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ABSTRACT 

A critical survey of the published li~erature concerning; 

modelling of liquid-liquid extraction·columns, mass transfer 

studies in extraction towers and the influence of backmixing 

on concentration profiles, extraction efficiency and the 

number of transfer units has been made to determine the most 

accurate correlations for computing the true number of 

transfer units or the true overall mass transfer coefficients 

in backmixed solvent extraction columns. These parameters 

are of great significance and are very useful in the design 

and performance evaluation of solvent extraction columns. 

Several approximate correlations of these parameters 

as a function of column geometry, operating conditions, and 

physical properties of the liquid systems involved have 

been developed and it is possible to use mathematical models 

in the interpretation and analysis of experimental data to 

determine which correlations appear to be most accurate and 

easiest to use. 

The results of the data analysis, together with the 

best possible estimate of the extraction efficiency were 

applied to a differential backmixing model to obtain con­

centration profiles in an extraction column. 
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INTRODUCTION 

The measurement of mass transfer coefficients, especially 

for extraction columns, has been the subject of much research 

over the past forty years. In spite of this effort, the 

complexity of the problem is so great that the reliability 

of predicted mass transfer rates is still far from satis­

factory. In the correlations for different systems to be 

presented in the present work, experimental results frequent-

. ly deviate by as much as 25 percent from the recommended 

correlations. 

In the past thirty years there has also been growing 

awareness of the part played by axial mixing or backmixing 

in extraction column performance. It is a particular case 

of nonideal flow in which a random movement of fluid is 

superimposed on the main flow and may occur either in the 

direction of or opposite to the direction of the main flow. 

In early research work on extraction columns the extraction 

~fficiencies reported often included both mass transfer 

ra~es and backmixing effects. 

?ratt (34), Geankoplis and Hixson (7), and Gier and 

Hougen (10) were among the earliest workers to recognize 

the effects of axial mixing upon extraction efficiency. In 

their studies and in subsequent work, it has been necessary 

~o consider the manner in which concentration profiles in a 
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column vary from the profiles predicted by simple mass 

transfer or equilibrium theories. 

While the last fifteen years have yielded considerable 

theoretical advances in the description of axial mixing and 

relevant design procedures (30), comparatively little at­

tention has been paid to reducing the axial mixing by re­

considering the basic construction of extraction equipment. 

Misek, as cited in (20), has reported that axial mixing 

effects can account for up to 90% of the installed_height of 

large diameter agitated extraction columns. Under these 

cond{tions, consideration of the axial mixing characteristics 

of extractors is just as important as the more usual concepts 

of mass transfer coefficient and interfacial area. Several 

efforts have been made to reduce axial mixing in the design 

of some contactors, e.g., by using baffles or distributor 

plates. 

In early work, the concept of the height of a transfer 

unit and the height equivalent to a theoretical stage, 

based on entry and exit concentrations, were commonly used. 

These parameters were introduced when plug flow was 

considered a reasonable assumption for the flow pattern 

~nside a counter current column. Later, by recognizing the 

nonideality of this flow, the mass transfer efficiency has 

been recognized as being strongly dependent on the column 

construction because of the effect of column geometry on the 
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identity of the flow within the column. However, mass 

transfer rates are still sometimes given without a warning 

about possible scale-up problems. To improve this situation 

a more detailed approach is necessary. The mass transfer 

coefficients should be calculated from actual concentra­

tions inside the column, and the nonideality of the flow 

should be expressed by some other means. A true mass 

transfer coefficient, based on a proper description of flows 

inside a column, will not be dependent on column dimensions. 

Scale-up should be considerably improved as soon as the 

design equations realistically represent the processes 

involved. 

The mass transfer process and the influence of back­

mixing in a liquid-llquid extraction column muy be repre­

sented by various mathematical models. These mathematical 

models enable one to analyze co~umn performance as a 

function of various operating conditions. Two categories of 

mathematical models have been used to describe the axial 

mixing in extractors. ·of these, the diffusion model re- · 

lates to differentially continuous columns in which longi­

tudinal back-diffusion is· superimposed upon plug flow of 

both phases. This leads to a fourth-order differential 

equation which can be solved analytically for the case of a 

linear equilibrium relationship to give the concentration 
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profiles in the form of a sum of exponentials. The equations 

may also be solved numerically by using a digital computer. 

The other model describes the backmixing by a discrete back­

ward flow of the pha.ses between stages. This leads to a 

fourth-order difference equation, the general analytical 

solution to which gives the concentration profiles for the 

linear equilibrium case as a sum of power functions in­

volving the number of stages. Again, for more complicated 

equilibrium relationships, one may use digital simu1ation 

to compute the concentration profiles. 

Scope and Objectives of the Present Study 

The present work is concerned with longitudinal mixing 

and its influence on the efficiency of an extractor. 

Mathematical models are used for the interpretation and 

analysis of experimental data to find the most accurate 

correlations for evaluating. the extraction efficiency, the 

true number of transfer units and the true overall mass 

transfer coefficients. A computer program was written to 

compute unsteady state concentration profiles and was run 

for a 7 and a 27 stage backmixing column. 
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LITERATURE REVIEW 

Due to the extensive amount of research in mass transfer 

and nonideal flow in liquid-liquid extraction columns, it is 

not feasible to review a+l of the work published in the past 

forty years. A brief review of the major research efforts 

most closely related to the present work is given in the 

following paragraphs. 

Diffusion and Mass Transfer 

According to the Maxwe~l-Stefan·concept, upon which 

most analyses of diffusion in liquid-liquid extraction are 

based, the resistance to diffusion of a component A through 

a solution of A and B is assumed to be proportional to the 

relative velocity of A with respect to B, uA-uB; to the 

distance d~ through which the diffusion occurs; and to the 

number of molecules of A and B in the path of the diffusion, 

in turn proportional to the concentrations CA and CB. The 

resistance must be overcome by a concentration gradient in 

the direction of diffusion, dCA. Thus, 

If one component, say B, is stationary then uB = 0 and 

Equation 1 becomes 
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At steady-state conditions, let QA be the amount of A 

diffusing per unit time across an area S so that 

QA = CAuAS 

then, 

-bQ CBdQ, 
dCA = A . 

s 

Further, define a diffusion coefficient as 

so that Equation 4 can be written, 

( 2) 

( 3) 

(4) 

( 5) 

Then assume that the volume of the solution is an additive 

function of the volumes of the constitutients. Under these 

conditions 

and, 

Equation s·can then be written as, 

de = -de = A B ( 6) 



or, 

5I, 

= QA f 1 
s 5I, 

2 

d.!L 

7 

(7) 

Integrating Equation 7 and utilizing the relations 

C = X C 
A A 

gives the result, 

( 8) 

The quantity oA·is a molecular diffusion coefficient. 

In most cases of practical importance in liquid-liquid 

extraction mass transfer occurs as a result of both 

molecular and eddy diffusion and one defines an "effective" 

or "fictitious" film thickness .!L which is sufficient to 

account for the total resistance to mass transfer. Further,· 

a·mass transfer co~fficient k may be defined as, 

( 9) 

so that Equation 8 may be written, 
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Mass Transfer in Differential 
Extraction Systems 

(10) 

When the concept of a mass transfer coefficient, as 

introduced in Equation 10 is applied to liquid-liquid 

extraction one considers that there is a mass transfer 

resistance in each of the two immiscible "liquid phases and 

that there is a fictitious film on each side of the inter-

face. The film thickness on each side of the interface is 

sufficient to account for the total resistance to mass 

transfer in that phase. The rate of transfer of solute 

then becomes, 

dQ = k dSC(x-x ) = k dSC(y -y) 
X S y S · 

(11) 

In most practical situations it is impossible to approach the 

interface sufficiently closely to measure x or y accurately s s 

and so the true film driving forces (x-x
5

) and !y
5
-y) 

cannot be obtained. 

If the equilibrium curve is a straight line so that 

at all concentrations encountered y in proportional to x s s 

then 

y = mx 
.S S 

(12) 

and a concentration y* may be defined as that concentration 
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in equilibrium with x, the bulk concentration in the x-phase 

so that 

y* = mx (13) 

or, analo~ou~ly, define x* such that, 

y = mx* (14) 

One may then write 

dQ K dSC(x-x*) = K dSC(y*-y) ox oy 
( 15) 

where K and K are called the overall mass transfer ox oy 

coefficients. Then by combining Equations ll through 15 

the relations between individual coefficients and overall 

coefficients are found to be 

and 

K = oy 

l 
l l 

kx + mky 

l 
l + 

m 
k k y X 

(16) 

(17) 

The choice of which coefficient to use is customa~ily 

made by determining the controlling resistance. For 

example, if the equilibrium distribution strongly favors 

the y-phase, then m will be large and, if kx and ky are of 
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1 comparable order of magnitude, then mk is small and K
0

x 
I y 

approaches k and the major resistance to transfer is in 
·X 

the x-phase. 

Although an overall coefficient· should not be used 

for systems with a curved equilibrium line, reference to 

the literature shows that such a coefficient is often the 

only one reported. It is almost impossible in two-fluid 

contactors to measure x and y experimentally and thus to s s 

calculate k and k , ·directly from data on the rate of mass 
X y . 

transfer between phases. Usually only x and y can be 

measured and the individual resistances must be estimated 

indirectly. 

A justification for the use of overall coefficients 

is the lack of precision· of most data on mass transfer. 

This lack of precision is not caused by carelessness, but 

by the difficulty of obtaining data on concentrations and 

velocities in a device such.as a solvent extraction column . 

. Number of Transfer U~its in a 
Tower-Concentrated Solution 

From the previous discussion the use of overall coeffi-

cients is difficult. The concept of the "height of a 

transfer unit" fir~t advocated by Chilton and Colburn (3) 

is more often used. It may be derived by reference to 

Figure 1. From·a balance on a differential height of column 
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Figure 1. Diagram of a solvent extraction column 
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one may write, 

dQ = d(Lx) = k aSC(x-x )dz 
X S 

(18) 

where Q = moles of solute transferred per unit time, a is 

the interfacial area per unit volume of .the tower and S 

is the cross section area. The total flow-rate, L, m~y 

vary along the length of the tower but the solute free flow 

rate L(l-x) will remain relatively constant. Also, the mass 

transfer coefficient, k , includes a term (1-:-x) . which 
X 1m 

also varies throughout the column as shown in Equation 8. 

The quantity k (1-x) . is more likely to rem. ain constant. 
X 1m 

Making these two changes in Equation 18 and rearranging 

terms gives 

(1-x) . dx 
1m = 

k a(l-x). SCdz 
X 1m 

L 
(19) 

Since the terms (1-x). and (1-x) are usually near unity, 
1m 

the. left-hand portion of Equation 19 is essentially the con-

centration change dx per unit of concentration difference 

(x-x ) causing the ~hange. It is a measure of the diffi­s 

culty ~f the extraction aqd the integral has-been named·the 

number of transfer units (·NTU). The number of transfer units, 

when multiplied by an experimentally determined quantity 

called the height of a transfer unit (HTU) 9ives the height 

of the tower. Thus, 



H.= (HTU) (NTU) 

and from Equations 19 and 20, 

(NTU) 
X 

X 

J 
1 (1-x) . dx 

~m 

13 

(20) 

dz = HTU 
H (21) (HTU) 

X 

So the mass transfer coefficient and the HTU are related 

by the expression 

(HTU) 
X 

L = ka(l-x). CS 
X l.m 

(22) 

As was discussed in the explanation of the use of mass 

transfer coefficients, the practical problems of obtaining 
/ 

true equilibrium interfacial concentrations has also led 

to the use of overall mass transfer coefficients in the ·: 

computation of the number of transfer units. Thus it is 

common practice to use overall mass transfer coefficients 

and overall concentration gradients. With these changes, 

Equations 21 and 22 become, 

.. xl ( 1-x) om dx 
(NTU) 

Jx 

H = = (HTU) ox (1-x)ln(x-x*) 2 ox 
( 2 3) 

and 

(HTU) L = K a(l-x) .C S ox ox om xm 
(24) 

Weigand (48) has found that, if (1-x*) and (1-x) differ 

7 
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by no more than a factor of two then the use of an ·arith-

metic average rather than a logarithmic average for 

(1-x) leads to error of not more than 1.5 per cent .. So, om 

using the relation, 

(1-x*) + (1-x) (1-x) = om 2 

gives the equation 

xl 
(NTU) = J ox 

x2 

1-x 
~ + 1 ln(----1 2) 
x-x* 2 -x1 

(25) 

(26) 

and the first term of Equation 26 can be found by plotting 

a curve of 1/x-x* vs. x and integrating graphically between 

x1 and x 2 . 

For the case of a straight equilibrium line which 

passes through the origin and for a straight operating 

line (L/G = constant), Colburn (4) has solved the 

resulting finite difference equation to obtain 

where F is called the extraction factor, L/mG. 
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SEPARATION BY DISCRETE STAGES 

A large proportion of industrial separations are per­

formed in equipment in which the interphase contacting is 

done countercurrently in stages. The two phases are inti-

mately mixed and then separated and led independently to 

the adjacent stages. The contact between the phases as 

they move through the device is intermittent rather than 

continuous. o 

In an ideal, or equilibrium, stage, the phases are 

mixed long enough so that the streams leaving the stage 

are in equilibrium, and the phases are mixed so that there 

are no gradients of concentration in them. But in a real 

stage, there may not be sufficient contact between the 

phases to bring the streams into equilibrium. The 

overall efficiency n is defined as the ratio of the number 

of ideal stages to the number of real stages: 

n = (28) 

Bennett and Myers (2) describe the following relation 

between the number of stages and the number qf transfer 

units for the case of straight equilibrium, and operating 

lines, 

N = (F-l) (NTU) 
ideal lnF ox (29) 
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Substituting for (NTU)
0

x from Equation 27 gives 

ln{(l-F) [(x2-y2/m)/(x1-y2/m)]+F} 
Nideal = ln(l/F) (30) 

and one can·-find··Ni·~·c{l:·'from Equation 28,:· 

N real . ( 31) 
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MODELLING OF LIQUID-LIQUID EXTRACTION COLUMNS 

A variety of attempts have been made to design liquid­

liquid extraction columns utilizing available correlations 

for dropsize; holdup of dispersed phase, flooding velocity, 

mass transfer coefficients and axial mixing effects. Such 

correlations, in many cases, are presently based on very 

limited data and thus their use, while technically correct, 

lacks experimental verification. 

Before a simulation study of the design or performance. 

of a liquid-liquid extraction column can be confidently 

carried out, a suitable model representing the physical 

processes occurring in the column must be developed. 

In the simplest model it is assumed that solute is 

transferred between two immiscible phases flowing counter­

currently in plug flow. The model can be made more 

accurate by assuming that there is backmixing or longi­

tudinal dispersion in each phase. 

The recognition of backmixing as an important factor in 

thedesignof liquid-liquid extraction columns is now firmly 

established but its use requires that additional process 

parameters be known. Two mathematical models which include 

backmixing are available. The first model assumes that 

there are individual stages in the column and is called a 

stagewise model. The second approach is based on a 
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continuous or a differential concept and is called a 

diffusion model. 

The development of both models and experimental verifi-

cation of their usefulness have been extensively treated in 

the literature over the past twenty years but despite the 

mass of published material, the ability to·design extraction 

columns or to predict column performance has not become 

commonly accepted. 

Stagewise Backmixing Model 

Thismodel has been introduced by Sleicher (40) and 

.developed by many other authors, such as Miyauchi and 

Vermeulen (32), and Hartland and Mecklenburgh (13). 

A typical section of a countercurrent column for which 

a stagewise analysis has been applied is shown diagram- · 

matically in Figure 2, along with a phase disengaging 

section at each end. The heavy phase flows from the top 

and is contacted with the light phase which rises from the 

bottom. In addition to-the main flows, two hypothetical 

flows in the opposite direction of the main flow are used 

to represent backmixing. Accommodation is made for back-

mixing in each phase by the inclusion of the backmixing_ 

coefficients e:: and e defined by 
X y 

ex = L/L and ey = G/G 
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Figure 2. Diagrammatic representation of stagewise back­
mixing model 
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where e represents the fraction of the heavy phase flow L 
X 

which is flowing between stages in an opposite direction to 

the bulk heavy phase flow and e is defined similarly for y 

the light phase. 

The following assumptions are used to construct the 

material bala~ce equations: 

1. e and e are constants, independent of the stage 
X y 

number and solute concentration.· 

2. The volume of each stage is constant and of this 

volume a constant fraction h is heavy phase and a 
X 

constant fraction h. is light phase, such that y 

h + h = 1. 
X y 

3. At each end of the column is a phase disengagement 

section represent by an unmixed stage in which it 

is assumed that no mass transfer occurs. 

4. One component only is being transferred between 

phases according to the linear equilibrium rela-

tionship: 

y = mx* + b 

Where y is the concentration of solute in the light 

phase and x* the concentration of solute in the 

heavy phase which would be in equilibrium with y. 
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5. Mass transfer occurs according to the equation: 

Q = k (x -x*) n ox n n 

Where Q is the rate of mass transfer in stage n 
n 

and k is the mass transfer coefficient per unit ox 

interfacial area based on x-phase, and it is 

independent of stage number. 

6. Volume change~ due to solute transfer are considered 

negligible. 

7. The stages are assumed perfectly mixed, the con-

centration inside each being equal to its exit 

concentration. 

Steady state solution 

A material balance on the heavy phase around stage n 

gives 

U (l+e )x 1 - U (1+2e )x + U e x +l - Q ah = 0 
X X n- X . X n X X n n 

(32) 

Where h is the height of a stage. In a similar manner, a 

solute balance on the organic phase around stage n gives: 

u (l+e )y - u (1+2e )y + u· e y + Q ah·= 0 y y n+lt y y n . y y n-1 n 
(33) 

There is no mass transfer at the end stages (Q =0), 
n 

~nd also no backflow leaves the column. Therefore, the 

boundary condition at the top (n~l) will be 
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u x. - U (l+e )x
1 

+ U e x 2 = 0 X 1n X X X X 

x. + e xx2 1n 
xl = l+e .(34) 

X 

U (l+e )y2 - U e y 1 - Uyyl = 0 y y. y y 

yl = y 2 
( 35) 

At the bottom,. n = N: 

U (l+e )xN 1 - u xexxN - UxxN = 0 X X -

X = N XN-1 (36) 

0yYin - U (l+e ) yN + U e y = 0 y y y y N-1 

Yin + eyyN-1 
y = N l+e y 

( 3 7) 

Equations 32 and 33 may be put in dimensionless form by 

introducing the dimensionless compositions X and Y: 

X = 
x-1/m(y. -b 1n ) 
x. -1/m(y. -b) 1n 1n 

1/m (y-y. ) ln 
Y = x. -1/m(y. -b) 

1n 1n 

Hence Equations 32 and 33 become 

(l+e )X l - (1+2e )X +eX +l = (NTU )Tl(X -Y ) x n- x n x n ox n n 

(38) 
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Where F = U /mU and (NTU )Tl = k ah/U = (NTU
0

x)/N is 
X y OX OX X 

the number of the true transfer units per stage based 

on the x-phase. Equations 38 and 39 can be put into finite 

difference form using the difference operator.!::., where 

!::.X = X +l-X . If Y is eliminated, a 4th-order difference n n n 

equation in X results. Expressed in E operator form, where 

E = 1+1::., the equation is. 

{e (l+e ) (E-1) 4 - [ (l+e ) (1+ (NTU ) Tl) 
X y y OX 

- e (1-(NTU )TlF)] (E-1) 3 
X OX 

- [l+(NTU )Tl(c F+e -F+2)] (E-1)
2 

OX X y 

- (NTU )Tl(l-F) (E-1) }X = 0 ox n (40) 

The solution of Equation 40 gives the X profile and 

the combination of this result with Equation 39 gives the Y-

profile, as follows: 

X 
n 

y 
n 

( 41) 

( 4 2) 

Where the constants A. are determined by the four boundary 
1 

conditions (34), · (35), (36), and (37). The a. will be:.· 
1 



1-e (d.-1) 
X l 

ai = F[d.+e (d.-1)] 
l y l 

24 

( 4 3) 

The d. in Equations 41 and 42 are the roots of the equation 
l 

3 2 (d-1) - ().I (d-1) - s I (d-1) -y' = 0 

in which 

a' = 
(l-(NTU0 x)TlF) 

(l+ey) 

l+(NTU
0
x)Tl(l-F) 

S' = (NTU )Tl[l/e +F/(l+e )] + e (l+e) 
OX X Y X y 

y' = 
(NTU ) Tl (1-F) ox ' 

e (l+e ) 
X y 

( 4 4) 

Hartland and Mecklenburgh (13) have given the full 

analytical solutions to the staqewise case by evaluating 

all of the roots of Equation (44). However, the resulting 

equations are complex and difficult to use for design 

purposes where the number of stages is required. Calculation 

of the exit concentrations from Equations 41 and 42 in order 

to find the total number of stages is not convenient for 

rapid design purposes. A simplified approximate solution for 

calculating the exit concentrations X andY, and the number 

of stages has been given by Pratt (35) who examined the 

characteristics of the roots of Equation 44 and used 

their unique properties to eliminate the more insignificant 
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terms in the solution. With this simplification, Pratt's 

approximate solution is 

log 

N = { 45) 

If the outlet X-phase composition ~s specified, the 

corresponding value of Y t is given by the overall material ou 

balance 

Y = F{l-X ) out out {46) 

Pratt found that Equation 45 is of adequate accuracy 

for most design purposes if four or more actual stages are 

required, even with very high backmixing ratios. 

The stagewise model reduces to other recognized models 

at· extreme values of e , ey and N. 
. X 

When e = e = 0 it 
X .Y 

becomes the theoretical stage model with no backmixing. 

When e and e ~oo or N=l the model reduces to one perfectly 
X y 

mixed stage. When N~oo .at finite e and e it becomes the 
X y 

differential model with no backmixing. When N, ex and 

e ~oo and e /N and e /N remain finite it becomes the dif-y X . y 

ferential model with backmixing. Such relations have.been 

shown by Hartl~nd and Mecklenburgh {13). 
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Differential Backmixing Model 

The differential model has been studied by Eguchi and 

Nagata (6), Miyauchi and Vermeulen (31), Sleicher (41) and 

Hartland and Mecklenburgh (13). 

With reference ~o Figure 3 a solute mass balance over 

the element dz for the x and y phases yields the fo.llowing 

set of differential equations based on assumptions will be 

mentioned later. In general the material balance equation 

is: 

In - Out = Accumulation 

At steady state it becomes, 

In - Out = 0 

For the x-phase the equation is, 

E dxj - E ~~~· + Uxxj - uxxj 
x dz z+dz x z z · ·z+dz 

- K a(x-x*)dz = 0 
OX 

Dividing both sides by dz and taking the limit gives 

d 2x dx E ---- U --- K a(x-x*) = 0 
x dz2 x dz ox 

and when converted to dimensionless form it becomes, 

( 4 7) 

( 4 8) 
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Figure 3. Schematic representation of differential back-. 
mixing model . 
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where (NTU )T = K aH/U is the true number of transfer 
OX OX X 

units, P = U H/E and P = UYH/Ey are the Peclet numbers 
X X X y 

for the x and the y phases, respectively, F = U /mU is 
X y 

the extraction factor, X = x/yin' Y ~ y/yin' Z = z/H and 

y = mx*. Similarly, for the y phase: 

2 
E ~ + U dy + K a(x-x*) = 0 

Y 2 y dz ox dz · 
(49) 

or: 

(50) 

The boundary conditions are obtained by taking balances 

around the ends of the contactor. Neglecting concentration 

changes at both outlets, the boundary conditions are the 

familiar equations of Danckwerts.: 

At z = 0 dX/dZ = P (X-X. ) and dY/dZ = 0 
X 1n (51) 

At z = 1 dX/DZ = 0 and dY/dZ = P (1-Y) y 

steadx state solution 

Combining Equations 48 and 50 and rearranging in 

dimensionless form, the re~ult is the following differential 

equation representing the solute concentration in the x 

phase as a function of height: . 
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d 4X d 3X -- (P -P )-- (P (NTU )T + P P 
dZ4 X Y dZ3 X OX X y 

2 
+ P (NTU )TF)d X2 - (NTU )TP P (1-F)ddXZ = 0 

Y OX dZ ox X y . 

(52) . 

The general solution to Equation (52) is; 

where m
1

, m2 , m
3 

and m4 are the roots of the equation, 

m[m3-(P -P )m
2-(P (NTU )T+P P +Py(NTU )TF)m 

X Y X OX X Y OX 

- (NTU )TP P (1-F)] = 0 
OX X y 

(54) 

By using a digital computer program based on Equations 

52 and 51 one can find concentration profiles in the 

X phase. 

In the special case where there is no axial 

E and E are assumed to be negligible, and from 
X y 

47 and 49 one can obtain 

2 
d X - (NTU ) (F-l)dX = 0 
dZ2 ox T dZ 

The boundary conditions for this case are, 

At Z = 0 

At Z = 1 

X = X. 
lll 

X = 0 

And hence the model becomes a plug flow model. 

mixing, 

Equations 

(55) 
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When E and E +oo there is complete mixing in both · 
X y 

phases and Equation 52 reduces to that of a stirred tank. 

Comparison of the Differential and 
Stagewise Model 

With the availability of the design Equations 45 and 

46 it would appear desirable to interpret and present back­

mixing data ~or stagewise ~odels rath~r-than differential 

models. However, there is a real need in differential columns 

for reliable mass transfer data, in the form of true values 

of (NTU) or (K
0

x) and (a) before the design of these con­

tactors can be put on a satisfactory theoretical basis. 

Hartland and Mecklenburgh (13) related the differential 

and stagewise models by using the first and se~ond order 

finite difference· equations of the form, 

X = X 
n 

y = y 
.n 

Z = n/N 

= N
2

(X +l-2x +X 1 ) n n n-

= N
2

(Y +l-2Y +Y 1.) n n n-

Substitution of these equations in the differential 

Equations 48 and 49 and comparison of the result with 

Equations 38 and 39 for the stagewise model gives 

(56) 
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e 1 1 e 1 1 X + and _y+ (57) N 2N 
= 

2N 
= p N p 

X y 

When N, e and e -+00 so that e /N and ey/N remain finite, then 
X y X 

e /N = 1/P 
X X 

and e /N = 1/P 
. ' y ' y 

(58) 

Thus under these conditions the differential-and the 

stagewise models are id.entical. 

A complete list of the identities needed to convert a 

stagewise process into a differential one is given in Table 

1 (13). 

Table 1. Conversion of stagewise equation governing back­
mixing to the equivalent differential equation 

N+oo Finite N 

e /N = 1/P 
· X X 

e /N = 1/P y y 

n/N = Z 

N(NTUox)Tl = (NTUox)T 

(NTUox)Tl = 0 

e /N + l/2N = 1/P 
X X 

e /N + l/2N = 1/P y y 

n/N = Z 

= (NTU )T/N ox 
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THE EFFECT OF AXIAL MIXING ON THE CONCEPT OF NUMBER OF-. 

TRANSFER UNITS IN PULSED PERFORATED PLATE COLUMNS 

Since the conception of the pulsed column (46) in 1935 

and its successful application in contacting highly corro-

sive, dangerously radioactive liquids and in the extraction 

and separation of metals from solutions in the atomic energy 

industry in 1949 (38), a great deal of experimental effort 

has been expended, principally for the purpose of evaluating 

column performance for design and scale-up. Backmixing has 
I . 

a substantial effect upon the operation of these mass 

transfer devices, because it leads to: 

1. A decrease in concentration driving force and an 

adverse effect on the mass transfer rate between 

phases. This is illustrated. in Figure 4 in which 

the broken curves represent the concentration pro-

files in the feed and the solvent phase for a 

particular case without axial mixing and the solid 

curves represent the same case with axial mixing. 

There are concentration jumps at the points where 

feed and solvent enter. Figure 5 shows the 

distribution diagram with operating lines B'J' for 

the case of axial mixing and A'C' for the case of 

piston flow. (E = 0, E = 0). It fo~lows from 
y X 

this graph that, as the degree of longitudinal 
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miiing increases, the driving force (x-x*), based 

on the x-phase concentration, for example, de-

creases and the operating line approaches the 

equilibrium line until they coincide and the 

indicated degree of separation is no longer pos-

sible with a column of finite height. 

2. A decline in extraction efficiency, because, as 

cited in part 1, axial mixing reduces the mass 

transfer rate between phases and thus the result 

is a decrease in efficiency. 

3·. It is clear that in the case of axial mixing the 

height of the column has to be increased to arrive 

at the same degree of separation.· 

4. With backmixing present, the concept of HTU and NTU 

are somewhat clouded because HTU and NTU become a 

function of the contactor length and of the back-

mixing coefficients. Hartland and Mecklenburgh 

·( 14) showed theoretically that 

(HTU ) 
ox p 

E /U +E /U +U /K a = X X y y X OX 
1-1 /H-1 /H+E /U H+E /U H 

X y X X y y 
(59) 

In which 1 is the length of the region near the y y 

phase outlet and l is the .. length of., the ·:region near 
X 

the x phase outlet. From Equation (59) it·is 

obvious that the HTU increases with increased 
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backmixing. For low backmixing and large contactor 

length Equation (59) may be written in the form 

u 
X 

(HTU ) = K a 
ox p ox 

(60) 

and one can think in terms of a constant HTU~ The 

above process has been practically shown in Figur~ 

6 by Hartland and Mecklenburgh (14). 

Therefore, for design calculation for pulse columns with 

backmixing, it is necessary to separate the mass transfer 

coefficients and backmixing coefficients in the simulation 

model. 

In the analysis of longitudinal dispersion in a con-

tinuous column Miyauchi and Vermeulen (33) introduced three 

different NTU's for mass transfer: 

1. The true NTU, which arises from the original defi-

nition of the height of a transfer unit proposed 

by Chilton and Colburn (3): 

(NTU )T = K aH/U 
OX OX X 

where K is the true overall mass transfer ox 

(61) 

(62) 

coefficient based on the x phase, a is the inter-

facial area, H is the length of column and U the 
X 

superficial velocity of the x phase. 
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2. The plug flow or apparent NTU defined in terms of 

the end concentration of the x phase for a dilute 

solution (straight operating and equilibrium 

lines), 

(NTU ) ox p 
= (i;, 

xout 

dx ( 6 3) 

where x* is the x concentration in equilibrium 

with the concentration in the other phase and 

y = mx* . 

. As mentioned before, the logarithmic mean 

driving force is appropriate for dilute solution, 

thus: 

x. -x 
(NTU ) = 1n out 

ox p (x-x*) ln 
(64) 

But y = mx*, therefore: 

1 . (yin-mxout) 
(NTU ) = ( ( - ) /m (x -x ) ) -1 ln -mx 

ox P Yout Yin in out Yout in 

(NTU ) (HTU ) = H ox p ox p 

(65) 

(66) 

3. The measured NTU, which is similar·to the (NTU ) ox p 

but is based on the true operating curve, i.e., 

the actual concentration profile measured in the 

column. It includes the backmixing effect. In 

Figure 4 the concentration profile for phase x and 
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phase y as measured by Geankoplis and coworkers 

(7, 8, 22) and by Gier and Hougen (10) are shown. 

The measured NTU may be expressed in terms of the 

distance between the curves, i.e. , X - y/m: 

·xll xll 
(NTU )M 

Jx 
dx 

Jx 
dx (67) = x-x* = x-y/m ox 

out out 

As shown in Figure 4, x 11 is the "concentration 

jump" from x. . 
1n 

In general, one will find that (NTU )T > (NTU )M > 
OX - OX 

(NTU ) because both (NTU · ) and (NTU )M include the ox p ox p ox 

-effect of longitudinal mixing in each phase. Also, 

(HTU ) > (HTU )M > (HTU )T. ox p - ox - ox 

To compute (NTU ) , (NTU )M, and (NTU )T for a pulse ox p ox ox 

column from experimental concentration values, Smoot and 

Babb (42) obtained experimental data in which concentration 

values were measured in terms of a differential backmixing 

model. The systems studied in this investigation were 

methyl isobutyl ketone-acetic acid-water (M.I.K.-HAC-H2o), 

and trichloroethane~acetone-water (T.C.E.-Acetone-H 2o). 

Solute transfer was from the organic phase to the 

aqueous phase, and hence, the Equations (47), (49) and (52) 

become 

d 2x dx E ---- U -- + K a(x*-x) = 0 
x dz2 x dz ox 

( 68) . 
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d
2

y dy Ey --- + U --- K a(x*-x) = 0 
dz2 y dz ox . 

(69) 

(P (NTU )T + P P 
X OX X y 

d 2X dX + P ( NTU ) TF) - 2 - ( NTU ) Tp P ( 1-F) d z = 0 
Y OX dZ OX X y ( 70) 

where F = U /mU . 
X y 

An integration of Equation (68) yields the true NTU 

as: 

1 JH = Jxout dx E J: 1 d 2x K a dz X dz (71) u --- + x-x* --2 ox 0 x*-x u 
X xll X dz 

This is equivalent to 

(NTU )T = (NTU )M + Correction Term ox ox 

Smoot and Babb (42) commented that the numerical : 

integration of the second derivative (d2x/dz 2 ) in Equation 

71 is highly inaccurate and therefore the graphical integra-

tion of the above integral is not a good way to calculate 

the true NTU. Consequently, a simple method is to assume 

different values of (NTU )T and calculate the concent~ation ox 

profile using the differential backmixing model (Equations 

70 and 51). By a numerical integration for each profile 

(NTU )M is evaluated and then by using these data and a ox 

machine interpolation, the true NTU value which corresponds 

to the measured NTU value can be obtained. These.results 
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have been summarized in Table 2. The backmixing coefficients 

(E and E) are determined eitherbya steady state tracer in-
x y 

jection method or by some type Df unsteady injection at the 

inlet such as the delta or impulse injection teqhnique. 



Table 2. Summa~J of experimental and calculated data 

Run 
No. 

1 
2 
3 
4 
s 
6 
7 
8 
9 

10 
ll 
12 
13 
14 
1S 
16 
17 

18 
19 
20 
21 
22 
23 
24 
2S 

Cart­
ridge 
No.a 

1 
1 
1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 
3 
3 

H,Ft. A,Ft. 
-1 

f,Hr. 

1.96 0.0833 4200 
1.96 0.0833 4200 
1.96 0.0833 1800 
1.96 0.0833 1800 
1.96 0.0421 1800 
1.96 0.0421 1800 
1.96 0.0421 4SOO 
1.96 0.0421 4200 
1.96 0.0421 4200 

1.96 0.0421 4200 
1.96 0.0421 4200 
1.96 0.0421 1800 
1.96 0.0421 1800 
1.96 0.0833 4200 
L 96 0. 0833 4200 
1.96 0.0833 1800 
1.96 0.0833 1800 

1.97 0.0833 4200 
1.97 0.0833 4200 
1.97 0.0833 1800 
1.97 0.0833 1800 
1.97 0.0421 4200 
1.97 0.0421 4200 
1.97 0.0421 l80Q 
1.97 0.0421 1800 

U U E 
X y X 

Ft./Hr. Ft./Hr. Sq.Ft./Hr. 

E 
y 

(NTU ) 
Sq.Ft./Hr. OX p 

Methyl Isobutyl Ketone-Acetic Acid-Water 
42.0 27.2 S.24 3.84 1.70 
27.0 
42.0 
27.0 
42.0 
27.0 
27.0 
42.0 
27.0 

27.0 
42.0 
42.0 
27.0 
27.0 
42.0 
42.0 
27.0 

42.0 
27.0 
27.0 
42.0 
42.0 
27.0 
42.0 
27.0 

42.0 
42.0 
27.2 
27.2 
42.0 
27.2 
42.0 
27.2 

42.0 
27.2 
42.0 
27.2 
27.2 
42.0 
27.2 
42.0 

42.0 
27.2 
42.0 
27.2 
27.2 
42.0 
42.0 
27.2 

7.27 
4.39 
4.69 
3.67 
S.08 
6.23 
S.68 
6.07 

8.S3 
6.14 
S.lS 
S.Sl 
7.87 
7.37 
4.76 
6.60 

4.79 
S.l2 
4.29 
3.09 
4.00 
s.ss 
3.3S 
3.38 

1. 20 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
.0 
1.61 
2.60 
0 
0 

1.62 
1.60 
0 
0 
0 

0 
0 
0 

2.84 
LOS 
1.18 
0.7S 
LS4 
1.07 
0.91 
1.02 

LSO 
0.6S 
0.92 
0.99 
2.bo 
l. 78 
0.686 
l. 34 

2.29 
2.6S 
l. 79 
0.99 
0.97 
L 73 
L3S 
1..36 

acartridge characteristics are given in Table 3. 

(NTU ) 
ox M 

2.76 
S.30 
l. 27 
l.S2 
0.86 
l.S4 
l. 70 
1.04 
l.3S 

l.2S 
0.84 
0.98 
1.07 
S.16 
2.76 
0.82 
1.41 

3.S8 
s.os 
2.01 
L2S 
1.10 
1.99 
1.21 
LS4 

(NTU ) 
OX T 

2.4S 
S.42 
l. 27 
l.SO 
0.84 
1.66 
1.66 
LOS 
l. 3S 

1.41 
0.81 
0.99 
.1.09 
4.38 
2.60 
0.80 
l.S4 

3.31 
4.41 
2.10 
1.19 
LOS 
2.11 
1.21 
l.S2 



Table 2 (Continued) 

Run 
No. 

26. 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 

Cart­
ridge 

No. a 
4 
4 
4 
4 

.4 
4 
4 
4 
4 
4 
4 
4 
4• 

4 
4 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

H,Ft. A,Ft. 

1. 97 0. 0421 
1.97 0.0421 
1.97 0.0421 
1.97 0.0421 
1.97 0.0833 
1. 97 0. 0'833 
1.97 0.0833 
1.97 0.0833 

-1 
f,Hr. 

4200 
1800 
1800 
4200 
4200 
4200 
1800 
1800 

1.97 0.0833 4200 
1.97 0.0833 5400 
1.97 0.0833 3000 
1.97 0.0421 1800 
1.97 0.0421 5400 
1.97 0.0421 3000 
1.97 0.0625 4200 

2.00 0.0833 4200 
2.00 0.0833 3000 
2.00 0.0833 5400 
2.00 0.0421 4200 
2.71 0.0833 4200 
2.71 0.0833 3000 
2.71 0.0421 4200 
3.27 0.0833 4200 
3.27 0.0833 3000 
3.27 0.0421 4200 
3.93 0.0833 3000 
3.93 0.0421 4200 

U U E 
X y X 

Ft./Hr. Ft./Hr. Sq.Ft./Hr. 

42.0 
27.0 
42.0 
27.0 
27.0 
42.0 
42.0 
27.0 
27.0 
27.0 
27 .o 
27.0 
27.0 
27.0 
27.0 

27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 
27.0 

42.0 
42.0 
27.2 
27.2 
42.0 
27.2 
42.0 
27.2 
27.2 
27.2 
27.2 
27.2 
27.2 
27.2 
27.2 

28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 
28.0 

5.62 
5.03 
3.63 
6.0 
7.19 
5.18 
4.34 
4.64 
6.31 
6.91 
5.58 
4.42 
6.57 
5.31 
6.18 

7.90 
7.00 
8.70 
7.55 
7.93 
7.02 
7.52 
7.93 
7.02 
7.54 
7.02 
7.54 

E 
y (NTU ) · (NTU ) 

Sq. Ft./Hr. ox p ox M 

0 
0 
0 
0 
2.10 
2.54 
0 
0 
2.60 
3.29 
0 
0 
0 
0 
0 

1.61 
1.61 
0 
0 
1.61 
0 
0 
0 
0 
0 
0 
0 

1.10 
1.52 
0.74 
1.47 
2.99 
1.88 
1.09 
1.18 
2.56 
3.08 
1. 38 
1.04 
1. 36 
1.08 
1.34 

2.18 
1. 29 
2.82 
1.02 
2.88 
1.62 
1.59 
3.64 
2.14 
1.66 
2.57 
2.00 

1. 26 
1. 35 
0. 71 
1. 33 
5.79 
2.94 
1.10 
1.25 
7.04 

11.54 
1.91 
1.10 
1.95 
1.17 
2.10 

4."65 
1.67 

12.50 
1.23 
5.89 
2.85 
1.58 

15.57 
3.44 
2.50 
4.42 
2.56 

(NTU ) 
ox T 

1. 26 
1.44 
0.70 
1. 33 
5.92 
2.55 
1.10 
1.25 
5.95 
9.30 
1.84 
1.11 
1.86 
1.18 
2.00 

4.06 
1.67 
8.81 
1. 26 
5.01 
2.64 
1. 56 

11.07 
3.13 
2.36 
3.94 
2.42 



Table 2 {Continued) 

Ru..'1 
Cart-

-1 
u u E E 

ridge H,Ft. A,Ft .. f,Hr. 
X y X y 

{NTU ) {NTU ) M {NTU ). 
No. No.a Ft./Hr. Ft./Hr. Sq.Ft./Hr. Sq.Ft./Hr. ox p ox OX T 

1,1,2-Trichoroethane-Acetone-Water 
53 4 2.08 0.0833 4200 52.1 71.5 9.85 0 3.38 3.41 4.47. 
54 4 2.08 0.0833 4200 6.84 54.1 8.02 0 1.62 1.69 1.88 
55 4 2.08 0.0833 2400 68.4 71.5 7.12 0 1.52 . 1.56 1.72 
56 4 2.08 0.0833 2400 52.1 54.1 7.39 0 1.46 1.46 1.66 
57 4 2.08 0.0421 4200 68.4 71.5 8. 30 0 1.47 1.51 1.69 
58 4 2.08 0.0421 4200 52.1 54.1 8.00 0 1.65 1.58 1.84 
59 4 2.08 0.0421 2400 52.1 71.5 7.65 0 1.94 1.89 2.22 
60 4 2.08 0.0421 2400 68.4 54.1 6.23 0 1. 37 1. 34 1.44 
61 4 2.08 0.0833 4200 52.1 46.0 9.06 0 2.02 2.06 2.45 
62 4 2.08 0.0833 6000 52.1 46.0 10.0 0 4.20 3.81 4.95 
63 4 2.08 0.0421 2400 52.1 54.1 7.03 0 1.55 1.54 1. 75 
64 4 2.08 0.0421 6000 52.1 54.2 9.80 0 1.98 2.02 2.45 .::. 

.::. 



Table 3. Pulsed colum:n cartridges performed by Smoot and Babb ( 42) 

Cartridge Plate Plate Hole Plate Column 
Spacing, Diam. Free Diam. , No. Ft. Ft. Area, % Ft. 

1 0.183 0.0052 23 0.167 

2 0.183 0.0104 23 0.167 

3 0.132 0.0052 23 0.167 

4 0.132 0.0104 23 0.167 
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EVALUATION OF THE BACKMIXING COEFFICIENTS 

The steady state method consists of injecting a steady 

and continuous strea.m of tracer at some point and measuring 

the resultant steady state concentration profile of back-

mixed tracer along the column. Mathematically the steady 

state method can be expressed by 

J -E de 
+ u c (72) = dz z X X 

Assuming that fluid velocity is uniform across the column 

and eddy diffusivity is constant, integration of Equation 

72 for steady state conditions yields 

= 
u 

X Z + B 
E 

X 

( 7 3) 

where c
0 

is the concentration of tracer in the column outlet 

and B is constant of integration. c Thus, a plot of ln 
co 

vs. distance (z) wili give a line with a slope equal 

U /E . 
X X 

In the impulse method ( 5) dye tracers are uaed (a dye for 

the x phase insoluble in the y phase and a dye for the y phase 

insoluble in the x phase). Continuous·recording··of dye con-

centration. in the flow~.of both phases passing from the 

column·are acc~mplished by a photocolorimeter and a recording 

potentiometer. 
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In the delta injection technique, the tracer is intra-

duced into either the x phase or the y phase at a distance 1 

from the inlet. Concentrations of the phase containing tracer 

are obtained at a distance (l+z) from the inlet at various 

times after tracer injection. The simplest way to describe 

this change is to calculate the variance of the concentration 

curve by using the formula presented by Levenspiel and Smith 

(25). The variance is defined as 

J: t
2
cdt Joo tcdt, 

2 ( 0 ) 2 (74) at = 

J: edt J: edt 

It is related to the dispersion coefficient as follows, 

= 1/U 4 (8E 
2

+2E U z) 
X X X X 

( 75) 

This formula was derived for the dispersion model assuming 

there is no mass transfer and that all the solute was 

introduced into the column in the same time. Differentiation 

of Equation 7.5 with respect to the height z gives 

2 
2E dot X = -3 dz u 

( 7 6) 

X 

If 2 is plotted against at z, the dispersion coefficient 

Ex may easily be calculated from the slope. To calculate the 



48 

parameters e or e for the stagewise model, Miyauchi and 
X y 

Vermeulen (32} recommend an empirical formula: 

E 
X 

u z 
X 

2e N X 
= 1

( N=---,1~)~("'2=N:-:-+.,l'} + 2N -1, ( 7 7} 

which comes from an analysis of the stagewise and the dif-

ferential models and the conditions under which they are 

mathematically equal. Combining Equations 76 and 77 gives, 

2z N 2e 
~[ (N-1} (2N+l} + 2N~l] 

X 

(78} 

from which e may be calculat.ed. Also, for evaluating the 
X 

dispersion coefficient, Miyauchi and Vermeulen (32} have 

presented the following equation: 

E./h. 
1 1 

Afh 

U./Afh. l 

= 2~-(1/~} + 8 ( 7 9} 

where·h. ·is the volume fraction of phase i and his the 
•1 

axial height of one compartment. B is defined as a 

superficial number of perfectly mixed plates in each com-

partment ·and .is commonly between l and 2. B is given by 

the equation 

(80} 

In which dh is hole diameter of perforation and s is the 

fraction of total free hole area. 
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RESULTS AND DISCUSSION 

In order to obtain the true NTU or the true overall 

mass transfer coefficient for a Purex plant-size column 

from existing data, the only possible method at present 

is to determine the (NTU0x)T from experimental data on small 

size pulse columns and use this information for scale-up 

to large columns. Unfortunately, such experiments even on 

small size columns are very few. Only a limited amount of 

work in this area has been done by Smoot and Babb (42), 

Kagan, et al. (20), Miyauchi, et al. (31), Angelino and 

Molinier (1) , Thornton (4~), and Logsdail and Thornton 

(26). On the other hand, the plug flow NTU's are much 

easier to measure and to calculate because they only require 

that the end concentrations in the colmnn to be known. 

(NTU ) or (HTU ) values have been reported by a 
OX p OX p · 

number of workers. Of particular interest is the data 

source on (HTU ) and (NTU ) from the Purex.Technical ox p ox p 

Manual (36) for various Purex plant-size columns. The data 

were obtained from full-scale or nearly full-scale testing 

of prototypes of the Purex plant columns with "cold" tests 

conducted at the Hanford Laboratories and "hot" pilot plant 

tests conducted at Oak Ridge National Laboratory. 

Here.we analyze the literature data on NTUs (Table 2) 

reported by Smoot and Babb (42), and attempt to establish a 
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relationship between (NTU )T and (NTU ) in order to esti-
ox ox p 

mate the true number of transfer units or column efficiency, 

which is defined as n = 
(NTU ) 

ox p 
(NTU )T . 

ox 

The Effect of Dispersed Phase Flow Rate 
on Column Efficiency 

The effect of U on 1/n is somewhat clouded because 
y 

the various cartridges used have several variables which 

change simultaneously and it is difficult to determine a 

unique relationship between U and 1/n. The effect of U y y 

appears to be very slight, as shown in Table 4. 

Influence of Continuous Phase Flow Rate 
on Column Efficiency 

As shown in Table 5, the effect of u is appreciable. 
X 

With decreasing U , 1/n decreases and thus n increases. 
X 

The Effect of Combined or Total Flow Rate 
on Column Efficiency 

The effect of U +U on 1/n at constant U /U is shown 
X y y X 

in Table 6. At high values of Af, with increasing U +U , 
. X y 

1/n decreases but at low values of Af the effect of U +U may 
X y 

be negligible. 



Table 4. Selected data from Table 2 for system A. a Effect of U 

Cartridge No. Af u u 1/n = (NTU ) T/ (NTU ) 
X y ox ox p 

l 70 4 2 .. 0 27.2 l. 44 
2 70 42.0 42.0 l. 46 
3 70 42.0 42.0 l. 44 
4 70 42.0 27.2 l. 36 

l 35 42.0 42.0 1.15 
2 35 42.0 27.2 l. 25 
3 35 42.0 27.2 l. 08 
4 35 42.0 42.0 1.145 

l 30 42.0 42.0 l. 20 
2 30 42.0 27.2 1.16 V1 

3 30 42.0 27.2 1.20 
I-' 

4· 30 42.0 42.0 1.00 

l 15 42.0 27.2 1.12 
2 15 42.0 42.0 l. 07 
3 15 42.0 42.0 0.97 
4 15 42.0 27.2 0.95 

a System A - MIBK - HAC - H20. 



Table 5. Selected data from Table 2 for a Effect of U system A. 
X 

Cartridge No. Af u u 1/n = (NTU ) T/ (NTU ) 
X y ox ox p 

1 70 42.0 27.2 1. 44 
2 70 27.0 27.2 2.19 
3 70 27.0 27.2 1. 66 
4 70 42.0 27.2 1. 36 

1 35 27.0 27.2 1. 32 
2 35 42.0 27.2 1. 25 
3 35 42.0 27.2 1. 08 
4. 35 27.0 27.2 1.136 

1 30 27.0 27.2 1. 27 Vl 
N 

2 30 42.0 27.2 1.16 
3 30 42.0 27.2 1. 20 
4 30 27.0 27.2 1. 06 

1 15 42.0 27.2 1.12 
2 15 27.0 27.2 1.10 
3 15 27.0 27.2 1.11 
4 15 42.0 27.2 0.95 

aSystem A - NIBK - Rl.\C - H
2
0. 



Table 6. Selected data from Table 2 for a Effect of U +U system A. 
X 

Cartridge r~o. Af U /U U +U 1/n = (NTU ) T/ (NTU ) j y X y X ox ox p 

2 70 1.0 54.2 2.19 
2 70 1.0 84.0 1. 46 

3 70 1.0 54.2 1. 66 
3 70 1.0 84.0 1. 44 

1 35 1.0 54.2 1. 32 
1 35 1. o· · 84.0 1.15 

4 35 1.0 54.2 1.136 
4 35 1.0 84.0 1.145 

ll1 . 

1 30 1.0 54.2 1. 27 w 

1 30 1.0 84.0 1. 20 

4 30 1.0 54.2 1.06 
4 30 1.0 84.0 1. 00 

2 15 1.0 54.2 1.10 
2 15 1.0 84.0 1. 07 

3 15 1.0 54.2 1.11 
3 15 1.0 84.0 0.97 

a 
System A - MIBK - EAC - H2o. 
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Influence of U /U on Column Eff.iciency y X. 

As shown in Table 7' at constant u +U and at 
X y 

values of Af, 1/n increases with increasing U /U y X 

low values of Af, this effect is. insignificant. 

The Effect of Frequency and Amplitude 
on Column Efficiency 

high 

but at 

From data shown in Table 8 and also in Figure 7, it can 

be seen that (NTU )T increases sharply with increasing A and ox 

with increasing f, and approaches almost a constant value when 

the column is operating in the emulsion region. From data 

in Table 8 and Figure 8 it can be concluded that 1/n in-

creases very rapidly with increasing f and with increasing A. 

For system B (T.C.E. - Acetone - H2o) from Table 9, and 

Figures 9 and 10, one can see that as a result of the large 

density difference between phases and the high distribution 

coefficient little effect of f and A was observed on 

(NTU
0

x)T and 1/n bver the range studied. Because of the 

large difference in density the organic droplets fall 

rapidly through the column with little or no mixing in the 

aqueous phase. Ccinsequently, longitudinal mixing in this 

system has a small effect on the column perfOJ;mance. This 

effect assumes some importance when one attempts to general.ize 

results obtained on only a few physical systems. 



Table 7. Selected data· from Table 2 a Effect of U /U for system A. 
X 

Cartridge No. Af U /U U +U 1/n = (NTU )T/(NTU ) y X y X ox ox p 

1 70 0.648 69.2 1.44 
1 70 l. 55 69.2 1.90 

4 70 0.648 69.2 l. 36 
4 70 l. 55 69.2 l. 98 

2 35 0.648 69.2 l. 25 
2 35 l. 55 69.2 l. 085 

3 35 0.648 69.2 l. 08 
3 35 l. 55 69.2 l. 22 

Ul 
Ul 

2 30 0.648 69.2 1.16 
2 30 l. 55 69.2 1.15 

3 30 0.648 69.2 1.20 
3 . 30 l. 55 69.2 1.17 

1 15 0.648 69.2 1.12 
1 15 l. 55 69.2 l. 08 

4 15 0.648 69.2 0.95 
4 15 l. 55 69.2 0.95 

a System A - MIBK - HAC - H
2
0. 



Table 8. Selected data from Table 2 
- a 

for system A. Effect of frequency and 
amplitude 

Cartridge No. U /U U +U A f (NTU ) T 1/n = (NTU ) T/ (NTU -) y X y X ox OX OX p 

4 1.0 54.2 1 30 1. 25 1. 06 
4 1.0 54.2 1 50 1. 84 1. 33 
4 1.0 54.2 1 70 5.95 2.32 
4 1.0 54.2 1 90 9.30 3.02 
4 1.0 54.2 . 5 30 1.11 1.07 
4 LO 54.2 . 5 50 1.18 1~09 
4 1.0 54.2 . 5 70 1.33 1.136 
4 1.0 54.2 . 5 90 1. 86 1. 37 
4 1.0 54.2 .75 70 2.0 1.149 

2 1. 037 55 1 50 1. 67 1.29 lJ1 
0'1 

2 1.037 55 1 70 4.06 1. 86 
2 1. 037 55· 1 90 8.81 3.12 
2 1. 037 55 . 5 70 1. 26 1.23 

a 
System A - MIBK - HA.C - H2o. 
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Figure 7. Effect of frequency and amplitude on the true 
number of transfer uni.t.s for the MIBK - HAC -
H20 system 
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Cartridge No. A( in.) 

4 1 0 

4 1/2 0 

4 3/4 <> 

2 1 • 
2 1/2 • 

0 10 20 30 40 50 60 70 80 90 100 

FREQUENCY, Cycle /min 

Figure 8. Effect of frequency and amplitude on the inverse 
of column efficiency for ·the MIBK - HAC - H

2
o· 

system 



Table 9. Selected data from Table 2 for system B.a Effect of frequency and 
amplitude 

Cartridge No. U /U U +U A f (NTU ) T l/11 = (NTU ) T/ (NTU ) y X y X ox ox ox p 

4 1. 04 106.2 . 5 40 1.75 1.13 
4 1. 04 106.2 . 5 70 1. 84 1.115 
4 1. 04 106.2 . 5 100 2.45 1. 237 
4 1. 04 106.2 1 40 1. 66 1.137 

a . System B - 1,1,2 T.C.E. - Acetone - H2o. 
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Figure 9. Effect of frequency and amplitude on the true. 
number of transfer units for the 1,1,2 T.C.E. -
acetone - H2o system 
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Since Af (the amplitude~frequency product) expresses 

the pulse velocity in feet per hour, it might be assumed 

that 1/n is a function of Af ~ather than A· and f inde~ 

pendently .. 

The Effect of Cartridge Number 
on Column Efficiency 

Smoot and Babb (42) introduced different cartridges 

for different columns. Each cartridge had the following 

variables: plate hole diameter (dh), plate free area (s), 

plate spacing (h), and column diameter (Dt). The four 

different cartridges are listed in Table 3. From Tables 

10 and 3 it appears that 1/n changes as cartridge number 

varies according to the possible expression, 

(81) 

where a and b are positive numbers which must be determined 

experimentally. 

The Effect of Column Height on the Number of Transfer 
Units and Column Efficiency 

As shown in Figure 11, a variation of the column height 

from 2 to 4 .feet causes an effect on (NTU ) . For a ox p 

greater range of column height this change would be more 

significant. 



Table 10. Selected data from Table 2 for system A.a Effect of cartridge. number 

Cartridge No. Af U /U U +U 1/n = (NTU ) T/ (NTU ) y X y X ox ox p 

1 70 0.648 69.2 1. 44 
4 70 0.648 69.2 1. 36 

1 70 1.55 69.2 1. 90 
4 70 1. 55 69.2 1. 98 

1 35 1. 00 54.2 1. 32 
4 35 1. 00 54~2 1.136 

1 35 1.00 84.0 1.15 
4 35 1. 00 84.0 1.145 

0"1 
w 

1 30 1. 00 54.2 1.27 
4 30 1. 00 54.2 1. 06 

1 30 . 1. 00 84.0 1. 20 
4 30 1. 00 84.0 1.00 

1 15 0.648 69.2 1.12 
4 15 0.648 69.2 0 •. 95 

1 15 1.55 69.2 1. 07 
4 15 1. 55 69.2 0.95 

a System A - MIBK - HAC - H
2
o. 



Table 11. Selected data from Table 2 for system A. ·a Effect of column height on 
the number of transfer units and column efficiency 

Cartridge H U /U U +U A f (NTU ) (NTU ) T 1/n No. y X y X ox p OX 

2 2.0 1.037 55 0.5 70 1.02 1. 26 1. 23 
2 2.71 1. 037 55 0.5 70 1. 59 1. 56 0.98 
2 3.27 1. 037 55 0.5 70 1. 66 2.36 1. 42 
2 3.93 1.037 55 0.5 70 2.00 . 2. 42 1. 21 
2 1. 96 1. 037 55 1 70 2.00 4.38 2.19 
2 2.00 1. 037 55 1 70 2.18 4.06 1.86 
2 2.71 1. 037 55 1 70 2.88 5.01 1. 74 
2 3.27 1. 037 55 1 . 70 3.64 11.07 3.05 
2 2.00 1. 037 55 1 50 1. 29 1. 67 1.29 
2 2.71 1. 037 55 1 50 1. 62 2.64 1. 63 
2 3.27 1. 037 55 1 50 2.14 3.13 1. 46 ~ 

~ 

2 3.93 1.037 55 1 50 2.57 3.94 1.53 

... ': ..... 

a System A - MIBK - HAC - H
2
o. 
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0.0 1.0 2.0 3.0 4.0 5.0 

COLUMN LENGTH, FT 

Figure 11. Effect of column height on the plug flow number 
of transfer units for the MIBK - HAC - H2o 
system 
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As seen from Figure 12 (NTU )T tends to increase ox 

slightly as the column height is increased. One reasop 

for this slight increase may be that the end effect 

becomes less significant as column height increases. 

The Effect of Column Diameter on 
Column Efficiency 

The number of transfer units (NTU) is also a function 

of the column diameter due to the channeling effect. 

However, by: using 16uvre~redistributor ·platesi,the'pre~ent 

Purex-plant columns show very slight "scale-up" factors, 

about 1.0 to 1.5 upon going from 3 inch diameter pilot 

plant columns to full scale units (7 in. to 34 in. diameter). 

Sege and Woodfield (38) at Hanford, Thornton (45) in England 

and Rouyer et al. (37) in France have demonstrated this 

fact. Rouyer, et al. showed that the NTU's are practically 

the same for small diameter columns (2 in.) and large 

diameter (4 to 12 in.) columns. They further concluded 

that pulse columns can be easily scaled up to a limit of at 

least 39 in. without decreasing the efficiency. However, 

the minimum possible column diameter for which the diameter 

has no effect on NTU;s may be 2 in. Below 2 inches, the wall 

effect probably becomes appreciable and the NTU's will be 

affected. 
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Figure 12. Effect of column height on the true number of 
transfer units for the MIBK - HAC - H2o system 
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General Correlation of Column Efficiency 

In developing a correlation equation for the true 

number of transfer units or extraction efficiency, a 

dimensional analysis approach would include the following 

variables, 

n = (Af, u , u , dh, h, m, H) 
X y 

(82) 

Using the techniques of dimensional analysis to reduce the 

number of variables yields 

n = (P , P , F, (NTU )T) 
X y OX 

( 8 3) 

or: 

(84) 

where P = U H/E is the Peclet number of x phase, 
X X X 

P = U H/E is the Peclet number of y phase, and F = 
' y y y 

U /mU is the extraction factor. 
X y 

As shown in Figure 13, Miyauchi and Vermeulen (33) com-

puted the influence of P and (NTU )T on the ratio 1/n = 
X OX 

(NTU )T/(NTU ) at F = 1.0 and P = P . The ratio 1/n 
OX OX p X y 

increases with decreasing values of the Peclet group, and 

with increasing (NTU
0

x)T. values. Thus efficiency increases 

with increasing values of the Peclet group and with de-

creasing values of the (NTU )T. ox 

In order to determine an experimental concentration 
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profile, the true number of transfer units,or the overall 

mass transfer coefficients using the differential model 

the following assumptions are probably necessary: 

1. ·The solutions involved are dilute and the 

velocities of the two phases, U and U are 
. X y 

constant throughout the column regardless of the 

mass transfer which may occur. 

2. Concentration gradients in the radial and angular 

directions can be neglected. 

3. The distribution coefficient is constant. However, 

this offers a major restriction to the applicability 

of the model, since many systems of interest would 

not have a constant distribution coefficient. 

4. The backmixing coefficients, E and E , are 
X y 

constant except possibly near the ends of the 

column. 

5. The holdup of both the continuous and the dispersed 

phases (the volume of each phase per unit volume of 

the column), h and h ,are constant throughout the 
X y 

.column. 

6. The product of the mass transfer coefficient and 

the interfacial area is constant through the 

column. However, in regions of higher turbulence 

the interfacial area appears to increase because 
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when the drops move up the column they are 

divided repeatedly by the pulsing action which 

pushes them through the tiny holes of the per­

forated plates. 
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SIMPLE AND RAPID METHOD FOR ESTIMATING THE TRUE NUMBER OF 

TRANSFER UNITS AND EXTRACTION EFFICIENCY 

Despite the obvious practical importance of axial back-

mixing in many applications, few attempts have been made to 

develop a simple, rapid method for estimating a relation-

ship between (NTU )T and (NTU ) and the effect of back-ox ox p 

mixing for purposes .of design and experimental interpreta-

tion. 

The principal purpose of the present section is to 

describe these correlations briefly, to use the data in 

Table 2 for testing each method, comparing the results with 

each other and with experimental results from Table 2 and 

finally determining the simplest, most accurate and best 

method for design purposes. 

Method 1: Smoot and Babb (42) showed that~ 

(HTU0 x)T = ~(Af, Ux' Uy' dh' h, ~y' py; ~p, y, Dy' m) 

(85) 

By applying the .. technique of dimensional analysis to the 

variables of Equation 85 and assuming.that the:correlation 

can. be. represented by··an.exponential function they·obtained 

the relation: 
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(86) 

Where bi (i=O to 8) are constants, h is pl~te spacing, dh 

is sieve-plate hole diamete~, ~y' py' and y are vis~osity, 

density, and interfacial tension, respectively. D is the y 

molecular diffusivity .. and~6p is'the dertsity,~ifference 

between the two phases. 

Using the data for M.I.B.K. - HAC - H2o system in 

Table 2, the following empirical equation was developed. 

(HTU )T ox 
h 

(87) 

For this correlation an average deviation of 27% was 

reported. However, the maximum error in computing (NTU )T, ox 

and hence (HTU
0

x)T, using the mathematical model was esti­

mated to be 20%. The exponents b 5 to b 8 in Equation 86 were 

not evaluated because of insufficient data. Thus Equation 

87 only applies to the systems having values of physical 

properties similar to M.I.B.K. - HAC - H
2
o system. These 

disadvantages of Equation 87 point up the need for a still 

better correlation for (NTU )Tor (HTU )T in terms of . ox ox 

column parameters. 
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Method 2: Sleicher (41) presented an algebraic expression 

which contained several functions of the extraction factor F 

and gave tables of these functions: 

n = 
(NTU ) 

ox p = 
(NTU ) T ox 

p p 
X y 

P P + (NTU )T8 
X y OX 

where 8 = aP + bP :+ C(P P ) · 5 - d(P +P ) · 5 + 
X y X y X y 

(88) 

e(P -P )exp(-f(NTU )T) in which a, b, c, d, e, and f are 
X y OX 

constants tabulated as functions ofF. The number of 

transfer units in plug flow may be evaluated from the con-

centrations in the inlet and outlet streams. Then the Col-

burn·equation· (page-~4,-Equation 27)i can be used to find 

where 

(NTU ) = ox p 

X 
ln XF+l-F 

F-1 

For F=l the equation becomes, 

(NTU ) ox p 
1 = - - l X 

(89) 

(90) 

The height-of a transfer unit in plug· flow can also be 

estimated from ruass transfer correlations or by experimental 

measurements. 
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Method 3: Miyauchi and Vermeulen (33) assumed that the be-

havior of (NTU ) in the two limiting cases of mass ox p 

transfer controlling and of backmixing controlling is con-

sistent with the addition of the reciprocals, 

where 

1 
(NTU ) 

ox p 

(NTU ) D 
OX 

with reference 

= 1 
(NTU ) T ox 

1 
+ (NTU )

0 ox 

is the "number of overall 

to the x phase. It is a 

p 
y' and probably also (NTU )T. It was ox 

general form 

(NTU )
0 ox 

= ln F <P + (PB) 
F-1 Y 

dispersion 

function of 

represented 

( 91) 

units", 

F, p 
x' 

by the 

( 9 2) 

in which (PB) is the overall Peclet group and is defined y 

by the equation 

F 1 -1 
(PB)y = (~ + ~) 

X X Y Y 
( 9 3) 

where f and f are weighting factors and are functions of 
X y 

(NTU
0

x)T and F. The values of fx and fy' to a reasonable 

degree of approximation, are given by 

f = y 

(NTU )T + k' (NTU )T 2a F-. 5-a 
OX OX 

(NTU ) T + k' (NTU ) T2a F-1. 5-a 
ox ox 

(NTU )T + k' (NTU ) 2a F-. 5-a 
ox ox T 

(NTU )T + k' (NTU ) 2a F+. 5-a 
ox ox T 

(94) 

(9 5) 
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where the constants a = 0 and k' = 6.8 provide the best 

results. 

The coefficient ~ has been determined from Equations 92 

and 93 and a knowledge of the "exact" (NTU ) . The expres­ox D 

sion is 

~ = 1 - .050 
( F ( NTU ) T) . 5 ( PB) . 2 5 

OX . y 

( 9 6) 

Results of sufficient accuracy, however, may often be ob-

tained by simply setting ~ = 1 according to Miyauchi and 

Vermeulen (33). 

For the case F = 1 from the Equations 92, 93, 94, and 95 

we conclude that 

(NTU )
0 

= (!_ + !_)-l 
ox p p ( 9 7) 

X y 

Method 4: From the Equation 91 one obtains 

(HTU ) = (HTU )T + (HTU ) 0 ox p ox ox (98) 

where (HTU )
0 

is the overall height of dispersion unit. ox 

As was shown in Equation 97 for the case, F = 1~ 

(HTU )
0 

= [!_ + !_]H 
ox Px Py 

(99) 

For the general case, F ~.1 Stemerding and Zuiderweg (44) 

have found that the (HTU
0

x)D can be determined from the 

following equations: 
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1 
(HTU ) D = ox .8 ln F 

p + --
0 H F-1 

= 

O.lH 
(HTU ) T ox 

O.lH 
(HTU ) T ox 

1 
p 

X 

+ F 
p 

y 

+ 1 

(100) 

(101) 

(102a) 

(102b) 

Method 5: In all previous methods the Peclet number used 

is based upon the column length. This can make design of a 

proposed column a trial and error procedure since the 

column length would not be known and the correlations can 

not be solved explicitly for the efficiency. 

Watson and Cochran (47) developed simple empirical 

equations for both single and double phase backmixing. This 

method of estimating ri is useful in design studies ·Since it 

uses only design parameters or directly measurable quanti-

ties. 

For backmixing in a single phase x(E = 0 or P = oo) y y 



the expression is 

n = 1 -
NP 

X 
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1 
1 

+ l - F + (NTU ) 
ox p 

( 10 3) 

The equation for backmixing in both phases is given 

. approximately by the following equation: 

n = 1 -

where NPx = 

U /mU , and 
X y 

It was 

NP 
X 

1 
1 

+ l - F + (NTU ) 
ox p 

F 
1 

NP - 1 + F + (NTU ) 
y ox p 

(HTU ) U /E , NP = (HTU ) ox p X X y ox p U /E , F = y y 

(NTU ) can be calculated from Equation ox p 

reported that the efficiencies estimated 

( 104) 

89. 

by 

Method 5 .do not deviate from the exact values which were 

tabulated by McMullen, et al. (29) by more than .06· to .07 

when 

(NTU ) T > 2 ox 

n > • 2 

Therefore column efficiency can be solved for explicitly 

by this method because the design parameters are·not 

based upon the column length. The required column length 
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can be predicted from the following expression: 

H = (NTU0 x)p(HTU0 x)p 

n 
(105) 

It should be stressed that these correlations for esti-

mating the extraction efficiency and the true number of 

transfer units require that the following assumptions be 

satisfied. 

1. Constant, uniform operating conditions, including 
• 

the flow rates, holdup of both phases and the back-

mixing coefficients. 

2. Constant, uniform physical properties, including 

the distribution coefficient. 

3. Solute only transferred from the raffinate (y 

phase) to the solvent (x phase). 

Comparison of the Methods 

For comparing the results of the various methods, the 

data in Table 2 was used. The efficiency and the true number 

of transfer units were calculated by each method. The best 

results, which are tabulated in Tables 12, 13, 14 and 15 were 

obtained from Methods 3 and 5. As can be seen from Tables 14 

and 15 the deviations of calculated efficiencies of these two 

methods are not more than .06-.07. However, as mentioned 

earlier, Method 3 is very complex and for most design 

purposes it is difficult to use since it can not be solved 



Table 12. Calculation of the true NTU by: (a) using the mathematical model, 
(b) using Method 3, and (c) using .f\1ethod 5. Data are selected 
from Table 2 for System Aa 

Run p p F NP NP (NTU ) (NTU ) m 

No. ox ... 
X y X y ox p (a) (b) (c) 

2 7.30 68.6 l. 236 2.563 24.15 2.84 5.42 4.84 4.92 
6 10.41 0 l. 236 6.76 00 1.54 l. 66 1.79 l. 78 
8 14.5 0 l. 923 15.93 00 0.91 l. 05 0.978 0.97 

12 15.98 0 l. 923 17.37 00 0.92 0.99 0.98 0.975 
13 9.6 0 l. 9090 9.70 00 0.99 1.09 1.11 ·1.10 
15 11.7 31.66 l. 923 6.275 17.79 l. 78 2.60 2.43 2.43 
17 8.02 0 l. 236 5.984 00 l. 34 1.54 l. 59 l. 584 
19 10.4 33.4 1.9090 3.920. 12.640 2.65 4.41 4.635 4.85 
20 12.4 0 l. 236 6.93 00 l. 79 2.10 2.08 2.10 
22 20.685 0 2.97 21.3 00 0.97 l. 05 l. 04 1.02 CXl 

0 
23 9.584 0 l. 236 5.54 00 l. 73 2.11 2.09 2.08 
25 15.74 0 l. 9090 11.57 00 l. 36 l. 52 1.51 1.49 
26 14.72 0 l. 923 13.38 .. oo 1.10 l. 26 1.2 1.19 
29 8.865 0 l. 9090 7.577 . 00 1.17 1.33 l. 365 1.~5 
30 7.4 25.3 l. 236 2.474 13.17 2.99 5.92 5.936 5.74 
32 19.0 0 l. 923 17.5 00 l. 09 1.10 1.17 1.15 
33 11.5 0 l. 9090 9.7 00 1.18 1.25 1.33 l. 317 
34 8.43 20.61 1.9090 3.3 8.05 2.56 5.95 5.49 5.87 
36 9.53 0 l. 9090 6.9 00 1.38 1.84 l. 64 l. 62 
37 12.0 0 1.9090 11.57 . 00 l. 04 1.11 1.15 1.138 
38 8.1 0 1.9090 5.95 00 l. 36 1.86 l. 67 1.65 
39 10.0 0 l. 9090 9.27 .. :oo l. 08 1.18 l. 23 1.21 
41 6.84 34. 8 1.854 3.135 15.95 2.18 4.06 3.98 4.136 
42 7.71 34.8 l. 854 5.98 26.96 l. 29 l. 67 1.675 1.684 
43 6.20 0 1.854 2.20 00 2.82 8.81 6.65 6.84 
44 7.15 0 1.854 7.01 00 1.02 1.26 1.20 1.19 
45 9.23 47.13 1.854 3.20 16.4 2.88 5.01 5.47 5.54 
52 14.00 0 l. 854 7.04 ·00 2 2.42 2.413 2.35 

aSystem A - MIBK - acetic acid - water (at 30°C m = 0. 52) . 
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Table 13. Calculation of the true NTU by: (a) using the mathematical model, 
(b) using Method 2 ' and (c) using Method 5. Data are selected 
from Table 2 for System·Ba 

Run p p F NP NP (NTU ) (NTU ) T (NTU ) T (NTU ) p No. X y X y ox p ox ox ox 
(a) (b) (c) 

53 11.0 0 0.255 3.25 00 3.38 4.47 4.34 4.41 
54 17.74 0 0.442 10.95 00 1.62 1. 88 1.76 .. ·1. 76 
55 19.98 0 0.335 13.15 00 1. 52 1. 72 1.62 1.63 
56 14.66 0 0.337 10.0 00 1. 46 1. 66 1.59 1. 60 
57 17.14 0 0.335 11.66 00 1.47 1. 69 1. 63 1.63 
58 13.556 0 0.337 8.21 00 1. 65 1. 84 1.74 1.84 
59 14.16 0 0.255 7.30 00 1. 94 2.22 2.11 2.20 
60 22.84 0 0.442 16.67 00 1. 37 1.44 1.41 1. 45 00 

1-' 
61 11.96 0 0.396 5.92 00 2.02 2~45 2.33 2.40 
62 10.84 0 0.396 2.58 00 4.20 4.95 5.80 5.38 
63 15.41 0 0;337 9.94 00 1. 55 1. 75 1.69 1. 70 
64 11.0 0 0.336 5.585 00 1. 98 2.45 2.31 2.32 

a . 
trichloroethane - acetone - (at 30°C 2.86). System B - 1,1,2 water m = 



Table 14. Calculation of efficiencies by: (a) using the mathematical model, (b) 
using Method 3, and (c) using Method 5. Data are selected from 
Table 2 for System Aa 

Run p p F NP NP (NTU } n 
No. X y X y ox p (a) (b) (c) 

2 7.30 68.6 1.236 2.563 24.15 2.84 0.524 0.585 0.577 
6 10.41 0 1.236 6.76 co 1. 54 0.927 0.858 0.861 
8 14.5 0 1.923 15.93 co 0.91 0.;867 0.93 0.938 

12 15.98 0 1. 923 17.37 co 0.92 0.93 0.937 0.943 
13 9.6 0 1.9090 9.70 . co 0.99 0.908 0.889 0.898 
15 11.17 31.66 1. 923 6.275 17.79 1.78 0.685 9.733 0.731 
17 8.02 0 1.236 5.984 co 1. 34 0.87 0.843 0.846 
19 10.4 33.4 1. 9090 3.920 12.640 2.65 0.60 0.57 0.547 
20 12.4 0 1. 236 6.93 co 1. 79 0.852 . 0.862 0.85 
22 20.685 0 2.97 21.30 co 0.97 0.924 0.936 0.951 00 
23 9.584 0 1.236 5.54 co L 73 0.82 0.826 0.83 N 

25 15.74 0 1. 9090 11.57 co 1.36 0.895 0.90 0.912 
26 14.72 0 1. 92 3 13.38 co 1.10 0.873 0.916 0.925 
29 8.865 0 1. 9090 7.577 co 1.17 0.88 0.857 0.867 
30 7.4 25.3 1. 236 2.474 13.17 2.99 0.501 0.504 0.521 
32 19.0 0 1. 923 17.50 co 1. 09 0.991 0.932 0.943 
33 11.5 0 1.9090 9.70 .. co 1.18 0.944 0.887 0.896 
34 8.43 20.61 1.9090 3.30 8.05 2.56 0.43 0.466 0.436 
36 9.53 0 1. 9090 6.90 ·CO 1. 38 0.75 0.84 0.85 
37 12.0 0 1.9090 11.57 .co 1. 04 0.937 0.904 0.914 
38 8.10 0 1.9090 5.95 .. co 1.36 0.73 0.813 0.827 
39 10.0 0 1.9090 9.27 . co 1. 08 0.915 0.88 0.892 
41 6.84 34.8 1. 854 3.135 15.95 2.18 0.537 0.548 0.527 
42 7.71 34.8 1.854 5.98 26.96 1. 29 0.77 0.77 0.766 
43 6.20 0 1.854 2.20 co 2.82 0.32 0.423 0.412 
44 7.15 0 1.854 7.01 co 1. 02 0.81 0.85 0.86 
45 9.23 47.13 1.854 3.20 16.4 2.88 0.57 0.526 0.52 
52 14.00 0 1.854 7.04 -CO 2 0.82 0.828 0.85 

a 
System A - MIBK - acetic acid - water (at 30°C m = 0.52). 
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Table 15. Calculation of efficiencies by using: (a) the mathematical model, 

(b) 1<1ethod 3' and (c) Method 5. Data are selected from Table 2 for 
System Ba 

Run p p F NP NP (NTU ·) n 
·No. X y X y ox p (a) (b) (c) 

53 11.0 0 0.255 3.25 00 3.38 0.756 0.779 0.767 
54 17.74 0 0.442 10.95 00 1. 62 0.86 0.918 0.917 
55 19.98 0 0.335 13.15 00 1.52 0.884 0.937 0.931 
56 14.66 0 0.337 10.0 00 1.46 0.88 0.917 0.912 
57 17.14 0 0.335 11.66 00 1.47 0.871 0.925 0.923 
58 13.55 0 0.337 8.21 QO 1.65 0.897 0.904 0.894 
59 14.16 0 0.255 7.30 ~ 1. 94 0.874 0.893 0.883 
60 22.84 0 0.442 16.67 cO 1. 37 0.93 0.948 0.944 
61 11.96 0 0.396 5.92 od 2.02 0.84 0.864 0.857 00 

w 
62 10.84 0 0.396 2.58 00 4.20 0.77 0.725 0.707 
63 15.41 0 0.337 9.94 00 1.55 0.88 0.916 0.911 
64 11.0 0 0.336 5.505 q;> 1. 98 0.825 0.858 0.852 

aSystem B - 1,2,2 trichloroethane - acetone - water (at 30°C m = 2.86). 
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explicitly for the column length or efficiency. 

Again, referring to Tables 12, 13, 14 and 15 the values 

from Methods 3 and.5 are compared with those obtained from 

the mathematical model. The results are quite accurate. A 

sample calculation for estimating the true number of transfer 

units and extraction efficiency by Methods 3 and 5 is given 

in Appendix A. 
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SIMULATION STUDY FOR UNSTEADY STATE OPERATION IN 

BACKMIXING STAGEWISE MODEL 

A typical section of a countercurrent column is shown 

in Figure 14. The heavy phase flows from the top, and it 

is contacted with the light phase which rises from the 

bottom. In addition to the main flows, two hypothetical 

flows in the opposite direction are considered, which 

represent the backmixing. 

Following the assumptions on page 20 and referring to 

Figure 14 the unsteady state balance for a typical stage n 

may be written: 

and: 

In - Out = accumulation 

(106) 

dy 
n 

G(l+ey)yn+l - G(l+2ey)yn + Geyyn-l + Qnah = hhy dt 

(107) 

The balances for the first and the last stage differ from 

Equations 106 and 107 because no backflow leaves the 

column, and· also because there' is ··no ma·ss transfer in the 

end zones~ ·The corresponding equations are, ,for the 

first stage, 
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Figure 14. Diagrammatic representation of stagewise back­
mixing model 
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and 
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dx1 Lx. - L(l+e )x
1 

+ Le x 2 = h'h' ln X X. X dt 

dyl 
G(l+e )y2 - Ge yl - Gy1 = h'h~ dt . y y 

the last stage, 

L(l+eX)xN-l LexxN - LxN = h"h" 
dxN 

- dt X 

Gy. G(l+ey)yN + Ge yyN-1 = h"h" 
dyN 

- dt ln y 

In these equations, 

Qn = K (x -x*) ox n n 

(108) 

(109) 

{110) 

(111) 

( 112) 

and the equilibrium relationship for small perturbations 

may be written 

= mx* n 
( 113) 

Solution of the Equations 

The equations derived in the preceding section are 

linear with regard to concen·tration disturbances. Non-

linearities due to flow rate changes can be eliminated by 

assuming such disturbances to be small perturbations. In 

this manner the equations may be solved for the concentra-

tion profiles in the column by using digital simulation. 

Several methods have been developed for the numerical 
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solution of systems of ordinary differential equations. 

Integration routines for many of these methods have been 

tested and developed by the Nottingham Algorithm Group as 

cited in (28). By using these routines, Mcdonald and 

Wilkinson (28) showed that Gear's method required the 

minimum running time and was the easiest and the most 

economical method of solution especially for systems of 

stiff differential equations~ 

As an example of the computation of the concentration 

profiles from the linear ordinary differential equations 

(Equations 106 through 113) , the published data of Mcdonald 

and Wilkinson (28), shown in Table 16, were used. 

Table 16. Parameters used in digital simulation 

L = 0.203 

e = 0.32 
X 

m = 0.73 

hx = 0.877 

x. = 0.0693 1n 

K a = 0.25 
OX 

G = 0.187 

e = 0.01 y 

h = 7.45 

h = 0.123 
y 

y. = 0.0005 
~n 

By using the Gear's method, two Fortran programs were 

written for the two cases of a 7 and a 27 stage column. 
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The 7 Stage Column 

In this case, 14 first order differential equations 

were required. The light phase transient concentrations, 

starting at time = 100 sec. are shown in Figure 15. If 

the integration is carried out until all the curves are 

horizontal, all the time derivatives ·dx./dt and dy./dt, 
1 . 1 

become zero, then the profile is the steady state· one. 

The 27 Stage Column 

The program structure was modified to solve· the 54 

first order differential equations required for a 27 stage 

column. Figure 16 shows the light phase concentration 

dependence on time at different positions in the column for 

a feed of constant composition again, starting at time = 

100 sec. 

Comparison of Figures 15 and 1~ shows that the light 

phase concentration for the 27 stage column is greater 

than the light phase concentration for the 7 stage column. 

This is because when the number of stages increase there 

is greater mass transfer in the column. 

Therefore, in c.omputing the concentration profile in 

a stagewise backmixing column the overall mass transfer 

coefficient must be known. But in most design probl.ems the 

mass transfer coefficient is an unknown variable and it·must 
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be measured or else obtained from an existing correlation. 

The process of finding the overall mass transfer coefficient 

is not easy because the concentrations between stages are 

not known. Steiner and Hartland (43) have developed an 

approximate simplified technique by which one is able to 

measure the overall mass transfer coefficient. 

The mass transfer in a stage j may be written using 

Equation 106 as 

K ah JT(x.-x~)dt 
ox 0 J J 

= LJT [ (l+e ) (~. 
1
-x.) 

0 X J- J 

XT 
- e (x.-x. )]dt-hh J ~x. 

X J J+l X 0 J 
(114) 

The last integral on the right-hand side of the 

Equation (114) is equal to zero if the time interval is so 

selected that x. = 0 at both t = 0 and t = T. The total 1n 

mass transfer is the sum of that in all the stages. From 

Equation 114 the mass transfer coefficient may be expressed 

as, 

K ox = L (115) 
ah 

To find K , the concentration between each stage must. ox 

be known. As this is impossible in practice, it must be 

estimated from the end concentrations. Steiner and Hartland 

showed a reasonably simple way to estimate K 
ox They assumed 
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a linear variation in concentration between consecutive 

control planes as shown in Figure 17. Their approximate 

formula is 

K _ 2L 
ox- ah 

J
TX dt-JTx dt 
0 o 0 n 

In this method, constant flows of pure solvents are 

maintained throughout the column and in a given time an im-

pulse of the solute is added to one of the phases, the 

concentration dependence with time can be recorded at dif-

ferent points in the column as shown in Figure 18. The 

area under the curves corresponds to the total amount of 

solute that still remains in the original phase, or that has 

been transferred to the other one. By using numerical 

integration one can find the mass transfer coefficients 

from Equation 116. 

Gear's Method 

The choice of the Gear's method (9, 16, 17 and 18) 

would appear to be logical since these equations, like many 

encountered in chemical and control engineering, are almost 

certainly stiff, a situation for which Gear's method is 

well-suited (23). The Gear integration program is a package 
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of subroutines for the numerical solution of systems of 

ordinary differential equations, given the initial values. 

Although particularly well-suited for stiff systems, it 

can be used generally. ·The package contains both the 

implicit Adams method and the backward differentiation 

formulas, or the methods of c. w. Gear. 

The details of this method have been described by Gear 

{9) and Hindmarsh {16, 17, and 18). 

Figure 19 shows the overall structure of the Gear 

package. It consists of seven subroutines {DRIVE, INTERP, 

STIFF, COSET, PSET, DEC, ~tid SOL) and three user-supplied 

routines {CALLING PROGRAM or MAIN PROGRAM, DIFFUN, PEDERV). 

A downward sloping line from one box to another indicates 

that the lower routine is called by the upper one. 

To define the problem being solved the following must 

be provided by the user: 

1. A calling program which makes calls to subroutine 

DRIVE and must set the initial values, method 

parameters, and output values of t. DRIVE in turn 

calls other routines for the solution of the 

problem. 

2. Subroutine DIFFUN which defines the problem and is 

called by STIFF and also by PSET. It computes a 

vector y' = f{y,t) of length N for given values 

of T = t and the vector Y = y of length N. 
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3. Subroutine PEDERV which is called by PSET, supplies 

the partial derivatives of f(y,t) with respect to 

y (i.e., the Jacobian matrix), at T = t andY= y. 

It must form a two dimensional array PD, stored as 

an N0 x N0 array, according to: 

PD(i,j) = df./dy. 
1 J 

1 < i, j < N 

If MITER is never 1, one may simply have for subroutine 

PEDERV: 

SUBROUTINE PEDERV (N, ~' Y, PD, N0 ) 

RETURN 

END 

If MITER is equal 1; one must supply all partial derivatives 

f(y,t) with respect toy. 

Possible Modifications for the 
Gear Package 

Special situations may require that the user make 

some modifications to the Gear package before it can be 

used effectively for his particular problem. For the most 

part these involve changes only in DRIVE. 'I'he other 

routines of the package can be regarded as "black boxes"; 

and modifications to them are discouraged. The details have 

been discussed and listed in the package (18). The DRIVE 

routine, as written, will handle a maximum of 20 first-
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order ordinary differential equations. If this number is to 

be changed to a number NMAX' then only the following state­

ments in DRIVE must be included, 

COMMON/GEAR 2/YMAX(NMAX) 

COMMON/GEAR 3/ERROR(NMAX) 

COMMON/GEAR 4/SAVE 1 (NMAX) 

COI-1Iv10N/GEAR 5/SAVE 2 (NMAX) 

COMMON/GEAR 6/PW(NMAx**2) 

COMMON/GEAR 7/IPIV(NHAX) 

DIMENSION Y(NMAX'l3) 

The other subroutines do not change, because the length 

of the common blocks containing arrays in those subroutines 

.i~:;;· only 1, as these blocks are assumed to be loaded ac­

cording to their declared lengths in DRIVE. 



100 

CONCLUSIONS 

A general theoretical treatment based on the proposed 

models permits evaluation of the overall behavior of two­

phase continuous flow operations by taking into considera­

tion the effect of longitudinal dispersion of both fluids. 

Although extraction columns may be described by either a 

differential or stagewise model the differential model has 

been most widely applied to columns in common use where a 

linear equilibrium relation can be used. From the com­

parison of the models· it can be determined that the two 

models approach each other as the number of stage becomes 

large. 

Backmixing has an extremely undesirable effect on 

the extent of mass transfer in solvent extraction systems. 

It reduces the concentration driving force, the extrac­

tion efficiency, the number of theoretical stages, and the 

number of transfer units. Also, it increases the column 

height needed to obtain a given separation. Because ot the 

importance of backmixing on column performance, it should 

always be taken into consideration. 

In order to inr.lude the effect of backmixing. in extrac'­

tion column des~gn ·and simulation the true number of 

transfer units, as defined by Colburn, and the backmixing 

coefficients must be known. This permits the separate 
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evaluation of mass transfer and backmixing effects on 

column efficiency. The true number of transfer units and 

the extraction efficiency can be evaluated experimentally 

by using concentration profiles. Thi$ method, however, 

is not usually economically attractive because of the 

time and cost involved in carrying out the work. Several 

attempts have been made to develop a simple and rapid 

theoretical method for estimating the true number of 

transfer units and extraction efficiency. 

By comparing the results obtained from these methods, 

the relation of Watson and Cochran, which is the only 

method not based on column length, is the simplest and 

most accurate method for design purpose, insofar as could 

be determined from the experimental data employed in this 

investigation. However, this relation may not be useful 

over a very wide range of variables because it may pre­

dict a negative length for some combinations of the 

variables. Its range of accuracy should be investigated 

further before the technique can be employed with 

confidence. 
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APPENDIX A: SAHPLE CALCULATION 

Calculation of column efficiency by Method 3: 

From Table 2, the data for run No. 2 are: 

L = 1. 96 Ft. 

u = 27.0 Ft.·jHr. 
X 

u = 42.0 Ft./Hr. y 

E = 7.27 Sq.Ft./Hr. 
X 

E = 1.20 Sq.Ft./H~. y 

(NTU ) = 2.84 ox p 

(NTU )T = 5.42 ox 

Then the Peclet. numbers are: 

P = HU /E = ( 1. 9 6) ( 2 7) / ( 7. 2 7) = 7. 3 
X X X 

p = HU /E = ( 1. 9 6) ( 4 2) I ( 1. 2 0) = 6 8 . 6 y y y 

For MIBK- HAC - H2o system, at 30°C m = 0.52 and the 

extraction factor becomes, 

F = U /mU = ( 2 7) I ( 0. 52) ( 4 2) = 1. 2 3 6 
X y 

From Equations 94 and 95 the weighting 

(NTU )T + k' (NTU ) 2aF-· 5-a 
f 

X 

f 
y 

= ox ox T 
(NTU )T + k' (NTU ) 2aF-l. 5-a 

ox ox T 

(NTU )T + k' (NTU ) 2aF-· 5-a 
= ox ox T 

(NTU )T + k' (NTU ) 2aF+. 5-a 
OX OX T 

factors are: 
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With a=O and k' = 6.8 the weighting factors f and f 
X y 

become: 

and 

f = 
X 

(NTU )T + 6.1 ox 
(NTU ) T + 4. 9 . ox 

and f = y 

(NTU ox) T + 6 . 1 

(NTU )T + 7.6 ox 

From Equation 93 the overall Peclet group is, 

(PB) y 
F 1 -1 

= 'TP + TP) 

(PB)y = 

X X y y 

500.8(NTU )T + 3054.8 ox 
92.4(NTU )T + 472.3 ox 

Using Equation 92 the "number of overall dispersion 

units" is, 

(NTUox)D = ln F ~ + (PB) F-1 y 

By setting ~=1 the result is accurate enough and it 

yields, 

500.8(NTU )T + 3054.8 ox 
= 0 • 896 + 92.4(NTU )T + 472.3 

ox 

= 
583.6(NTUox)i + 3478.1 

92.4(NTU )T + 472.3 ox 
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Then Equation 91 is, 

1 
(NTU ) ox p 

Substitute for (NTU ) and (NTU )
0 

to obtain, ox p ox 

113.l(NTU )T
2 

+ 168.8(NTU )T - 3478.1 = 0 ox ox 

The solution of this equation gives, 

(NTU )T = 4.85 ox 

and then the column efficiency is, 

n -
(NTU ) 

ox P. = 
(NTU ) T ox 

2.84 = 4.85 0.585 

Calculation of column efficiency by Method 5: 

In this calculation the data for run No .. 2 of Table 2 

is used. From Equation 104 the column efficiency is, 

1 - 1 F n = 
NP + 1-F + 1 NP - ·l+F + 1 

X (NTU ) y (NTU ) ox p ox p 

where NP and NP are: 
X y 

(HTU ) U U H (27) (1.96) NP ox E X = X 2.563 = = = 
X E E (NTU ) (7~27) (2.84) 

X X OX p 

(HTU ) U U H (42) (1. 96) NP = ox E y = = = 24.15 y E E (NTU ) (1. 20) (2. 84) y y ox p 
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Then the column efficiency becomes, 

n = 0.577 

and, 
(NTU ) 

ox p = 4 92 . 
n 

By using the mathematical model the experimental true 

number ,of transfer units is determined and from Table 2 

its value is, 

(NTU )T = 5.42 ox 

Then experimental column efficiency becomes, 

n = 
(NTU ) 

OX p = 
(NTU )T ox 

2 •. 84 = 5.42 .524 
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APPENDIX B: COJI.1PUTER PROGRAM LISTINGS 

List of symbols: 

CY 

DY 

EG 

EL 

EPS 

ERROR 

G 

H 

HG 

HL 

Concentration of light phase 

Derivative of Y with respect to time, 
DY = dy/dt 

Backflow ratio for light phase 

Backflow ratio for heavy phase 

Relative error bound (used only on the first 
call) 

Error, an array of N elements 

Light phase flow rate 

Height of a stage 

Holdup fraction of light phase 

Holdup fraction of heavy phase 

HMAX,HMIN Maximum and minimum absolute value of the 
step size 

HO 

HUSED 

INDEX 

IPIV 

JSTART 

KA 

Step size (used for input only on the first 
call) 

Step size h last used 

Integer used as input to indicate the type 
o.f. call. and for output to indicate the results 
of the last call 

An integer array of length N 

An integer used on input and output 

Mass transfer coefficient - interfacial area 
product 



KFLAG 

L 

LOUT 

METH 

MF 

MITER 

N 

NFE 

NO 

NQUSED 

NSTEP 

PD 

PW 

s 

114 

A completion code with special values and 
meanings 

Heavy phase flow rate 

Logical unit number for the output of 
messages during the integration 

Method indicator - f\1ETH = 1, means the Adams 
integration method, METH = 2, means the stiff 
integration methods of Gear {the backward 
differentiation formulas) 

Method flag {used only on first call). 
Allowed values are 10, 11, 12, 13, 20, 21, 
22, 23. MF has two decimal digits, METH 
and MITER {MF = lO*Meth + Miter) 

Iteration method indicator. MITER = 1, 
means chord method with analytic Jacobian. 
For this the user should supply subroutine 
PEDERV. MITER = 2, means chord method with 
Jacobian calculated internally by finite 
difference 

Number of first-order differential equations 

Cumulative number of f evaluations {DIFFUN 
calls) · 

Cumulati-ve number of Jacobian evaluations 

Constant integer, .GE.N, used for dimensioning 
purposes 

The order last used 

Cumulative number of steps taken 

Partial derivative 

A block of locations used to store partial 
derivatives 

Distribution coefficient 



SAVE 1 
SAVE 2 

T 

TO 

TOUT 

TSEC 

UROUND 

X 

XI 

y 

YI 

YO 

115 

Two arrays of working storage each of 
length N 

Time, independent variable, sec 

Initial value of time, sec 

Output value of time, sec 

Time, sec 

Unit round off of the machine, i.e., the 
smallest positive U such that l.+U.NE.l. on 
the machine 

Concentration of heavy phase 

Concentration of heavy phase at inlet 

Concentration of light phase, a vector of 
length N 

Concentration of light phase at inlet 

A vector of length N containing the initial 
of y (used for input only on first call) 
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THE 7 STAGE COLUMN c 
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C MAIN PROGRAM MUST SET THE INITIAL VALUES. METHGD PARAMETERS, C 
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c 
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-RN CALLS OTHER ROUTINES FOR THE SOLUTICN CF THE PROBLEM. c 
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cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 
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I~PLICIT REAL*8(A-H.G-Z) 
DI MEN SIGN YO ( 14) • TSEC ( 14) ,c Yl (14) .CY2 ( 14) .CY3 (14) ,CY4( 14) e·CYS ( 14) 
CC~MON/GE~R9/HUSEOeNQUSED.~STEP,NFEeN~E 

N=l4 
MF=22 
TO=O.CO 



H0=.00001CO 
EFS= • 0000 lCO 
DO 5 I= 1, 14 

5 YO(I)=Q,CC 
11=1 
TOUT=100.CO 
INDEX= 1 

10 CALL C~IVE(N.TO,HO,YO,TCUT,EPS.~F,INDEX) 
WRITE (E,cOO) TOUT 
W~lTE (€,201) 
cc 25 1=1,7 
.J=I+7 

25 WRITE (8,202) YO(I),YOCJ) 
CYl(I l)='tC(2) 
CY2(11)=YC.(3) 
CY3(1 I )=YO (4) 

CY4(1U='IC(5) 
CY5(1I)='t0(6) 
TSEC( II )=lOUT 
IF(INDE~.EOeO) GO TO 40 
WRITE (E.~04) INDEX 
GC TO 50 

40 TO~T=TOUT+100.DO 

ll-=II+1 
IF(TOUT.LE.1400eDO) GO TO 10 

50 WRITE (8,~03) NSTEP 
CALL GRAPH (-14,TSEC,CY1,1.101,6.,6.,o.,o.,o.,o.,•TSEC-TIME;•, 

1 'CY-CONCENTRATICN;•,•SAMPLE GRAPH;•,•N=2; 1 ) 

CALL <:RAPt- S ( -1 4, T SEC , CY 2, 2 , 10 1 , 1 N= 3 ; 1 ) 

CALL GRAPHS(-14.TSECtCY3,3e10lt 1 N=4i') 
CALL GRAFHS(-14tTSEC,CY4t4,101, 1 N=5; 1 ) 

CALL GRAPHS(-14,TSEC.CY5,6,101, 1 N=6;•) 
STOP 

200 FO~MAT(/11X. 1 AT TIME=•,D22el1J 
201 FC~MAT(/18X,'Y 1 t24X,•Xt) 



2C2 FO~MA1(7(• •,6X,2022e1l)) 
203 FC~MAT (/4X, 1 NSTEP= 1 .15) 
204 FORMAT (/4X, 1 INDEX= 1 wl3) 

END 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c c 
c 
c 
c 
c 
c 

SUBRGUTI~E ClFFUN IS CALLED BY STIFF, AND ALSG BV PSET IF MI­
TER=2• IT IS TO COMPUTE THE VECTOR DY=Y 1 =F(Y. T) OF LENGTH N 
FOR GIVE~ VALUES OF T=Tl AND THE VECTOR Y=Yl OF LENGTH Ne IT 
IS RECUIFED REGARDLESS OF THE V~LUE OF MF CHOSEN. 

.C 
c 
c 
c 
c 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 
c 

SUBROUTINE DIFFUN (N,TeYeD~) 
IMFLICIT ~EAL*B(A-H,G-Z) 
DIMENSION Y(l4),0Y(14) 
REAL*B L ,KA 
Yl=e0005CC 
Xl=.Ot9.3DO 
KA=.025CO 
H·=7e45DO 
EG=.OlDO 
G-=.18700 
HG=.12.300 
5=.7300 
HL=e877CO 
EL= .320 0 
L= .20 :?DO 
A=L/(H*HL) 
B=G/( H*hG) 
~=13 

N1=6 
NPl=Nl+l 
fJ.Pl=M+1 

..... 

..... 
00 



c 

D~Cl)=f*(CleCO+EG)*YC2l-Cl.DO+EGl*Y(l)l 

DY(8j=A*(~I-{leDO+EL)$Y{8J+EL*Y(9)J 

DC 10 I=2.Nl 
DY(I+7)=A*CC1.DO+EL)*YCI+6J-CleD0+2.DO*EL)$Y{l+7)+EL*Y(I+8)) 

1 -KA/CHLl*(Y(I+7)-Y(I)/S) 
10 DY(l)=8*(CleDO+EG)*Y(I+l)-{leD0+2eDO*EGl*Y(I)+EG*YCI-1))+KA/(HG)* 

1 (Y(I~7J-YCIJ/S) 

DYCNPl)=B*CVI-(l.DO+EG)*Y(NPl)+EG*Y(NlJ) 
D~(MPl)=A*{(l.DO+EL)*Y(M)-{leDO+EL)*Y(MPl)) 

RETURN 
END 

c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c c 
c 
c 
c 

SUSROUTI~E PEOERV IS CALLED BY PSET IF MITER=l. IT IS TO SUP­
PLY THE FARTIAL DERIVATIVES OF F(Y,T) WITH RESPECT TOY (IeEe 
, THE JACOBIAN MATRIX), EVALUATED AT T=Tl AND Y=Yle 

c 
c 
c 

c c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 
c 

S~BROUTINE PEDERV (N,T,Y,PD,NOl 
IMPLICIT REAL$8(A-H,O-Z) 
RETURN 
ENC 



AT TIME= Oe1COOOOOOOOOO 03. 

" 0.242518943€7C-01 
0.25149678509C-01 
Oe161044041~1C-01 

Oe93361710388C-02 
Oe488434501f2C-02 
Oe2206417f05~C-02 

0.51453€867E1C-03 

X 
Oe604S03450130-01 
0.444912458580-01 
0.297203732180-01 
0.1797~5567540-01 

0.986621959620-02 
0.4964860€3790-02 
0.279129260780-02 

AT TI~E= 0.200000000000 03 

" 0.3~2~579372€C-01 

Oe3556280~8~3C-01 

0. 282~ 583 24 24[ -01 
0.2 104 723 C.SSSC-01 
Oel419S380617C-Ol 
Oe76783S5S784C-02 
Oe568799~2312C-03 

X 
Oe65~507S83150-0l 

0.564050894370-01 
0.46~355188460-01 

0.36C~72117060-01 

0.263433888150-01 
0.178888408400-01 
0.149670542570-01 

AT TIME= o.~ooooooooooo 03 

" Oe391576439~2C-Ol 

O.J927C930SS8C-01 
Oe3315S891757C-Ol 
Oe26430504047C-Ol 
o.191110622e4r-ot 
Oel0976393044C-01 
Oe602641371C8C-03 

X 
0.669002120470-01 
0.601036113920-01 
0.523347814740-01 
0.43726902547C-01 
0.345101317820-01 
0.255808553860-01 
0.240:84217370-01 

. ' 

...... 
N 
0 



AT TIME= 0.400000000000 03 

y 

0.4C67f83!024C-01 
0.4072227~141C-01 

Oe3512504€661C-01 
Oe286~!202310C-01 

Oe21205743772C-01 
0.1243 C537913C-01 
o.6176c595504C-03 

X 
0.673443050430-01 
0.615044019290-01 
0.546810176210-01 
0.468110373590-01 
0.379371907580-01 
Oe28S63SS70040-01 
0.28307~254910-01 

AT TIME= o.scoooooooooo 03 

y 

Oe4129050€715C-01 
Oe4130891831~C-01 

Oe35923697743C-01 
0.29564992St2C-01 
Oe220t€39S403C-01 
Oe130340105t1C-01 
0.62391041234[-03 

X 
0.675200834950-01 
0.620t656S6150-01 
0.556289634620-01 
0.480659617630-01 
0.393432672940-01 
0.303672618120-01 
0.300949506600-01 

AT TIME= 0.600000000000 03 

v 
Oe41542895930C-01 
Oe415502307S7C-01 
Oe36252702302C-01 
Oe2994041€312C-01 
0.224250540(6[-01 
Oe1328402S280C-01 
Oe6264S851813C-03 

X 
0.675919744390-01 
Oe622S73608€70-01 
0.56018€456540-01 
0.48583C94922D-01 
0.399239S68790-01 
0.309485516390-01 
0.30838~146520-01 



AT TIME= o.1ooooooooooo 03 

y 

o.41642950~~3t-01 

0.41645914357[-01 
0.3~3S~374f1~C-01 

Oe3008S81494SC-01 
Oe2256728€813C-01 
0.1338397407GC-Ol 
0.6275~3515S~C-03 

X 
Oe676202S45010-01 
Oe6238866S8350-01 
0.561734150920-01 
0.4€7885604170-01 
0.401553227460-01 
0.31180€843870-01 
0.311367304320-01 

AT TIME= o.8ooooooooooo 03 

~ 

0.416847873€5C-01 
0.4168591SE20C-01 
0.36437966946[-01 
o.~o1~217~154C-01 

Oe22626602009C-01 
Oe134256085€5C-01 
Oe6279t466S22C-03 

X 
0.676321714380-01 
Oe62426SS56170-01 
0.562380448980-01 
Oe4€S743E50190-01 
0.402518375580-01 
0.312776753830-01 
Oe3126081S1150-01 

AT TIME= 0.900000000000 03 

v 
Oe41702841814C-01 
0.41703181307[-01 
Oe3646149073~C-Ql 

Oe3017900~525C-01 

0.226~20789~1[-01 

Oe1344346C078C-01 
Oe6281494443SC-03 

X 
0.67637~236320-01 

0.624434044850-01 
0.562659339110-01· 
Oe489l1355554D-01 
Oe402S33304390-01 
0.313191812520-01 
0.313138575080-01 



AT TIME= 0.100000000000 04 

y 

Oe417C8974301C-01 
0 e4170S046832C-01 
0.3646~512~27C-Q1 

0.3018€19~B60C-01 

Oe2266C:83SS7Jt-01 
·0.1344S6287fSC-Ol 
0.628~133~~67[-03 

X 
Oe676390505670-01 
0.624489916900-01 
Oo562754077640-01 
0.489239714560-01 
0.403075648270-01 
0.313335191560-01 
0.31~323438630-01 

AT TIME= 0.110000000000 04 

" Oe4171C221927C-Ol 
Oe4171024(l~JC-01 

.0.3647115648€(-01 
Oe3019C08ffe2C-01 
0.22662665912[-01 
Oel3450926588C-01 
Oe6282268227SC-03 

X 
0.676393926640-01 
0.624501188990-01 
0.562773355570-01 
Oe489265fl5770-01 
0.40~105176300-01 

0.313365337230-01 
Oe313362S77280-01 

AT TIME= 0.120000000000 04 

"t 

Oe41710503942C-01 
Oe417105103S7C-01 
Oe3647151€S46C-Ol 
Oe3019C49f2SSC-01 
Oe22663046f71C-01 
Oel3451188S36C-01 
Oe62822952Sl~C-03 

X 
0.676394768890-01 
0.624503807350-01 
Oe562777709800-01 
0.489271296490-01 
0.403111433560-01 
0.313371444360-01 
Oe313370~34060-01 



AT TIME= 0.130000000000 04 

y 

Oe4l711~17241C-Ol 

Oe417113816~5C-01 

Oe3f472684SE4C-Ol 
Oe30191797985C-Ol 
Oe22664252891C-Ol 
o.t34520tl07~c-ot 

0.6282~7993f~C-03 

X 
0.6763975:3430-01 
Oe624512345S60-01 
0.562791809540-01 
0.489289547270-01 
0.403131337820-01 
0.3133905S6170-0l 
0.313393754330-01 

AT TIME= Gel40000000000 04 

y 

Oe41711845113C-Ol 
Oe417117911~2C-01 

Oe3f47~24724~C-01 

0.3019244491SC-01 
0.22664f727S5C-01 
Oel345244S48SC-01 
Oe62824253S79C-03 

X 
0.67639€736540-01 
0.624516222940-01 
0.562798422070-01 
Oe4SS298402310-01 
0.403141386760-01 
0.313400782750-01 
Oe313406S8012D-01 



c 
c 

5 

ccccccccccccccccccccccccccccccccc 
c c 
C THE 27 STAGE COLUMN C 
c c 
ccccccccccccccccccccccccccccccccc 

IMPLICIT REAL*B(A-H.O-Z) 
DIMENSION Y0(54J,TSEC(S4),CY1(54),CY2(54),CY3(54).CY4(54)eCY5(54), 

1 CYf(E4) 
CC MMON/GE ~R9/ HUSEO. NQliSED • N STEP • NFE • NJE 
N=E4 
MF=22 
TO='o.co 
HO=.OOOClCO 
EPS= • OOOC.l DO 
DC 5 l=l.f4 
YOU )::Q .cc 
11=1 
TOl.T=lOO.CO 
1NDEX=l 

10 CALL C~1VE(NeTO.HO,YOeTOUT,EPS,MFeiNDEX) 
WRITE (8,~00) TOUT 
WRITE (S.~Ol) 

DC 25 I= 1 • 27 
.J=l+27 

2!: WRITE (8,~02) YO(l),YO(J) 
CY1(11)="'f0(2) 
CY2( 11 )='H)(6) 

CY3(.li)=,C(11) 
CY4(1l l=YO( 16) 

CY!:( I I l="' (.(21) 
CY6( I I l='f 0 ( 26) 
TSEC(ll)=lGUT 
IF{lNOEX.EQ.O) GO TO 40 



WRITE (€,c04) INDEX 
GC TO EO 

4 0 TO LiT= TOL:T+ 100 • DO 
II=ll+l 
1F(TOUTeLEe5000e00) GO TO 10 

50 WRITE (8,f03) NSTEP 
CALL GRAFt-. C-50eTSEC,CY1.1,101,16e,9e,OeeOeeOeeOe,•TSEC-TlME;•, 

1 1 CY-CCNCENTRATICN:•,•SAMPLE GRAPH;•,•N=2;•) 
CALL GRAFt-:S (-SO. T SEC, CY2, 2, 101, • N=6; 1 J 
CALL GRAFHS(-5Q,TSEC,CY3,3,10le 1 ~:119') 

CALL G~APHS(-5Q,TSEC,CY4,4elOl,•N=16;•) 
CALL GRAFhS(-50.TSEC,CYS,S,10le 1 N=21; 1 J 
CALL GRAFI-S(-SO,TSECeCY6,6,101. 1 N=26;•) 
STOP 

200 FO.FMAT(/11Xe 1 AT TIME= 1 e022el1) 
201 FCRMAT{/l€X, 1 Y1 .24X. 1 X') 
202 FORMAT{27( 1 '•6Xe2022ell)) 
203 FCRMAT (/4X, 1 NSTEP=•,I5) 
204 FORMAT (/4Xe 1 INOEX= 1 el3) 

END 
SUEROUTINE OIFFUN (N,TeYeDY) 
IMPLICIT REAL*8(A-H,Q-Z) 
CIMENSIGN Y(54}eDYC54J 
REAL* e L. ,I< A 
YI=.OGO~DC 

Xl=.Ot93DC 
KA=e025CO 
H= 7.4ECO 
EG=eO lDO 
G= .18700 
HG=.123CO 
S= • 7300 
HL=.877DO 
EL=e3200 
L= .20200 



A=L/ ( H*HL) 
8-=G/ ( H*t-: G) 
M=~3 

N1=26 
NP1=N1+1 
MPl=M+l 
DY(l)=E*l(l.OO+EGl*Y(2)-(1eDO+EGl*Y(l)) 
DY(28)=A*(XI-(leDO+EL)*Y(28)+EL*Y(29)) 
DO 10 1=2,N1 
DY(I•27)=A*((1.DO+EL)*Y(I+26)-(1e00+2.DO*EL)*Y(I+27)+EL*Y(l+28)) 

1 -KA/(HL)*(Y(I+27)-~(I)/S) 

10 OY(I)=E*((leDO+EG)*Y(I+l)-(leD0+2eDO*EG)*Y(IJ+EG*Y(I-1))+KA/(HG)* 
1 (Y(l+27)-Y(l)/S) 
DY(NPll=E*(YI-(leDO+EG)*Y(NPll+EG*Y(Nl)) 
CY(MPl)=A*((leDO+ELl*Y(M)-(leOO+EL)*Y(MPl)) 
RETURN 
END 
SUBRO~TINE PEOERV (N,T.YePO,NO) 
IMPLICIT ~EAL*8(A-H,Q-Z) 
RETURN 
El'\0 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c c 
C SUBROUTINE DRIVE IS TC BE CALLED ONCE FOR EACH OUTPUT VALUE C 
c 
c 

GF T. ANC IN TURN MAKES REPEATED CALLS TC THE CORE INTEGRATOR 
, STIFF. 

c 
c 

c c 
CCCGCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
c 
c 

SUBROUTINE DRIVE (N,TO,HO,YO.TOUT,EPSsMFelNDEX) 
REAL*8 CSCRT 
INTEGER N,MF,INDEX 
INTEGER NC,MFC,KFLAG.JSTART.IPIV,NSQ,NQUSED.NSTEP.NFE,NJE. 
INTEGER LCUT,I,NO.NHCUT.KGC 

1-' 
N 
-...J 



DOUBLE PRECISION TOeHO,YO,TCUT.EPS 
DOUBLE PRECISION T,H,HMIN.HMAX.EPSC,UROUNO,YMAX,ERROR, 

1 SA~El.!AVE2ePW,EPSJ.HUSED 

DOUBLE PRECISION Y.TOUTP,AVI.O 
CCMMON /GEAR!/ T.H.HMIN,H~AX,EPSCeUROUND,NC,MFC.KFLAG,jSTART 
COMMON /GEAR2/ YMAX(54l 
CQ~,MON /C:EAR3/ ERROR(54l 
COMMON /GEAR4/ SAVE1(54) 
CCMMON /GEARS/ SAVE2(~4) 
CCMMC~ /GEAR6/ PW(2916) 
COMMON /GEAR7/ IPIV(54) 
COMMON /GEARS/ EPSJ,NSa 
COMMON /GEAR9/ HUSED.NC~SEO,NSTEP,NFE,NJE 
CA 1 A LG l'l ,-6/ 
DIMENSICI\ YO(N) 
DIMENSICN Y(54.13) 
IF (INDEX .Ea. 0) GO TO 20 
IF '(INDEX .ea. 2) GO TO 25 
IF (INDEX .Ea. -1) GC TC 30 
IF (INDEX .Ea. 3l GO TO 40 
IF (l~OEX eNEe 1) GO TO 430 
IF (EFS .LEe OeDO) GO TC 400 
IF ( N .L E • 0) GO TO 4 10 
IF ((10-TCUT)*HO .GEe OeDOl GO TC 420 
UI'CUND=2.~2D-16 

DC 10 I=1,N 
YMAX(I)=CABS(YO(I)l 
IF (YNAX(I) eEOe OeDO) YMAX(I)=1.DO 

10 Y(l•l> = '0(1) 
NC=N 
T=TO 
H=HO 
IF ((T+H) .Ea. T) WRITE(LOUT,15l 

l5 FO~MAT(35~ WARNING •• T + H = T ON NEXT STEP.) 
HMIN=DABS(HO) 



HMAX=CAE~(T0-TOUT)*10e00 

EP~C=EP~ 

MF.C=MF 
JSTARl'=O 
NO=N 
NSC=N 0:$NO 
EP~J=CSQ~~(URCUNDJ 

NHCUT=O 
GC TO 50 

20 HMAX=CABS(TOUT-TOUTPl*10.CO 
GO TO €0 

2~ HMAX=CA8S(TOUT-TOUTP)*10.DO 
IF ((T-TCUT)*h eGE. Oe00) GO TO 500 
GC TO 85 

30 IF ((T-TOUTl*H eGEe OeCO) GO TO 440 
J~TART =-1 
NC=N 
EPSC=EPS 
MFC=MF 

40 IF ((T+H) .ea. T) WRITE(LCUT.15) 
50 CALL STIFF (YeNO) 

KG0=1-KFL.tG 
GG TO (60. 100, 200, 300), KGO 

' 60 CCl\TI NUE 
D=G.DO 
DO 70 I=1 ,N 
AYI=DAB~(\'(1,1)) 

YMAX(I)=O~AX1(YMAX(I)•AYI) 

70 D=O+(AYl/YMAX(llJ**2 
0= D* ( UR C.UI\0/EPS) **2 
IF (0 eGTe DFLOAT(N)) GO TC 250 
IF (INCEX .ea. 3) GO TG 500 
IF (INDEX .Ea. 2) GO TO 85 

80 IF ((T-TOUT)*H .LT. OeOO) GO TO 40 
CALL INTE~P (TOUT.YeNO.YO) 



GO TO ~C:O 

€5 IF (( (T+h}-TOUT)*H eLEe OeCO) GO TO 40 
IF (OAB~(l-TOUT) .LEe lOO.DO*UROUND*HMAX) GO TO 500 
IF ((T-TCUT)*H .GE. OeDO) GO TO 500 
H=(TOUT-T)*(leD0-4.DO*U~OUND) 

JSTART=-1 
GC TO 40 

100 WRITE (LCLT,l05) T 
1C5 FC~MAT(//~5H KFLAG = ~1 FRC~ INTEGRATOR AT T = ,E16e8/ 

1 39H E~ROR TEST FAILED WIT~ DABS(H) = HMIN/) 
110 IF (NHC~T .Ea. 10) GO TG 150 

NHCUT=Nt-'CLT+1 
HM l N=H~H J\-* .1 CO 
H=H*elDO 
WRITE (LCLT,t15) H 

115 FCRMAT(24H H HAS BEEN REDUCED TC eE16e8• 
1 26H AND STEP ~ILL BE RETRIED//} 
J~TART=-1 

GC TO 40 
150 WRITE (LC~T.155) 

155 FC~MAT(//44H PROBLEM APPEARS UNSOLVABLE WITH GIVEN INPUT//) 
GO TO SOC 

200 WRITE (LCUT,205) T~~ 

205 F(~MAT(//35H KFLAG = -2 FROM INTEGRATOR AT T = .E16.8,5H H =• 
1 E16eS/52H THE REQUESTED ERROE IS SMALLER THAN CAN BE HANDLED//} 

GC TO 500 
2~0 WRITE (LCLT,255) T 
255 FCRMAT(//37H INTEGRATION HALTED B~ DRIVER AT T = sE16e8/ 

1 56H EPS TOO SMALL TC BE ATTAINED FOR THE MACHINE PRECISION/) 
KFLAG=-2 
GO TO 500 

300 W~ITE (LCLT.305) T 
305 FORMAT(//35H KFLAG = -3 FRCM INTEGRATOR AT T = ,E16e8/ 

1 45H CO~RECTOR CONVERGENCE COULD NOT BE ACHIEVED/) 
GG TO 110 

I-' 
w 
0 



4CO Wf;ITE (LCUT w405J 
405 FCRMAT(.I.t::OH ILLEGAL INPUT •• EPS eLE. OeDO.I.Il 

I NDEX=-4 
RETURN 

410 WRITE ( L C L'T • 4 1 5 J 
415 FO f;MA T (/ .125H ILLEGAL INPUT •• N eLE. 0//) 

I NDEX=-4 
RETURt\ 

420 WRITE (LOLT,425J 
425 FORMAT(/.1~8H ILLEGAL INPUl' •• (10-TOUT)*H eGE. O~D0./.1) 

11\DEX=-4 
REl'UR" 

430 WRITE (LCLT,4~5) INDEX 
435 FC~MAl'(.I.124H ILLEGAL INPUT •• INDEX =•15.1.1) 

IN DEX::-4 
REl'URt\ 

440 WRITE(LCU1,445) l'.TOUT.H 
445 FORMAT(.I.146H INDEX= -1 ON INPUT WITH (T-TOUT)*H eGE. OeOO.I 

1 4H T ::.E16.8,9H TOUT =•E16.8,6H H =•E16.8/ 
1 44H INTERPOLATION IIIlAS DCNE AS ON NORMAL RETURNe.l 
2 41H CE~IREO PARAMETER CHANGES WERE NOT MADE.J 

CALL lNTERP (TOUT.Y,NO.YO) 
INDEX=-~ 

REl'URf\ 
~00 TOLT=T 

DO 510 I=1,N 
510 YOUJ=Y(I,l) 
~20 INOEX=KFLJIG 

TOl.'TP=TCUT 
HO=HUSED 
IF (KFLAG .NEe 0) HO=H 
RETURN 
END 



AT TIME= 0.100000000000 03 

y 

Oe24224923~57C-Ol 

0.25123996~41C-01 

Oel607152868~C-01 

0.930207836€4C-02 
Oe4881479768~C-02 

0.2~2844555t~C-02 

o.t01402s~61.5c-o2 
Oe40553112744C-C3 
O.l4991843428C-O~ 

0.51595314238C-04 
O.l6669086257C-04 
0.51451588004C-05 
o.t6442113359C-05 
0.77507060643C-06 
Oe8415S78€312C-06 
Oel4494398418C-05 
0.27093113SC3C-05 
Oe50434715550C-05 
Oe9224S676050C-05 
0.1~5290~4167C-04 

C.28958541216C-04 
0.495115991t2C-04 
0.82430524270C-04 
0.13332496821C-03 
0.20920176172C-03 
0.3201456S937C-03 
0.49819241820C-03 

X 
0.604655546740-01 
0.444658376370-01 
Oe296832446130-01 
0.179159168990-01 
0.977579052140-02 
0.483400~69170-02 

0.217595108120-02 
0.8S6895764840-03 
o.34080~33441D-03 

0.120227174400-03· 
0.396613790930-04 
0.12344035~580-04 

0.370835494320-05 
0.120966897290-05 
0.677772710510-06 
0.887932410010-06 
o.163430373370-o5 
0.314558105960-05 
0.599564695620-05 
Oe11223013243D-04 
0.205820521300-04 
0.369088439940-04 
0.645554305230-04 
0.109616664240-03 
0.178276679980-03 
0.261695416150-03 
0.220557535410-03 

AT TIME= 0.300000000000 03 

y 

Oe4024C907300C-01 
0.40402245594C-01 
Oe3515f436C60C-Ol 
Oe29729623379C-01 
Oe24399011488C-01 
0.194017428c4C-Ol 
Oe14927240~13C-Ol 

O.l10986B7E57C-01 
C.7S6714004~0C-02 

0.5517E552394C-02 
0.3t8559JS436C-02 
0.23742111050C-02 
Cel475S805889C-02 
Oe88709944469C-03 
C.5177761S4C4C-03 
0.2~6b2150887C-03 

O.l719224C062C-03 
0.1072412:177C-03 
C.798785514C8C-04 
0.7c3GC854928C-04 
C.89329721417C-04 
O.ll588274861C-03 
0.15541414493C-03 
0.20B~1491186C-03 

C.2784601f~~~C-03 

o.3c844414~14C-03 

C.4S869178924C-03 

X 
0.670355351690-01 
0.60825~637970-01 

0.538~83240400-01 

0.46363781219D-01 
0.3€7654052770-01 
0.314118551580-01 
0.246286567570-01 
0.186597754890-01 
0.136464140400-01 
0.962538802700-02 
o.t5444505320D-02 
0.428846161120-02 
0.27090~282820-02 

O.lc5140225920-02 
o.~73760201940-03 

Oe55868575755D-C3 
o.3t65666102to-o3 
0.183872262380-03 
0.118575853820-03 
0.947€87t4869D-04 
0.978764718300-04 
0.120610105530-0~ 

0.160404743080-03 
0.217343322780-03 
0.291808241770-03 
0.374112053160-03 
0.36~555138520-03 



AT TIME= 0.500000000000 03 

y 

Oe444340410~3C-01 

Oe44499002600C-01 
Oe411984t2134C-01 
0.375S39905CSC-Ol 
0.337871113C4C-01 
Oo298792403C7C-Ol 
C.25S771688S8C-01 
0.2218:19593~C-01 

Oel8597602744C-01 
c.t:292364:22C-01 
~.12326781570C-01 
Oa97354061486C-02 
o.T:~02968480C-02 

0.57033155117C-02 
Oo4229S442426C-02 
0.3073S722570C-02 
0.21923894273C-02 
0.1539908612~C-02 

O.l0726929475D-02 
. 0.7510:233592C-03 
o.54tO:s8setsc-o3 
0.4151928013~C-03 

0.3:220256836(-03 
0.33647110830C-03 
C.35720123891C-03 
Oo40660617602C-03 
0.4g907363835C-03 

X 
0~680324337920-01 

0.643699207950-01 
0.601556162190-01 
0.554533039910-01 
0.5036972S8820-01 
0.450363524820-01 
0.396001933570-01 
0.34212916920D-01 
0.290194216770-01 
Oo24147351566C-01 
0.196987627780-01 
0.15744€251110-01 
0.123239376310-01 
0.944314328650-02 
0.708228624120-02 
Oo52000614234D-02 
0.374097977340-02 
0.26423CS66900-02 
Ool84022191800-02 
0.12746167ol90-02 
0.892394583470-03 
0.649194116760-03 
0.50981157731P-03 
0.447546340060-03 
0.442117046S80-03 
0.470830259250-03 
0.449083855700-03 

AT TIME~ 0.700000000000 03 

y 

Oo4639t2150~4C-Ol 

Oo46431313641C-01 
Oe4413368f100C-01 
0.41570608907C-01 
0.3878502434SC-01 
C.358211272C9C-01 
0.~273105b050C-Ol 

~.295724655t5C-01 

Co26405625931C-Ol 
Oo232S0321792C-01 
0.20282810~56C-Ol 

Co17433C95254C-Ol 
Ool47e271S342C-01 
Col2362253152C-Ol 
O.l0195538792C-Ol 
o.a2897032400C-02 
0.6645863S503C-02 
c.5255392S227C-02 
o.41C25c56661C-02 
Oo3166~95147SC-02 

0.2422456~:40C-02 

Oa1d445167620C-02 
Oo1405SC692SOC-02 
Oe10797942127C-02 
O.d4027336477C-03 
0.6600390323SC-03 
Oo50147877213C-03 

X 
0.684555702960-01 
0.659699693010-01 
0.630869277280-01 
0.598186627690-01 
0.562015374250-01 
0.522871611790-01 
0.481405251640-01 
0.43837135~790-01 

0.394593117740-01 
0.350919341600-01 
0.308180126850-01 
0.267144395350-01 
0.228482~81940-01 

0.192739451990-01 
0.160312687960-01 
0.13144€562050-01 
0.106243871140-01 
0.846590879720-02 
0.665384903800-02 
0.516349338830-02 
0.396364466780-02 
0.301919108490-02 
0.229334030130-02 
0.174935362300-02 
0.135208789470-02 
0.107424630250-02 
0.958261489880-03 



AT TIME= 0.900000000000 03 

y 

Oe47534164188C-Ol 
0.47555~71566C-Ol 

0.458~2247130C-01 

C.43951014481C-01 
Ce41841635~1~C-01 

0.39553626e83C-01 
0.3711248615EC-Ol 
0.3454€986229C-01 
0.31898133347C-01 
0.29197871710C-01 
o.z64876099~3c~o1 

0.238C6660045C-01 
Ce21192666312C-01 
Oe18680258133C-Ol 
0.1629~5904~3(-01 

0.1407:535154C-01 
Oe1202~860939C-01 

0.101~5829342C-01 

Oe8498040~4~~C-02 

0.702249290730-02 
o.5731755252~C-02 

0.46121403184C-02 
0.364369927~80-02 

0.27997788~45(-02 

0.20452473053C-02 
O.l3273200214C-02 
o.50798474236C-03 

X 
0.686919~49460-01 

0.668848176790-01 
0.647798660020-01 
0.623734625850-01 
0.596767459700-01 
0.56709~810130-01 

o.5350235155oo-o1 
0.500912899750-01 
0.465213322750-01 
0.428425500420-01 
0.39108~4637~0-01 

0.353748308770-01 
0.316956072410-01 
0.281226129000-01 
0.247026432500-01 
0.214759733~20-01 

0.184750597330-01 
0.157236660410-01 
0.13236412SS70-01 
0.110187062080-01 
0.906695071850-02 
0.736892115580-02 
o.5904163C5080-02 
0.464468902780-02 
o.355997208440-02 
0.266325754860-02 
0.242440509360-02 

AT TIME= Oe11000000000D 04 

y 

Oe48270418073C-01 
0.48285113CC4C-Ol 
Oe46990030144C-Ol 
0.45517967391C-01 
Oe43877431~21C-01 

0.4207f313~41C-01 

Oe4012~63388EC-01 

0.38044411042C-01 
0.3584~24286C-01 

0.33564201730C-Ol 
0.31214349902C-Ol 
0.28926750€29C-Ol 
C.2c429158142C~Ol 
0.24049132~50C-01 

Q.2171304884SC-Ol 
Oel9445104St4C-01 
0.1726f3656c2C-Ol 
0.15193837417C-01 
C.132395734C7C-01 
Oell409773692C-Ol 
G.S7038212921C-02 
0.81131602587C-02 
0.661S8b47264C-02 
0.51945301~~1C-02 

Oe37915725943C~02 

0.2327251C161C-02 
0.51782892676C-03 

X 
0.6884195S6710-01 
0.674722073740-01 
0.658725~51690-01 

0.640341208340-01 
0.619576799850-01 
0.59649t552690-0l 
0.571222640110-01 
0.:43935C78800-01 
0.514868S89200-0l 
0.4843092~7820-01 

0.452583013490-01 
0.420049355880-01 
0.3€7088139170-01 
0.354086903050-01 
0.321427325550-01 
0.289471438080-01 
0.258548088250-01 
0.228939956090-01 
0.200871225950-01 
0.174495752200-01 
Oe14S885247090-01 
0.127016784540-01 
0.105759753800-01 
0.858728301990-02 
0.671138124420-02 
0.503516343~20-02 

0.472332973200-02 



AT TIME= 0.130000000000 04 

y 

o.4e779923922C-01 
Oo4879C355~23C-Ol 

0.4777458€1130-01 
Oo466141~5030C-Ol 

Co45311982€13C-01 
Oo43S70266558C-01 
Co42293790458C-Ol 
Oo40590228976C-01 
0.38770024705(-01 
Oo3684q20142~C-Ol 

Oo34834059571C-Ol 
Oo32750755C58C-Ol 
Oo3C614765576C-01 
Oo284452501f3C-01 
Co262f1307980C-Ol 
0.2408113~834C-01 

Ce21921110902C-01 
Oo19794704799C-01 
0.17711347173C-01 
0.15675061133C-Ol 
Oel3~82896227C-01 

0.11723043798C-01 
C.97724853476C-02 
0.779367609420-02 
Ce572712B3894C-02 
Co34549838037C-02 
Oe5289E553319C-03 

X 

0.689444716170-01 
0.678767597520-01 
0.66~275713250-01 

0.651865753500-01 
0.635501170350-01 
0.617180560430-01 
0.596940318720-01 
0.574856233940-01 
0.551043689990-01 
Oo52565633534D-Ol 
0.498883139800-01 
0.470943817230-01 
0.4420826 47 3.30-01 
Oo412560771690-01 
0.382f47062740-01 
0.352607660810-01 
0.322694236980-01 
0.293130962760-01 
Co26410CC44670-0l 
0.235725512170-01 
0.208054751170-01 
Oo1810372577CO-Ol 
Oo154501995440-0l 
Oo128153215C70-01 
0.101762034550-01 
0.770501062570-02 
0.737808004140-02 

AT T1ME= Co150000000000 04 

y 

Oo4914S762021C-01 
C.4;156428625C-01 
Oo48344523f~1C-01 

Oo4741331~410C-Ol 

Oo46363004247C-Ol 
Oo4519255427fC-01 
0.4 390277S853C-01 
0.4249f435lt3C-01 
Oo4C97822~05EC-01 

0.3935475~f30C-Ol· 

0 • 376343Sc;~ 2C-Ol 
Oo35826845151C-01 
Oo33943154760C-01 
o.~l994877313C-01 

Oo29993651214C-01 
Oo2795042650CC-01 
Oo2587457CS48C-Ol 
Oo23772796336C-01 
Oo21f47871591C-01 
Oo19497J77310C-Ol 
o.t7310340118C-Ol 
0 • 1 50 6 796 0 c l 7 c -0 1 
Ool27~77676C7C-01 

Oo10271074835C-01 
Oo7593045278CC-02 
Oo4552~291255C-02 

o.5398f940427C-03 

X 
0.690180811770-01 
0.681686955910-01 
0.671735604340-01 
0.660223822480-01 
0.647095985120-01 
Oo63231S55285D-C1 
0.615882431350-01 
0.597804789160-01 
0.5781300515CD-Ol 
0.556929913980-01 

· 0 • 5 3 4 30 2 2 33 3 1 D- 0 1 
0.510368666430-01 
0~485270941440-01 
Oo4591~5c4995D-Ol 

0.4~221744t50D-Cl 

0.404590=21070-01 
0.37643€170~80-01 

Oo34789023284D-01 
0.319038038840-01 
0.289916434780-0l 
0.260482270070-01 
0.230588~41860-01 

0.199959546500-01 
0.168137742~10-01 

Oo135017877610-0l 
0.103002523230-01 
Oo99940431850D-02 



AT TIME= OG170000000000 04 

y 

Oe49424375671C-01 
0.4943013~219C-Ol 

Oe4€771410118C-01 
0.48013414390C-01 
Oe47154742415C-01 
Oe461~266961~C-01 

0.45125644618C-01 
c .4 ~9 5 3374344 c-o 1 
Oe42676850€21C-01 
o .4 129 e31 1 e 1 3 c-o 1 
0.39821165483C-01 
Oe3824~73874~C-01 

0.3c5SS0472S5C-01 
o.3484435~4e7c-ot 

0.3~020663594C-Ol 

0.31121974851C-01 
Oe29150462925C-01 
0.27105368278C-01 
0.2498166€051C-01 
o .22.76 E44166 s c-o 1 
Oe20446874416C-01 
0.17987808092C-01 
0.1534E6712E7C-01 
0.12469014573C-01 
0.925914028SlC-02 
o.ss37~20S457C-02 

Oe54965290372C-03 

X 

0.690727854820-01 
0.683863791080-01 
Oc675812602910-0l 
0.666477017900-01 
0.655793892530-01 
0.643713586370-01 
0.630201775240-01 
0.61524C~60220-01 

0.598831434320-01 
0.58C991553900-01 
0.561757154160-01 
0.541179939780-01 
o.51932467142D-01 
0.496264955270-01 
0.472077421460-01· 
0.446d34046270-01 
0.420592327850-01 
0.3933829f1850-01 
0.365194578360-01 
0.335954996430-01 
0.30550 8369440-01 
0.273587917780-01 
0.2397d7868070-01 
0.203572124120-01 
0.16463€775740-01 
0.126284428510-01 
0.12358€115880-01 

AT TIME= 0.190000000000 04 

y 

0.49633382068C-01 
0.49637803682C-01 
0.490957543150-01 
0.48470280401C-01 
0.47759090337C-Ol 
0.46958551290C-01 
Oe460657109SlC-01 
Ce4507E34~369C-01 

o .4 399 498343 s c-o 1 
0.42914822429C-Ol 
0.41537660737C-01 
0.4016~6944~1[-01 

0.38693245399C-01 
0.3712f374672C-Ol 
C.35462363680C-01 
0.336~903€4S3C-01 

Oe318319074SSC-01 
0.2985307716CC-01 
0.277499~32€7C-01 

0.25503326179C-01 
0.23085826CC6C-01 
0.20458911712C-01 
O.l756SS5E4E7C-01 
0.1434750S367C-01 
O.l0688530766C-01 
0.63849927E36C-02 
0.55807952514C-03 

X 

0.691140825360-01 
0.685511661500-01 
0.678902521570-01 
0.671223768460-01 
0.662410732570-01 
0.652406453440-01 
Oe64116286898D-01 
0.628641789330-01 
0.614815455820-01 
0.599666546750-01 
0.583187474700-01 
0.565378800850-01 
0.546246569670-01 
0.525798341220-01 
0.504037665660-01 
0.480956704380-01 
Oe4565266504dD-01 
0.430685536490-01 
0.403322~36500-01 

0.37426C~76160-0l 

0.343231011430-01 
0.309845782070-01 
0.273571587330-01 
0.233745320030-01 
0.190014064g2D-Ol 
0.146313821170-01 
0.144023069420-01 



AT TIME= 0.210000000000 04 

y 

0.4g79445f6S2C-01 
0.4S7S7898626C-01 
Oe49346041388C-01 
0.48823305304C-Ol 
0.48226896046C-Ol 
Oe47552680237C-01 
0.46796838331C-Ol 
o.45g55e77552c-o1 
0.4502~6C3727C-01 

0.44006048461(-01 
0.4289133S6~2C-01 

Oe4167S501412C-01 
0.40367166878C-01 
0.3895018517iC-01 
0.37423099867C-01 
Oe3577f47270SC-01 
0.34006021722C-01 
C.3209l536700C-01 
0.3001~528570C-01 

0.27751560533C-01 
0.2~2f4197755C-01 

Oe2250648S252C-Ol 
O.l941678763SC-01 
o.15913922649C-01 
o.t188~3760€fc-01 

0.7094S812134C-02 
0.5651412359~C-03 

X 

Oe69145El3368D-01 
0.686780150180-01 
0.681282921590-01 
0.674884423020-01 
0.667520981450-01 
0.6~9132564770-01 

0.6496633S6S80-01 
Oe63906237840D-01 
0.62728~140470-01 

0.614283610630-01 
0.60002494285D-01 
0.584469645290-01 
0.567578709390-01 
0.549307512130-01 
0.529600224800-01 
0.508382415760-01 
0.485551479080-01 
0.460964454740-01 
0.434422726710-01 
Oe4056529S8780-01 
0.374283915280-01 
0.339818236570-01 
0.301605903230-01 
0.258868964480-01 
0.211205544380-01 
0.163086329690-01 
0.161184190450-01 

AT TIME= C.230000000000 04 

y 

Oe4992036427SC-01 
0.4~S2305S94cC-Ol 

Oe4S541819004C-Ol 
Oe490SS6534C3C-Ol 
0.4S59345~339C-01 

0.4801S791583C-Ol 
Oe47371264628C-Ol 
0.4664f49038EC-01 
0.458400374ClC-01 
Oe44947323552C-01 
0.4396~458€11C-01 

0.4288~020435C-Ol 

0.4169S7445€2C-Ol 
0.4040fl15458C-01 
0.389928296f4C-Ol 
0.3744810S467C-01 
0.35756833927C-Ol 
0.3389S451226C-01 
Oe31850628902C-01 
Oe29577590645C-01 
Ce2703€C77573C-01 
Oe24177848333C-01 
0.20927515E70C-Ol 
.0.17197653729C-01 
0.12864122801C-01 
C.76784903513C-02 
0 e5709469384SC-03 

X 

0.691705744c60-0l 
0.6€7771019~40-01 

0.683143152560-01 
0.677746822840-01 
0.671520094820-01 
0.664401687810-01 
0.656331113930-01 
Oe64724c61562D-01 
0.637094753320-01 
0.625809524160-01 
0.6133308E2290-01 
0.599592492610-01 
·o.58452053141D-Ol 
0.568029308020-01 
0.550015442290-01 
o.5303502c561o-ot 
0.508c70216500-C1 
0.485364375760-01 
0.459559328710-01 
Oe43110006037D-01 
0.399526690700-01 
0.364246Sl6290-01 
0.324510167230-01 
0.279439556810-01 
0.228589326700-01 
0.176869053220-01 
0.175312146190-01 

1-' 
w 
.....,J 



AT TIME= C.250000000000 04 

\' 

o.5001957~7C9c-ot 

Oe5002169~5~3C-Ol 

C.4S69615~389C-01 

0.4931~606919C-Ol 

0.4S882724415C-Ol 
0.483868€5472C-01 
C.4782~284913C-01 

0.471S28B6603C-01 
0.46484333S57C-01 
0.456938186~3C-Ol 

C.448148968COC-Ol 
0.4384C238525C-Ol 
C.42761296802C-Ol 
0.41567875644C-Ol 
0.40247576716C-Ol 
0.36 785098326C-Ol 
0.37161356466C-01 
0.35352392066C-01 
C.33328022194C-01 
0.3105018~117C-01 

t.2€47C918634C-Ol 
Oe25529886~28C-01 

. Oe22151247443C-Ol 
0.182387225€6C-Ol 
Oel366C25f710C-01 
Oe81525409564C-02 
o.57566458128C-03 

X 

0.691900677150-01 
0.688551543180-01 
0.68460€852500-01 
0.680002914420-01 
0.674673605910-01 
0.668559199940-01 
0.661596117170-01 
o.6537184c35j~-OI 

0.644857216900-01 
0.634~38953720-01 

0.623883~€4830-0l 

0.611603744930-01 
0 .• 59799 7 250 700-01 
0.5829464C8660-01 
0.56630~~13630-01 

0.547915432150-01 
0.52754S7C9510-01 
0.504946174960-01 
0.47976S543940-01 
0.451596838710-01 
0.419894240430-01 
0.38398S865240-01 
0.343048991200-01 
0.29t111953740-0l 
0.242695518690-01 
0.188065361410-01 
0.186802189010-01 

AT TIME= 0.270000000000 04 

" 0.500~7943314C-01 

o.50099615621C-01 
0.4S818107209C-01 
0.4S48S882cSlC-01 
Oe49111483347C-Ol 
0.4867E158322C-01 
0.4E18481C7(8C-01 
0.4762592COE2C-Ol 
Ce4699~428200C-01 

C.4c28t583088C-Ol 
G.4549173C86fC-Ol 
0.44602042560C-01 
0.4360i16C772C-Ol 
Oe42494748279C-01 
Oe41249911353C-01 
0.3S85451478~C-Ol 

0.3828c23~04SC-01 
0.36517512747C-Ol 
0.345141952C8C-Ol 
Oe3223387t4€5C-Ol 
0.2S6239035S2C-Ol 
Oe2661892912CC-01 
0.23137810632C-Ol 
C.l9078664424C-Ol 
O.l43029956S2C-01 
o.es3S4493323C-02 
0.579475725~~C-03 

X 
0.692054508490-01 
0.689167820120-01 
0.6€5766380890-01 
0.681785186610-01 
0.677165848280-01 
C.67184t64581D-Cl 
.0.6~5761S6318J-Ol 

0.658841492080-0l 
0.651009078140-0l 
0.642181104Sd0-0l 
0.6322642~0540-01 

0.621152745270-01 
·o.60872411..3200-0ll--' 
0.5S4834583180-0l ~ 
0.579312~1885D-Ol 

0.5619504Qg79D-Ol 
Oe5424947S2710-01 
0.520633728580-01 
0.495S8134863D-Ol 
0.468C58907200-01 
0.436271779880-01 
0.3SS882572430-0l 
0.357S87305120-01 
0.309558240240-01 
0.25408C~38240-0l 

~.197108535970-01 

0.196089513360-01 



AT TIME= 0.290000000000 04 

~ 

0.5015979€4f3C-01 
o.50t6112t92at-ot 
0.49914401142C-01 
0.49625974835C-Ol 
Oe492922941€2C-Ol 
Oe4890S53353~C-Ol 

Oe4846~3902c7C-Ol 

Oe4796S~856C6C-Ol 

Oe4740C728613C-01 
0.4675713c74SC-Ol 
0.4c02S616167C-01 
0.4520E147883C-01 
0.4428093502St-Ol 
0.432339~3875C-01 

0.420:02200170-01 
0.4070~3613~2C-Ol 

0~39186421331C-01 
Oe3745C9076€2C-01 
Oe3546~4177G7C-01 

Oe3318400154EC-Ol 
Oe30550175560C-Ol 
o.274945031t3c-nt 
Oe23931524654t-Ol 
Oel9754802175C-Ol 
Oel4820628588C-Ol 
Oe88439422548C-02 
0.5825465CS78C-03 

X 
0.692175810760-01 
0.689654070660-01 
0.686679915890-01 
0.683192252420-01 
0.679134323220-01 
0.674444721340-01 
0.669056561450-01 
0.66289t400660-01 
0.655882791200-01 
0.647924365080-01 
0.638917330160-01 
0.628742233250-01 
0.61725~817570-01 

0.604305769210-01 
0.589684108660-01 
08573i58938610-01 
0.554444206340-01 
0.533191077330-01 
0.5C8S72445040-01 
0.481264329610-01 
0.449421524370-01 
0.412654015360-01 
0.370000991400-01 
0.320379214700~01 

0.26324€630330-01 
0.204393942410-01 
0.203575565040-01 

AT TIME= C.310000000000 04 

y 

0.5020E752278C-01 
0.5J20S806564C-01 
0.49990636802C-Ol 
0.4573374E734C-Ol 
Oe49435533446C-Ol 
Ce4909111EEE4C-01 
0.48695053033C-01 
0.48241186883C-Ol 
0.477225203E8C-01 
0.4713100c421C-01 
0.46457302836C-Ol 
0.45690460811C-01 
0.44817535~22C-Ol 

Oe4382310C~~cC-Ol 

Oe4268Ef52927C-01 
C.41391870012C-Ol 
0.3990~71C632C-Ol 

0.3819730~5tlC-Ol 

0.3622c6355C9C-01 
0.33944863053C-Ol 
Oe31292401839C-Ol 
Oe28196500519C-01 
Oe24568204291C-Ol 
Oe20297395C78C-Ol 
0.1.523f166223C-Ol 
0.909165776~5C-02 

Oe58501248870C-03 

X 
0.692271758640-01 
0.690038835760-01 
0.687402905440-01 
0.684306078430-01 
0.680693027670-01 
0.67650275760C-01 
0.6716675f115D-01 
0.666111707490-0l 
0.65974975017D-01 
0.652484359370-01 
0.644203562510-01 
0.634777254030-01 

.0.6240528079?0-01 ~-
0.6118495~4590-01 w 

~ 
0.5S795216557D-Ol 

·o.582101825c3D-01 
0.563986259570-01 
0.543226€19990-01 
0.519363012030-01 
0.491833c3S700-01 
0.459954090260-01 
0.422890029400-01 
0.379635108320-01 
0.329061124180-01 
0.270607162430-01 
0.210243848460-01 
0.209588928220-01 



AT TIME= 0.330000000000 04 

y 

0.50247652E4SC-01 
0.5024E492501C-01 
C.5005121S179C-Ol 
0.4S81940124EC-01 
0.4954938Sl40C-Ol 
0.4923t26~f06C-01 

0.4887447625EC-01 
0.4E45765El49C-01 
0.47978491113C-Ol 
0.47428482713C-01 
0.4679770~2E5C-Ol 

0.46074469520C-01 
Oe452449208S6C-Ol 
0.442925425S1C-Ol 
0.4~1975454C7C-a1 

0.4193tl21611C-01 
0.4047S53523~C-01 

0.3879301f~32C-Ol 

0.36834420t56C-Ol 
0.345~260E828C-01 

0.318E~48E€58C-Oi 
0.2e75763SSC3C-01 
Oe25077293448C-01 
0.20731372127C-01 
C.1556E59€80~C-Ol 

0 .928S 8690639C-02 
0.5869E575€E5C-03 

X 

0.692347SE5010-01 
0.690344549470-01 
0.6e7S77382040-0l 
0.685191167240-01 
0.681931749870-01 
o.67813850585D-Ol 
0.67374:5128880-01 
0.668668132220-01 
0.662824960680-01 
0.656111619000-~1 

0.648409704290-01 
0.639580707510-01 
0.629461422590-01 
0.617858270360-01 
0.6045403C7650-0l 
o.589230c48320-01 
0.571595971930-01 
0.551233135190-01 
0.527t56E32260-01 
0.500273779330-01 
0.468368115160-01 
Oa4!1Q70328610-01 
Oa3S733714254D-01 
0.336004133110-01 
0.2764935C2920-0l 
0.214924596850-01 
0.214401780280-01 

AT TIME= 0.350000000000 04 

y 

o.5027f6674ttc-ot 
0.50279335870C-Ol 
0.500SS51S668C-Ol 
0.4S88768€728C-01 
0.4964C153804C-Ol 
C.493~1S~323CC-01 

G.4901751S718C-01 
C.486302375~3C-Ol 

o.4a1B25622s=c-o! 
0.47665647825C-01 
Oo470691013:55C-Ol 
0.46380645C47C-01 
0.4558570124SC-01 
C.44666884C5SC-01 
0 .4360!383100C-01 
0.4237Q203E7CC-Ol 
0.4093725€SC7C-01 
0.3S26E256873(-01 
o .3 73193o4244C-Ol 
0.35J37590256C-01 
0.3235€84C18CC-01 
0.2920~55~323C-01 

0.25483713715C-01 
C.21C778687C9C-Ol 
0.1583404ES18C-Ol 
o.~4481545899C-02 

C.5885615E€25C-03 

X 
0.692408760550-01 
0.690588290930-01 
0.688435400730-01 
0.685896823780-01 
C.682919~3c640-Cl 

0.679442610000-01 
0.675397Sc0c5D-Ol 
0.67C706206380-0l 
o.ct5276c22b6D-0.1 
o.c59003409260-c1 
0.651763C5690D-01 
0.643410381880-01 
0.633773771190-01 ~ 
0.622649349580-01 ~ 

0 
0.6C9793E4448u-~l 

0.5949158Sl61D-Ol 
o.s77c6~3~3a8o-ot 

~.557620766830-01 

0.~34273274910-01 

0.507C08294C80-0l 
0.475082794530-01 
o.437599456c70-0l 
0.39348~422750-01 

0.341547248020-01 
0.28119357071D-C1 
0.21&662466900-01 
0.218245627180-01 



AT TIME= 0.370000000000 04 

~ 

0.50303425~35C-01 

Ce50303957227C-01 
0.5013807f030C-01 
Ce49942198~33t-01 

Oe497126078f3C-Ol 
0.49444349704:-01 
0.49131694258C-01 
Oe4E767982382C-Ol 
0.4834~4364f5C-01 

0.47854927998~-01 

0.472856930000-01 
Oe46624984285C-01 
Oe45857647418C-01 
0.44965604647(~01 

0.4392722!15EC-01 
0.427165804C7C-01 
0.413024951C9C-01 
0.3964746747:(-01 
0.37706316349C-01 
0.3~42457~f57C-01 

0~2736546243(-01 

o.2~56296ES2ec-o1 

0.2580€020338(-01 
0.213543624660-01 
Oe16045869300C-Ol 
Ce9574464SC67C-02 
Oe58981908902C-03 

X 
n.692457278160-01 
0.6~0782866610-01 

0.688801027160-01 
0.686460125930-01 
0.683707678810-01 
Oe6804835Eb78D-01 
0.67671€680670-01 
0.672332959320-01 
0.667233422880-01 
0.66131141096D-Ol 
0.654439337630-01 
0.646466693450-01 
0.637215159970-01 
0.626472651810-01 
0.613986066190-01 
o.59945247774J-01 
0.582508466€60-01 
0.562717210910-01 
0.539552899960-01 
0.512381970210-01 
0.480440669230-01 
0.442809322090-01 
0.398391454770-01 
0.345970451470-01 
0.284944111270-01 
0.221645247180-01 
0.221313038350-01 

AT TIME= 0.390000000000 04 

~ 

0.503222088S4C-Ol 
Oe50323631149C-Ol 
0.50168884162C-01 
0.49985753486C-Ol 
Ce4S770497477C-Ol 
0.4951€145258C-01 
0.49222907679(-01 
C.48878018258C-Ol 
0.4847553f339C-Ol 
0.48006107156C-01 
Oe4745E66S703C-01 
0.4682C101545C-O~ 

0.460747876C5C-01 
Oe45204097458C-01 
C.441€57527CSC-01 
0.42993062554C-01 
0.41594001427C-01 
0.3995C097722C-Ol 
0.38015C966E5C-01 
Oe357~3353353C-01 

0.33037901C88C-01 
0.29E48114726C-01 
0.2606673S266C-Ol 
Oe21574928269C-01 
Oel621483S144C-01 
C.96752193642C-02 
o.590822157~oc-o3 

X 
0.692496049560-Cl 
0.690938349480-01 
0.689093189260-01 
0.686910234400-01 
0.684337585220-01 
0.681315318930-01 
0.677773948940-01 
0.673632570000-01 
0.6687965S3490-01 
0.663154SE3730-01 
0.656576888730-01 
0.648907~37&~0-01 

0.63996~252020-01 ~ 

o.62952538980u-Ol ~ 
~ 

0.617333003400-01 
0.603073955200-01 
0.5863741€1740-01 
0.566784741730-01 
0.543766214510-01 
0.51666S948830-01 
0.484715684410-01 
0.446965S35610-01 
0.40230S4104SO-Ol 
0.349499025180-01 
0.28793~942040-01 

0.224024540630-01 
0.223759748S10-01 



AT TIME= 0.410000000000 04 

y 

0.5033E921812C-01 
0.50339257505C-01 
0.501~3355731C-01 

0.5002~35306EC-Ol 

Oe49Sl~490291C-Ol 

0.49576783f41C-01 
Oe492953SE346C-Ol 
0.48965483733C-Ol 
0.4€578970454C-Ol 
Oe481263244E~C-Ol 

0.4759!24€771C-01 
0.46975322254C-Ol 
0.462475626€7C-Ol 
Oe4539389€749C-Ol 
0.44391532773C-01 
0.4321~172578C-Ol 

Oe4182f10f55~C-Ol 

O.e4019109133~C-Ol 

0.38261015~8~C-01 

0.35~79294832C-Ol 

0.33277S47466C-Ol 
0.3007~264037C-Ol 

C.26272846804C-01 
0.21750647811C-Ol 
O.l634i457086C-01 
0.97554917;27[-02 
0.59162131943C-03 

X 
0.692526836850-01 
0.691061831120-01 
0.689325232410-01 
Oe6S7267750240-01 
0.684637963830-01 
0.681~7~107040-01 

0.678612456740-01 
0.674665412620-01 
0.67003i132~30-0l 

0.664620708150-01 
0.6582766~7~00-01 

0.65084€~42170-01 

0.642149496910-01 
0.63j954491600-01 
0.619996719060-01 
0.605956687280-01 
0.589451€34100-01 
0.570023542170-01 
0.547121525740-01 
0.52C~8509342D-01 

0.488120816110-01 
0.450277005630-01 
0.405423369720-01 
0.352310108250-01 
0.290319504540-01 
0.225920151540-01 
0.225709118060-01 

AT TlME= 0.430000000000 04 

v 
0.50351467547C-01 
C.503517341€5C-Ol 
C.50212895037C-Ol 
0.5004797959~C-01 

Oe4S85~214794C-Ol 

0.49623606748C-01 
0.4935~284431C-Ol 

0.4903533CC77C-Ol 
0.486~157lt53C-Ol 

Oe48222331956C-Ol 
Oe4770tl25471C-01 
0.47099292374C-01 
C.46385556981C-Ol 
0.4554~495540C-01 

0.44555€9~311C-01 

Oe43388933454C-Ol 
Oe42011500125C-01 
Oe40383585307C-Ol 
0.3S45744304fC-Ol 
C.36175739c24C-01 
0.3346S6818t5C-Ol 
0.3025t694~€4C-Ol 

0.26437468~62C-01 

0.2189C996646C-01 
O.lc45697f355C-01 
O.S€19604611SC-02 
0.5922596CCc4C-03 

X 
0.692551417350-01 
0.691160421390-01 
0.689510502f40-0l 
0.6€7553206110-01 
0.685237495760-01 
0.682503733110-01 
0.679282012370-01 
0.67~49C16~78D-O! 

0.671031375580-01 
0.665791221300-01 
Oe659c341S823D-01 
c.c52399442310-0l 
0.643895596420-01 
0.633894cl202D-Ol 
0.622124277S90-01 
0.608259223510-01 
0.591S100S3570-01 
0.572610538410-01 
0.54S8015913b0-01 
0.522812943490-01 
0.490840648810-01 
0.452921678900-01 
0.407913766040-01 
o.354555362c30-01 
0.29222326428D-01 
0.227434159570-01 
0.227266C34420-01 



AT TIME= 0.450000000000 04 

y 

0.503fl391129C-01 
Ce50361603445C-01 
0.50228352327C-Ol 
0.50069B37299C-01 
Oe4S882275346C-Ol 
0.49660665751C-01 
Oe493~S110032C-01 

G .4909 063~5S 7C-Ol 
0.4€7269992S1C-01 
0.48298402627C-Ol 
0.4779~214537C~01 

Oe47197586477C-Ol 
Oe46495010118C-Ol 
0 .4 566 57816 77C-Ol 
Oe44c8f358003C-01 
0.43528583077C-Ol 
Oe42158759523C-01 
Oe40536534824C-Ol 
Oe3E61356c152C-01 
0.36331920534C-Ol 
0 ..33622156785C-01 
Oe3040100S752C-Ol 
0.26568438154C-01 
0.22002672765C-Ol 
O.l6542541119C-Ol 
Oe98706314292C-02 
C.5927c7617C7C-03 

X 
0.692570854€70-01 
0.691238397040-01 
0.689657044630-01 
0.6E7779013470-01 
0.685553584280-01 
0.682921234410-01 
0.679811928630-01 
0.676143079880-01 
0.671£17089640-01 
0.666718381270-01 
0.66070S823200-01 
0.653628418260-01 
0.645280111590-01 
0.635433540590-01 
0.623812516620-01 
0.610086987400-01 
0.59386218)890-01 
0.574665574.380-01 
0.551931266180-01 
0.524981260980-01. 
0~493003206980-01 

0.455025013320-01 
0.409894846100-01 
0.356341778090-01 
0.293738217040-01 
0.228639131450-01 
0.228505334990-01 

·AT TIME= 0.470000000000 04 

'V 
0.50369283625C-01 
0.503694527t3C-01 
0.5024 0646078C-01 
o.500S7221754C-01 
Oe49905388972C-Ol 
o.49c90l417C7C-o1 
Oe49435559811C-01 
o .4913 46326 sse -01 
0.4877904466SC-01 
Oe48358917251C-Ol 
0.4786249E4!3C-Ol 
0.47275789900C-Ol 
0.46582098366C-01 
0.45761497415C-01 
0.4479C181002C-Ol 
0.4363S688040C-01 
0 .4227~725~ 7C-01 
Oe40658289611C-Ol 
Oe3E737860162C-01 
o.3c45c273247c-ot 
0.3374~570f45C-01 

0.30515934521C-Ol 
0.26672745511C-Ol 
0.22091621102C-Ol 
Oe1661069!368C-Ol 
Oe99112780871C-02 
o.5931722954fC-o3 

X 

0.692586313680-01 
o.69130041259u-Ol 
0.689773593060-01 
0.687958605190-01 
0.685804982750-01 
0.68325~296660-01 

0.680233410~70-01 

0.676662403530-01 
0.672442068280-01 
0.667455902650-01 
0.661565488130-01 
0.654606134770-01 
0.646381645410-01 
0.636658023990-01 
0.625155919040-01 
0.611~41553200-01 

0.59~415841180-01 

0 • 5 76 30 1342 2 1 D- 0 1/ 
o.5:3626f2624D-01 
Oe526707567S2D-01 
0.494725109180-01 
0.456699927560-01 
0.411472554860-01 
0.357764578410-01 
0.294944899460-01 
Oe22959€S7604D-01 
0.2294925S766D-01 



AT TIME= 0.490000000000 04 AT TIME= 0.500000000000 04 

y X y X 

0.5037~55~0~4C-01 0.692598605280-01 0.503781973S7C-01 0.692603773460-01 
0.50375693904C-01 0.691349722280-01 Oe50378317743D-Ol 0.691370453750-01 
0.50250421080C-01 0.6898662~2770-01 0.50254530443C-01 0.68990522311D-Ol 
0.5010~044505C-01 0.688101401780-01 0.5010685523DC-01 0.688161434130-Cl 
Oe49923767186C-Ol 0.686004E74450-01 Oe49931492414C-Ol 0.686l88905310-01 
0.4S713578S3SC-01 0.683517326600-01 Oe4S723429S41C-01 0.68362€312360-01 
0.49464542481C-01 0.680568542490-01 Oe4S4767232C7C-01 0 .6S070~40448D-O 1 
0.49169614702C-01 0.677075336510-01 Oe4Sl8431~331C-Ol 0.677248883210-01 
0.4882042S737C-01 0.672939019920-01 Oe4S83781S213C-01 0.673147855630-01 
C .4 840703e3~5C-O 1 0.668042357100-01 Ce4842725591~C-01 0.6682EE776520-0l 
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