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ABSTRACT

The high-frequency stability of the ELMO Bumpy Torus (EBT) device
is studied wvhen the wave vector has a finite component along the

magnetic field lines. Unstable modes exist for any finite hot electron
density.



I. INTRODUCTION

The ELMO Bumpy Torus (EBT) device is characterized by the presence
of hot electron rings at the location where the frequency of the
applied microwvave power matches the local second harmonic electron
cyclotron resonance.! The average poloidal magnetic precession
frequency of the hot electrons, <wb>, is of the same order as the ion
cyclotron frequency 2.;. The negative energy vave associated vith this
precession can couple with any positive energy wave having the same
frequency and wvave  vector, thus giving rise to various
instabilities.? Three possible candidates having positive energy are
the high-frequency surface wave, the compressional wave, and the shear
Alfven wave.?™ The coupling process has been studied for the first
two waves in the flute limit using a radial analysis, and it was shown
that stability imposes maximum thresholds both on the ratio of the hot
electron to core ion densities and on the ion density itself.?'! The
related instabilities are usually denoted by the hot interchange and
the compressional Alfvén instability, respectively. The T-M
transition, in which a significant drop in the stored energy of the
rings occurs, is wusually considered to be related to the hot
interchange instability, since both the threshold and the orientation
of the perturbed magnetic field along the equilibrium magnetic field
are in good agreement with theory. Recently, the coupling of the ring
precession to the shear Alfven waves has received more attention
through both radial and axial analyses.?’?

Annther type of high-frequency fluctuation, characterized by the
presence of a poloidal magnetic component in addition to the
compressional component, has been recently detected. It is usually
present at hot electron densities too small to trigger the interchange
mode, and the unstable frequency spectrum is much higher than the ion
cyclotron frequency. If we ignore the parallel component of the mode
electric field because of the good parallel electron conductivity, it
follows from Faraday’s law that KyE,. = wbg, where w and K, are the mode
frequency and parallel component of the wave vector, respectively, E,
is the radial electric field, and Be is the poloidal magnetic field.
Ve are thus led naturally to study the stability of high-frequency
modes with a finite K;, which is our objective in the present work.



II. MODElL AND DISPERSION RELATION

Expecting the high-frequency oscillations to have large phase
velocities along the field lines, we assume the background plasma to be
cold. The toroidal effects are also ignored, and we are thus left with
a bumpy cylinder. By considering only modes with high poloidal mode
numbers and mirror ratios that are not too large, the geometrical
effects related to the bumpy cylinder may be ignored and a slablike
model can be used. We thus employ a cartesian system of coordinates
with the unit vectors gz (pointing along the magnetic field lines), 3%
(in the outward radial direction), and 3& z X 32). The effect of
the curvature of the field lines is represented by an artificial radial

(= o

gravitational force acting on the hot electrons with E = vﬁ/chk, vhere
R, is the average curvature radius and vy, is the hot electron thermal
velocity. To simplify the analysis further, we assume that most of the
hot electrons are trapped and that the hot temperature is isotropic.
The perturbation electric and magnetic fields [E(?) and g(?)] can
be written as [E(x), B(x)lexp[-i(wt - ky - kyz)], where k is the
poloidal component of the wave vector. Denoting the average ring
radial location along the minor radius by r
R,»
poloidal and toroidal mode numbers, respectively.

o and the major radius by

it follows that k = m/r, and k, = n/R,, where m and n are the

To derive the dispersion relation, we use the quasi-neutrality
condition together with the parallel and radial components of Ampere’s
lav. The charge and current densities of the cold background plasma
components can be easily evaluated by solving the equations of motion
and continuity for each species:

> 2 5 2
-imjw Vs = ej(E + vy X Bo) ’ (1)
. 2 > 2
—1unj + Vv (NjVj) =0, ( )

wvhere mj is the particle mass, ey the particle charge, 3j the perturbed
velocity, n the perturbed density, and N the equilibrium density. To
obtain the perturbed charge and current densities of the hot electrons,
ve have to solve the linearized Vlasov equation for the perturbation in

the velocity distribution function. Because of their small number



density and large parallel velocity, we can show that the contribution
of the passing hot electrons can be ignored. To obtain the
perturbation in the trapped particle distribution function, we assume
first that equilibrium distribution of the hot electrons is given by

poo_ h exp|-(v? + 2g x)/2v2] [1 i, [x oy ][-1_ . .Z_H (3)
P ey R BT Ty~ Rg

vhere Ly is the magnitude of the hot electron density scale length.
Using the 1linearized Vlasov equation, we can then express the
perturbation in the trapped electron distribution function in terms of
the electric and magnetic perturbations,

ieF [
f = E, + i(w - W)
h,t y h
knVh
0
% J dt (Ey + VB, - viB,lexp[-iwt + ik(y’ - y) + iK (2’ - z)]] ’
= (4)
wvhere
Vi o= vlsin(Qer + 4,
v! =

v vicos(Q.T + $) + vg;

v% = ;"cos(wbr + ¥,

VLo, VL,
y! -y = - 51n(QeT + ¢) - T sin ¢ + V4Rt
2 -z = X! sin(wyt + ¥) - Zﬂ sin vy ,

Wy “y



where Wypy is the hot electron diamagnetic frequency equal
to kvﬁ(l/Ln + 2/Rc)/|9e|, ;" is the magnitude of the parallel velocity
at the midplane of the mirror section, oy, is the parallel bounce
frequency, and V4 is the poloidal magnetic drift velocity.
Equation (2) may be easily integrated to obtain fh,t' The electron
gyration and bounce motion will result in two summations over the
electron gyro- and bounce frequencies with the proper Bessel function
coefficient.> Since our analysis is limited to modes whose parallel
wvave length is much longer than the distance between the throats of a
mirror section and since the frequencies considered are much smaller

than the electron gyro- and average bounce frequencies, we can write

. ikvi " - ikv,
ith y 2Q z Q

f, = E, - (0 - wyy)
h kvt y h = ], (5)

vhere wy, is the bounce-averaged poloidal magnetic precession frequency.
Thus, we note that magnetic bending does not influence the response of
the trapped hot electron to lowest order in the 1long parallel wave
length limit. Finite hot electron Larmor radius effects were also
ignored in Eq. (5).

Ve can now evaluate the contribution of the hot electrons to the
perturbed charge density and radial and axial components of the current
density in terms of the perturbed electric and magnetic fields. Using
the quasi-neutrality condition together with Ampere’s law, we arrive at
the following two coupled, first-order differential equations:

. d
AEx=1[C+D.a_£J Ey (6)

d . d
[F+Gd_x]Ex= [H+Id_x]Ey_, (7)



vhere

A=81+———-—1/\’ ’
1 - 1/

C=az__l_,
1 - 1/v?

D=-a1/r,
1—8i/\’

F=-a2+—-———,
1 - 1/v?

1 1rv
G = |—ou_t¥ 4 szz/(se%v)]a ,
[1 e AT

S.
H=—33+——1———RG,
1 - 1/

Ie[ay - 170 - )],
k? vy Ki Bn[v 1

al = 1 —_— —2— _ - i—— ’
Ve’ k? T <8

1

2[-1_] Uy |
q Zeh

1 Uy
208 >__ -
**hh [q Zeh] [b02 ZJ

The indices i, e, and h denote the ions, electrons, and hot

as

electrons, respectively; « = Nh(x)/Ni(x); Vo= W/ v, is the Alfvén
speed equal to [B’-/(uoﬂmi)]l/z; B, = 2u NT,/BL; Sj = 1/kl'n,j3 and

ej = Ln,j/Rc' Ve also note that
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’s - JO o v/q —4% - (b - %Jx ,

ch) is the ratio of the average hot electron

magnetic drift frequency in the vacuum magnetic field to the ion

vhere q = 2kmevﬁ/(eBoR

cyclotron frequency and b = 1 - Bhlbe is the ratio of the average hot

electron magnetic drift frequency to its value in the vacuum field.

III. ANALYSIS

Equations (6) and (7) can be solved numerically for any general
density distribution. Our main interest in the present work is to
describe the new features introduced by magnetic field line bending.
Ve thus make the approximation Ug = 1/(v/q - b), which allows us to
proceed analytically and which was justified by comparing the
analytical results with the numerical computations.

It is also not difficult to see that Eqs. (6) and (7) can be
easily reduced to a single second-order differential equation for Ey'
The coefficient of the second derivative vanishes when either G or D is
equal to zero. This situation gives rise to branch points that are
related to the presence of a shear Alfvén resonance (G = 0) and a
precession-vave resonance (v/q = 1 wvhen D = 0 and Kk << 1).

An incident wave satisfying the resonance condition can undergo a
strong damping at the resonance layer as has already been shown in
studies related to shear Alfven heating.® The precession-vave
resonance thus represents the possibility of ring heating by an
external rf source. Using a cylindrical version of Eqs. (6) and (7)
and taking into account the presence of a driving antenna, we have
confirmed this possibility.’

Discrete radially localized shear Alfvén waves can be extracted
from Eqs. (6) and (7) for a "ringless" plasma.?’® For such modes,
w - Kyvp is finite across the whole profile, resulting in globally
extended modes. Such modes can interact with the electron ring, and
recent studies have shown that an instability can develop when
moy, = K"vA.2 Qur main interest, here, is to study modes whose
frequency exceeds the ion cyclotron frequency. If such modes are



strongly localized radially within the outer part of the ring, we can
then combine Eqs. (6) and (7) ia the following simple form:

K2v2 —En
[1 . "'22‘*] [_.zl . Ey] - [ by | s\:] E, - (8)
i/\k -1

In deriving Eq. (8), we have kept only the dominant terms and have
assumed that v >> 1 and that all plasma components have the same scale
length in the outer part of the ring.

Equation (8) is identical to Eq. (6) of Ref. 3 except for the
appearance of the factor (1 + Kﬁvi/Qﬁ), caused by magnetic bending.
That localized modes exist can be seen by allowing for the presence of
an inflection point in the density profile. In the limit kL, > 1, the
solution to Eq. (8) can be written as

k? K2 v2

v-v- - |1 LA = —avq (9)
k28 o
i

where ki =k? & SEET;_lzk, n=20,1], .... Vhen K = 0,a, the ratio of

n
the hot electron to the ion densities has to exceed a certain threshold

for the hot interchange instability to be triggered. This action is
caused by the weak coupling between the precessional wave and the high-
frequency drift branch, due to the significant frequency separation.
Allowing for the magnetic bending increases the coupling between the
two modes because of the introduced K, dispersion. The condition for
the instability becomes

k, (1 + K3vi/R3\1/2]2
o> |- 3 ()T a0)

If K; is set equal to zero, we then recover the instability condition
for the hot electron interchange mode. Vhen K; 1is finite, an
instability is possible for any finite =. If we let 8q = 5, the ion



density at the ring location equal 5 x 10'! cm™3, R, =1.5m and
Ki = 2k*, ve find that there is an unstable window in the K -spectrum
centered around n = 7. The number of unstable modes increases with «
according to Eq. (10). The real frequency of the unstable mode is only
veakly dependent on Ky and is approximately given by
W = 2mvi/(Rc|Qe|). The maximum growth rate follows from Eq. (8) and
is given approximately by /ﬁwr. We may also note the wveak dependence
of the instability threshold on the poloidal mode number. A stronger
dependence is expected when one allows for the hot electron finite
Larmor radius effects and the cylindrical effects on modes with low
poloidal mode numbers. In Fig. 1 we show the typical w - K, dispersion
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Fig. 1. The local w - K, dispersion based on Egs. (6) and (7) for
X = 0-1' ﬁh = 006, € = 0005, m = 20, Ro = 1.5 m, and ro = 0-1 m.



based on the local limit of Eqs. (6) and (7). The dashed portions
represent instabilities, with the higher frequency being the one
discussed previously and the lower one being the shear Alfvéen
instability, which is related to the precessional modes studied
recently in the eikonal limit.2

IV. DISCUSSION AND CONCLUSIONS

As mentioned before, high-frequency fluctuations were observed
experimentally in the EBT before the hot electron density was high
enough to trigger the hot interchange mode. Magnetic probes located
near the vacuum wall detected both poloidal and axial high-frequency
fluctuations in the range 40 to 75 megacycles/s. Since the component
of the magnetic pertur?etigr normal to the vacuum wall (Br,w) must
vanish, it follows from V - B = O that Bz’w/Be’w = k/K), vhere Bz,w and
Besw denote the axial and poloidal components, respectively, of the
magnetic perturbation at the wall. The sensitivity of the ratio of B,
to Bg to the radial location demands an accurate numerical computation
of the radial prefile of the perturbations. Assuming a poloidal
magnetic precession frequency of 6 megacycles/s and identifying the
observed fluctuations with the modes discussed above, it follows that
6 <m < 13. A more positive identification would require an
experimental determination of the parallel and poloidal mode numbers
related to the fluctuations.

In conclusion, we have shown that the coupling between the hot
electron precessional wave and the finite K; high-frequency surface
wave can lead to instabilities at any finite hot electron density.
This discovery may explain some of the high-frequency fluctuations

observed during the experimental period.
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