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ABSTRACT 

The basic features of microwave propagation and electron-cyclotron 

damping in ELMO Bumpy Torus (EBT) devices are investigated to provide an 

understanding of the heating of the toroidal core plasma component. The 

characteristics of microwave propagation in EBT geometry, where there is 

strong variation of |gj along field lines, are described and contrast is 

made with the electron-cyclotron heating (ECH) of tokamaks. Linear 

cyclotron damping calculations are presented for plasmas having parameters 

typical of EBT-1 and parameters projected for EBT-II. It is shown that '• •••,.'. 

the extraordinary mode is completely absorbed near the fundamental 

cyclotron resonance when propagating from the high magnetic field side 

(mirror throat). For EBT-I parameters, heating by the ordinary mode at 

the fundamental cyclotron resonance and by both modes at the second 

harmonic resonance is negligible. For projected EBT-II parameters, the 

ordinary mode is heavily damped at the fundamental and the extraordinary 

mode is heavily damped at the second harmonic. Since the right-hand 

cutoff prevents injected extraordinary mode energy from propagating to 

the cyclotron resonance, a mechanism must exist outside of geometrical 

optics by which the extraordinary mode reaches resonance. It is argued 

that this mechanism is the conversion of ordinary mode energy to extra-

ordinary mode in the high field region upon wall reflection. 

v 



1. INTRODUCTION 

In the ELMO Bumpy Torus (EBT) device [1,2], all heating is provided 

by microwaves through the electron-cyclotron resonance interaction. In 

addition, the microwaves play an essential role by producing the high 

beta, hot electron annuli which provide macroscopic stability for the 

toroidal plasma component. A knowledge of the microwave field distribu-

tion and heating profile is crucial to the understanding of EBT physics. 

EBT-I consists of 24 toroidally linked mirror sectors having a 2:1 

mirror ratio and a peak field strength on axis at the mirror throat of 

13 kG. The magnetic geometry is illustrated in Fig. 1, which shows the 

vacuum field lines (solid) and contours of constant |B| in the equatorial 

plane for a sector of EBT. Steady-state plasma is formed and heated by 

an ECH microwave source providing up to 60 kW at a frequency of 18 GHz 

and a lower, off-resonance heating source providing up to 30 kW at 

10.6 GHz. The current in the mirror coils is adjusted so as to produce 

cyclotron resonance zones u = &e(x) = e|B(x)|/mec as indicated in Fig. 1. 

High beta annuli consisting of relativistic electrons (T . ^ eAnnulus 
200 k'eV) - form at the midplane of each mirror sector in the vicinity of 

the second harmonic resonance for the 18-GHz microwaves. In addition to 

the high beta annuli, the EBT plasma contains a toroidal core component 

of much higher density ( n
eQ o r e t 10 n e^ n n ui u s^ anc* l°wer temperature 

^eCore ^ 150-600 eV) confined by the bumpy torus magnetic field config-

uration [3]. There is now great interest in the transport and scaling 

properties of the toroidal core plasma in EBT to assess its potential as 

a fusion reactor [4,5]. In this paper, therefore, we will concentrate 

on the cyclotron damping of the 18-GHz microwaves by the higher density 
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toroidal core plasma. Relativistic calculations of absorption by the 

hot electron annuli are currently under way and will be reported sepa-

rately. 

A number of previous studies have dealt with the theory of electron-

cyclotron heating in axisymmetric mirror machines rc;-10] where the 

heating was calculated from single particle orbits or from a Fokker-

Planck-type equation. The microwave field was assumed to be a cavity 

normal mode or some arbitrarily specified field structure, and the 

plasma density was assumed to be sufficiently low that plasma currents 

produce only small perturbations in the wave fields. However, the 

volume of the EBT vacuum vessel is so large (V = 1.3 m3 ^ 105 X3, where 

A = microwave free space wavelength) that cavity modes cannot be expected 

to play any role, and the unperturbed field structure is certainly 

not known. In addition, the plasma density is sufficiently high 

(in êc/ft|ve > 1) that plasma currents strongly affect wave propagation 

throughout the machine. Indeed, in EBT plasma resonances and cutoffs 

dominate the propagation characteristics of the microwave power. 

Other studies have investigated electron-cyclotron heating in 

tokamak geometry [11-16]. Usually these studies have made simplifying 

assumptions on the geometry, such as plane stratification. In EBT, 

however, the plasma and cavity have a very complicated and unsymmetrical 

structure (refer to Fig. 1); thus, the assumption of plane stratification 

is inadequate, and more detailed calculations are necessary in order to 

determine the spatial heating profiles. A large scale computational 

effect is now in progress to trace the microwave energy flow and heating 

characteristics of EBT using geometrical optics [17]; some preliminary 

results of this work are reported here. 



In Section 2 of this report, we discuss the «jave propagation 

properties of the ordinary and extraordinary modes in EBT geometry. A. 

dominant feature is the presence of the right-hand cutoff, which prevents 

the extraordinary mode from propagating directly to the cyclotron 

resonance layer from the mirror midplane, where the waves are injected. 

This unavoidable cutoff and the presence of strong gradients in magnetic 

field strength along the field lines make the electron-cyclotron heating 

of EBT entirely different from that of tokamaks. We consider in some 

detail two cases of plane-stratified plasma: (1) perpendicular stratified 

plasma (gradients perpendicular to B, characteristic of tokamaks) and 

(2) parallel stratified plasma (gradients purely along B, characteristic 

of fundamental resonance in EBT). For extraordinary mode propagation in 

a parallel stratified plasma, the wave vector k turns parallel to B as 

the wave approaches cyclotron resonance. This results in enormous 

ibsorption in a dense plasma. 

The energy deposition is evaluated by integrating the imaginary 

part of the refractive index k^ along geometrical optics ray paths. In 

Section 3, we discuss the finite temperature dispersion relation used 

and indicate some of the complications which arise when the gradients in 

plasma parameters are not perpendicular to B or when the plasma is not 

plane stratified. It is shown that when the waves are not too heavily 

damped, the absorption predicted by integrating k^ along the ray is 

independent of the direction chosen for k^. 

Calculations are presented in Section 4 showing damping rates and 

fractional power absorption at the cyclotron and second harmonic 

resonances in plane-stratified plasmas typical of EBT-I and projected 
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parameters for EBT-XI. We find that absorption of the ordinary mode by 

the core plasma of EBT-I is negligible throughout. On the other hand, 

the extraordinary mode is strongly damped at the cyclotron resonance but 

weakly damped at the second harmonic. For plasma parameters expected 

in EBT-II, the situation is entirely different. The ordinary mode is 

heavily damped in the hot, dense core region. Also, the extraordinary 

mode is significantly damped by the core plasma in the region of the 

second harmonic resonance. These results for plane-stratified geometry 

are borne out by calculations in a more realistic magnetic mirror 

geometry. In Section 5, we discuss fractional absorption calculations 

made with a geometrical optics code using a bumpy cylinder equilibrium 

model. 

In Section 6 we summarize the results and construct a qualitative 

picture of the electron-cyclotron heating of the core plasma in EBT. 

Because the extraordinary mode energy injected near the mirror midplane 

is cut off before reaching the cyclotron resonance and the ordinary mode 

does not significantly heat the core plasma in EBT-I, some mechanism 

must exist outside the geometrical optics model whereby extraordinary 

mode energy is transmitted to the high field region. The most likely 

candidate appears to be the conversion of ordinary mode to extraordinary 

mode in the high field region. 
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2. ENERGY TRANSPORT CONSIDERATIONS 

The transport of energy throughout the EBT plasma, as distinguished 

from the actual deposition of energy, can adequately be understood using 

cold plasma wave theory. The cold plasma dispersion relation in the 

electron-cyclotron frequency regime u> ̂  > fi^, w is conveniently 

expressed in the Appleton-Hartree form [18] 

n2 . ! 2a(1 - (1) 
2(1 - a) - 0 sin2 9 ± r 

where 

n = ck/u) = wave refractive index 

w 2 4irn e2 £22 pe e 0 e / a = — ^ = , g = — 
2 2 uj m u) e 

r = [02 sin4 e + 46(1 - a)2 cos2 9] 1 / 2 

9 = cos-1(k • B/|k| |B|) 

and the +(-) signs refer to ordinary (extraordinary) mode propagation. 

A resonance, n -»- 00, occurs in the extraordinary mode branch at a magnetic 

field strength 8 which depends on the density and angle of propagation, K 
B = (1 - a) (1 - a cos2 6)"1. The extraordinary mode cutoff or right-R 

hand cutoff, n ->- 0, occurs at the magnetic field strength = (1 - a)2, 

for' which the extraordinary mode does not propagate at any angle 0. 

Thus an extraordinary mode wave propagating toward the cyclotron reso-

nance from a low magnetic field region (g < g_ < gn) will be reflected 

at or before it reaches the right-hand cutoff layer. // 
n 



Since EBT operates in a density regime such that a < 1, there are 

no resonances or cutoffs for the ordinary mode. In fact, ray tracing 

studies show that ordinary mode waves are barely refracted in EBT plasmas. 

It is anticipated that future devices will also operate in this a < 1 

regime. 

Figure 2 shows a cross section of an EBT sector with a high beta 

(S = 40%) annulus plasma calculated using a 3-D tensor-pressure equi-

librium code. An ad hoc model was adopted for the low beta core plasma 

density profile. In this model, the density is constant along magnetic 

field lines, is maximum on axis, decreases slowly with radius out to the 

high beta annulus, and then drops sharply to a constant value outside 

the annulus. The peak electron density is known experimentally to be 

1-2 x 1012 cm-3, whereas the density near the surface is:M-n ^ 2 x 

1011 cm-3. Shown in Fig. 2 are magnetic field lines, 18-GHz first and 

second harmonic cyclotron resonant zones, and the right-hand cutoff. 

The resonance and cutoff surfaces are distorted by the presence of the 

magnetic well. It is clear that extraordinary mode energy, propagating 

from the midplane region (where the microwaves are injected), is reflected 

from the right-hand cutoff before reaching the fundamental cyclotron 

resonant surface. 

For the case shown in Fig. 2, the peak density was chosen to be 

n g = 2 x 1012 cm-3 [i.e., ct(r = 0) = 1/2]. For this or lower density, 

the second harmonic resonance is accessible to the extraordinary mode. 
o 

In a sequence of experiments with electron-cyclotron heated mirror " 
} 

plasmas having high beta rings, a maximum density limit was observed at 

about half the ordinary mode cutoff density. We conjecture that this is 
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related to the condition for extraordinary mode accessibility to the 

second harmonic resonance, i.e., a < 1/2. At higher density, extra-

ordinary mode heating of the annulus would be reduced and annulus beta 

could not be maintained. 

Although the fundamental cyclotron resonance is inaccessible to the 

injected extraordinary mode waves, it is observed experimentally that 

significant heating of the core plasma does, in fact, occur. The cyclo-

tron resonant surface is accessible to the ordinary mode, but, as shown 

later, the ordinary mode is not absorbed. Therefore, a mechanism must 

exist for extraordinary mode energy to propagate to the resonant surface. 

In Section 6, it is argued that this mechanism is the conversion of 

ordinary mode energy to extraordinary mode in the high field region by 

means of wall reflections. 

The amount of cyclotron damping which a wave experiences in passing 

through cyclotron resonance is strongly dependent on 6, the angle between 

k and E at the resonance layer. This angle is not actually under the 

experimenters' control, but is sensitively dependent on the plasma 

geometry as well as on the k spectrum of injected waves. For complicated 

plasma geometry it is necessary to use the methods of ray tracing to 

determine the direction of k throughout the plasma. Considerable simplifi-

cation is obtained if one assumes that the plasma has a plane-stratified 

geometry (i.e., all gradients are in a fixed direction). In that case, 

the refractive index in any direction perpendicular to the gradients is 

constant as a consequence of Snell's law. We will consider two examples 

of plane-stratified plasmas which serve to illustrate some of the 

important differences between wave propagation and absorption in tokamaks 

vs EBT. 
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For many purposes the plasma in a tokamak is adequately modeled as 

a slab with straight magnetic field lines B along the z direction and 

all gradients of |B| and density, ng, being perpendicular to B in the 

x direction (Fig. 2a). A similar situation is seen for waves propagating 

perpendicular to B near the midplane of EBT. In such a plasma, stratified 

perpendicular to B, the refractive indices in the z and y directions 

(n = k c/TU, n = k C/OJ) are constant; and for n = 0 , the refractive z z y IT y 
index along the gradients satisfies a dispersion relation of the form 

An1* + Bn2 + C = 0 (2) x x 

where 

A = 1 - a - B 

B = [(1 - a)(1 - B) + (1 - a - B)]n2 - [(1 - a)(1 - a - g) + (1 - a)2 - B] 

C - (1 - a)[(1 - B)n! - 2(1 - a - g)n2 + (1 - a)2 - 8] z z 

A resonance (n2 -»- 00) occurs in the extraordinary mode branch at the 

upper hybrid frequency (o + g = 1) for arbitrary values of n^. Cutoffs 

(n 0) occur at the values of density such that a = 1 and at a = 

(1 ± Vf) (1 - n )• The cutoff a = 1 is associated with the ordinary 

mode, the cutoff a = (1 - Vf3) (1 - n 2) is associated with the extra-z 
ordinary mode, whereas the cutoff at a = (1 + s/g)(1 - n 2) is in the z 
ordinary or extraordinary mode branch according to whether a < 1 or a > 1, 

respectively. Figure 3a shows typical extraordinary mode rays injected 

from the low and high magnetic field region. In the cold plasma theory, 

a wave propagating toward the cyclotron resonance from the high field 
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side passes without impediment through the cyclotron resonance to 

the upper hybrid resonance, where it must be absorbed or mode converted. 

Cyclotron absorption in a perpendicularly stratified plasma is entirely 

a finite temperature effect. 

In other devices such as bumpy tori, mirror machines, or multipoles, 

the variations in B and n along the magnetic field are very important e 
and in some regions can dominate variations perpendicular to B. For 

example, near the fundamental cyclotron resonance in EBT, particularly 

at the magnetic axis, the magnetic field varies strongly along the field 

lines (magnetic beach). As a simple model of this type of geometry, 

consider a plasma slab which is stratified parallel to the magnetic 

field (Fig. 3b). The magnetic field is taken along z, and the field 

strength and possibly the density are assumed to vary only with z[B = 

B(z)z] . 

In this geometry the components of the refractive index in the x 

and y directions are fixed and we can, without loss of generality, 

choose n^ =» 0. Using cold plasma wave theory, one finds that the 

parallel index of refraction n z satisfies a dispersion relation of the 

form 

An1* + Bn2 + C = 0 (3) z z 

where 

A = (1 - a)(l - B) 

B = -2 (1 - a)(l - a - B) - [ (1 - ct) (1 - g) + 1 - a - Bin2 
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C = (1 - x - - [(1 - '0(1 - a - s) + (1 - -

+ (1 - n)[(l - o 2 - 3] 

Here the extraordinary mode resonance (A - 0) occurs at the cyclotron 

laver £ = .";2/w2 = 1 independent of n , and the extraordinary mode e x 
cutoff (C - 0) occurs at 

(1 - a)2 - 3 - (1 - a - 6)n2 = 0 (A) 

Figure 3b shows typical extraordinary mode rays launched toward the 

cyclotron resonance in a parallel stratified plasma from both the low 

and high magnetic field sides. As the ray approaches the resonance from 

the high field side, the wave vector k turns parallel to B, the parallel 

phase velocity c/nz becomes slow, and the large numbers of resonant 

particles produce very strong cyclotron damping. 
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3. THE FINITE TEMPERATURE DISPERSION RELATION 
AND PROPERTIES OF THE SOLUTIONS 

In the present work, the energy deposition was calculated by inte-

grating the imaginary part of the refractive index along a ray path, 

P(s) = P0 exp | - J ds' k. • yg/|vgj j (5) 

where 

P(s) = power flux density along the ray 

Pg = initial power Elux density 

s = path length along the ray 

k.̂  = imaginary part of the wave vector 
v = group velocity S 

The imaginary part of k is obtained by solving a finite temperature 

dispersion relation of the form 

D[k,LO,aipe(x),fie(x) ,ve] = det[g] = 0 (6) 

where 

g „ U _ ciki J + ci ^ + 4*1 g 
\ LO2- / ~ (Jj2 U 

g = warm plasma conductivity tensor 

General expressions for the conductivity tensor can be found in the 

literature [18,19]. However, for the present purposes the electron 

distribution function can be taken to be an isotropic, nonrelativistic 
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Maxwellian and the ion contribution can be neglected entirely. A typical 

element of the conductivity tensor is of the form 

z e <.=-N 

where 

-> -x 1 f e ) = —- I dx = plasma dispersion function 
J-co x _ r 

e 
^ = ~ — z e 

v = (2T /m ) 1 / 2 
e e e 

b = k2v2/2 ft2 = k2p2/2 x e e x e 

I^Cb) = modified Bessel function of order % 

No small argument expansion is made on the I^(b), and the sum is taken 

over all cyclotron harmonics of interest (typically N = 2). For the 

plasma parameters found in EBT, the energy confinement time t^ ^ 2-5 msec 

is much longer than the electron-electron collision time ^ 10-lt sec 

and each particle spends only a short time in the resonance zone. 

Therefore, the assumption of an isotropic Maxwellian distribution for 

the toroidal core electrons is justified. 

In many cases, useful approximation to k^ can be obtained by 

expanding the dispersion relation about the cold plasma roots [14,19]. 

Assuming k 2p 2 < 1, g. > 1 for % + 1, and taking the large argument limi t x e ^ 
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of Z U ? ) for I t 0 give a dispersion relation valid near the fundamental 

cyclotron resonance (UJ ̂  ^ ) of the form e 

D = aD0(w,n,wpe,iy + Dj (u>,n,wpe,ae) + 5iZ(S1)D2(iij,nf«o (8) 

wnere 

1 u 2 1 c 
0 , Z(Ci) 

2 CJ2 n v z e 

and D 0, Di, D2 are fourth degree polynomials in n - ck/uj. For propagation 

not along field lines (nz < 1) in nonrelativistic plasma (vg/c < 1) of 

sufficiently high density, the quantity o is large near u = 

%/rr w2 c 1 
| a (to - a ) | E® ( 9 ) 

6 2 n2 v n e e z 

To lowest order, n is given by 

D0(u = « ,n°) = n 0 2n 0 2 - [2(1 - a)n02 + n 0 2] + (1 - a)(2 - a) - 0 (10) S X X 

where n 0 2 =» n 0 2 + n 0 2. Equation (10) coincides exactly with the cold x z 
plasma dispersion relation [Eq. (2) or (3)] evaluated at HI = Slg and can 

be solved either for n02(a,n ), n°2(a,n ), or nO2(a,0). In any case a X z z x 

quadratic equation is obtained which yields two roots corresponding to 

the cold plasma ordinary and extraordinary modes. The first order 

correction is obtained by regarding DQ, D^, D2 as slowly varying functions 

of ft near the resonance and expanding Eq. (9) about n° e 
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D(n° + n-) | D0(n3) + n1 • ~ • D0(n°)j + ?:(n°) + £xZ(£])D2(n°) « 0 

(11) 

Finally we get an expression for n. of the form 

r 

n. -l n — D1(n°)Im-< 
v 

c Z 

1 
(12) 

v 

This approximation or similar ones have been used in a number of 

previous papers to evaluate cyclotron damping in tokamaks. The quali-

tative properties of cyclotron absorption can be summarized as follows: 

near the fundamental resonance, damping of the extraordinary mode is 

very heavy (k^/k ^ 1) for propagation nearly parallel to the magnetic 

field (9 ^ 0) but then decreases with increasing 0. The damping increases 

with increasing temperature but decreases as the density is increased. 

The ordinary mode is weakly damped (k^/k^ ^ T^/mc2) in comparison to the 

extraordinary mode, but the damping increases with increasing 9, with 

increasing temperature, and with increasing density. Near the second 

harmonic (w ^ both modes are weakly damped [k^/kr ^ Te/mc2 for 

extraordinary mode, ^ (T£/mc2)2 for ordinary mode] with absorption 

increasing as temperature and density increase. The damping of the 

extraordinary mode increases with 9, whereas damping of the ordinary 

mode peaks at an oblique angle 0 < 6 < ir/2. 

The approximate method described above is usually adequate for high 

density tokamaks or other nearly perpendicularly stratified plasmas. In 

such cases, the cold plasma extraordinary mode resonance is in n x 



(rather than n ) and occurs at a value of :. well separated from = u,. 
2 e ' e 

At the cvclotron resonance n remains small (n ' 1) so that the inequalit 

in Eq. (9) is satisfied. However, in EBT or a nearly parallel stratified 

plasma, n^ becomes large at the cold plasma resonance (in this case 

?i "•> w at the cold plasma resonance) and Eq. (9) fails. Application of 

the weak damping expansion in such cases gives incorrect damping rates, 

including nonphysical absorption on the low field side of the right-hand 

cutoff. In order to deal with these difficulties, we use the full finite 

temperature dispersion tensor in our studies and obtain solutions of the 

dispersion relation by numerical root finding techniques. 

The formulation of cyclotron absorption in terms of a homogeneous 

plasma, nonrelativistic dispersion relation also breaks down for waves 

propagating nearly perpendicular to the magnetic field (6 s tt/2). In 

that case, resonance broadening processes other than the thermal Doppler 

broadening described by Z(0 must be included. Relativistic broadening 

is important for tiz < v e / c [14,20], and broadening due to magnetic field 

inhomogeniety becomes important for n^ < (c/v)(k^L)-i where L = (d £n 

B/dx)-1 is the magnetic field scale length [15]. In either case the 

effect is to give nonzero absorption of the extraordinary mode and to 

limit the local damping rate of the ordinary mode at perpendicular 

propagation. We have not included these corrections in our calculations 

because the geometry of the cyclotron resonant surface in EBT is such 

that propagation perpendicular to B at resonance is very difficult to 

achieve (Fig. 2) and the absorption of such waves is net expected to 

play an important role. 
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A difficulty which arises in our method of calculating the power 

absorption (i.e., integrating k i along a ray) is that the direction of 

k^ is not determined by the ray equations for arbitrary plasma geometry. 

For example, in a uniform plasma the direction of k.̂  is determined by 

the boundary conditions or the geometry of the wave launching structure 

and is not, in general, parallel to k . However, using Poynting's 

theorem for a time invariant, anisotropic medium [21], 

• (uv ) = -E* ' • E (13) O "" 

wnere 

1 * 0 H u = E • TTJJ (uD ) • E = wave energy density 

H I * H a = y (a + a ) = Hermltian part of o 

and making the ansatz E(x,t) = EQ exp [i(k • x - ait)] where k = k + ik^ 

(k^ is not necessarily parallel to k^) we obtain 

* H E0 • g • E0 

= * a " H ( 1 4 ) 

This indicates that the component of k^ along the group velocity is 

independent of the direction chosen for k^. Of course, this breaks down 

if k^ is exactly perpendicular to v . 

For the particular problem of interest here, Poynting's theorem in 

the form of Eq. (13) is not valid. This is because derivation of Eq. (13) 
H A [21] for a dissipative medium requires that |g | < |g |, whereas near a 
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i H A 

cyclotron harmonic in a dense plasma, we have j o | j a |. However, 

even near a cyclotrrn harmonic a result similar to Eq. (14) can be 

obtained from the dispersion relation, Eq. (8), provided the absorption 

is not too large. Noting that in Eq. (8) Dg(n,u) = SJ ) = 0 is the cold 

plasma dispersion relation evaluated at ID = we see that 

9D0 <jj 3D0 

5ng c 5k 
ai 3DQ 
c 

k=(jjiiQ / c k=w5c / c 
v (15) 

where v is the group velocity at resonance as determined from cold s 
plasma theory. Therefore, Eq. (12) becomes 

r 

ft2 k°v Di(n°) 
k. • v = 2 — — — Im-< 

w- c pe 3D0 

aw v 

'Ul - S2 e 
k°v z e 

(16) 

which again shows that the component of k^ along v^ is independent of the 

choice of direction for k ^ 

In order to study this situation in somewhat more detail, we have 

obtained numerical solutions of the full dispersion relation Eq. (6) 

with k^ at an arbitrary angle with respect to ky. We find that k^ cos ty, 

where <p is the angle between k^ and y , is independent of ip even 

for fairly heavily damped waves. Figure 4 shows the magnitude of k^ and 

k^ cos IJJ plotted for the extraordinary mode as a function of p at the 

cyclotron resonance, Q^/u = 1. For the case shown the parameters were 

U/2TT = 18 GHz, u>2 /w2 = 0.7, v /c = 0.034. The angle 9 between k and pe e ~r 
B was 27.7°, and the angle <j) between v and B was 83.7°. Despite the "" s 

heavy damping [k̂ il* = 0) = 0.32/cm] we see that ^ cos <|> is virtually 

constant. 
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For fixed JJ , the shape of Che absorption line (i.e., k^ considered 

as a function of '.. ) depends strongly on the plasma geometry. In a 

perpendicularly stratified plasma, k is fixed and real. The resonance 

absorption line is approximately Gaussian shaped and is described 

accurately by the approximation given by Eq. (12), provided <J- c/f:2v 1. P e q e 

Absorption line calculations for parameters typical of eokamaks are 

presented in Ref. [14]. 

However, if the geometry is such that k z develops a finite imaginary 

part in the resonance region, the extraordinary mode line shape will be 

distorted from Gaussian. In particular, for a parallel-stratified 

plasma, k̂  is fixed and real, whereas Im{k } becomes large near w ^ so 
X Z Q 

that the plasma dispersion function becomes highly oscillatory Z(0 r' 

iy/v exp (~£2). Also, since |k | -> 0 at the cutoff region and k = 0 is z z 
an essential singularity of the plasma dispersion function, the dispersion 

relation is found to have an infinite number of roots distributed through-

out the complex k z plane in the frequency region between the right-hand 

cutoff and the cyclotron resonance [22]. Figure 5 shows extraordinary 

mode Re{k } and Im(k } plotted as a function of Q /OJ for n =0.6 with 2 z e x 
plasma parameters typical of EBT-I [i.e., ID = 2TT (18 GHz), vg/c = 0.034, 

l 
/u>2 = 0.3]. Far from the fundamental cyclotron resonance, Re(k } pe z 

agrees with cold plasma results obtained from Eq. (3) except for a small 

perturbation at the second harmonic resonance. When approaching reso-

nance from the high field side, Re{k } peaks at ft /ui = 1.025 and remains 

finite at fi /u> = 1.0. The damping rate, Im{k }, becomes quite large near £ Z 

resonance, and clearly the wave approaching from the high magnetic field 

side is totally absorbed. This result is virtually independent of the 
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plasma density or the value of n . The relative weakness of second 

harmonic absorption is indicated by :he magnitude of Im-. k ; at the second 

harmonic resonance. Between the cutoff '.>. » 0.61 and resonance, the e 
dispersion relation has multiple solutions. The roots shown in this 

range in Fig. 5 were obtained by continuity, following the root from the 

high field side. 
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FRACTIONAL ABSORPTION CALCULATIONS FOR PLANE-STRATIFIED PLASMAS 

Because of the complicated EBT geometry, the fraction of power 

absorbed from a propagating ray depends sensitively on the initial 

position of the ray and injection angle. In order to obtain a qualita-

tive understanding of the relative importance of the different modes, 

geometrical characteristics, and plasma parameters, we have compiled a 

compendium of calculations of fractional absorbed power as rays pass 
through fundamental and second harmonic cyclotron resonances in plane-

stratified plasmas having parameters appropriate for EBT devices. For 

consideration o£ EBT-1 the parameters are taken to be UJ/2TT = 18 GHz, 

T = 300 eV [this corresponds to v /c = (2T /mc 2) 1/ 2 = 0.034], and e e e 
i,1 ! = 0.3, 0.5, 0.7 (this corresponds to n = 1.2, 2.0, 2.8 x 1012 cm-3, pe e ' 
respectively). In order to gain some understanding of the implications 

for hotter, denser devices, we have also performed calculations for a 

projected EBT-II device [23] with parameters w/2ir = 120 GHz, Tg = 2 keV 

(corresponding to v^/c = 0.09) and w^/cu2 = 0.3, 0.5, 0.7 (corresponding 

to ng = 5.4 x 1013 cm-3, 8.9 x 1013 cm-3, and 1.25 x 1014 cm-3, respec-

tively) . 

Calculations were performed for the ordinary mode in a parallel-

stratified plasma with linearly increasing magnetic field, B(x) = BQ(1 + 

z/L)Z. As mentioned previously, the extraordinary mode is completely 

absorbed in this geometry when launched from the high magnetic field 

side. The magnetic scale length L was taken to be 10 cm in the calcula-

tions for both EBT-I and EBT-II. This value is typical of, or slightly 

longer than, magnetic gradient scale lengths at the fundamental cyclotron 

resonance in EBT-I (Fig. 1). For EBT-II, scale lengths may be somewhat 
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larger, so that these results represent minimum absorption for EBT-II. 

For comparison ue also evaluated ordinary and extraordinary modes in a 

perpendicularly stratified plasma with linearly increasing magnetic 

field, B (x) = B-jCl + x/L) z. Again L was taken to be 10 cm. The fraction 

of power absorbed, f, is calculated by actually tracing rays in the 

appropriate plasma geometry and integrating k^, 

where k.(s) is chosen to be parallel to the local group velocity v (s) ~ i g 
and s is the arc length along a ray. 

Figure 6 shows the fraction of power absorbed for typical EBT-I 

parameters. Figure 6(a) is for the ordinary mode in a parallel-stratified 

plasma as a function of the perpendicular index of refraction n^ with 

which the ray is injected. It can be seen that the fractional absorption 

increases with density and with angle of propagation relative to the 

magnetic field. The absorption increases rapidly with n^ because the 

magnitude of k. increases with n , and increasing n causes the ray to 
X X X 

spend a longer time in the resonant zone. However, the finite radial 

size of EBT-I and the curvature of the resonant zone (i.e., deviation 

from plane stratification) limit the per pass fractional absorption for 

ordinary mode radiation to <1%, even for nearly perpendicularly propa-

gating rays in the actual device. Over most of the spectrum in n , f is 

less than 10"3. Figures 6b and 6c, respectively, show ordinary mode 

absorption and extraordinary mode absorption in perpendicularly stratified 

plasma as a function of the parallel index of refraction n with which 

f = 1 - exp (17) 
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the ray is injected. This type of geometry does not actually occur for 

the 18-GHz fundamental resonance in EBT, although the 10.6-GHz resonance 

might be modeled as perpendicularly stratified near the midplane. The 

ordinary mode (Fig. 6b) absorption is quite small and decreases with 

increasing a^. The extraordinary mode absorption (Fig. 6c) decreases 

with density and increases rapidly with increasing n^. In this case, 

the magnitude of k^ increases as the wave vector becomes more nearly 

parallel to B, and the ray stays longer in the resonant zone as n 

increases. 

Figure 7 shows similar plots of fractional power absorption for the 

projected EBT-II parameters. The important point here is that for a 

hotter, denser plasma such as EBT-II, the ordinary mode is quite heavily 

absorbed for both directions of stratification. 

Figure 8 shows fractional absorption at the second harmonic reso-

nance for parameters characteristic of the toroidal core plasma in 

EBT-I. In Figs. 8a and 8b is plotted the second harmonic absorption for 

the ordinary mode in parallel and perpendicularly stratified geometry, 

respectively; Figs. 8c and 8d have similar plots for the extraordinary 

mode. For fixed density in parallel stratification, the fractional 

absorption f increases with n . The obtainable absorption is bounded, 

however, because the waves do not propagate for n x above the limiting 

values 

n 2 = 1 - a (ordinary mode) X 

n 2 = -̂ r — r-^- (extraordinary mode) x 1 - a - 8 
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From the figures we see that second harmonic absorption of the ordinary 

mode for these E3T-I parameters is less than •. lu~ - and absorption of 

the extraordinary mode is less than a few percent. These results, which 

are confirmed by calculations in mirror geometry (Section 4), show that 

wave absorption at the second harmonic resonance does not play a role in 

heating of the core plasma in EBT-I. Figure 9 shows second harmonic 

absorption calculations similar to those in Fig. 8 but for the parameters 

characteristic of EBT-II used in Fig. 7. The results are qualitatively 

like those shown in Fig. 8 but the absorption is much stronger. The 

results for extraordinary mode (Figs. 9c and 9d) showing tens of percents 

wave absorption over a broad spectrum of n and n indicate that second X z 
harmonic heating of the core plasma will be important in the next genera-

tion of EBT devices. 
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5. CYCLOTRON' DAMPING IN EBT GEOMETRY 

We now present cyclotron damping calculations for nonstratified 

plasma geometry more representative of the actual EBT configuration. In 

particular we consider a bumpy cylinder magnetic field, B(x) = Bz(r,z)z + 

3 (r,z)r, given analytically as the field due to a set of coaxial current 

loops spaced uniformly along the z axis [17]. A non-self-consistent 

density model for the low beta core plasma was adopted in which n (x) 

is constant along magnetic field lines and is an explicit function of 

the toroidal magnetic flux Mr,z), 

tanh 
ne(x) = n. 

where 

<l/(x) - 'KrQ, z = 0) 

S2 

1 + tanh [<ji(rn, z = 0)/62] 
(18) 

r,z) = J dr' r'Bz(r',z) 

Here rQ plays the role of a plasma radius (typically rQ = 10 cm, which 

is approximately the radius of the annulus) and 6 is a gradient scale 

length (typically o 'v. 3 cm). 

The ray paths are traced using the Hamiltonian form of the geomet-

rical optics equations [17,21] 

dx 1 dx /3D\ 3D/3k 
- -sgn — ] (19) 

ds j v I dt \ 3a> / I 3D/3k| —g 



dk 1 dk 

ds |v i dc 
sgn 

oD/3x 
(20) 

and using the Appleton-Hartree dispersion relation D[k, 'J->pe(x)> -g^)] = 0, 

Eq. (1). The parameter s is the arc length along Che ray. The ray 

equations Eqs. (19) and (20), as well as the wave damping equation 

Eq. (5), are integrated numerically from given initial conditions xQ, kQ. 

Figure 10 shows the results of injecting extraordinary mode rays 

into the bumpy cylinder equilibrium at varying angles from two points 

located in the equatorial plane (y = 0). The plasma parameters were 

chosen to be representative o£ EBT-1: W/2TT = 18 GHz, ( W / W ) =0.4, pe max 

and vg/c = 0.034. Also shown in Fig. 10 are the magnetic field lines 

and equatorial cross sections of the first and second harmonic resonant 

surfaces and the right-hand cutoff. The fraction of power absorbed in 

passing through resonance is indicated by each ray. A group of rays was 

injected from the low field region at the mirror midplane (z = 0) and 

outside the core plasma x = -18 cm. It can be seen that these rays do 

not penetrate to the cyclotron resonant surface but are reflected at the 

right-hand cutoff. Absorption at the second harmonic resonance, which 

is accessible, is negligible (<2% for the most heavily damped ray). 

It is of interest to examine the fate of an extraordinary mode ray 

originating near the mirror throat, which, for example, might arise from 

depolarization of an ordinary mode ray on reflection. Figure 10 also 

shows ray paths and wave vectors for extraordinary mode rays injected at 

varying angles from a point near the mirror coil. On this side, the 

cyclotron resonance zone is accessible. It can be seen that the rays 
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approach the cyclotron resonance layer with v nearly perpendicular to 
o 

B and k nearly parallel to B. This is characteristic of parallel-

stratified media in the cold plasma model. The rays are terminated at 

the point at which 99% of the wave power has been absorbed. For the 

EBT-I parameters used in the calculation, the waves are competely damped 

well before reaching the resonant layer. 

The situation is much less complicated for the ordinary mode. As 

long as the microwave frequency is higher than the plasma frequency, the 

entire plasma is accessible to the ordinary mode. Figure 11 shows 

ordinary mode rays for the same equilibrium and injection geometry as 

shown in Fig. 10. The rays are virtually straight, with slight curvature 

aue to density gradients. For the EBT-I parameters used, only rays 

within a narrow cone have more than 1% of the wave energy absorbed in 

passing through the fundamental cyclotron resonance. Absorption of the 

ordinary mode at the second harmonic resonance is entirely negligible 

(f « 10"u). 

Similar calculations have been performed for plasmas having param-

eters characteristic of the projected values for EBT-II. Figure 12 

shows the result of injecting extraordinary mode rays at varying angles 

into a olasma with 10 /2TT = 120 GHz, ( W / T U ) =0.4, and v /c = 0.09. pe max e 

In this case there is significant absorption (f ^ 60%) at the second 

harmonic resonance from the rays injected near the midplane. The cross 

marks indicate the location at which 10%, 20%, ... of the power is 

absorbed. The rays injected from the high field side are again completely 

absorbed. Figure 13 shows the propagation and absorption of ordinary 

mode energy in EBT-II plasma. At this density and temperature the 
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ordinary mode is heavily absorbed by the core plasma (£ < 80%). Absorp-

tion o£ the ordinary mode at the second harmonic resonance is again 

quite small (f < 2%). 



A l 

6. QUALITATIVE PICTURE OF ECR IN EBT 

From the cyclotron damping calculations discussed in the previous 

sections, certain important features of the microwave heating process in 

EBT can be clearly discerned. The density, temperature, and geometry of 

the core plasma in EBT-I are such that the direct absorption of the 

ordinary mode is negligibly weak. Although the extraordinary mode is 

totally absorbed at the fundamental cyclotron resonance if it can propa-

gate from the high magnetic field side, this resonance is inaccessible 

to waves propagating from the low field (midplane) side. Heating of the 

core plasma at the second harmonic resonance, which is accessible, can 

be neglected for both ordinary and extraordinary modes. 

One possiblility which has been considered to explain the strong 

heating of the core plasma experimentally observed in EBT-I is to include 

finite temperature effects in the calculation of the extraordinary mode 

cutoff. In a finite temperature treatment, the right-hand cutoff dis-

appears if the density is sufficiently low and the temperature high. 

Physically this occurs if the resonance is thermally broadened so that 

large numbers of resonant particles are present at the cold plasma 

cutoff, 

Ui - 71 e 
k„ v II e 

1 - \/e7 a u>2_ c 
£ = „ JES. — < 1 ( 2 1 ) 

n,, v /c n„v /c Q.z v H e II e e e 
^e cutoff 
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In the surface plasma of EBT-I (n 2 / 1 0 n , T 20 «V) this parameter 
ft 6 

is .:2 c/.'.2v 6, and in the core plasma it is '-15. Thus the cutoff is pe e e ^ 

also present in the finite temperature theory, even for the surface plasma 

where the density is low and the evanescent region is thin. 

The thinness of the evanescent layer in the surface plasma (see 

Fig. 2) suggests that extraordinary mode energy might be absorbed and 

penetrate to the high field region by means of Budden tunneling [24]. 

This possibility was examined in detail in [25], where the Budden 

tunneling transmission and absorption coefficients were extended to allow 

an arbitrary angle of propagation in a parallel-stratified plasma. For 

extraordinary mode waves propagating exactly along a linearly increasing 

magnetic field, the Budden power and absorption and transmission coef-

ficients, |AI 2 and |T|2, are 

- T T k Q Z 0 / - T T k Z 0 \ 

jAj2 = e - e 2 J 

(22) 
- - i T k 0 z 0 

I TI 2 = e 

where 

kg = ~ = free space wave number 

w 2
e 

ZQ = — L = width of evanescent region 
a 2 

L = magnetic field gradient scale length 

Using parameters appropriate for the surface plasma in EBT-I (n^ 1-2 x 

lO^/cm 3, L = 6.5 cm), one obtains absorption and transmission coefficient: 
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in the rar.ge A (
; ^ 0.02 to 0.125 and Ai : - 0.02 to 0.15. As shown in 

[25], only small deviations from these results are obtained for oblique 

angles of propagation up to n v 0.5. Budden tunneling can, therefore, 

nake some contribution to the flow of extraordinary mode energy to the 

high magnetic field region and to the heating of the surface plasma. 

It appears, however, that the most important mechanism by which 

extraordinary mode waves reach the high field region in EBT is depolari-

zation of the ordinary mode upon reflection or scattering by a conducting 

wall surface [26]. When, for example, an ordinary mode wave in a mag-

netized plasma is incident on a perfectly conducting surface in contact 

with the plasma, a significant amount of power in the reflected wave is 

in the extraordinary mode depending on plasma density, magnetic field, 

and angle of incidence. 

In [26] the wave depolarization situation diagrammed in Fig. 14 was 

investigated in detail. A perfectly conducting surface is in the x-y 

plane, and a uniform magnetic field B is in the x-z plane making angle ty 

with respect to the z axis. An incident wave of pure characteristic 

mode (for example, ordinary mode) is incident from above with refractive 

index nP where n ,n are specified and n^ is determined from the Booker x y z 
quartic equation [24]. For the reflected ordinary wave, ** >n are 

0 ' conserved but n^ ~ n z is> i*1 general, different from n z of the incident 
0 ' 

wave, and the electric field eigenvector E is different from the electric 

field of the incident ordinary mode wave 'eP . In order to enforce the 

boundary condition that the transverse component of the electric field 
vanish at the surface, it is necessary that a component of extraordinary 

X' mode E be included in the reflected wave, 
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, 0 0 ' X ' 
+ c o o ~ + c o x * ) •'< 2 = 0 (23) 

A similar coriscrainc holds if che incident wave is purely extraordinary 

X 0' X' 
(E + C x q E + c ^ ) x z = 0 (24) 

The conversion of power between modes can be described by a matrix T 

of the form 

[T] 
" 0 0 1 

| C x o 

2 f 0 

S Y 2 

0 

, 2 f o 
"OX1 

"XX1 

X 
(25) 

where s^, sx> s^, s^ are the power fluxes in the z direction for the 

ordinary and extraordinary mode incident and reflected wave eigenvectors, 

1 * s = Re{E x (n x E )} (26) 

The matrix T is symmetric by virtue of a reciprocity relation. 

It was found that for plasma parameters characteristic of the 

surface plasma in EBT-I, a fraction approaching 1.0 of the energy in an 

incident wave can be mode-converted at certain angles. Figure 15 shows 

T (fraction of incident ordinary mode energy converted to extraordinary 
UA . 

mode) as a function of the polar angles of incidence 4> = tan-1 (n /n ), y x 
9 = tan"1 (n /Vn2+n2) for the case a = 0.05, 3 = 2.0, if; = 90°. These z x y 

parameters would be appropriate near the mirror throat of EBT-I. Because 

the ordinary mode is so weakly damped in EBT-I, we may assume that the 
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ordinary mode energy makes several wall bounces and the incident flux is 

nearly isotropic with respect to angle of arrival. If the mode conversion 

coefficient shown in Fig. 15 is averaged over a uniform, uncorrelated 

distribution of incident waves, one obtains <T > = 0.403 for the average 

fraction of ordinary mode power converted to extraordinary mode. Values 

of ranging from ^0.1 to ^0.5 are found throughout the a,8 range to 

be expected in the high field part of the surface plasma. It should 

also be mentioned that this wall reflection process gives the minimum 

rate of mode conversion. Plasma inhomogeneities and turbulent fluctua-
0 X 

tions, particularly in the low density regions where n and n are 

nearly equal, will cause additional coupling between modes within the 

plasma. The extraordinary mode energy which is born in the high field 

region is rapidly absorbed upon propagating to the cyclotron resonance. 

Calculations of gross energy balance performed in [26] indicate that 

this process — propagation of ordinary mode to the high field region, 

conversion to extraordinary mode, and absorption of the extraordinary 

mode at the cyclotron resonance — is the dominant mechanism for heating 

of the core plasma in EBT-I. This view is supported by the experimental 

observation that the reflected power is lower and the plasma parameters 

are better when the dominant mode waveguides used to inject the micro-

waves are oriented so that the wave electric field is parallel to the 

magnetic field (ordinary mode) rather than perpendicular to it (extra-

ordinary mode). 

The results presented in the previous sections also have important 

implications for future EBT devices such as EBT-II. In hotter, denser 

devices the ordinary mode can do significant heating (Fig. 7b and Fig. 13). 
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This is advantageous because the dense plasma center is preferentially 

heated by the ordinary mode in contrast to the extraordinary mode which, 

when propagating from the high field side, is efficiently absorbed even 

in the cold, surface plasma. It is clear from Fig. 9c,d and 12 that the 

extraordinary mode will be heavily absorbed by the toroidal core plasma 

at the second harmonic resonance. The associated heating' at the plasma 

edge may have deleterious effects on energy transport and impurity 

behavior. In addition, the effects which the presence of a hot, dissi-

pative plasma at the second harmonic resonance will have on the formation 

and maintenance of the annulus are not at all understood. 
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LIST OF FIGURES 

FIG. 1. Configuration of nagnetic field in EBT. Two microwave fre-

quencies (10.6 GHz and 18 <iHz) are fed from the opening on the inside 

wall of the cavity. The wave mode at the injection port is ordinary 

rather than extraordinary. The hot electron ring (runaway electrons) is 

observed to be a narrow belt encircling the local second harmonic 

resonance (for 18 GHz) in the midplane. The maximum microwave heating 

takes place at the cyclotron resonance zone (hatched area). 

FIG. 2. Location of first and second harmonic cyclotron resonance zones 

and the right-hand cutoff zones for 18-GHz extraordinary mode radiation 

in a model EBT-I equilibrium. 

FIG. 3. Geometry and ray propagation for parallel and perpendicularly 

plane-stratified plasmas. Arrows on rays indicate direction of k. 

FIG. 4. Dependence of |k^| and the projection of k^ along v g upon the 

direction chosen for k^. The parameters are typical of EBT-I. 

FIG. 5. Extraordinary mode Re{kz> and Im{kz> vs /to for typical EBT-I 

parameters. 

FIG. 6. Fraction of power absorbed from a ray passing through cyclotron 

resonance vs refractive index in direction perpendicular to gradients. 

Plasma parameters are characteristic of EBT-I. 

FIG. 7. Fraction of power absorbed in passing through cyclotron 

resonance for plasma parameters characteristic of EBT-II. 

FIG. 8. Fraction of power absorbed from a ray passing through second 

harmonic cyclotron resonance vs refractive index in direction perpen-

dicular to gradient. Plasma parameters are characteristic of EBT-I. 



FIG. 9. Fraction of power absorbed from a ray passing through second 

harmonic resonance for plasma parameters characteristic of EBT-II. 

FIG. 10. Extraordinary mode propagation in EBT-I. Numbers by rays 

indicate fraction of power absorbed. 

FIG. 11. Ordinary mode propagation in EBT-I. Numbers by rays indicate 

fraction of power absorbed. 

FIG. 12. Extraordinary mode propagation in EBT-II. Cross marks indicate 

10%, 20%, ... absorption. 

FIG. 13. Ordinary mode propagation in EBT-II. Cross marks indicate 10%, 

20%, ... absorption. 

FIG. 14. Geometry for wave depolarization upon wall reflection. 

FIG. 15. Power conversion coefficient T^ x from ordinary to extraordinary 

mode vs angle of incidence. The plasma parameters are characteristic of 

the mirror throat region of EBT-I. <Tn > = 0.403. 


