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Recently, theze has been renewsd interest in 2+1 dimennional field theorfes®’!
m@dly:mrdhgthwitymem;ﬁuthuocﬁrwhénmuﬂmfam&mue
introdnced in thess theories.” Howsver, there have been several contradictory
claims in the literature regarding these guomalies in abelian and non-abelian
gauge theories. In this letter, we would like to clarify the picture and ahow that
there are no so called mthBD;,dumwanmﬁmmhy
dﬁmih,mdﬁntlhembdouuhthqcngduhamnmm
globalmimnlmmdthcpuityw

Wehqhﬁthduhwghnh(?m-nhmzmmtm
fermion

Lm = ZFu B 4+ b — b [61]

The vacuum polarisation tensor can be written as

D f?‘u ﬂ‘l’) - (P'QM‘U "P#Pv]nnnn(ﬂ’ ym?) + imeuap” loga (P‘- m’] )]

The one loop contribution of the fermions to Tl (p?, m?) is linearly divergent
and has to ba regulated. Depanding upon the regulator we choose, u(p*,m?) =
mlloaq(p?,m*) takes different values, Using a gauge and parity invarfant regu-
larisation procedurs ke dimensiona! regularieation we get

m 1 ‘
“(P.!m’) = ""Tj“[_p’:(l __=)+m’]§ )

whereas regulating the integral by sdding an explicitly parity violating Pauali-
Villars regulstor fleld with a mass A yields

i & A )
uls ) = j o= —=) +ma)t | 4= 1Al )

The extra contribution to ¢ due to the regulator field can, however, be led
by adding s local counter term to the Lagrangian. This freedom of
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‘Gﬂm implies that it is consistml to have a theory with any s(o, m’) including
#(0, m’) = 0 even when m30. But the structore function u{p?, m’} is nnly shifted
I:Iy a umstmt and hence physical consequenus like screening for non-zero p still
exist. o '
. H""W apnnty anumalymsts only 1l'n Non-Lero p(p’ 0) is induced that
ca.nnot he cance!led hy a loca.l counter term. From Eq (3).we tee that

ulp*,m?) = %ﬂ P)m (s)
f—;ﬁ[ pEmM

—
—

Hmce,:fuf m =0, there is an ambiguity, since the results depend on the order in
- which m and pgo to 0 -ie.,

0 m.—; 0 before p — 0
#(0,0) = a . (6)
s75ien(m) p— Obeforem — 0

The freedom ol" addmg counter terms obviously cannot cancel the p-dependent
#{p?,m?) for all p.

To molve this ambiguity, Jet us consider the physical mass of the photon and
how it iz measured. The bare propagator may be obtained from the Lagrangian

(B (5%) = S5 (0w — 2257 ")
,Thefnllmvmepropm:s given by '
(A;#)““(p’,m‘) = (820"(%) + M (p?,m) @
where Il (p°, m?) is given in Eq. (2) and yields

A s e Bb
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with ‘ L
#r = prlp*,m?) = a +‘I‘Tf-i’::(::3m’]} (10)
However, to compute ug(p®,m?) to O(e?), we can set Hevan(p?,m?) = 0, 50
that ugp{p*.m3) = y(p*,m?). We note that Mevan(p®, %) is infrared divergent
when p and m go to zero, so that a naive conclusion may be that gg(0,0) =0,
irrespective of the value of 4(0,0), However, since ;44 (p?, m?) and Meven(p?, m3)
 are calculated in perturbation theory to first order in ¢2, we cannot allow the
0O(c?}) contribution to My (p?,m?} to overwhelm the zeroth erder value of one.
Hence, for consistency,weshall use up(p?, m?) = u(p?, m*)= physical mass of the
photon.

Now, let us consider how the mass of the photon is measured physically. One
way is through scatiering of massless fermions at finite momentum, which means
that we have to take the m — D before p — 0. Egquivalently,we can measure
the mass of the photon by measuring the force between static charges. The

interaction potential between two static charges at z distance r apart is given by
Vielr) = [ d'pe® Boolpo = 0,p,m%) (11)

where

S

p? + p3(p1, m)

(when Iyyeq(p®,m?}is neglected). Using a step function ansatz for x(p?, m?) with

p(p?,m3) =@ for p > m and p(p?,mi} = {;-sign(m) = u for p < m, we get

Ago(po = 0,p,m?) = (12)

m 3 m -
Vi) = f Lpe?r s+ f T (13)
[} m

Hence, the force between two static charges, F(r}, is given by

[--}
av i 2 ipr F’ . ip-r
F(r) = ——— = [ dpdfp® cosbe e + [ dpdfcasBe (14)
0
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Biuell’l(l"-l—n')hbwnﬁdhl.thhthmhrq. (u)ilboundldby
nmmwbmmmmw&omdam—h
Mhhdﬂuﬁmnﬂbmﬂuﬂhl{nﬂm“r"»m
in..rc:m‘ the force between two static charges may be described by a
mmtlm-oo,nm.mmithmwrdcmm
Mrcm"—oeo.mmmm chlimtl:enlnu.l.ht
Mhug&ﬂtymlthsna,m%hm&ﬂuudmhm
photon, when tha fermions are massless. However there could be a dynamical
l::ukdm of the parity symatrymdmm to ch!u! symmetry breakdown,”

| whlr.l: s r.u.mnl.ly under lnvul!ptlnn.

We may also study thc t!mry In the large IV limit, where N is thz number of
fermion fu:nllls. To]uding order in tha 1/N expansion {N — oo, war.h a=eN
ﬂxld), w- find lln.t

| ’lp " p»m
u(ph, in®, N) = (15)
,ﬁ pEM
snd .
nln‘l(”nm’lN, - {IEi P (18)
mim PEm

with all further corrections suppressed by factors of 1/N which vanish when
N = oo, Emu,hthbﬂmi;tmz(o,‘ﬂ.m = O irrespective of the value of 2(0,0, ¥)
ﬁmmmup-o.m-ohwirnkunt
: - <This analysie can be exsily extinded to non-sbalian theories. The Lagrangian
ia given by

Lim STAlP Fo) + 99~ mbb 1)
Just a8 1a QED;, the oge loop contribution of the fesmions 1o the vacwum po-
‘Iarisstion tensor can be computed and the results are given in Eqs. (3) and



{4) except for an extira factor of 1/2 on the right hand side of the equations
row, coming from TrT T} = ~1/24,. However, unlike in QEDs, there exists a
topological Ward identity in QC Dy - i.e.

An (= 42(5)on( 7 )" = snteger (1)

where Z,,, Z, 2nd Z sre defined to be the renormalisation constants for the
mass, three glion vertex and the wavefunction, respectively, at gero momentum,
and p is the bhare mass for the photon. Hence, for a globally gauge invariant
theory, the regularisation scheme must bs consistent with this Ward [dentity.
The calculation of Zm(4L)? was done In Rel.(5)" for the case of pure gavge
fields. The ferznlona do not contribute to the ghost-ghost-gluon vertex 2,.::1&
the ghost wave function Z st sero momentum and using the infinltealmal Ward
identity Z,/Z = Z,/Z we find that for SU{N) theories,

nl bl = ar() + N + a2, (19)

The first term on the right hand alde of Eq. (10}, 4m(u/g?) Is an Integer (as & con-
sequence of gauge invariance of the bare Lagrangian), We therelore must have, by
Egs. {18) and (10} that 4u(0, m?)/p? m integer. Hence, it Is clear that dimen-
sianal regularisation with 4(0, m?) = (93/8x)(m/|m|) ia not globally gauge invari-
ant, whereas the Payli-Villars procedure with u{0,m?) = (53/87)(m/|m|+4/)A))
is invariant under the Iarge gauge transformations which lead to the topological
Ward identity (18). It is pethaps, not surprising that dimensional regularisation,
though an infinitesimally geuge invasisat procedura, fails to obey the topological
Ward identity, since large gauge transformations with integral winding number
cannot be defined jn 3 ~ ¢ dimensions. If we have an evan number of fermions,
of course, either scheme is fully gauge invariant and p2(0,m?) differs in the two
canes only by a finite counter term (which is itsell consistent with Eq. (18)). For
an odd number of fermions, however, we clalm that Pauli-Villars is the globally



. mlumhmpuedm = i.e. if we regulate the theory using dimmmnnlregu
llrhldon.wenudionddsllzintegumnurmmhm;tetheeﬁecuuthewy
mlﬂwm’hmmmdnmniom.

i »'.Ibbdfor.pnﬂtymmly wetake'them—»o,p—rommt, being careful

’ bhhethph,dnlbmﬁnteﬂordunﬂhnlhm—.nbdmp-.u We find

as(p’.o) =0 (20)
n dhunslom.l regularisation and '

“(p’io) :‘ lﬁ'l&.l (21)

using & Paall-Villars rqull.tnr ﬂeld Equations (20) and (21) show the incom-
patibility of global gauge Innril.nce and parity. However, if we naively apply the
tapalogical Ward Identity (19) to Eq: (20) and (21), we would conclude that
#(0,0) = 0 1s the parity and nuge invan_mt answer. This apparent contradic-
ticn Is resolved by noting that kn the presence of masslesa fermions, Eq. (19) is
modified by & non-perturbative anomply."  For massless fermions, the effective
sction after integrating out the fermions s . - .

" Lgw lrf(wr,',) - i‘lﬁ:det(# + gf) (22)

nm—

Under u large mp tn.nlformtlon wil.h wlndhu number n
(P o) (1) aetlp+ o) @3)

whceNhlh-uumbcotfumhmmdthedeummtiangnlntedinnpanty
innrhntm Henu. fu moddnumberol‘l‘e:mim, the action ia not gauge
h'uimtuh-&hmmhmhnuh mpmmd by

4’(;5) = (;)m';ﬂ“ (29)

nlhnﬂdhmhithuﬂnmgeminmimcein!:q (23) is not due to the
two (ur thres) point functions, which are the only diagrams in need of ultra-violet
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regulation, since they have been explicitly shown to be sero « Le,, in Eq. (20}
where we have used parity invariant dimensional regularisation. Thus, in order
for the theory to he gauge invariant,wesee from Eq, (24) that s cannot be zero.
Hence, since we require the theory to be gauge invariant, we have u(p?,0) =
“’]Bl)(ﬂ]) - Le., the gluon has acquired a mass and the parity symmetry is
broken. .

Once again, let us look at the theory In the Jarge N Jonit. For N odd,
u(p?,m? N) = (afex)(A/|A]) where a = g2¥ However,

#(ptym’,N) = #l(::;;::: ﬁ'nNJ )

which yielda
a A 1
a7
. 32
#R(s, m? N) = P (26)

T m

57 ]-I a—-n—, P

24dmm

which in turn shows that 4(0,0,N) = 0, irrespective of the order of limits But
for p » e, ur{p*,0,N} # O. Hence, as long as N is odd and u(p?,m?,N) #
0, un{p*.0,N) # 0 for all p even If xg{0,0,N) = 0, Thus, even in the large N
limit, parity in broken because of the topological Ward identity.

In conclusion, we would like to restate our results - there is no parity anomaly
in QEDswhereas in QC Dy ihere is an anomaly due to the canflict between
gauge invariance ynder large gauge transformations and the parity symmetry.
The QED and QCD theories can be solved exactly in the large N limit for the
mass of the photon and the gluon and though there are some differences fror
the perturbative case, the results as stated above do not change. However, there
are several technical questions concerning the physical picture of tegularisation
ambiguities and the infra-red, ulira-violet connection that are still under inves-
tigation.
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