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1. Tntroducti on

11 2

Hoen i.g i't al and Miller et al b.-ivc botli reported high stability

margins for cabl e- i n-condu i t conductors cooled by stj!_t "uiiijirj/ supercri Li cal

he! i'.;:::. Miller t-t al proposed thai strong flows induced in the helium

in the early sLa;;es of recovery enhanced le-ai transfer and greatly increased

the stability margin over what had been expected for stationary helium. In

this nemorandura, we calculate the flow anilyp/css^rc transients induced in

ypi cal of tho.se associated

in 10-20N»Rec).

initially stationary helium by energy t r;

with conductor recovery (50-200 m.! cm ^

•2.

In order to calculate the^jicating-indViced flow in supercritical helium,

'''ov.y of compressible flow:we start with the one-dimensio\

(la)

(lb)

^Sr 0 (\)itinuitv)

^ 0 (moincntum)

where p is the dN^sS^yOf the helium, v is its flow velocity, and p is its

pressure. We linearise the theory by dropping the second-order terms

underlined by dashed lines. Such linearization is allowable if the induced

velocity << C, the velocity of sound, and the induced transient pressure

p « pC. At A.OK and 5.0 atin., C = 246 ms" 1, P = 144 kg m~3, and pC2 = S7.1 atn.

We shall check that v << C and p << pC" after we estimate v and p and thus

justify use of the linear theory.

The energy equation can be written

e) = ~'h (PV)

where e is the internal energy per unit mass of helium, q is the heat
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input per unit mass of hoi j.uiii, and d/dt is the hydrodvnaraie derivative,

equal to 3/St + v')/3:<. After linearization, (2) becomes

,_. 3e 3v 3q
(3) p - ^ + p ^ = p ^

If we substitute from (la) for 'iv/:.'X, we

3t

ft

(Ac) - T f

where 'l = p ' is the specific volume of helium, and s is entropy per

unit mass. To pass froi<; (4b) to (4c) we use the first and sec end Jaws

of thermodvnamics in the form Td;; = de + ,jd;.

With (4) e.sl ab.l i :;hed, we proceed to I'lim'nate the derivative; of

frora (la,b) usinp, the t!iermoi'.ynai::i c idenritv

which can be wri t ten

/5b) 10. = i _ l l l 4
° b j 3t _2 St

2
since C" IH (3p/3p) . Substituting (5b) into (la) we find it can be

written

,,. l D p , 3v / 3 p \ q(6a) J ^ + P o ^ = - fcjp T
Li

O

where the subscript zero refers to the properties of unperturbed (ambient)

helium. Rewriting (lb) we have

(6b) p |^ + | ^ = 0
o 3t 3x
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r
If we divide (6b) by p , multiply (6a) by C Q/P O>

 alu! t h e n a d d (•'6;0

to or subtract it from (6b), we ;;et

( 7 a ) I- (v o C /
\ 00/

o dx I f.o(.o $) ()
o \ / p o \ / p

\ o 0/ \ ' ° °/ ° V / P

Because p only appears as the argument of a derivative, we can interpret

it now as the pressure rise. f'qs. (7a,b) ore the characteristic equations;

from them it follows that

~~ C
v + —^--- i n c r e a s e s bv H (•"'"] "̂  •'•t as we 1 /"averse

--pi, " - - " \ • s / J
00 o \ / p

a segment of the characteristic :•: + C t = constant that
o

spans the tine interval .'.f.

3 Srecia 1 \'n : ts

Jt wil.l prove convenient in what tollews to chciose the units of

mass, ]en!;th, and time sr that the nuantitie;; C , f C , and a 7.
o o o o

c o /r.-A '
Z~ \~\ y? ;1J ' ecmal 1. Tliere the s t a v e n e n t (8) can be w r i t t e n

(9a)

v + p increason by + ,'st as '.,-e traversi a soRivnt of

the characteristic x + t = constant that spans the
time interval At

(9a) applies only in the presence of the heat source q. In zones that

are not externally heated, (8) becomes

(9b) v + p is constant along the characteristic x + t = constant.

In order to return from the special units to mks units, we need to

know the values of p , C , and a . p and C are tabulated directlv in
O O O o O ' '



NB5-631. Since T Os/'<;) = (oh/c;) ,
P P

(10) a = -
T

t h e d e n o m i n a t o r of w h i c h i s a l s o t a b u l a t e d in N!JS-f>'i 1 .

It is w o r t h n o t in;; at this p o i n t that w e h a v e nut. i n v o k e d a n y

e q u a t i o n of s t a t e fur the h e ] in::., s o th a t o u r result:; a p p l v e v e n n e a r
9

t h e c r i t i c a l p o i n t ( e x c e p t that p <•' r, f.'~ and v ^' C. ) .
O U O

4. Wave Diai'l'am

We can use the statements (9a) and (9b) to calculate the spare-l i r:>

dependence of the velocity and pressure in an infinite tub'- with n : '.::: '

heated section us in;; the wave diagram, rig. 1. The axes of the vave

diagram are space (abscissa) :.mi time (ordinntt). Linos in the wave

dia;;rar.i therefore represent t.ra ) eel or i or,. In tn'1 special units we ar._-

using, line:; of slope + 1 represent forward and backward t ra j ec t ori •.-•;

of points moving with sonic velocity (positive- a:>j iiej-at i vu e);ara<"t< ri.;i

The segment P'P of the x-axis represent:; the heated sect it̂ n of the t'.jhe.

The- area between the vertical dashed lines represents the region of

space-time for which q ~- 0. In this region, statement (9a) hold:?;

outside of it, statement (9b) hold;;. At the outset (!-'), i.e., alorr

the x-axis), v = p = 0 (remember, that p is nov.- the pri'ssr.re i ise).

l,et us now calculate the distribution of velocitv and. pressure ri:<

a I: a time t > 0, i.e., along, the bur i ;:on t;1 ine with ordinate t. Ve

begin with the point A which lies at the intersection of the horizontal

line and tin1 positive characterisiic emanating from P. Because the

segment PA of the characteristic lies outside the dotted lines, we can

apply statement (9b) t find that

(lla) vA + pA - vp - P p = 0

or

(lib) vA + pA = 0

since v = p p = 0. Similarly, by applying (9b) to the negative

characteristic QA through A we find

v ~~ p == 0
A A

so that v = p = 0 .
A A
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Wc can make a similar calculation for point B:

(13a) v + p = t (positive characteristic; 9a)

(13b) v - p., = 0 (neg.at ive characterist i c; 9b)

so that v = p,; = t/2.

At anv point C between A and B, we have

(Ub)

- f

= 0

v(; = p (.= t'/2

where t' is the time interval the positive charac t er is t ir through C

spends in the heated ;;onc. Now t'/t = AC/A15, so that v and p vary

1incarlv with distance hcfweui A and 15. Such linear behavior is

characteristic of the particular problem we arc solving. It can be

shev.-n without too much difficulty thai (i) the profiles of velocity and

pre-'..nire rise an: composed of straight line segments, and (ii) thai

scg-ents of different slope can only intersect at points at which eithel

the bead or tail of one of the characteristics leaves or outers the heat

y.uno.

At point 1),

0 5a)

(i'.b)

P D = l

V D - PI>
-t

v n = 0

i'i> = £

and Liicsc liquations are evidently true for al I points between E and 0.

Figs. 2a and 2b show I ho pressure and velocity profiles we have just

calculated. "J f the reader has not already realised it, t'lose profiles

hold for time t < Z/2, where I is the "ength oi~ the heatee section.

For 9.12 < t < ?„, vc use the wave diagram in Fig. 3.. \gain v =

PA = 0 and v}; = p B = t/2. At point U, Vj) = t - 1/2, p D = <'/2. At

point E, v = 0, p., = "/2. The pressure and velocity profiles are

shown in Fig. -'»a and 4b. For Z < t < 31/2, we use the wave diagram

in Fig. 5. Then, v A = p A = 0, v R = p g = C/2, V(, = Pc = ?/2, and

v = 0, p = i/2. The pressure and velocity profiles arc shown in

Fig. 6a and 6b. For times t > Z, the wave diagram, and the pressure



-6-

and velocity profiles are like those of Figs. 5 and 6 except that

points A and B move rightwards at sonic velocity.

In obtaining this solution, we have assumed the heat source q

to be present in the tube .section P'P. If q ever becomes zero in

section P'P, it means the superconductor has recovered, and we need

not follow the flow am! pressure transjenL further. This explains

why we do not consider 1ale stages of the flow and pressure transient,

for which q may be zero.

5. Analysis of the Kxner imoi: ts of >!:'11-'r et al̂

In the experiments of Miller et al., a 1.52-m-long triple/, in a

s tai!i] ess ste<>l tube was driven noraal by an embedded heater. The

hydrodynainic conditions of this experiment do not conform ,-;ith the

calculation just performed because the ends of the t'.'sr section

coiii-iiunj cate with large helium reservoirs rather than with unheated

tubes of equal diameter. To analyze: Miller's experiment we can only

consider the portions of the earlier wave diagrams between the dot tec:

lines. On the dotted lines wo add the boundary condition p ~ 0 since

there can be no pressure rise in the reservoir;;. (In other words, the

thrco-d imens ionai spread ing of the pressure wave in the reservoir cause,

the pressure to fall rapidly as we move aw.'iv fro::: the mouth of the

heated tube.) The- new wave diagram is shown in Fig,. 7.

Consider a time t •' '•'./?.. At point A, v + p = t (positive
A A

characteristics; 9a). But since p - 0, v = t. For point 15, we have

(16a) vR + pR = t

(16b) vB - P ] J - (vJ5, - P ] j T ) = - tAB,

(16c) pB, = 0 ; vB, = tB, , B .

(16c) pB = \ ( t + tA]5, - tB, B , , ) = tXB,

From these equations i t follows that v = 0 and p = t and that both v

c c
and p vary linearly from A to C. The pressure and velocity profiles

are presented in Fig. 8.
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Ve can advance, further in time in this problem by deriving simple

formulas that will allow us to calculate velocity and pressure profiles

from those for times Z/2 or "„ earlier. We use the wave diagrams in

Fig. 9. Section 1 shows two points, C and A, at two times an interval

."/2 apart. The points are symmetrically located with respect to the

quarter point of the heated section. Using the boundary conditions

that p = 0 at the ends of the heated section ami v = 0 at its midpoint,

we find after a short calculation

(17a) VC

(17b) p = x - v
C, A A ,c

where x is the distance of point A from the midpoint. Graphical 1y,

the meaning of (.1 7n) in as follows: To the pressure distribution at

time t, we add l/'l •• :•:,, which is tile line of slope -1 passing through

tli.- end of the heated ".one. Then v reflect the sur.i around I hi- quarter

point. The result is v . The graphical meaning, of (17b) is to subtract

the volocitv profile. ;u t from x (tlie line of slope 1 through the
A .- \

midpoint) and then reflect about the quarter point. The result is p .

Two appl i cat i our, of (!/) or a direct computation from seci ion 2

of Fig. 9 gives

= - P.
•-

(mo

The meanini', of (]Sa) is clear; the graphical meaning of (lSb) is ,-is

follows: To get the velocity profile, at time t , subtract the volocif'.

profile at time t from the line of slope 2 through the. midpoint.

Shown in Fig. 10 are pressure and velocity profiles at times

31/S, 7£/8, ll"/8, and l!i'i/S. After a time 2?, the process repeats,

and continues to repeat as long as the heat source is present. Tiie

velecity averaged over the length of the. heated section and over a

full cycle is :?./A, i.e., one-quarter of the maximum velocity. It is

this, average which should be significant in dot( ruining the average

heat: transfer in the experiments of Miller et al.



7. Evaluation of Pressure Rise, Tnduced Velocity, and Heat Transfer

( The maximum induced pressure rise and flow velocity are given in

special units by v = I and p = 1/2. In ordinary units,
' max max

a 2.
(19a) v = - —

max C,
o

n

(19b) p = p a (•'.-)v J 'max o o 2

At 5.0 atm and 4.2 K, the condition;; of the experiment, p = 141 kg m ,

C = 240 m s"1, and -i(3h/"'i) = 40.1 J g~ . At 200 A transport current,
o p _1 '

the total heat addition to the helium was about 3.4 J g . The recovery

time was r' 50 msec, but for nearly half of that time, the conductor

temperature was between the critical and current-sharing ter.per;: t ures

(6.0 K, 5.1 K. respectively). As a best guess, we take q = 100 V; g
_? -1

Thus a = 600 m s ", v = 3.80 m s , and the average induced velocity
o max

<v-' = 0.95 in s . The corresponding maximum pressure rise is 0.64 atn.

The hydraulic diameter 1) is 0.4 mm, and the kinematic viscosity is
_ u o _ -i

2.9 x 10 ' ra s . The average Reynolds number Ke of the induced flow

( is then 13000. Using a Prnndtl number Pr = 0.6 for helium at 4.2 K and

5.0 atm we can estimate the Kusselt number >.'u from the s 1 endv-s tat e

Dittus-Boel ter-Giarrat ano i-orrcl at i en: Nu = 0.026 (Ke) "'' (Pr) ''' = 42.
— 1 — 1

With a thermal conductivity k of helium of 0.022 V.'m K , we fine! the
average heat transfer coefficient during recovery h = k(Nu)/D = 2300 :•;;:;
The corresponding heat transfer coefficient deduced from the measured

.-? — 1
stability margin is 850 Win "K ".

P. Discussion

The main uncertainties in the "hydrodynamic" value of h just

obtained here arise from (i) the tacit assumption of steady heat

input (i.e., constant q) during recovery and (ii) the use of the

steady-state correlation between flow and heat transfer. The main

uncertainty in the "stability" value of h is due to its being derived

under the assumption of constant thennophysical properties. These

uncertainties make the comparison of these two numbers a dubious way

of checking how right our picture of recovery at zero flow is. Probably

V^ the best way of comparing the theory pr asented here with experiment is

to measure the time variation of the pressure at selected points along

the sample. Pressure oscillations of the type predicted in Fig. 10b
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have already been seen in as yet unreportod experiments carried out

in a 3-m-long tube, but the boundary conditions at the ends of the tube

do not conform well with those underlying rig. 10b so that quantitative

comparison of the amplitude and period is not possible.

The work presented here has some important implications regarding

how the stability margin at zero imposed flow varies with (i) the

length of the heated section (normal zone) and (ii.)the boundary conditions

imposed at the ends of the heated section. The second factor can make

a difference between the stability margin of a conductor in a short-samp:e

test and the stability margin of the same conductor when wound into a

coil. The first factor can make a difference between the stability

margin when a short length of conductor is driven normal (as in a

short-sample test) and the stability margin in a large- coil when, say,

half a turn is driven normal. Half a turn of an LCP coil is abou_

6m long. According to the calculations summarized in section -, the

helium velocity in the center 50-em-iL.ng section remains zero for about

12 msec, whereas if the sar.»e 50-cm-long oenl er section is part of a

1-m-long short: sample test, the velocity remains zero there for only

2 msec. These considerations indicate the need for experLmontal study

cp_f__sjrabij_i_ty_ at zero imposed flow as a funr_t_i_on of Mie ler.g_th of_ th.-

heated zone and of hoy/ the lie.-ifi-=i "one is connect od fo_the rest of the

he!inn.
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