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ABSTRACT 

Stellarator transport scalings with electric field, geometry, and collision fre-
quency in the reactor-relevant collisionless-detrapping regime are determined from 
numerical solutions of the drift kinetic equation. A new geometrical scaling, pro-
portional to e^2 rather than ft*]/2, is found, where e* is the inverse aspect ratio 
and Cfc is the helical ripple. With the new scaling, no reduction in energy confine-
ment time is associated with large helical ripple, which provides design flexibility. 
Integral expressions for the particle and heat fluxes that are useful for transport 
simulations are given. 
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Various scalings of stellarator transport have been obtained1-4 in the low col-
lisionality regime where i>h ~ Me- Here, u^ = v/th., 1/ is the collision frequency, 
eh the helical modulation of the magnetic field, and fig the poloidal E x B drift 
frequency. We systematically investigate transport in this regime (also called the 
collisionless-detrapping regime, or the v regime) using a comprehensive numerical 
treatment5 for analysis of neoclassical transport in general three-dimensional con-
finement geometries. The numerical calculations were carried out using a truncated 
stellarator magnetic field spectrum B — Bo\l — e<cos 9 -f t/,cos(£0 — mf)], where 
Bo is the magnetic field strength on axis, 9 (f) is the poloidal (toroidal) angle, et is 
the dominant toroidal magnetic field harmonic amplitude, and I (m) is the poloidal 
(toroidal) mode number. 

The fields used are representative of the vacuum magnetic fields of the Ad-
vanced Toroidal Facility (ATF),6 an t = 2, m = 12 torsatron. For ATF, the 
truncated spectrum is adequate for transport studies; we found only negligible 
differences when we repeated the calculations using a more complete, eight-term 
magnetic field spectrum. (However, a truncated spectrum would not be adequate 
for transport-optimized stellarators.7'8) We find that the transport scaling in the 
collisionless-detrapping regime is essentially independent of ê  but is proportional 
to e^2, where e< is the inverse aspect ratio. Previous results1'2 had shown an ej/2et 
dependence. Consequently, the penalty of reduced energy confinement time thought 
to be associated with large helical ripple is eliminated, allowing more flexibility in 
stellarator design. Finally, we have modified integral expressions9 for particle and 
heat fluxes in the low collisionality regime to reflect the new scaling. 

The numerical treatment5 is embodied in the DKES (Drift Kinetic Equation 
Solver) code, which solves the linearized drift kinetic equation, 

v . V f 1 + a ( d f i / d a ) - C ( f l ) = S , (1) 

where f\ is the deviation of the particle distribution from the Maxwellian /m, v = 
vcos ah + EpVp X hf (B2), n = B/B, v^/v = cos a. a = -(v/2)(sin a)B • V ( l / 5 ) , 
S = / m [ - V d • VP{AI + XA2) - Bv cos a AS], AY = n'/n - 3T'/2T - eEp/T, A2 = 
T'/T, A3 = - e (E • B) /T <fi2), V d = - n x [eE- (Mv| /2 ) V In B\/Mfl+{vft/n) x 
[V Xn — (n • V X n)n], Ep = —dQ/dp with $ the electrostatic potential, p is the 
radial flux coordinate, the angle brackets denote the flux-surface average, and x = 
MV2/2T. In obtaining Eq. (1), we neglect the 0 (1 /B) curvature and V S drift 
terms in v • V / j , so transport phenomena associated with resonant superbanana 
orbits10 are not treated. However, the poloidal E x B drift is included to calculate 
the effects of collisionless detrapping/retrapping of particles in helically trapped 
orbits. For these calculations, a pitch-angle scattering operator is used for C(/ i ) . 
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The treatment here of the boundary layer between trapped and circulating particles 
is exact; therefore, no simplifying assumptions7 regarding boundary conditions on 
the distribution function are made. Equation (l) is solved in terms of Fourier-
Legendre series for f\ at a fixed value of normalized energy x for a number of values 
of v and the electric field Ep. The thermodynamic fluxes /,• conjugate to the forces 
Ai can then be obtained from the appropriate moments of f i : 

where T is the particle flux and Q is the heat flux. [In Eq. (2) we ignore the 
contribution to the fluxes from ./I3.] 

In Fig. 1(a) we show the plasma ion transport coefficient L22 versus v/u>tr 
on a vacuum flux surface of ATF. (Although we use the transport coefficient L22 
in the examples, the same scalings are obtained from L\\ and L\i = £21 •) Here 
u)iT = vt{B9B~l) is the transit frequency, where vt = yJlTjM is the thermal speed 
and Be is the contravariant 9 component of B. Curves are plotted for representative 
values of e $ / T , with the electric field scale length a = 30 cm expected in ATF. 
Note that the transport coefficient L22 given here should be supplemented by the 
self-consistent determination of the electric field to obtain confinement times for a 
specific device.11 In the low collisionality regime, where v/wtr < 1 0 - 3 , the transport 
coefficient L22 is found to be proportional to l / $ 2 . However, the transport scaling 
study is complicated by a resonance between the parallel streaming velocity t>|| and 
the poloidal E X B drift, which causes the transport scaling with respect to the 
electric field to deviate from l / $ 2 , as it does in Fig. 1(b) for e $ / T > 5. To obtain 
the transport scaling due to the effect of collisionless detrapping/retrapping, we 
have carefully avoided this resonance by examining the $ scaling for each set of 
parameters using the type of plot shown in Fig. 1. If the $ scaling deviates from 
l / $ 2 , this usually implies a resonance for a nearby value of the electric field. The 
results near such a resonance are not used in determining the present scaling. 

In Fig. 2, the normalized transport coefficient L22^e /^eo is plotted versus 
Uh/^-E for several values of Ep at fixed ft and e^. From this figure, we conclude 
that L22 is linearly proportional to u, in contrast to the 1/3/4 scaling obtained 
in Ref. 3. Clearly, the 1/f tg <x l / $ 2 scaling for Z22 is also confirmed. For a 
given value of e$/T, we have varied et from 0.029 to 0.232 and €h from 0.035 to 
0.283. The results are presented in Fig. 3, which shows the normalized transport 
coefficient ej3^2L22I£22 versus eh, where = £ 2 2 ^ = 0.12,en = 0.14). It is 
seen that c^3^2£22/^22 1S n o t very sensitive to the value of e^. Consequently, the 
dominant geometric dependence of L22 is ef^2. From the results shown in Figs. 1-3, 

(2a) 

n=l 
(2b) 
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Fig. 1. Transport coefficient L22 versus i>/ojtr for two flux surfaces of a model 
ATF-like torsatron with I = 2, m = 12. (a) ct = 0.12, €h = 0.14, * = 0.68. 
(b) et = 0.071, ch = 0.066, * = 0.45. Here, t is the rotational transform. 
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Fig. 3. Geometrical scaling for transport in the collisionless-detrapping regime 
(u regime). Z§2 = L22(et = 0.12, e^ = 0.14). 
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we conclude that the transport scaling due to collisionless detrapping/retrapping 
orbits is L22

KES oc ue^2/U%. This scaling differs from that in Refs. 1 and 2, where 
Lf? a *>Uy/Skfn% w a s obtained. 

The scaling we have found for i/22KES can be understood heuristically from a ran-
dom walk argument. In the u regime, the step size Ar is determined by the helically 
trapped particles and is Ar ~ V^/flE = etT/(MQrnE), where Vd = etT/(MQr) is 
the radial drift velocity and r is the local minor radius. The diffusion coefficient 
D ~ / (Ar) 2 /A* ~ f ( A r ) 2 / / , where At ~ {u/f2)~l is assumed and / is the fraction 
of particles that participate in the transport process. The scaling obtained from 
the DKES results indicates that / ~ yJttG~x{th, e*), where G is a weak function of 
eh and et. Thus, since L oc D, we find £ D K E S ~ ut\,2G(ih, « t ) T 2 / ( M 2 n 2 r 2 n | ) . 

The DKES numerical results for the collisionless-detrapping regime are incor-
porated into the smoothly connected integral expressions given in Ref. 9 for the 
particle flux Ta and the hea: flux Qa of charged particle species, 

Qa 
= -efy/e^v 

n„ 
naTa i; dXn 

5/2 X& 
X 7 / 2 Xa 

ex p( xa) 
vah{za){Aal + xaAa2) 

wf(Xa) 
(3) 

where va = Vda/et, vah{xo) = "a{xi)/eh for ions and uah[xa) = [uee{xe)+vei[xe)\lth 

for electrons, and b = \vah{\)R/vramt^2)1!2 is the smallest value of xa for which 
particles have effective collision frequencies smaller than their bounce frequency in 
a helical well. Here, R is the major radius of the flux surface and vra is the thermal 
speed of species a. For this problem, where the VB drift term has not been included 
in v • V / i , 

w2(x0) = l.Sy/et/eh (1% + 3^h(xa) , (4) 
where the first term on the right is the dominant term in the collisionless-detrapping 
regime and the second term is the dominant term in the 1 jv regime. In Ref. 9, 
u>2 = 1.67et/ehfi% + 3ulh(xa), which gives the same geometrical scaling in the 
collisionless-detrapping regime as that in Refs. 1 and 2, L22 « In Fig. 4, 
we plot L22 versus f / w t r for two ratios of tt/eji at fixed th] the solid curves are 
DKES results and the dash-dot curves come from numerical integration of Eq. (3). 
As would be expected, the agreement is very good for v/wtr ~ 10 - 2 . For larger 
uf(jjtr, the DKES results are always higher because the plateau-Pfirsch-Schluter 
contributions have been ignored in Eq. (3). Also in Fig. 4, we plot (dashed 
lines) for both et/*h ratios. As expected from the earlier discussion, L^f shows the 
same collision frequency scaling as Z22

KBS; the differences in geometrical scaling 
result from the different et dependences. 

Recently, a theory for stellarator transport valid in all low collisionality regimes 
was proposed.7 We find that this theory does not yield a collision frequency scaling 
proportional to the first power of u in the collisionless-detrapping regime, even 
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Fig. 4. Comparison of L22 scalings with DKES results for two et/e/i ratios. 
Solid curves: DKES results; dash-dot curves: this paper; long-dash curves: Galeev-
Sagdeev scaling; short-dash curves: Beidler et al. scaling. 

though it is derived from an equation similar to Eq. (1). This is illustrated in Fig. 4, 
where L 2̂

ef" 7 is plotted (dotted curves) for the tt/e/i ratios. We have not included 
the purely axisymmetric contribution to the Ref. 7 transport coefficient so that the 
overall differences in the scalings can be better illustrated. The deviation from the 
u scaling is less for the higher value of et/efc but is still obvious in comparison with 
the nearby L^f curve. For f/wtr ~ 10~2, although the numerical results of Ref. 7 
are within a factor of 2 of our results or better for the cases illustrated, differences 
in both the collision frequency and geometrical scalings are apparent. 

The transport scaling for the diffusion coefficients in stellarator devices has 
been studied using a numerical treatment incorporated into the DKES code. In the 
collisionless-detrapping regime, the scaling differs from previous scalings obtained 
with various analytic and other numerical treatments. The discrepancies probably 
result from approximate boundary conditions imposed in the other treatments at 
the boundaries between helically trapped and toroidally trapped particles; no such 
conditions are imposed here. The primary consequence of the new scaling is to 
allow more flexibility in stellarator design, since the magnitude of the helical ripple 
does not enter into the transport scaling. 
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