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ABSTRACT

Conaidwablo w;tantion baa rooontly
b89n dlraotad ●t de’loloplnfi ●ver fast,r
●lgorithms for gcaaratiog gamms random
Varlatmm on digital Oomputara. Zbia papOF
8urwsr8 tho ourrcnt stat. of tho ●rt
tioludins tba la-ding ●lgorithm- of AhF@nS
●nd l)i~tt?o Atkinson, Choag, PimbBmn,
Mmrssslia, Tmdikamalla mnd Uallaao.
Omoral random mriatm ganaration
toalmiquma ●?. ●xplainad with rmformnom to
thaao gamma ●lgorithms. comput~r
●imuhtion ●xpmrimo”dtm on lBh ●nd CDC
oomputora W. roportad.

.

1. lhTRODUCTION

Th9 .g8mQa distribution 18 m u49SU1
❑odol for’ stoahastio inputs to m wid@
varimty of ●ihulation ●ppliaatione.
Comput8r gancratad ghmmb vnriatea bava
bean used to modal Int@rarrival ●nd
●arviao eim~- in quauaing probloms, ●m
load timm8 ●nd demand in inventory
oontrol, and ba fmilure times in
reliability nod~ls. tha gamma
di8triBution~a popularity oan b. traamd to
tho propartiom it obtmina by thm
●ppropriate ●alaation of ita sbapc
paramctor. In tbi8 pspar, uo oonmid,r tbo
●aroma danaity in ●tmndardizod form:

f(x) = x~-1 ●xp(-x)fl(a), x ~0, a > 0.

Sevaral paramotor valu9a ot a ●r9
particularly important. Ir a m 1, thm t
is th~ d8naity of tl,a ●xponantlal
dimtrlbution. If a w k, ●n intcsar, than
● k-Srlang distribution 18 obt8incd. Sores
Simplo tran.formations of Samma vsriat~a
load to other ugll-known distributions.
If X has thq danalty f, thsn 2X has ●
Cinl-8qUmrd diatrlbution vith & dagross
of frsodom. Tbo ratio of lndopondsnt
obi.mquared variatam ia sn ? varibtal
X\/(Al+ X,) is s botc varlmta if XI ●nd X2
srs indopsndont Bamms varistos. ?inally,
tha limiting dimtrlbutlon of ● gamma
v*riat9 aa a * o 1s normal. Dmoauma of
tho gamma aiotribution% Versatility ●nd
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lta ●~;~oprintanema in ●imu18tion
sppliamtlons, Oonsidsrabla 8ttccLion ha.
bacn dircotod to improving ●otbods for
aenorating Samma random Varimtam on a
digital oomputor. Trno purpose of thim
papmr is to cxamioo varioua gmnaration
■ethods ●nd to ldontify the state of tbo
●rt. In ●oation 2, 8omo general
unlwriatm teohniquam ●ro rovlewmd.
SOOtiOn 3 dasoribs8 ●omo of tha lmading
●laoritoma. Finally, in sootion 4 vo
aompara ●nd aontraat the ●i80rith8m. MO
81s0 dimouam future rom8aroh dirmationa.

?b@ ❑oat oommon univariato random
warimta ganoration teohniquaa oan bo
roughly dasoribcd ●a ono of tho ~ollouinc
!1O]: Invarsa probability Integral
tranaform, tranmformmtion, raJootion and
nixtura. Ma Mill briefly d@80ribo ●aoh of”
tbmm toohniquea in this ●eotion.

?no first ●ethod la baaed on th~
following wall-known r~sult: if X in ●
continuous r&ndom variablo with
distribution i’unotibn F, then U = F(X) bas
8 uniform O-1 distribution. Tht oonvorsa
of this ?aBUlt lasdm to 8 rmndom variata
#anaratien mathod: @iven ● uniform O-1
random number U, tho variate X B ?-’(U)
ham diatributinn funotion ?. Appliamtioo
of thin mgthod 18 limited to Varlat.a

having an Invarao distribution funotion in
8impla olomsd form. For tha gamma family,
only tno ●xponontial distribution (a s 1)
●njoya thim propwty. Th18 l~ads to tho
●xpon9ntiml generation formula
x ● -ln(l - U) or ●quivalantly X D -in(U),
●inao U ●nd 1 - U hava tho ●ame uniform
O-1 distribution. ?0? ●rbitrary ●hapa
paramcttr a+ 1, this ●pproaoh fails ●inoo
the ●vmlumtion of F-l ●umt b, don.
numoriaally. Ilovcv@r, for intagor a ● k,
we aan ●pply the gsnaral transformation
●ctbod. In particular, h ● -ln(w~.l all )
ham m ~amma distribution vith ●hap~
paramot@r k, it tho Uigs ●ro Indapandant
ufiiform 0-1. The transformation ●athod
oan ●lso bo umed to obtain ahi-mquarad, ?



4“8M’mlhg from the Gamma (COntlD .J (
●nd bmta variat~a ma indicated in
●*otion 1.

Tho roJootion method L1O, 16, 191 has
Iweantly been tho Best fruitful ●pproaah
to dcv~leping nev ●lgerithma for
aeneret%ng gamma variatea. The ●lgorithms
of Ahrens ●nd DietQr [1], W811a00 [20]?
~tkinaon [21, Harawlia [131. Fish-n [7],
ChenS L51, ●nd Tadikamalla [16, ;T]~ ●re
basad on the reJeotlon method. The Mea
of the reJeotioo ●ethod 1s tb generate
variates from 8 density h(x; 0) whicah
somewhat reaemblea the deeire~ density
t(x). 0008810nally, Varlate# genarated
from h Pre reseoted in awh ● way that the

●oaepted variatea he’fe ● diatri!wtion
corresponding to f. Formally, let r(x),
x c fl , be the density from whioh aampiea
●re required. Let h(x; e) be another
density which le ●asy to-generate, has the
same support ●s f, and whioh aatiafiea
f(x) s dh(x; 0) for 811 xco ●nd for some
621. Ihe re-~eotion method ●lgtirithm is:

i. ;enerate x having density h(x; e).

2. Generate u vhieh 18 uniform 0-1.

3. xr u@T(x) 8 r(x)/6h(x; Q), go to
1. 0~herwi8e, return x.

?ne variable 6 18 the expeated number of
atrialsw unbil ●cceptance of x. The
variable 1/6 la generally referred to as
the ‘nef~laieneym of the procedure.
SeveraL aomet.imea oonfliciting
oon%icerations enter into the selection OS
h(x;

1.

2.

3.

4.

g) ● Tkey ●re summarized, ●a follows:

A faat, Bi .ple ●lgorithm ror
-sting variates rrom h(x; 0 )
be ●vailable. (i.e., step-l
●lsorithm ahoulu be ●xeouted
qulokly.)

gener-
must
of the

The ●ffioenay 1/6 should be oloae to
I. (i.e., h(x; ~) should look
like f.)

The ●oueptanoe-rajeotion teat in
step 3 should be simple. (i.e., T(x)
anould be Qaay to evaluate.)

6 must be eomDutable from
6 s sin [ :::-f(x)/h(x; g)].

8
We will rat~rn to thtso aonaiderationa in
relation to apeoifia gamma ●lgorithms in
●eotion 3.

lhe mixture method la baaed upon
representing the density f from vhioh
variate8 are to be generated ●a
r(x) ● Plfl(x) + ptra(x) + .,O pnfn(x),
whera pt+ pa + . . . pn s 1 and ●aoh of thn
f~~a are denaltiea. The rule of thumb in
davelopine mixturaa for f la to aeleQt the

fise ao that fl la tha faateat fi to
generate, pi la oloae to 1, ●nd
fso .** , fn ●re not unduly diffioult to
generate. Tbe oorraaponding mixture
●athod algorithm la simply to generate
variatea from aaob fi uith probability pi.
The mixtura method haa not reeeived the
aaae attention for generatin~ samma
variates ●s it haa for normal and
exponential va~iatea (ace Haraaglia
[14, 1S] ●nd Kinderman and Ramage [11]).
This ia primarily due to the ●uknard
problem that ● different mixture must ba
used for eaoh a value. Only $n very large
simulation Btudiea oould tha ●ffort in
determining mixtures for the varioua
ValUea be Justified.

111. LkADING ALGORXTHM

in tnia aeotion tie briefly deaoribe
some of the better ●lgorithms for
generating gamma variatea. ?heae
●lgorithm ●re baaed on the rejeation
method--they differ only by their ohoice
of h(x;Q). The simpler ohoioea for h(x;~)
include tbe exponential (Fishman), the
k-Erlaag (Tadikamalla), the double
exponential (Tadikamalla), and the
lo~-~oglstlc (Cheng) denaitiea. Several
●uthora have ohoaen h(x;~) to be a mixture
of two densities. These inolude a normal.
●nd an exponential (Ahrena and Dieter), a
uniform and an exponential (Atkinaolt), and
tuo k-Erlanga (Mallaoe). Blaraaglia*d
‘aquaezeW method genaratea the oube root
of ● aamma variate using a normal density
for h(x;O_).

hany of these algorithm have been
atreamllned considerably by their
inventors to improve their relative
performan~e. Preliminary faat acceptance
teata to avoid ●valuation of f(x) are
●mployed in the published versions of the
Cheng, Marsaglia and Atkin80n algorithm.
An ‘her streamlining teahnique used in the
?laraaglia and Atkinson ●l&orithma involves
generating a uniform variate via exp(-E),
where E la ● atendard exponential variate.
This leada to simplified ●ooeptanae teata
by ●laminating exponential funotion
evaluations. For this teohnique to be
vortnwhile, however, a fast exponential
Uenerator ❑ust be used.

For formal atatementa’ of the
●lgorithms, the reader la referred to the
t!ited papera. Our hope ia that the brief
cverview given here la aafficient to
●luoidate the commonality of the methods,
In the next abotion we compare the
●tgorit.hma on the basia of aeleoted
03nputer execution timings.
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10 this ●otion the I !8 or our
●emulation ●xparimanta ●rt !ortod.
80wrJ of tb. loadins ●lSO?...-ma cr.
oomp~raa om tht bamia t? Oomputmr
●xaoution tlmma ●nd aors ●toraw. Thm
●lgorithms oonsidarsd sra prooodad by
their ●bbrevimtlonm, ● s follows

1. 00 AhroIIs ●nd Diator [11.
2. AT Atkinson [2].
3= aB Ch-ng (51.
4. ar rimmn [71.
5. M Harsaglia [131.
6. T1 Tadikamallasm k-SrlaEs [161.
7. ?2 Tadikamalla@a double

●xponantial [171.
Usllaoa’s ●lgorithm [201 uaa not
oonsidorsd~ ●IIIO. Tadikamalls km- ~kwn ?1
to bc ●UP9P1O?. Similarly, Oraanuoed~a
●lgorieam (81 uaa nut Imeludod due to
Fcsults given in [131.

Tn@ thlngm of our simulation
sxporimonta ●ro SiVan in Tsbla 1 ●nd table
2. Tha slsoritbms war. oodcd in FORTBAll
ualng publiahod Varoionm wbarg tbmy wre
●vailabLa. Tha roaulta from Tmbla 1 woro
oDtainad on tho Mntuoky Bduomtionel
Matuork’s lBh 3701165 aomputar. Tba
individual tlmam ●rm bamod 00 Uanarating
10,000 varlat9a. Tb? ?ORTRAW varaiona of
Lurio mnd Hason’s [121 uniform gcnarator
●na Kindaraaa h.nd UamaSa’s [11] normal
goosrator wera smployod. Tbo raaultm from
Table Z wmFe obtainad on ● Lds hlamaa
Soimntl.tio Laboratory CDC 6600 aomputor.
Tbo individual timas ●ra based on
6cnarst’!nc 100,030 rariatos, and ●gain
●mployiw the” Kindarman-Rama6a normml
ganarator. CDCW8 RAUF uniform 6enar&tor
waa UAN4.

Tha ows mtorua requlrmmenta vary
oonaiderabLy for 5h@ m160rSthmm. Tho lBh
ooro etorases in bytoa ●rc (G?~ 526JD
(tl, 6901, (Oh, 76el, (Hso 8a210
(T2, 900), (AT, 100M), ●nd (GO, 1196).
Tn*sQ valuss do not lnoluda th~ oero
●toragm of tam uniform ganarator whloh wma
oommon to ●ll tna ●lsor:thma. For M ●nd
00, ● ●dditional 1162 bytaa ● r@ raquirad
to ●tO?@ tlm KindQrman-Ramm60 Oormml
uanarator.

?rom tho prooadina remarkm ●nd from
tn8 tables, We oan maka 80Va?~l

TABLE 1

lBbl Timinge (u -mconds~

1.62.25 3.6 4.6 5.6 10.6 lS.6~.—. ——

Go- - 267 200 260 237 336 232
AT 181 197 230 232 266 900 337 623
GB 178 176 168 169 104 162 15s 155
GF 161 212 246 277 297 410 490 -
iis 209 208 207 230 200 907 200 212
T1 161 195 293 248 271 400 402 -
T2 171 177 185 192 191 193 197 194

TA2L2’2

CDC Timiwm ( u-semond~

1.6 2.25 3.64.5 5.5 10.5 1S.6 60.6—— —..— — ——

Go - S5S 257 256 241 392 207
AT 2;4 351 281 204 911 970 427 856
GB 221 MO 164 190 190 184 180 182
OF 219 287 928 362 308 641 674 1%72
MS 16d 190 186 184 186 180 177 176
T3 234 251 267 274 276 280 278 277

rooommendatiooa. Algorithms AT, OF ●nd T1

than 2. Expsotod ●x,oution timaa iaaraaaa
oonaic?crsbly ● s a iaorsaaos. On tha XBH
●yat,m, OF oan b. rooommood-d for
a c [1, 2)s if ●pood ●nd ●implioity ●rc
tbo dominant Oonsidorationa (for tnsaa s,
a~ ●ad T1 w. ●qllivalont). Alaorithm 00
improves nioaly ● a a inoraaaos but 18
●till lnforlor to both OB ●od MS. If only
one ●lgorithm oould ba reoommondsd, us
would ●dvouato GB for tho IBB. For CDC
●quipment ●od ultb ●pood the P?lM8rY
oonaidmration~ MS with tbm
Kind8rmsn-Rakiaga norm-l slgorithm oan ba
●pproved. bhare botb ●implioity and ●paad
mro important, than OB can be advoaatad
for botb maoblnam.

v. COBCLUSIObS

Tbe state o? tba ●rt for &an@rating
Uanma random variatoa bms bcon saplordd.
Tho laading ●lgorithm have bean ●xplmlnod .
in m unifyina framawork ●nd tbcm oomparod
on the baaia of oore atoraum and ●xaoution “
times. Tho algorithms of ChanU ●nt
Maraaglia ●ppaar to b~ tha laading
omndidatea preamntly. Elowavarb work
abould b~ continumd in developing ● ven
faatmr ●lgoritbme. Tbe ●ppropriate
dl?eOtiOn would ●ppmmr to ba in the
●aleotlon of b(x; ~).
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