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ABSTRACT 

. . . . 
An overview of the area of moving boundary problems emphasizing t h e i r  . . 

appearance in l a t e n t  heat storage is given. 

I NPRODUCT ION . .  . ., _.. .,-, . 

The classical  problems i n  par t ia l  different ial  equations involve solving 

an equation w i t h i n  a fixed spat ial  region. However, when attempting t o  mode1 

such phenomena as  melting and freezing, we f i n d  t ha t  as  time varies the region 

i n  which, e.g., material in the l iquid phase is present, w i l l  a l so  vary and m u s t  

be determined. Such problems--for which the solution of a pa r t i a l  d i f f e ren t i a l  

equation i s  sought i n  a region which i s  i t s e l f  varying in an unknown manner--are 

referred t o  as  movi ng boundary problems. . . . a 

The purpose of t h i s  note i s  t o  describe the current " s t a t e  of the a r t "  of 

moving boundary problems as i t  applies t o  the storage of heat a s  l a t e n t  heat. . .,. 

Assuming tha t  the storage concepts are  known to  the reader, we w i l l  s t r e s s  the . . 

mathematical techniques currently available. We begin ( in  Section i ) w i t h  a 

quick overview of analytical techniques which are  available f o r  such problems . 

i n  the context of one-dimensional melting of a semi-infinite slab. We then 



turn t o  some simp1 e "rule-of-thumb" approximations for  such .processes ( in  

Section 2 ) .  When a l l  e l se  f a i l s ,  one i s  driven t o  numerical' methods; one such 

method i s  described i n  Section 3.  Section 4 i s  devoted to the use of elementary . 

bounds, while i n  Section 5 we remark on what real ly happens in a system and how 

t h i s  in terac ts  w i t h  the mathematical models. We close with a bibliography of 

the f i e ld .  

SECTION 1. SOME ELEMENTARY PROCESSES AND THEIR MODELS 

Throughout t h i s  section we consider a semi-infinite s lab of phase-change- 

~ material (PCM), occupying the interval x > 0. I n i t i a l l y ,  a t  time t .= 0, the 
. . 

PCM is t o  be i n  i t s  sol id s t a t e  a t  the melting temperature T c r .  Due t o  heat 

i n p u t  a t  the surface x = 0 a me1 t ing front  x = X ( t )  propagates into the slab. 

A t  any time t ,  t o  i ts  l e f t  (x < X(t) )  we find . ... . . l iquid . . PCM, a t  temperatures 

above Tcr; t o  i t s  r ight  ( x  > X(t))  the PCM i s  ye t  sol id a t  temperature Tcr. 

Assume tha t  the thermal parameters c ,  p, k ,  a are  constants, and tha t  the 

material undergoes a phase change a t  temperature Tcr with the l a t en t  heat 
6 

H;  we find tha t  i n  the 1iquid;region . . 

i n  the sol id 

. < .  

: ( ib )  
. . . . 

. ,- 

a t  the i n i t i a l  time, , 



a t  the phase boundary 

and . . 

p ~ ~ '  ( t )  = - KTx (X( t ) , t )  . 
.. . - . 8  . 

The boundary cond i t i on  a t  x  = 0  may be o f  a  v a r i e t y  o f  forms. The f o l l o w i n g  

cases w i l l  be discussed: . . 

. . 

T(O,t) = TL > Tcr ( D i r i c h l e t -  B.C< ).- - .  (2a 

- KTx (0,t) = qo > 0  ( f l u x  B.C.) ' (2b) 

- KTx(O,t)  = h(TL -T (O, t )  (convection B.C.) ( 2 ~ )  

4 - KTx (0,t) = o ( ~ f :  - T(0,t) ) ( r ad ia t i on  B.C.) 

, . . .  ., . Process 1. D i  ri c h l e t  B .C. .(2a) . . . . ' .  , ' . . ,  
. . 

. . 

I n  t h i s  case funct ions X ( t )  and T(x, t )  s a t i s f y i n g  (la-e) and (2a) can be . c '  ,, 

. . 
found i n  the  form . . ,  



T(x, t )  = TL + (Tcr - T L )  e r f  (x/2 AX') 
er f  ( A )  

where X i s  the root of the equation 

x2 c(TL - Tcr) X e erf  (A) = 
' H  f i  

In l a t en t  heat storage the righthand s ide of t h i s  equation i s  small (since . 

the l a t en t  heat should dominate the sensible heat) and so 

where "a" denotes approximate equality. 

Process 2. Flux B.C. (2b) 

In t h i s  case the method of Megerlin yields the approximate relat ion 
. 'I 

. . 

which f o r  large H and small c implies 
. . 

H 
' .2 

2 HX' '(x - X) +z I[,;) (x - X) T = Tcr - - ac 

Comparison w i t h  numerical experiments shows the relat ions t o  be of high accuracy 

over the parameter ranges f o r  thermal energy storage PCM1s. 



Process 3 .  Convection B.C.  ( 2 c .  

Using a power-series expansion y i e l d s  r e l a t i o n s  f o r  X,T whose f i rs t  few 

terms a r e  

Process 4. Radiation B.C. (2d) 

With t h e  help of  a quasi - s t a t ionary  .approach, we f i n d  t h e  approximations 

where 

. . 
and X(t)  so lves  t h e  o rd ina ry  d i f f e r e n t i a l  equation . , 



All of the approximation techniques a r e  highly accurate so long a s  the 

dimensionless Stefan number 

is small (e.g., S t  < 1 ). Here AT is  a typical system temperature drop. 

SECTION 2. RULES OF THUMB 

Under cer tain circumstances we would l ike  to  be able to  obtain quick 

and eas i ly  computable (e.g., on a pocket calculator)  estimates of the behavior 

I of phase change processes. T h u s  a contractor might need only a ro,ugh estimate 

I of how much PCM i s  required fo r  a given handware configuration, but he would . . 

. . 
l i k e  to  derive i t  w i t h i n  minutes and i f  possible, ... ..,-... a t  no cost.  Using the 

I methods of the  l a s t  section, supported by computations, i t  i s  possible to  

~ derive such "rules  of thumb" fo r  simple configurations. Let us now describe 

one such r e su l t . .  

Consider a g a h  the process 3 w i t h  a convection B.C. (2c). Then i t  can 

be shown tha t  the wall temperature 

and the time t a re  related by 



with a relative error below lo%, and in most cases less than 3%. Here 

Other similar relations can be found for a variety of cases. 

SECTION 3. NUMERICAL METHODS . . 

Since the early 1950's a variety of numerical methods fo r  phase change 

I .  processes have been developed. The need for special.methods is c lear  since the 

I key unknown in these processes i s  the phase boundary i t se l f .  

The numerical method which offers the best hope for dealing with general 

phase change processes i s  the "weak-sol ution" - (or "enthalpy" ) approach. T h i s  

i s  based on introducing the specific internal energy e as the key variable . . 
. .,. ... . > 

of the process. Choosing e = 0 as an arbirary reference value, we associate 

I "solid" with e 2 0 and an "interphase state" with 0 < e < H. The relation 

between e and T i s  

Here the subscripts s,L refer to solid and liquid phases, respectively. Intro- 

duce the diffusivity function a = a ( e )  as 



Then one may replace our original phase change process by the s ingle  equation 

w i t h  appropiiate boundary and i n i t i a l  conditions. The equation can be discret ized . 

and e (and hence T) values computed. The phase boundary i s  located where ' ' 

0 - < e - < H and i s  "smudged" t o  a region of very small width. 

The method has been.applied w i t h  success t o  a variety of problems, although 

.. . fur ther  investigation i s  s t i l l  needed. . ... :. 

SECTION 4. BOUNDS ON PROCESSES . . 

One can often derive qual i ta t ive  information about phase change processes 

without finding the temperature and the phase boundary. As an example, using 

a var iety of analytical tools ,  we can show tha t  fo r  the convective B.C. process' 

(Zc), the phase boundary X(t) obeys the inequal i t ies  

and 



Such bounds are  of value in sizing systems and as a confirmation of  approximations 

as in sections 1 and 2. 

SECTION 5. REALITY 

The models introduced i n  previous sections ignore some very rea l  e f f e c t s  

i n  phase change processes. These include f o r  various materials .in d i f f e r e n t  . . ,  . . 
. . 

configurations: 
. . 

a )  natural convection .. 
. . . . 

- r. 

b) property dependence on temperature . . 

e )  additional phase t rans i t ions  . . 
. . . . .  . . . . 

d) anisotropy of so l id  properties . . -  

e )  incongruent melting and degrading of H 

f )  supercool i ng .. . . 
. .,. ... ,-,, ;. . - .  

g) mu1 tidimensional i ty  

h) inhomogenei t y  of PCM's. 
. . 

The precise quant i ta t ive understanding of a real storage system requires  t h a t  

one understand how t o  model these effects-albei t . roughly.  The  l imited references 

to  them a r e  given i n  the Bibliography. 



NOMENCLATURE 

spec i f ic  heat (KJ /K~-"c )  

specif ic  internal energy (KJ/Kg) 
2 fi lm coeff icient  (KJ/m -s-"c) ' . . 

l a t en t  heat (KJ/Ks) 

conducti vi ty 

heat f lux 

time variable 

temperature 
, , 

me1 ting temperature ( " 4  Tc r ) ' .  . . .  
. . 

. . 

T~ ambient f 1 ow temperature ('"c) . . 

. . 
. . 

x space variable (m) . . , . .  

phase boundary .location a t  (m) 
time t 

(m2/s thermal diffusivi  ty  

( K g l m 3  density 

W = o 
1 1 f o r  o the Stefan-Boltzmann constant and 

1 + - + -  
€1 €2 . . 

2 4 the emissivi t ies  of surfaces i n  raidation processes (KJ/m -s-"c ) 
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of Friedman and others on the use of variational concepts is not referenced 

here. 'Only one example of the extensive work of Boley i s  l isted under the 
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.. ... :,. 

convection i n  melting processes i s  not  well represented by works l is ted.  

We have not  listed the individual papers of the Ockendon and Wilson proceedings, 
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related work on semi-transparent materials contained i n  Ockendon's work, and 
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of Wilson. The interesting applications of phase-change modeling techniques 

t o  s ta t i  s t i  cal decision processes i s  similarly mentioned among the references . 
. . : . . 
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