely that a single model can explain both

phenomena, but the model will also have to address the differences in

the phenomena. The most common fundamental relationship to fluidization

and sedimentation analysis is the Richardson and Zaki equation. This

relationship accurately accounts for fluid - particle dynamics of

unimodal sedimentation; however, as previously described, during

fluidization and bimodal sedimentation, there are other factors that

- influence the particle behavior in a suspension, namely other particles.
-

- Regardless ofwhether the suspension is unimodal or multimodal, the

apparent viscosity that affects particle behavior is not likely to be

that of the fluid, but ofa slun_. Therefore, the slip veloclty, V,,

can be assumed a function of the physical properties of the fluid /

particle combination. Consequently, other surrounding particles
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contribute to additional drag forces and can be accounted for in

numerous ways. Mirza and Richardson describedbimodal settling by

performing a material balance over a finite section of a suspension.

This accounted for observed displacement of the smaller particles as

well as the fluid, Shor and Watson expanded the Mirza and Richardson

equation and took into account the particle - particle interaction

contributing to a higher effective viscosity, a characteristic very

likely to be important in fluidization. Therefore, it is appropriate to

examine the Shor and Watson correlation when developing a unified model

for predicting sedimentation rates as well as fluidization velocities.

APPLICATION TO SHOR AND WATSON EOUATION

As mentioned previously, the Shor and Watson equation contains

_

contributions from Richardson and Zakl, Mirza and Richardson, Ting and

Luebbers, and others. Therefore, it is appropriate to reanalyze the

make-up of this model before expanding it for application to

fluidization,

Vo" . Vt.(£.-1.71,3)(l.Cs) (,f/,eff)o.4286(pf/pe£f)o.2857 (38)

((P,'P,_t>/(p,'p_))°'7_*3. v_(c,-_.7:,3_<cb>

The Shor and Watson equation above incorporates the two terms as
=

described by Mirza and Richardson for the displaced fluid and smaller

particles. The first term of accounts for the downward movement of the
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large particles. The second term accounts for the displacement of the

smaller particles. The presence of these two terms suggests that

segregation occurs as settling proceeds.

To modify this equation to account for fluidization of uniformly

sized spheres, the settling velocity in this equation can be interpreted

as the velocity of the fluid required to suspend the particles. A

necessary assumption in the modification of this equation is that the

fluidized portion of the bed is well mixed. That is, there is

negligible segregation, and the entire bed is homogeneous. Therefore,

the second term of equation 38 can be eliminated. In addition, the

large particle concentration, Ca, represents the fraction of solids

affected by the surrounding smaller particles. Consequently, because

the modification describes unimodal systems, this term can be

_ incorporated into the exponent of the void fraction. As a result, the
-

modified equation can be written as follows.

-

Uo " Ut(¢n"7143)(#t/#,t¢)°'*Z86(pf/p,ft)°'ZSST((pa-p,ft)/(pa-pt))°'71*3 (54)

where

Uo - superficial inlet fluid velocity

Ut - terminal velocity of single particle in dilute fluid

kThat remains to be determined are the values to be used for the

effective fluid properties. Unlike bimodal sedimentation in which only

the smaller particles contribute to the effective fluid viscosity,

during fluidization all particles could contribute to any effective
_
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fluid property.

The effective viscosity of the fluidizing or settling media

depends primarily to the extent to which particles a_ present in the

shear fields. Shot and Watson observed _hat particle collision are

negligible during sedimentation of unimodal suspenslons; therefore, the

effective visco_t-y of the fluidizing media is the viscosity of the pure

fluid. Shot and Watson furuher stated that during sedimentation of

bimodal suspension, the effective viscosity of the fluid media as "seen"

by the lar_er particles depends on the solids concentration of the small

particle fraction. Consequently, during unimodal fluidization in which

interactions of all particles are random and additional shear fields are

creaued, the effective viscosity is a contribution of the total solids

concentrauion and eq, _tion 35 can be written as follows.

#.fr - #_(0.46_-0.78(1-c))/(0.464+0.21(1-c)) (55)

The ratio of the density difference in the Shot and Watson

equatio_ accounts for the buoyancy affects of the slurry realized by a

particle in a suspension. As (_scrlbed by Shot and Watson, the pressure

gradient across the suspension results from a contribution of all

particles, and a settling particle is opposed by the effective pressure

gradient of the suspension; therefore, because the effective density is

equivalent to the effective pressure gradient, all particles should

contribute to the effective buoyancy forces of the suspension.

Consequently, the effective density of this difference ratio should be a

32
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function of the total solids concentration of the suspension and may be

written in terms of a weighted volume average density.

- P,z_ " (l-c)pp + cpr (56)

The ratio of densities in the Shot and Watson equation accounts

for the effective density of fluid or slurry accelerating around a

particle of the suspension. For bimodal sedimentation, the settling

larger particles descend through a slurry consisting of the pure fluid

- and the smaller particles Co._sequently, the effective density of this

_- accelerating fluid as "seen" by the larger particles is a function of

the fluid density and concentration, as well as the small particle

density and concentration. However, during unimo_..alfluidization, all
-

particles are in a random motion and particles interactions are

frequent. Consequently, the density of the accelerating fluid as "seen"

by a suspended particle is, again, that of a slurry consisting of both

the fluid and other surrounding particles. Furthermore, because all

particles have the same potential for frequency of interactions, the
--

slurry accelerating around a single particle of the suspension has the

density equivalent to the weighted volume average density of all the

_- components (fluid and particles) of the suspension. Therefore, the

effective density used in this ratio is the same as that used in the

density difference ratio (see equation 56).

The resulting equation for fluidization accounts for the

= fundamental fluid dynamics as described by Richardson and Zaki as well
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as the effective fluid properties of the fluidizlng media as described

by Shor and Watson. Additional inertial and viscous forces are

accounted for by the use of effective fluid properties such as density

and viscosity. Furthermore, the equation is of a form that allows

observed fluidization phenomena of different systems to be easily

incorporated. That is, in blmodal or multlmodal systems, it can be

altered to account for the various extents to which smaller parulcles

contribute to the fluldization of the larger particles.
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C_PTF_ IV

RESULTS AND DISCUSSION_

Data used to evaluate the proposed model encompass a wide range of

fluldlzatlon properties and flow regimes. Data were selected for

accuracy, reliability, and coverage of a wide range of fluid and

particle properties. The study was limited to particulate fluidization

but sought diversity of fluid and particle properties. In addition,

. data sets were also selected based on negligible wall effects. That is,

the particle diameter to column diameter ratio was considered small

enough to neglect additional wall drag. Data from Zhang Fan, 5

Loeffler and Ruth, Ig and Richardson and Zaki 4 are presented to cover a

range of liquid fluidization systems in the creeping flow and transition

regions, while recent data from Jacob and Weimer represent high pressure

gas fluidization systems in the transition region.

_

The data were analyzed to evaluate the observed fluidization

expansion model of both gas and liquid systems over a wide range of flow

regimes and fluid / particle properties. Parameters for previously

developed relationships are discussed and used to arrive at a proposed

- new modified approach to describe particulate fluidization. The

proposed model is compared with existing data and with previous models

of other investigators. Finally, the concepts used in the proposed
=



model are expanded to describe fluidization of bimodal suspensions. _

COLLECTED DATA

Richardson and Zaki presented liquid - solid particulate

fluidization data which account for fluidization in the creeping flow

and early transition regions. These data were used to develop the

classical Richardson and Zakl fluldization relationship and are

presented in Figures 1 and 2. A slight curvature in the log(Re) vs.

log(_) is worth noting. Their data were for divinyl benzene particles

fluidized in water at ambient temperatures. The same fluid and

particles were used in each run; however, the difference between the two

runs is the column diameter. Figure 1 represents fluidization data in a

column of diameter 2._ inches. FiEure 2 represents fluidization data

in a column of diameter I.5 inches. As stated previously, the particle

diameter to column diameter is considered negligible; therefore, the two

runs serve as a measure of the consistency of the data and the proposed

model.

In 1985 Zhang Fan presented data on twelve unlmodal suspensions

encompassing all three flow regimes (creeping flow region, transition
=

region, and inertial region). Spherical particles with diameters

ranging from 53.6 to 1180 microns and densities rangln& from 1.045 to

2.43 g/cm 3 were fluidized with water at or near ambient temperatures.

Fluidization was assumed to be particulate, and the bed expansion was
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assumed to be uniform. The particle diameter to column diameter ratio
_

is assumed to be negligible; therefore, wall effects are not considered

significant. A summary of the data is listed in Table I. Figures 3, 4,

_ and 5 illustrate the data in the form of log(Uo/Ut) vs. log(e).

Additional Zhang Fan data are presented in the appendix. As previously

mentioned, investigations by Richardson and Zaki lead to the development

_. of the classical fluidization equation in which this log - log

dependence is considered linear; however, as evident from the Zhang Fan

_-_. data, the dependence of log(Uo/Ut) vs. log(c) appears to be slightly,

but consistently, nonlinear.

Liquid fluidization _,ta from Loeffler and Ruth are presented to

account for fluidization in the transition andlnertial regions and are

_ illustrated in Figure 6. Particles of diameter 0.06586 cm and density

2.63 g/cm 3 were fluidized by water at ambient temperatures. Their data

, exhibit bed expansion; however, the nonlinearity is more evident than in

either the Zhang Fan or the Richardson and Zaki data.

Jacob and Weimer provided new data and expanded the data base into

_ new conditions, fluidization by high pressure gases. Their study

- focused on minimum bubbling characteristics in which fine carbon powders

with diameters of 44 and 112 microns and densities of 850 kg/m 3 were

_

fluidized by a CO2/H2 gas at pressures ranging from 2070 to 12420 kPa.

The data from flow rates below bubble formation offer an unusual

opportunity to study particulate fluidization. At high pressure, the

- gas densities are moderately high, and the initiation of bubbling is
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Table I. Fan run data.

Terminal

Material Run No. Diameter Density Velocity
(microns) (cm) (cm/s)

1 53.6 +/- 1.4 2.38 0.252

4 82.3 +/- 2.8 2.38 0.498

Glass Spheres 5 103 +/- 3.2 2.38 1.17
9 326 2.27 3.75

I0 500 2.43 7.28

Polystyrene ii 535 1.045 0._9 '

Spheres 13 1020 1.045 1.085

Heavy Polystyrene 14 350 +/- 6.5 1.16 0.657

Spheres 16 488 +/- 7 1.16 1.12

Cation Exchange 17 551 +/- 17 1.295 2.16
Resins

Anion Exchange 20 1180 +/- 59 1.095 2.61
Resins

Heavy Exchange 23 745 +/- 43 1.195 2.57
Resins
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Figuxe 3. Fan dar_ - Run 1, glum k_ad,m in vmcez_.
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FiEuze 5. Fan clara - ibm I0, Slaas beads in v&cer.
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delayed to flow rates significantly above minimum fluJ.dization rates

As illustrated in Figure 7 - 18, at relatively low void fractions, the

bed expansion resembles particulate fluidization; however, as

fluidization proceeds, the bed expansion slows and stops indicating that

bubbling has begun. As stated previously, data to be used for the
-

- verification of the proposed model are assumed to be in the particulate

regime; therefore, only values at relatively low void fractions are used

in this study. Because only a small portion of Jacob and Weimer data--

__ are in the particulate regime, the exact limlts of the particulate

fluidization are not always certain; however, the extended range of

- conditions makes the Jacob and Weimer data especially useful for testing

- the validity of the proposed models and correlations.

CLASSICAL EXPANSION INDF._X

: A common characteris=ic of the Zhang Fan, Ruth, and Richardson and
_

Zakl liquid fluidization data in the transition region is the

nonlinearity of the log(Uo)/log(Ut) plot. This nonlinearity indicates

that the relationship between the fluidization velocity and the voidage

is not purely exponential; that is, the velocity vs. voldage
_

relationship can not be accurately modeled by an exponential equation

with a constant expansion index or exponent as suggested by Richardson

and Zaki and by several succeeding investigators.

Fluidization expansion indexes most commonly used by investigators
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are nhose developed by Richardson and Zaki. Richardson and Zaki

performed sedimentation experiments and observed that the log(Uo/U_) vs.

log(£) relationship was linear. As previously stated, most

sedimentation data exist in the creeping flow or viscous region. Upon

investigaUion of fluidization systems, they observed the same linearity;

however, the fluidization systems investigated were all in the creeping

flow and early transition regimes. Richardson and Zaki therefore

concluded that the velocity relationship should be linear for

fluidization as well as sedimentation. Consequently, the expansion

index, n, should remain constant for any given system and that it should

be a function of the terminal Reynoid's number.

Richardson and Zaki, assuming that the exponent should remain

constant for a given set of fluidization conditions, sought to determine

an expression for defining the exponent. They determined the best value

of the exponent thatwould satisfy the relationship for several

individual data sets. As a result, one value of the e_pansion index

represents the entire fluidization range for a given system, hence, a -+

linear log _ log relationship for each data set. This was a reasonably

accurate assumption for the Richardson and Zakl data. The best value of

the exponent for each data set was plotted against terminal Reynold's

number. Equations 15 - 19 accurately represent the data.

_

An attempt was made in this study to determine the accuracy of the

assumption that the expansion index should remain constant for a given

flow regime and set of test conditions. Since the exponent selected by
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Richardson and Zaki or those determined by Garside and Ai-Dibouni may

not be the optimum values over the entire range of conditions studied,

the data from each set were examined to determine the exponent for each

data point. Fluidization data collected for all three regions (creeping

flow region, transition region, and inertial region) was applied to the

classical Richardson and Zaki equation to calculate the exponent.

_

n- log(UJUt)/log(_) (57)

- Values of the exponent were determined from this relationship for ali

data points. These exponents are plotted against terminal Reynold's

number in Figure 19. Note the vertical alignment of data from each

fluid particle system. This means chat for a constant terminal

Reynold's number (or given set of test conditions) the values of the

exponent vary; however, the variation is not erratic. There is a

tendency for the expansion index to decrease as the fluid velocity is

increased. This indicates chat the exponent is a function of the

changing properties of the suspension and that the viscous and inertial

forces are not constant for a given flow regime and set of test

conditions.

PROPOSED_F_lO_ INDEX

lt is apparent from the data presented in the classical format
_

that a single expansion index is not adequate for predicting
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fluidization velocities. Therefore, it is proposed =o develop a

-

separate relationship for the exponent as a function of the changing

characteristics of the suspension.

- In order to characterize the suspension at incremental stages of

fluidization, it is proposed to treat the exponent as being a function
-

= of th_ intermediate Reynold's number rather than the terminal Reynold's
=

number. As a result, the Reynold's numbers may more realistically

represent the viscous and inertial force contributions of the effective

fluidizlng media suspending the particles at each stage of fluidization.

This becomes possible when the slurry viscosity and other slurry

properties are used in the Reynold's number. The intermediate Reynold's

number can therefore be defined as a function of the effective fluid

density and viscosity and the effective terminal velocity of a particle

falling through a slurry represented by these effective fluid

properties.
E

_

Re - D_U_._p._z/_.f £ (58)

Most fluidization occurs in the transition region, and the

r terminal velocity used in the Re)mold's number in this region should be

corrected to account for the inertial and viscous effects in this

region. Combining the drag coefficient equation for the transition

region with the equation for terminal velocity for a single particle

- results in a relationship to describe the free falling velocity of a

- particle in the transition region (see equation 37). The

-

61



proportlonallt_ of the fluid properties to the terminal velocity as

indicated in this equation can be used to make this correction.

•Ot,ezf .. Ut(l_£//je££)o.4=S6(pz/pe£f)o.2857 ( (pp.peff)/(pp.p:_))o.71,3 (59)

As with the Richardson and Zaki model, the expansion index in the

proposed model was calculated to determine the values of the exponent

that would yield accurate results for fluidization velocity dependence

on voidage. Rearranging equation 59 and solving for the exponent gives

the following expression for the expansion coefficient.

n- log( (p.¢/la,¢t)'°'.*zSS(p_r/p,zt)'°'ZSST ( (pp.p,f:z)/(pp-pz) )'°'71*3 (60)

(Uo/Ut)/log(¢)) + 0.7143

Values of log(n) are plotted against log(Re) as defined by equations 58

and 60 and are shown in Figure 20. Note that the expansion indexes

within each data set, as well as expansion indexes of other data sets

can be represented by a single relationship for each flow regime. Each

data set is spread out over a common curve resulting in less deviation

than with the classical Richardson and Zaki approach. In addition, '_e

entire curve seems to have three distinct regions. At Reynold's numbers

below 0.Ii and above i0 the exponent remains constant. At Reynold's --

numbers between 0.11 and 10, the exponent changes; however, the

dependence of log(n) appears linear with respect to log(Re). These

• three llnear regions can be represented by the following equations.
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=

n - 3.75 Re < 0.ii (61) -

n - 2.856Re "°'12a 0.ii < Re < i0 (62)

n - 2.15 i0 < Re (63)

These distinct regions of the curve are not unexpected; data on the drag

coefficient at various Reynold's numbers also show three similar flow

regimes and approximately the same region boundaries.
-

Richardson and Zakl developed relationships for the expansion

index based on sedimentation d_ta in the creeping flow regime and

fluidization data in the creeping flow andearly transition regimes. As

previously stated, the expansion index is a measure of the extent to

which inertial and viscous forces predominate; therefore, it can be

expected that at very low Eeynold's numbers, were viscous forces

dominate, the exponent should approach a constant value. Similarly, at

very high Reynold's number, where inertial forces dominate, the exponent

should approach another limit. Consequently, because the Richardson and =

Zaki data fall in the viscous region, the exponent is Justifiably

constant for an entire data set. A single bed expansion data set may

exhibit characteristics of both the viscous regime and inertial regime;

hence a transition regime. Because the exponent is dependent on the

extent to which viscous and inertial forces are present, it can be

assumed that ghe exponent should be a function of the changing

characteristics of nhe suspension. This would indicate that the

exponent is non constant and would account for the nonlinearity

exhibited by fluidization data in the transitlon flow regime.
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Values of the expansion index shown in Figure 20 for the three

regions are consistent with the exception of one batch of the Jacob and

Weimer high pressure gas data, the data from 44 micron particles. There

are several reasons why Jacob and Weimer data may not be as accurate as

other presented data. As mentioned previously, gas - solid fluidization

systems are prone to exhibit bubbling characteristics. Figure 21

illustrates the transition between uniform bed expansion and minimum_

bubbling. This is due primarily to the large ratio of particl_ density

to fluid density. An attempt was made to avoid use of data when bubbles

- were forming, but there could be errors in the selection. Another

factor contributing to the inaccuracy of gas fluidization are the

presence of fines. Welmer indicated that the 44 micron particles

contained a significant number of fines which aid in the fluidization of

the larger particles. Z° Consequently, for a given fluidization

-- velocity, predictions of bed voldage are consistently lower than

actually observed. Therefore, the deviation of the Jacob and Weimer

high pressure gas data can be attributed to the presence of bubbles

and/or fines. If there were a significant fraction of fine particles

_ among the nominal 44 micron particles, that alone could account for the

- higher expansion indexes observed with that material.

COMPARISON OF PROPOSED MODEL WITH PREVIOUS _ODET-_

=
_

The proposed definition of the expansion index as illustrated in
_

Figure 20 suggests that this approach is superior to the classical
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definition proposed by Richardson and Zaki. Because expansion indexes

within a data set, and over a significant range of data sets, can be

well represented by a common relationship, it is reasonable to assume

that a resulting fluidization model incorporating this relationship for

- the index would also reflect this good agreement. Consequently, it is

- desired to compare _he results of the proposed fluidization model with

both relationships that can be placed in the Richardson and Zaki form

and models that can only be expressed in other forms.

= The proposed model is compared with relations developed by

Ai-Dibouni, Foscolo, and Richardson and Zaki, Although the previous

investigators' models are accurate for a select collection of data, the

proposed model results in a noticeable improvement over a much wider

range of fluidization systems (gases and liquids), particularly in the

- transition region. Application of the three previous models to the

' liquid data of Zhang Fan, Ruth and Richardson and Zaki results in

consistently low predictions of fluidization velocities for a given void

fraction, while predictions of the proposed model yield improved

results. This is primarily because the three previous models do not

_ adequately account for the changing viscous and inertial forces during

- bed expansion.

--

The Foscolo relationship, as explained previously, was derived

from the Ergun equation and expanded for flow through tubes of a_

_ constant tortuosity. Although this model accurately accounts for the

tendency of the log(Uo/Ut) vs. log(z) to be nonlinear, it does not

=
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adequately account Eor the different viscous and inertial effects

exhibited by gas and liquid fluidization systems. This is evident as a

results of the under-predlctions of fluidization velocities for liquid

systems and the over-predlctlon of fluidization velocities for gas

systems required for given void fractions (see Figures 4, 5, 7, and 8).

That is, it does not adequately describe the changing effective

properties of the suspension as fluldi_a_ion proceeds and the fluid bed E

expands.

The Richardson and Zaki equation, based on experlmental data in _

the creeping flow and early transition regimes, accurately describes the _

fluid - particle dynamics in the viscous region. Consequently, these

regions can be modeled with a straiEht forward linear expression.

Unfortunately, most fluidization data exists in the transition region

where inertial forces become sIEnlflcant. As a result, the Richardson

and Zakl model breaks down and fluidization velocities are not _

accurately represented. As with the Foscolo model, gas fluidization

velocities are over-predicted, while liquid fluldizaClon velocities are

under-predicted (see Figures 4, 5, 7, and 8). This again, is primarily

due to failure to account for particle - particle interactions that

contribute to the changing e_fectlve suspension properties such as

viscosity and density. As discussed previously, the expansion index

appears to he a function of these changing properties. Consequently,

the constant exponent proposed by Richardson and Zaki is inconsistent

with observation. This inconsistency was illustrated in Figure 19 by

the tendency for the exponent to decrease as fluidization proceeds.
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The AI-Dibouni equation originated from a predeflned logistic

equation for the expansion index in which parameters of the model

correspond to limits of the logistic curve and is empirical. This model

_,, takes the form of the Richardson and Zaki equation with only a

- modification in the expansion index. Unfortunately, this modified

expansion index is a function of only the terminal Reynold's number;

therefore, it remains constant for a given fluidization system yielding

a linear log(Uo/U _) vs. log(z) relationship. Again, this is

inconsistent with observations in the transition flow regime. Like the

Foscolo and Richardson and Zaki relationships, fluidization velocities

are under-predicted for liquid systems and over-predicted for gas
L

systems (see Figures 4, 5, 7, and 8).

Although Richardson and Zaki and Garside and Ai-Dibouni were able

to predict bed expansions in the viscous region, they had to resort to

empirical expressions for the expansion index as a function of Reynold's

number. Note that when the slurry properties are used to correct the-

"terminal velocity" to slurry conditions (as in the proposed model), the

expansion index becomes essentially a constant in the viscous region.

_

--

The proposed new model is derived to account for varying degrees

-

of particle - particle interactions as fluidization proceeds. Suspended

particles appear to be affected by an effective fluid in their

environment, and the fluid changes with incremental variations in bed

voidage. Therefore, the model describes the fluidizing media as a

slurry with viscous properties that vary with fluid rate. This approach

L
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Compensates for the changing viscous forces as fluidization proceeds and

the fluid bed expands. The result is a relationship which adequately

describes the tendency for the expansion index to be function of the

changing suspension properties, and which accounts for the effective

buoyancy and gravitational force contributions from the other

surrounding particles. Consequent, this model more accurately predicts

the fluidization velocities for a wider range of fluidization systems. -

To compare quantitatively the agreement of the correlations with the

experimental results, the sum of the differences in predicted and

observed void fractions squared (sum-of-the-squares), as well as the

=

standard deviation was analyzed. Because the Fan data appeared to be

the most rel_ahle over a wide range of Reynold's number, they were used J
L

for the analysis. There were 152 data points and 12 different fluid /

particle combinations to be analyzed. A summary of this quantitative I_

comparison is listed in Table 2. The results indicate that the proposed

model yields the best results. An overall sum-of-the-squares and

standard deviation for the proposed model and the observed data are

0.0147 and 0.0098, respectively. This is significantly better than the

values of 0.0712 and 0.0217 for the next best model, that of Richardson

and Zaki.

APPLICATION OF MODEL TO BIMODAL FLUIDIZED BEDS

The proposed model predicts bed expansion of unimodal particles

very well, and it is worthwhile to consider if it provides insight that _
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is helpful in exploring other related problems. Particulate

fluidization of different size and/or density particles will be

considered next. Although the arguments can be expanded to describe any

number of different particles, the current discussion will be limited to

bimodal systems (two different particles). The model for unimodal

suspensions suggests that in bimodal fluidization the small particles

contribute to the fluidization of the large particles. Consequently , -"

because the small particles influence the large particles to different -

extents during bed expansion, bimodal systems will be described by

considering incremental increases in fluid velocity. At low superficial

inlet velocities, neither large particles nor small particles would be

fluidized. As the velocity is increased, the pressure gradient would

increase as with any packed bed. When the velocity within the voidages

between the large particles exceeds the minimum fluidization velocity of =

the small Particles, the small particles would become fluidized. Within

the volume of the unfluidized larger particles, however, wall effects =

are severe; in many cases the small particles would not b_ free to move

and thus not be fluidized. At a somewhat higher velocity, the =

superficial velocity is high enough to fluidize the smaller particles

(above the mixture), but not high enough to fluidize the larger

particles. At this point some of the smaller particles may be "blown"

through the bed of the larger particles and be fluidized at the top of

the bed. Larger particles may be mixed (or dispersed) with the smaller

particles, but they would not be stably fluidized. There would then be

a profile of larger particles from the dispersion / settling in the

fluidized bed, but the concentration of the large particles would
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approach zero at the top of the bed, and the concentration of fluidized

small particles would be expected to approach zero at the bottom of the

bed, which would contain settled large particles.

At a higher velocity, the larger particles would be fluidized by a

fluid with a composition of the slurry of the fluidized smaller

particles, not by pure fluid alone. At this velocity there could be two

_ homogeneous regions of the bed. In the upper region, there will be only

_ smaller particles fluidized. In the lower region, there will be a

mixture of large and small particles. The larger particles can not

necessarily reach the top of the fluidized smaller particles. The

height of the region with large particles would depend upon the number

of large particles present. This is primarily because the bed expansion

_, of these larger particles is governed by the extent to which the slurl7

of smaller particles can fluidize _he large particles. The size of each

region will depend upon the initial mixture. There Can be a transition

between the two homogeneous regions because of the dispersion of the

larger particles.

_ As the fluid velocity is increased further, the height of the

- lower fluidized bed region will increase as the bed height for the

larger particles fluidized in the slurry of small particles increases.

There can also be an expansion of the small particles on the top of the

- bimodal portion of the bed. Eventually, at very high velocities, both

"-.- particles could be fluidized independently with a transition region
_

between the two.

=
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All of the _bove descriptions have assumed that the particles were

initially arranged with both particles fractions well Nixed. If the -_

particles fractions were initially segregated, there may be no way for

the small particles at the top of the bed to aid in the fluidization of

the large p_'cicles ac the bottom. Consequently, if the velocity were

increased as described above and then decreased, different conditions

would exist at the same flow rate because the particles would become _

_

segregated prior to decreasing the velocity.

m

L

The proposed model for unlmodal fluidized b,lds was develoD_

assuming no axial property variations; therefore, it i_ applicable for .

suspensions, or portions of suspension, chat are homogeneous.

Consequently, the region of a bimodal suspension far which the proposed

model will apply is the lower portion where both small and large

particles are present. In this region the large parclcles are fluidized

by a slurry of smaller particles.

=

DucCa z2 presented data on fluidization of glass and chalcopyrite

with water. His data exhibit _istinct concentration ,rofiles as the
G

small particles mlgrate Co the top of the suspension a_d the large

particles to the botto_ of the suspension. Figures 22 and 23 illustrate

the concentration profiles. At low column he lghcs, it is worth _cing

that the concentration of the s_aller particles does not appear to

. approach zero at the bottom of the column, and complete segregatlon does

not occur. Therefore, nea'_ the bottom of the column the larger

_ particles appear to be suspended by a slurry o_ smaller particles.
_
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Then, according to the proposed model, this slurry has properties of a

unimodal suspension of small particles. That is, the viscosity

influencing the suspension of the large particles is the effective

viscosity as determined by a unimodal suspension of the small particles.

Similarly, the density influencing the suspension of the larger

particles is the density as determined by a unimodal suspension of the

small particles. As a result, the superficial inlet velocity is

noticeably above the minimum fluidization velocity of the large

particles in a suspension of small particles.

--

- This phenomena can be analytically described by application of the
-%.

proposed model. All particles and fluid properties, as well as the

superficial inlet liquid velocity, are known; therefore, the solids

concentration of tile small particles can be calculated. Figure 24

- indicates the solids concentrations and the effective slurry properties

as "seen" by the larger particles_ These effective fluid properties may

further be used to determine the minimum fluidization velocity required

. to suspend the large particle with the slurry of small particles.

: Applying the following equation to the data of Figure 24 yields these

minimum fluidization velocities, and the results are listed in Figure

- 25,

1.751z3(dpU_pl#) 2 + 150(l'¢_)l¢_3(dpU_Pl#) - dp3p(pp-p)g/p 2 (64)

where

U_ - minimum fluidization velocity

- E_ - minimum void fraction
]
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Because the minimum fluidization velocities are greater than the

superficial inlet superficial velocities reported in Figure 24, the

analysis above is consistent with observations.

- The proposed model can also be applied to estimate _the actual

- solids concentrations of both large and small particle fractions of a

suspension; however, the model only predicts bed expansion for

homogeneous suspension. Fo_ segregated beds, the model is applicable

for the lower most region where both small and large particles are

"" present. As previously described, this region is the most likely

-- portion of a segregated suspension to have a homogeneous mixture of both

_ the large and small particles. The unimodal expansion in the uppe_

region can then be described by the proposed unimodal model. For well

mixed bimodal systems, where no segregation is apparent, the model is

- applicable over the entire bed height.

To predict the expansion in a homogeneous bimodal region it is

necessary to analyze the fluidization in two steps. The first step of

the analysis considers the fluidization of the smaller particles as if

the larger particles are not present. This step determines the

effective properties of the fluid suspending the large particles. The

second step involves fluidization of the larger particles by the slurry

with properties determined in the first step.

For the first step, fluidization of the smaller particles, it is

reasonable to assume that the smaller particles "see" the viscosity of a

--
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slurry as the fluidizing media consisting of the pure fluid and other

smaller particles. The large particles have little direct influence. _

Consequently, it is proposed that only the small particles contribute to

the effective viscosity of the slurry. That is, only the small z

particles are assumed to be present in the shear fields surrounding

other small particles. As a result, the Ting and Luebbers equation for

effective viscosity can he altered to account for the solids

concentration of the smaller particles in the absence of the larger

particles.

/_._z' - (0.464+0.21z,/(I-+L)I(O.464-O. 78z,/(I-cL) ) (65)

As stated previously, the densit7 of the fluldizing media contributes to

the viscous and inertial affects due to the fluid accelerating around

the particles, as well as the buoyant forces actin 8 on the particles.

lt is proposed that the effective fluid accelerating around the

suspended smaller particles consists of the pure fluid and other smaller

particle_. Consequently, the effective density is a funculon of the

pure fluid density and void fraction and the smaller particle density

and solids concencratlon in the absence of the larger particles.
--,

Consequently, the relationshlp to be used in the density ratio of the

proposed model to acc©_nt for the affects of the acceleratlnM fluid is

as follows.

b

P,_f - (CpZ+c,p,)/(l-CL) (66)

_
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- Because the pressure drop across a suspension is directly influenced by

the total solids concentration of the system, and the buoyant forces are=

directly influenced by the pressure drop, it can be concluded that the

buoyant forces should be a function of the total solids concentration of

the system. Consequently, as in unimodal fluidization, all particle s of_

the suspension, large and small, contribute to the buoyant forces of

the suspension. Therefore, the density to be used in the density

difference ratio must incorporate the total solids volume concentration,

I

P.f'f " _:,PB + _:LPL + _:Pf (67)

Wlth the exception of the density difference ratio, the effective

properties of the suspension are functions of a corrected solids

concentration based on the absence of the larger particles.

Consequently, the void fraction must also be corrected for the absence
-

of the larger particles.

z' " (I'_,'_L)/(I'c L) (68)

- Similarly, the superfici,,_l _nlet velocity must be corrected for the

absence of the larger particles.

Uo' - Uo/(1-_L) (69)

- Incorporating the above effective fluid properties into the form of the

proposed model results in the following relationship for fluidization of

__ 83
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the small particle fraction.

Uo,/,lj_= c,¢,,-o.Tz43>(pe/p.¢¢)o.4=s6( p '- ° p£/ ,_ )O'_eS7((Ps'p,¢ f )/(ps'pz)) 0'7143 (70) --

The terminal velocity of the small particles, Ut,, is determined based

on the particle falling through a media having properties of the pure

fluid.

Ut., - (0. 0721gDp, l'e(p,-pz) / (p o.ep o.,,))o.7143 (71)

The second step of the bimodal analysis involves the fluidization

of the larger particles by a slurry of the fluid and the smaller

particles. This step may be treated the same as unlmod_l fluidization.

That is, the fluid phase may be considered to have properties of the

slurry cal_].ated in the first step and the total solids concentration

may be considered to be the solids concentration of the large particles.

Therefore, the effective viscosity of the slurry to be used for
_

fluidization of the large particles is a function of the large particle

solids concentration (total solids concentration fo_ unimodal systems)

and the slurry vlscoslty as calculated in the first step (pure fluid

viscosl_y for unimodal systems).

01

P,Zf " ((0.464+0"21_L)/(0.464-0.78_L))#,' (72)

The effective fluid accelerating around the larger particles is proposed

to _onsist of the pure fluid, the smaller particles, and other larger
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particles. Therefore, the effective density to be used to describe the

properties of the fluid accelerating around the suspended larger_

particles in a function of the total volume average concantration of all

particles in the system.

tl

P,Zf -- £,P= + £LPL + £Pt: (73)

As in the first step of the analysis, all particles are proposed to

contribute to the effective buoyant forces during fluidization of the

- larger particles. Consequently, the effective density to be used in the

-- density difference ratio is a function of the total solids concentration

of the system suspension.

0*

Pelf -- csP= + ELP]., + ¢P£ (73)

- Because the total solids concentration is considered to be the large

particle solids concentration, the void fraction to be used in the model

is the volume occupied by the pure fluid and the smaller particles.

Therefore, the void fraction is simply written as follows.

1
£" " (1"£ L) (74)

Substituting the effective fluid properties calculated from the first

= step for the pure fluid properties of the proposed model, and

- incorporating the effective fluid properties as described in the second

step results in _he following relationship for fluidization of the large
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particles.

Uo/U_L. c,,_.-o,7_43>(p._/p._ )o,4288(p._/P._t )0.2o57 (75)

") , )o.7143 _-( (p.'p._ /(p,-p._ )

The terminal velocity of the large particles, U_, is determined based

on the settling of a particle through a media having properties of the

slurry calculated in the first step of the analysis.

e !

U=L . (O.0721gD 1.S(pL.p,ft )/(p,tt o.ep,zf'o.4 ))o,714a (76)

Data presented by DuiJn =2 for bimodal studies of glass beads and

ilmenite in water are applied to this two step process. Duijn reported

results in the form of average void fraction at distances above the

distributer plate. The total solids concentration axial profiles for

the column appear relatively flat; therefore, it is assumed that the

individual component solids concentration axial profiles are also flat.

That is, the solids concentrations for the individual particle fractions

are relatively constant from the bottom to the top of the column. All

fluid and particle properties are known with the exception of the

individual solid fractions. Therefore, because the two step process

involves two equations and two unknowns, the relationship can be solved

by trial and error. A summary of the results is listed in Table 3.

This method can be further applied to the segregated bed

fluidization data of Dutta. As previously mentioned, his data exhibit =
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Table 3. DuiJn bimodal dana.

__

- Inlet _ _al_lated_ _ %

Velociny eb _, iz ez difference

F m_/s
0.0062- 0113 0.23 0.64 0.68 6.06

r 0.0032 0.i0 0.33 0.57 0.60 _.60

0.0116 0.11 0.13 0.76 0.76 0.00
-

--

r

w
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distinct concentration profiles for both the small and large particle

fractions. Application of the two step analysis to this data yields

individual solids fractions representative of the suspension near the

bottom of the column. The _o step method applies to homogeneous

suspensions or portions of suspension; therefore, the results can be

interpreted as the fraction of the individual components at the lover,

homogeneous region of the suspension where both large and small .

particles are present. This portion of the suspension corresponds to

the left most data of figures 22 and 23. The results Nay also be

interpreted as the fzaction of the individual components required to

make the entire suspension homogeneous. A summary of the results for

the model is listed in Table 4.

Because the proposed fluidization analysis of bimodal segregated

suspension is new, existing data required to asses the merits and

generalities of the model are difficult to obtain. Du_a presented data

consisting of a fixed number of large and snail particles. His data

would have been more useful for testing the model if he had varied the

number of large and small particles present. This would have provided

additional insight into the various extents to which the small particles

contribute to the fluidization of the larger particles as a function of

axial position.
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CHAPTER V

CONCLUSIONS AND EECOMMENDATIONS

Although there are similarities in predictions between the

proposed model and those developed by Richardson and Zaki, Foscolo, and

" A1-Dibouni for certain systems, the new model is more accurate over a

- wider range of flow regimes and systems types. In addition, the

- proposed relationship resulted from a more analytical approach to actual

observed sedimentation and particulate fluidization phenomena.

Richardson and Zakl developed a linear lo8 - log model based on

- data in _he creeping flow and early transition resions. Because the

data of the creeping flow region do not exhibit curvature, the linear

- model is adequate. Unfortunately, most fluidization data exists in the

transition region where curvature is more evident and viscous as well as

inertial forces are siEr.ificant. Consequently, the Richardson and Zaki

model is not accurate over a wide range of flow regimes and systems.

- The AI-Dibounl model uses different values for the expansion index but

has the same problems outside _he viscous region since it also assumes

that the index is constant. The Foscolo et al relationship was

developed from the Er_m equation for flow through packed beds. They

accounted for tortuoslCy by incorporating a constant factor. The

--

- pressure drop then took the form of the Blake-Kozeny equation. Although
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their relationship accounts for the curvature during fluldlzatlon, it

¢oonslstently under-predlcts fluidization velocltles for solid - liquid

systems and over-predic_.s fluidization velocities for solid - gas

systems.

One weakness of all previous models is their failure to account

for the changing fluidization media as the bed expands. Suspended

particles "see" s different fluid or slurry at incremental stages of bed

expansion. Inclusion of these effects is the principal merit of the

proposed new model. The effective properties of the proposed model

appear to adequately correct for these changing slurry properties. In

addition, the expansion index used in the model is a function of the

intermediate Reynold's number, which in turn is a function of the

chenging fluid properties of the suspension; consequently, the curvature

of the transition region, and the linearlt-y of the creeping flow and

inertial regions are well represented for a wide range of flow regin_es

and system types. -

=

From this study the need for additional data, both unimodal and

bimodal, has become more evident. Future work would involve extending

the proposed model to various and different regions of segregated and

mixed fluid_Lzed suspensions to describe the changing contributions of

_

the smaller particles on the suspension of the larger particles at

different column heights. As previously described, the proposed model

suggests that a segregated blmodal suspension can have a homogeneous

upper region of small particles and a homogeneous lower region of large
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and small particles with a transition region between the two. Further

analysis of this type data would be useful £n determining how the

proposed model can be applied to the entire segregated suspension rather

than only the lower homogeneous region. Hold-ups at variou_ axial

positions in the column would be predicted as a function of effective

suspension properties and column height. Differentscenarios of

fluidlzatlon such as initial unfluidized packed bed conditions could be

_ analyzed to determine how segregation pr_,,ceeds. Three initial condition

_ scenarios could be: (I) a lower packedregion of large particle with an

upper packed region of small particles; (2) a lower packed region of

small particles with an upper packed region of larger particles; and (3)

a well mixed region of large and small particle. Eventually, it would

be useful to analyze the applicability of the model to multimodal

systems.

Because gas fluidization data are difficult to obtain without the

presence of bubbles, few data of this type are available for particulate

fluid bed expansion. Consequently, efforts to obtain and apply gas

particulate data, particularly high pressure gas data, would be useful

: for providing a better understanding of the differences in fluidization

phenomena between gas and liquid systems. Because gas systems tend to

be in the inertial region, additional gas data would be useful to extend

the proposed model over a much wider range of flow regimes.

Finally, data analyzed in this study were selected based, in part,

on negligible wall effects. Only small particle diameter to column
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diameters were used. It was obvious during the course of collecting the

data that wall effects are significant for relatively small columns.
_

Additional drag forces are imposed on the fluidized slurry from the

walls of the container and velocity profiles are severely altered. As a

result, bed expansion is a function of this diameter ratio.

Consequently, liquid and gas fluidizauion data collected from various E

diameter columns would be useful for providing additional insight to a

more encompassing bed expansion relationship.
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