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ABSTRACT

This report contains an analysis of four major California earthquake
records using a class of discrete linear time-domain processes comm nly
referred to as ARMA (Autoregressive/Moving-Average) models. It has
been possible to analyze these different earthquakes, identify the
order of the appropriate ARMA model(s), estimate parameters and test
the residuals generated by these models. It has also been possible
to show the connections, similarities and differences between the
traditional continuous models (with parameter estimates based on spec-
tral analyses) and the discrete models with parameters estimated by
various maximum likelihood techniques applied to digitized acceleration
data in the time domain. The methodology proposed in this report is
suitable for simulating earthquake ground motions in the time domain
and appears to be easily adapted to serve as inputs for nonlinear dis-
crete time models of structural motions.
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CHAPTER 

INTRODUCTION AND SUMMARY OF FINDINGS

1.1 Introduction

This report contains an analysis of four major California earthquake

records using a class of discrete linear time-domain processes commonly

referred to as ARMA. models. These models enjoy an extensive literature

and have been used in a large number of'applications in diverse fields of

engineering and statistics. Since there is only a small number of reported

studies of these models in connection with earthquake ground motion, it

seemed appropriate to analyze several different earthquakes, identify the

order of the appropriate ARKA model(s), estimate parameters and test the

residuals generated by these models.

The stated purpose of the research project was threefold:

1. To study and report on mathematical models currently being used

to analyze earthquake ground motions. In particular, we were

asked to make an effort to classify the major similarities and

differences of the more popular and useful models.

2. To attempt formal identifications of appropriate ARIIA models

which could be used to analyze and simulate earthquake ground

motions. The major questions to be addressed were identification

of the model and estimation of te parameters of the model with

particular emphasis on analysis of the residuals generated by

the models.

Autoregressive/LNioving-Average. These are a special case of the more
general ARI�iA (Autoregressive/Integrated-Moving-Average) class of discrete
m3dels in which differencing of the data is used to achieve stationarity.
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3. To show the connections, similarities and differences between

the traditional continuous models (with parameter estimates based

on spectral analyses) and the discrete models with parameters

estimated by various maximum likelihood techniques applied to

digitized acceleration data in the time domain.

One of the most critical decisions that has to be made in the design

of structures to sustain seismic loading or in the analysis of existing

structures to ascertain their probability of survival, is that of specify-

ing the ground motion to which the structure may be exposed. Uncertainties

in earthquake initiation and transmission, coupled with uncertainties that

are site-specif ic, demand that the problem be examined nondeterministically.

The sparseness of measured records applicable to a particular site normally

precludes direct determination of acceptable design models from field data.

An alternative approach is to develop a representative class of ground

motions for "design" earthquakes by simulation and by classification of

various key parameters in analytical models of ground motion. The basic

idea is to select a suitable class of mathematical models of ground motion

whose characteristics can be related to the physics of earthquakes, the

transmission of ground waves and which can be improved and modified as

more data and knowledge about earthquakes is acquired.

By examining field data, model parameters can be estimated and tested

against actual data. The models can then be used to simulate ground motion

and these, in turn, used as inputs for determining the resulting random

response of structures exposed to such earthquakes. The methodology,

if it is to be used in the design process, must have the properties that it:
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1. Is capable of refinement as new data and experience is

obtained.

2. Is capable of characterizing ground motion with a small

number of parameters.

3. Is compatible with algorithms for simulating structural

response of complex linear and nonlinear stochastic systems.

At the present time the majority of procedures proposed to simulate

ground motion utilize spectral methods. When coupled with linear struc-

tural response models, such procedures are satisfactory for prediction of

structural response. However, for nonlinear responses, as might occur

with strong motion earthquakes, spectral methods can not be easily used,

at least at present. The methodology and models proposed in this report

are suitable for simulating earthquake ground motions in the time domain

and not only appear to satisfy the criteria stated above but also appear

to be easily adapted to serve as inputs for nonlinear discrete time

structural models. It should be reemphasized that no amount of refine-

ment and sophistication in the structural design process can reduce the

need for models and simulations to reproduce various levels of ground

motion.
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1.2 Highlights and Summary of Findings

Four earthquake records were studied during the course of the

research. These included the El Centro 1940 and 1956 earthquakes

recorded at the same station, and the 1971 San Fernando earthquake,

recorded at two different stations.

1. It was found that digitized records for all four earthquakes

could be well-fitted by ARMA models of relatively low order

during the entire history of each earthquake. That is to say,

model identification remained constant during the buildup and

decay periods of each earthquake even though parameter estimates

changed somewhat from beginning to end.

2. One earthquake record (El Centro 1940) was satisfactorily fitted

to a second-order autoregressive/first-order-moving-average

model similar to many second-order damped linear oscillator

models in the literature in which the forcing function is

white noise. However all of the other earthquake records required

a fourth-order-autoregressive/first-order-moving-average model

(ARMA 41)) to pass conventional goodness-of-fit tests.

This result suggests that a fourth-order differential equation

is required to describe the underlying continuous process.

In some portions of each record we find that the fourth-order

model can be interpreted as a pair of linear oscillators

in series where the correlated noise output of the first

filter is used as input for the second. We find that the

natural frequency of the first filter is in the range

2 to 7 hertz and the natural frequency of the second
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filter is in the range 10 to 17 hertz with a strongly (low-pass)

filtered white noise input. We have utilized the fact that a

4th-order ARM�A process with at least one complex conjugate

pair of characteristic roots can be uniquely factored into

two second order processes, and a second-order process with

complex or positive real roots can in turn be expressed in

terms of the damping coefficient and natural frequency of a 2nd

order linear oscillator. Thus it is possible to estimate the

parameters of the ARMA models using maximum likelihood tech-

niques in combination with earthquake records and then from

these directly calculate estimates of the natural frequency and

damping coefficient of a possible underlying physical process.

In such cases there is no need to estimate the spectral power

density function or the power spectrum.

3. The principal source of nonstationarity for these earthquakes

appears to be in the time-dependent variance (envelope) of the

white noise process. There is some evidence that the coefficients

of the ARMA process also change with time but from the results

obtained in 2 above we find that the resonant frequencies

and damping terms appear to remain relatively constant over time.

4. The AMA models and parameter estimates obtained directly from

the data can be translated into efficient simulation models.

Moreover, a simple augmentation of these models involving the

use of differenced white noise input in conjunction with an

additional first-order filter term, can be used to ensure that the

simulated accelerograms when integrated will yield mean-square
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velocities tending to zero, resulting in a simulation model

which is representative of real earthquakes over an extremely

wide frequency range but which includes a desirable base-line

correction.

1.3 Contents of the Report

In addition to this introductory section there are three chapters and

two appendices. Chapter 2 is a brief summary of the ARMA 21) and

AP,11A (4,1) models which have been identified in Chaoter 3 of the report.

We point out that these models have only been used to identify successfully

a limited number of earthquakes; one shoukd not therefore assume that

they will be equally successful in other applications. However, as we

point out in Chapter 2 there are some direct relationships between the

natural frequency and damping terms of the second-order differential

equation model and the autoregressive parameters of the AMA (2,1) and

ARMA 41) models. In the second chapter we also show how the statistical

properties of the correlated outputs of these models are determined by

their parameters.

In Chapter 3 there is a detailed summary of our findings for the

El Centro 1940 and 1956) and San Fernando 1971) earthquakes. We also

show the results of estimating the time-varying coefficients of the time

series data for accelerograms.

In Appendix A we have a comparison and survey of the more popular

models used to describe earthquake ground motions. As we mentioned earlier

most of these models are developed in continuous time with emphasis on

spectral characteristics. We find that the majority of models can be

classified in three or four major categories with slight variations in

assumptions about the nature of the random forcing functions.
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Appendix contains a detailed ibliography in which the topics are

classified according to whether they are works of theoretical interest (T),

response of structures (R), data (D) or analyses of ground motion (G).
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CHAPTER 2

ARMA MODELS FOR EARTHQUAKE GROUND MOTIONS

2.1 Introduction

Most existing models for the analysis and simulation of earthquake

ground motion records (see Appendix A) are formulated in continuous time,

using linear differential equations with inhomogeneous forcing functions

given by white noise which, in certain cases, has been assumed to be

filtered. Typically, the order of the linear differential equations

and the degree of correlation in the noisy forcing function is specified

for theoretical or practical reasons. The coefficients of these differ-

ential equations are expressed in terms of the natural frequencies and

damping constants of second-order harmonic oscillators where appropriate

values for these parameters are usually obtained by matching certain

predominant spectral characteristics of real earthquake records with those

obtained from the differential equation models. Simulated accelerograms

are then generated digitally by numerical integration of the differential

equation or impulse response function (with white noise input), or else

by using the theoretical Fourier amplitude spectrum (based on the transfer

function) to weight a superposition of a large number of sinusoids at

equispaced frequencies with randomly generated phase angles. The white

noise input or filtered noise output is generally multiplied by an

appropriate envelope function to incorporate non-stationary characteristics

(i. e. , buildup and decay).

In view of the current availability of large quantities of uniformly

digitized earthquake acceleration data for analysis, and the widespread

interest in generating artificial digitized accelerograms for structural
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response studies, it appeared worthwhile to consider the use of models

formulated explicitly in discrete time. An important class of discrete

models are the autoregressive/moving-average (AlaLA) models, which can

be represented as stochastic linear difference equations of finite order.

The ANA models are of equal generality with linear continuous-time

models, (differential equations), but they have a number of significant

advantages for purposes of digital analysis and simulation. A large body

of literature, exemplified by the work of Box and Jenkins (T[21), gives

systematic procedures for identifying the order of the ARMA model which

best describes a particular time series (such as a digitized accelerogram)

based on time-domain analysis of the actual data (i.e., without a priori

assumptions). Moreover, maximinn-likelihood techniques are available for

estimating optimal parameter values directly from the data, with specifi-

able confidence intervals for the estimates. The sequence of residuals--

i.e., deviations from the fitted model, or "one-step-ahead forecast

errors"--provides a basis for quantitative statistical tests of goodness

of fit, and represents a direct estimate of the underlying noise sequence

driving the observed process. These time-domain analytic techniques are

so=ewhat less sensitive than frequency-domain techniques (e.g., spectral

analysis) to certain violations of stationarity assumptions and to the

. ICe-I.ects of digitizing a continuous record. ARMA models can be used

directly for discrete simulation by simple iteration of the difference

equations, with appropriate discrete noise input, thus simplifying the

procedure of obtaining artificial accelerograms with characteristics

Similar to specified real accelerograms.
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In this study the ARMA model-identification and parameter-estimation

techniques of Box and Jenkins were applied to a number of California

earthquake records, and the results (presented in the next chapter)

suggest that two particular ARMA models are worth discussing in some

detail. These are the second-order-autoregressive/first-order-moving-

average (ARLA 21)) model and the fourth-order-autoregressive/first-

order-moving-average (ARMA 41)) model, which may be considered to

correspond to continuous-time models described, respectively, by second-

and fourth-order differential equations.



2.2 The AKIA 21) Model

The ARMA 21) model for a stationary correlated process at is

defined by the 2nd-order-autoregressive/lst-order moving-average difference

equation:

(2.1) at - fat-l f2at-2 = et 1et-l

in which it is assumed that et N 0,0 2) is independently and identically
e

distributed. That is to say, the input is stationary discrete white noise.

In terms of the backward shift operator (defined by B kxt = t-k)

(2.1) can be rewritten:

(2.2) (I IB 2 B2)at = ( - 0,B)et

or equivalently in the factored form:

(2-3) ( - r 1BM - r 2B)at = - IB)et

where r 1 and r 2 are the solutions of the characteristic equation,

(2.4) r2 r 0
2

A requirement for stationarity (stability) of the process a is that

the autoregressive roots r 1 and r 2 lie within the unit circle,

or euivalently, that If 1 and21 1 fl + f2 < 02 fl <

The autocorrelation function of the process a is symmetric in
t

lag k so that
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Pk corr [ata t+k)

(2.5a) -2

= aa cov [ata t+k1 k - 12,

where the variance of the output process at is given by

2 2
2 2 + e

(2.5b) a = var [a = -
a t 1 + 2 2 2

is proportional to the variance a 2 of the random forcing function e
e t

It is well known that for k > 2 the autocorrelation function p k

must satisfy the homogeneous difference equation of 21) or,

(2.6) Pk �l Pk-l - 2P k-l 0 k > 2

with initial values given by

P0

(2.7) 0 1 + 2_ e 0 el(l 02)
J 1 1 2

PI = (I 0 (1 + e2 - 0 ( + 
2 1 1 1) el 2

We note that p 1 depends on the moving average parameter 0 1 but that

for k > 2 the difference equation in 26) does not explicitly

include 6 ' In the ARMA (2,I) model of 26) we are dealing with

a system of 2nd-order linear difference equations whose solutions can

be written as

(2.8a) P C rk + c r k r r distinct
k I 2 2 1 2

where c . 2 are derived from the initial values in 27).
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When � 2 < -4� the characteristic roots of 24), r and r are1 2 1 2 

complex conjugates. The autocorrelation function can then be written

in the form

k/2 cos W d lid)
(2.8b) Pk Cos (-Vld) k > 

where

-1(2.8c) Xd Cos
2 2

has the interpretation of a frequency and'

-1 2p 01
(2.8d) lid tan

0 2 40
1 2

has the interpretation of a phase angle. Since the autocorrelation of

lag I depends on both autoregressive and moving average parameters in

(2.7), it follows that only the phase v d depends on the moving average

parameter. One of the useful results of this report derives from the

expressions in (2.8b), (2.8c), (2.8d) and the close analogies that the

discrete model frequency and phase have with their continuous differential

equa tion counterparts. Up to this point the discrete model does not

include an explicit time dimension for the lags k = 1,+2, ... etc.

If we let T = kAt , i.e., each lag is separated by a time interval of

length t, then (2.8b) can be rewritten in the form
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log(-� ) T Cos ( ;kd T - 11
(T) 2 2t At d)

Cos (-Vd)
(2 9)

0T COS ((Wol�l - JT - 'jd ) for T = At,2At,
Cos (-V

d

where w 0 has the interpretation of a natural frequency, and that

A ) $ �l T
of a damping ratio. - - _ C2 may be thought of as the resonant

At 0

frequency with wo given by

(2.10a) W 1 )2 + X2
0 At 41 (log "d d

and by

-log (-� 2)
(2.10b)

2 )2 
C4(109 "d d

We again note that only V d the phase, depends on the moving average

parameter, 1 ; the natural frequency w 0 and the damping constant

depend only on the autoregressive coefficients. It is clear from Equations

(2.8c), (2.8d), (2.10a), (2.10b) that one can obtain the frequency o 

damping constant and phase directly from estimates of the
d

autoregressive and moving average parameters �2 P 1 of the dis-

crete models in 21) and 26) without any need to estimate the spectrum

of the underlying process. These ideas will be further clarified in the

next section where we derive the exact mathematical relationships

between the autocorrelation function of a discrete sampled process a t

and the continuous autocorrelation function of an underlying continuous process.
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To give the reader some idea of the magnitudes that are involved we refer

to the El Centro 1940) earthquake which is identified as an ARMA 21)

model in Chapter 3 Table 31 in that chapter shows that in the

first five seconds of the (IIAOO1 S90W) accelerogram records the estimates

fl. 2 and 0 1 are 1.55, -. 66, 0.33 respectively. Equations (2.8c),

(2.8d) and (2.10a), (2.10b) yield wo = 17.88 (radians/sec.), 0.59

2
and a damped frequency . 14.44 (radians/sec.). In the

interval between 20 and 25 seconds the parameter estimates are

1.61 2 -' 78 and Ol M .01 with w = 22.42 .27 and

W04-1-_e 20.79 
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2.3 elations Between Discrete and Continuous 2nd-Order Models

If a time series a representing a segment of a discretized

acceleration record is identified as an ARMA (2,l) process with complex

or positive real autoregressive roots, then the underlying continuous

acceleration process a(t) may be considered to be described by a system

of 2nd-order differential equations of the form:

(2.11a) a(t - (t)

(2.11b) i(t) + 2�w it) + W 2ZW = c 2x(t) + 2c &w kt)
0 0 0 0 1 0

(2.110 i(t = It)

where I(t) is a function with constant spectral density--i.e., continuous

white noise. Equation (2.11b) describes the following physical system:

ZW

X(t) 1,
0

c X(t)
1 J

FIGURE 21

A GENERAL ROUND MOTION MODEL

in which z(t) is the displacement of an object from its frame of

reference. This model describes a one-degree-of-freedom linear oscillator

with natural frequency w 0 and damping factor � with input displacement

x(t) applied separately to the spring and the dashpot in proportions c 0

and c 1 respectively.
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Many earthquake.acceleration models in the literature have been

based on 2nd-order linear filters corresponding to the system of

Equations (2.11a), (2.11b), (2.11c). The following three special cases

have received particular attention:

M c 0 - 1 , c 1 0 (spring forced, dashpot fixed)

(ii) co = 0 , I = (spring fixed, dashpot forced),

(iii) c = c1 1 (spring and dashpot forced equally).

For example, cases (i) and (ii) correspond to filters used by Shinozuka

and Sato G[16]) and Levi, Kozin and Moorman G(71). Case (iii) corresponds

to the filter suggested by Tajima (R[16)) and used by Housner and Jennings

(G[17]) and Ruiz and Penzien (R[12]), among others. In some studies a

basic model representing one of the above cases has been refined by addi-

tional filtering, to improve the correspondence between the spectra of

simulated and real accelerograms. For example, Levi, Kozin and Moorman

use an additional lst-order filter to attenuate higher frequencies in the

input to the case (ii) model. Housner, Jennings and Tsai (G[15]) and

Murakami and Penzien (R[5]) use an additional 2nd-order filter (of a

different form) to attenuate very low frequencies in the output of the

case (iii) model.

There is a well-known correspondence between the statistical charac-

teristics of the discrete (sampled) process a and the underlying con-

tinuous process a(t) In particular, the discrete autocorrelation

function (acf) of at defined as p k = corr [at'a t+k ] and the

continuous acf of a(t) defined as p(-r)= corr [a(t),a(t + c)] are

equal at all points where both are defined, i.e., at integral multiplies

of the sampling interval. That is,
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(2.13) Pk = p(kAt) , k = 01,2,

where At is the sampling interval, and p P(O) 1 If a(t is

low-pass-filtered prior to sampling to eliminate power at frequencies

Trgreater than half the sampling frequency i.e., at all or if
At 

a(t) initially contains neglible power at these frequencies--then the

power spectral density functions (psdf's) of a and a(t) which are

the Fourier transforms of the corresponding acf's, will approximately

coincide for frequencies in the range < 

Table 21 gives the expressions for the acf's, psdf's, and transfer

functions for the 2nd-order discrete. and continuous random processes

at and a(t) . Note that the acf's are damped cosine waves, i.e., each

is completely defined by three parameters: a resonant frequency, a phase,

and a damping coefficient. These three parameters are uniquely determined

by the three independent parameters of the corresponding equations of

motion: �1 2 and 0 1 in the discrete case, and wo * � , and c 0 /C1

in the continuous case. As indicated in (2.10a), (2.10b), the frequency

and damping coefficient of the discrete model are completely determined by

the two autoregressive parameters, 1 and 0 2; the frequency and damping

coefficient of the continuous autocorrelation function are the same as

the resonant (damped) frequency and damping coefficient of the continuous

process. The phases of the acf's are affected b the moving-average

parameter, in the discrete case, and by the spring-dashpot input

ratio, c 0/C1 in the continuous case.

In the overdamped case, i.e., > the resonant frequency is imaginary
and the acf degenerates to a mixture of exponentials.
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In general, a continuous random process described by an n th order

differential equation, when sampled at regular intervals At gives

rise to a discrete time series wich is exactly described as an ARMA (nn -1)

process. Various formulas can be used to obtain approximate conversion

relationships between the parameters of the differential equation and the

parameters of the corresponding MM model--e.g., the differential

operator, d/dt can be approximated by a rational function of the back-

shift operator B such as the backward difference, (1 - B)/At , or the

trapezoidal formula, 2(l - B)/( + B)At . Howe7er, in the second-order

case the exact conversion relationships can be readily obtained by enforcing

Equation 213), using the expressions for Xd and V d given in Table 21.

In particular, if the sampling frequency is at least twice the resonant

.%fl--
frequency i.e., 7r > Real &2 then the frequencies and damping

At � 0

factors of the discrete and continuous acf's can be equated separately in

(2.13) to yield the following one-to-one conversion relationships between

the autoregressive parameters (�11�2 ) of the discrete process and the

frequency and damping parameters (wol�) of the continuous process:

(2.14) �2 exp (-2w 0&At)

t(2.15a) 2 exp (-w At) Cos t2 if & < 1
Ol OE 0

(2.15b) �l 0 At) cosh (WO14e - At) if > I

and conversely:

(2.16) WOC = 109 (-02) /2At
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(2.17a) W C2 = OS-1 (� 12,-T)IAt if 2 < 4
0 1 2 1 �2

Q�� - -4
(2.17b) 04�_- = log ((� + 1 4 /2,ro2)/At if 2 >

1 02 1 02

In conjunction with the above relations, it is also possible to uniquely

relate 0 1 in the discrete process to 0/CI in the continuous process

by equating the phase angles of the respective acf's, subject to the

conditions - < e 1 < and c 0/C1 > In the continuous-to-discrete

conversion, after determining 0 1 and 02 from wo and � (see above),

01 can be determined from �l 9 2 and p 1 (where Pi = p(At) by

solving:

2p - 2 + 2
(2.18) 82 + 1 1 1 2 0 = 16JL < I

1 01 Pi (l - 2) 1

Equation 218) is equivalent to Equation 27) expressing the auto-

correlation of lag in terms of model parameters.

In the discrete-to-continuous conversion, after determining w 0

and � from � 1 and �2 , by solving 216) and 217), the ratio c 0/C1

can be determined from C and tan (where the latter depends ond

?l 2 and 01) according to:

co + tan d
(2.19) 2�r

2
tan Pd

Thus, if a time series representing a sampled continuous process is

fitted by AKNA 21) models and values of the parameters l 2 
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and e I have been estimated, then estimates of the parameters of the

underlying differential equation can be derived using 216), 217) and

(2.19). Conversely, a model which has been formulated in terms of a 2nd-

order differential equation with given parameters can be transformed

directly into a discrete model (e.g., for simulation purposes) using

(2.14), 215) and 218). Table 22 gives examples of the ARMA 21)

parameters corresponding to the continuous process in which 6n radians/

sec., = and At = 02 sec., for several different values of c 0/C 1

Note that the continuous acf phase is minimized when c 0/c1= 0

(C0 . 0 , C, 1) maximized when c 0/c, = Go (C0 = 1 , c1 = 0) and is

zero when c 0/c = 2 . The discrete acf- phase is minimized when 0, 1

maximized when 0. = 1 , and is zero when 0 is such that pl = IL
1 2

The range of discrete acf phase angles for - < 1 < is slightly

larger than the range of continuous aef phase angles for < c /c <
0 1 -

however the acf phase angles are relatively insensitive to the values of

these parameters near the endpoints of their respective ranges.
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TABLE 21

COMPARISON OF DISCRETE AND CONTINUOUS 2ND-ORDER RANDOM PROCESSES

i(t) + 2&w ;t) + 22(t)

Process at - 1at-1 02at-2 , et- 0l't-l 2 0 WO

c0"O x(t) + 2c IW0�W

i(t) (t)

Transfer Function I OB c 2+ 2c Ns
of Filter d(B) H (s) 

1 - c a2 +2t a 2
1 #2 0 0

f(.)- AH d(e- iwatW g(w - DH c(,w)12 _

Power Spectral 2 (r2 2r2.2 2)c 'Jo
Density Function A'(1 e _2e cos (wAt)) D' 0 4 1

+ 2+ 2) 20l (I (.At) - 2 (2uA t) I W2 /W 2)2 +4E 2w2 /W2
1 2 -02) ... #2 c 0 0

Cos (A
2 dk to d) E w0T (COS (C - C))

P P(kAt - (-t2) - 00) e
k Cos (-P d) Cos (W d

- Cos-1d 2
2

Autocorrelation A 4
Function c 0

Pd tan with

01 - 42

+ 2 #2)

0 1 2 tan- I
1 2 c 2 2

(I 2 (l + e I 61#1) - I01( + 2) C0+ 4 C141 C2

Stability Jr, 21 < where r 1,2 satisfy: R�r 1,2 0 where r 1,2 satisfy:

Coadition 2 r - 0 r2 + 2�w r + 2 > 
r 1 2 0 0

Notes: (1 A A' D and D' are normalizing constants to make f f(--)d- and f gMd� 1

At

(2 a and a(t) are the discrete and continuous output accelerations; and I(L) are the

discrete and continuous white noise input.
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TABLE 22

EXAMPLE OF CONVERSION BETWEEN CONTINUOUS
2ND-ORDER MODEL AND DISCRETE ARMA (2,I) MODEL

(At = 02 SEC.)

CONTINUOUS MODEL COMMON ACF DISCRETE MODEL

Frequency c /c Phase Pi = p(At) 0 AR Parameters
& Damping 0 1 (degrees) 1

-31 .628 +1

wo = 6 0 -30 .631 .96 1.57

rads/sec. I 0 .784 .68

.5 6.5 29 .931 0 02 -. 69

30 .938 -. 27

31 .942 -1
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2.4 The ARMA (4,I) Process and Its Interpretation

The AMMA 41) process is defined by the 4th-order-autoregressive/

Ist-order-moving-average linear difference equation:

(2.20) a t - 1a t-1 02 at-2 3 at-3 04at-4 , et - lt_l

in which et N ,2) as before. In terms of the backward shift operator
e

this can be rewritten:

(2.21) (1 - 1 - 02B 2 _ 03 B3 _ 04 B4)at (I 01 B)et

The completely factored form is:

(2.22) ( - r IB)( - r2B)(1 - r 3BM - r 4B)at (l - 1B)et

where r 9 2 Pr 3 1P and r 4 are the roots of the characteristic

polynomial

(2.23) r4 _ 1r3 _ 2r2 _ 03 r -�4 = 

If at least one pair of roots is complex, say r I r2 then the 4th-order

autoregressive polynomial in 221) can be uniquely expressed as the

product of two 2nd-order factors with real coefficients, yielding a further

equivalent representation:

(2.24) (I � 11 - 12B2)(1 - 2 1B 022 B2)at = - 1B)et

where - (rI + r 2) , 12 (-r1r2) 021 (r3+ rd , and �22 = (-r3rd
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Physically, the AILA 41) process As represented in 224) can be

considered to arise from the action of an ARMA 21) filter and an AR 2)

filter in series, as follows: white noise e first passes through an

AlUk (2,I) filter to produce the intermediary process b t

(2.25) (i Oil - 12 B2)bt - ( - 6B)et ;

then b t serves as the input to an AR 2 filter whose output is a t

(2.26) 1 - 2)at bt
21 22

It should be noted that, from a formal standpoint, the order in which

the ARMA 21) filter and the AR 2 filter operate is irrelevant, i.e.,

the AR 2 filter could just as well come first. Moreover, it does not

matter which 2nd-order autoregressive factor is associated with the 1st-order

moving-average factor in forming the ARMA 21) filter. These considera-

tions may be important, however, if the exact nature of the intermediary

process b is of interest. It should also be noted that the AP-MA 41)

model could be considered as an approximate representation of the action

of two ARMA (2,I) filters in series, whose moving average parameters are

both small (i.e., the product of which is negligible). In such cases

it would not be valid to associate the moving-average factor with only

one of the 2nd-order autoregressive factors.

If a time series is identified as an ARMA 41) process and the

estimates of the autoregressive parameters are such that the characteristic

polynomial has at least one complex pair of roots, then a unique factoriza-

tion of the 4th-order autoregressive factor into two 2nd-order factors can

be performed as described above. This establishes a basis for interpreting
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the underlying continuous process in terms of two 2nd-order filters

(linear oscillators) acting in series. Natural frequencies and damping

factors for the oscillators corresponding to the two second-order auto-

regressive factors can be computed as described earlier. However, it

may not be possible to estimate the parameters of the forcing functions

of the oscillators (e.g., c 0 and c as used above) without external

information or physical reasoning, owing to the ambiguous status of the

moving-average parameters. In fact, the discrete process resulting from

sampling a 4th-order continuous random process (that is, a process formed

by passing continuous white noise through a filter described by a 4th-order

linear differential equation) is in general exactly described by an

ARMA 43) model.
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CHAPTER 3

ANALYSIS OF EL CENTRO AND SAN FERNANDO EARTHQUAKE RECORDS

3.1 Data

The data consisted of California Institute of Technology corrected

accelerograms (D[11), digitized at 02 second. Four earthquake records

were studied, comprising two different earthquakes recorded at the same

station (El Centro), and two recordings of the same earthquake

(San Fernando, 1971) made at different stations. One horizontal component

from each of three of the records was studied, and all three components

of the fourth, for a total of six components. These were:

Record No. Earthquake Station Date Component(

IIA001 Imperial Valley El Centro 5-18-40 S90W

IIA011 El Alamo, B. C. El Centro 2-09-56 S90W

IIC041 San Fernando Pacoima Dam 2-09-71 S16E

IID056 San Fernando Castaic Rt. 2-09-71 N21E, N69W, Down

The first 40 seconds of each component was analyzed. Plots of these

components appear in Figure 31.

The corrected accelerograms; were based on uncorrected accelerograms

obtained by hand-digitization of mechanical-optical records at unequal

intervals. The correction procedures included equal spacing by linear

interpolation, band-pass filtering between 007 and 25 hz, and other

instrument and baseline corrections. Details of these procedures are

given in D[l], D[4], D[5] and D[6].
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3.2 Identification and Estimation Techniques

Identification of A1A models and estimation of parameters was

performed according to the systematic procedures of Box and Jenkins (T[21)

using the TIMES program documented in Reference D[3]. In the Box-Jenkins

procedures a tentative model-identification is initially made on the basis

of the qualitative characteristics of the sample autocorrelation function

(acf), partial autocorrelation function (pacf), and spectrum of the data.

Parameters are then estimated using the Marquardt algorithm (nonlinear

regression) for minimizing the sum of squared residuals. The resulting

estimates together with the sample acf, pacf, and spectrum of the residuals

are then studied to identify which, if any, revisions to the model are

needed. This estimation/identification cycle is repeated until a satis-

factory fit is achieved using a parsimonious model--i.e., a minimum number

of parameters. Goodness of fit is evaluated on the basis of how closely

the statistics of the residuals (acf, pacf, spectrum, distribution)

resemble those of discrete white noise. A rough quantitative measure of

the goodness of fit is provided by the "Q" statistic:

n 2
(3.1) Q = N I r k

k=1

where r k is the sample autocorrelation at lag k of the residuals, N

is the number of data points, and n N . Under the hypothesis that the
5

residuals are completely uncorrelated (white noise), Q should be dis-

tributed approximately as a chi-square statistic with the number of degrees

of freedom equal to n minus the number of parameters estimated. As

a general rule, a value of Q not much larger than the number of d.f.

is considered to indicate a good fit.
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The Box-Jenkins procedures are strictly applicable only to stationary

time series. For applications to nonstationary series such as earthquake

accelerograms, in which the underlying noise variance and possibly also

the nature of the filtering may be time-dependent, it is necessary to adopt

a moving-window approach--i.e., to separately analyze segments of the

record which are short enough to be considered approximately stationary

but still long enough to contain sufficient data points for stable estima-

tion. In this study the identification and estimation procedures were

initially tested on segments of various lengths from different parts of

the records. It was found that five-second segments 250 data points)

provided a satisfactory window, and therefore in the later analysis the

40-second components were each divided into eight segments approximately

five seconds long.

Adaptive estimation techniques are also available for continuously
tracking a nonstationary process in real time. An application of the

Kalman filter to the adaptive estimation of time-varying autoregressive
parameters is discussed by Nau and Oliver (T[l]). Extensions of this
technique to include time-varying moving-average parameters and noise
variance, and its application to earthquake accelerograms, will be the
subject of a later report.
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3.3 General Results

In the course of the identification and estimation procedures,

various MOIA models of up to fifth-order-autoregressive and fourth-order-

moving-average were tested, and it was found:

(i) that each component was well fitted over its entire length

(i.e., in all eight 5-second segments) by ARMA models of the

same order; and

(ii) that five of the six components (including all those of the

San Fernando earthquake) were best fitted overall by ARMA (4,I)

models; the remaining component, IIA001 S90W (El Centro, 1940),

was best fitted overall by ARMA 21) models.

The parameter estimates of these models for all eight segments of each

component are given in Tables 31-3-6. These tables also show, for each

segment:

(a) the standard deviations of the data and of the residuals (the

latter is an estimator of the envelope of the underlying noise

process);

(b) the "Q" statistic and its associated number of degrees of

freedom for the chi-square test (an indicator of goodness of

fit, described above);

(c) the representation of each fourth-order-autoregressive (AR )

factor with at least one complex pair of characteristic roots

as the product of two second-order (AR(2)) factors, as discussed

in Chapter 2 i.e.,
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2 3 4 2) (1 2
(I - B - B B B -t B I - B

�2 _'3 4 11 .12 2 �22

-AR 4 factor AR 2 factor AR 2 factor 2
(estimated) (derived) (derived)

the natural frequency (in radians/sec) and damping coefficient

corresponding to each AR 2 factor (whether estimated, as in

an ARMA 21) model, or derived, as in an ARMA 41) model)

which has complex or positive real characteristic roots, computed

according to the formulas given in Chapter 2.
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3.4 Discussion of ARM, 21) Models

All eight segments of the component II-AO01 S90W are fitted by

ARMA (2,I) models. The estimated moving-average parameter is positive

for the 0-5 sec. segment and is nearly zero for the remaining segments,

indicating that a simple AR 2 model is probably sufficient for the

latter segments. The two estimated autoregressive parameters are relative-

ly constant from segment to segment.

The sample acf and spectrum of the 10 sec. segment of IIAOOI S90W

are shown in Figures 3.2a and 3.2b, respectively. The sample spectrum

can be compared to the theoretical spectrum of the AIOIA 21) model fitted

to this segment, which is plotted in Figure 3.2c. Although the sample

and theoretical spectra appear very similar, it should be recalled that the

direct comparison of the sample spectrum with the theoretical spectra of

hypothetical models is not a part of the Box-Jenkins method, which instead

relies principally on the sample acf and pacf in making an initial identi-

fication, and which emphasizes analysis of the residuals in evaluating

goodness of fit. The sample spectrum of the residuals for this segment

and model is shown in Figure 3.2d, and is seen to be nearly constant,

resembling the spectrum of white noise.

The natural frequencies corresponding to the estimated AR 2 factors

of the ARMA (2,I) models fitted to all eight segments of IIAOOI S90W

are seen, in Table 31, to be in the range 17-26 radians/sec. 24-4.2 hz),

and the corresponding damping coefficients are in the range 27-.60.

These values are very similar to those used in many linear-oscillator

earthquake acceleration models in the literature. (See Reference R[51).
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The "input ratio" parameter, c0/cI (as defined in Chapter 2, was also

computed for each of these ARMA (2,I) models. The resulting values were

in the range 30-8.2, suggesting that the appropriate form of the linear-

oscillator model for this earthquake is intermediate between cases (i)

and (iii) mentioned in Chapter 2.
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3.5 Discussionof the ARMA (4,I) Models

All segments of the five components other than IIA001 S90W are fitted

by ARKA 41) models. In general, te estimated autoregressive parameters

decrease in absolute value and alternate in sign from 1 to 04 and

the estimated moving-average parameter is significantly negative. The

parameter estimates for each segment are highly correlated; a typical

correlation matrix for one of these models is shown in Table 37. The

estimated parameters of the models for the two horizontal components of

IID056 are very similar (Tables 34 and 35); each of the remaining three

co=vonents fitted by ARMA 41) models has a distinctive range of parameter

values among its segments, although he models are all structurally similar.

The variation in parameter values from segment to segment within a component

does not appear highly significant, and is discussed in more detail in the

next section.

The sample acf and spectrum of a typical segment fitted by an ARMA 41)

model, IIC041 S16E 10 sec., are shown in Figures Ma and 3.3b, respectively.

The sample spectrum is again seen to be very similar to the theoretical

spectrum of the model, which is plotted in Figure 3.3c. The SDectrun of the

residuals for the model applied to this segment is shown in Figure 3.3d,

and is again seen to be nearly constant, indicating a good fit.

The fact that a fourth-order discrete linear filter ay have a unique

representation as a pair of second-order filters in series does not

necessarily mean the latter representation has physical significance;

*The 0-5 sec. segment of IIA011 S90W is somewhat exceptional in that an
ARLk 31) model is fitted to the first difference of the data in order
to obtain more stable parameter estimates, since the data appear very
nearly nonstationary. This model is equivalent to an AR\Lk 41) model
with one characteristic autoregressive root fixed at unity.
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however, this representation has been emphasized in this study to facilitate

comparison with other continuous and discrete models. The characteristic

autoregressive roots of the ARMA 41) models, which form the basis of

the representations of the AR 4 factors as products of pairs of AR 2)

factors in Tables 32-3.6, were obtained using a polynomial factoring program.

It must be emphasized that this procedure is extremely sensitive to errors

or variations in the original autoregressive parameter estimates. In

particular, small variations in the estimates of 3 and/or 4 well

within reasonable confidence limits, can in many cases give rise to sig-

nificant changes in the nature of the characteristic roots, e.g.,

determining whether two pairs of complex roots are found or only one.

Computation of natural frequencies and damping coefficients corresponding

to the AR 2 factors derived by taking roots further magnifies the

estimation errors, therefore confidence intervals for these natural

frequencies and damping coefficients are unknown and probably large.

Nonetheless, the overall pattern of results obtained by representing the

AR 4 factors as products of AR 2 factors, and computing the frequencies

and damping coefficients corresponding to the latter, is of interest in

.making qualitative comparisons between the ARMA 41) models and other

empirical and theoretical models in the literature.

Of the 40 segments fitted by ARMA (4,I) models, all but one segment

(IIC041 S16E 0-5 sec.) yield a model with at least one complex pair of

characteristic autoregressive roots, enabling a unique decomposition of

the AR 4 factor into a product of two AR 2 factors to be performed.

Of these 39 models with at least one complex pair of characteristic

autoregressive roots, 26 also have a second pair of complex roots,
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suggesting that the underlying continuous process might be interpreted

as a pair of (underdamped) linear oscillators acting in series. These

models with two complex pairs of characteristic autoregressive roots

include the models for the 10 sec. and 10-15 sec. segments of all five

components, which are probably the most important segments since they

generally exhibit the strongest shaking and are the most nearly stationary

in variance. The second pair of roots in the remaining 13 models is real.

A real pair of roots within the unit interval can be considered to

correspond to an overdamped oscillator (i.e., with a damping coefficient

greater than unity); however, in several of the cases one of the real

roots is negative, which does not correspond to any stationary continuous

process and is probably therefore attributable to the propagation of

estimation errors, as noted above.

In all of the models with two complex pairs of characteristic auto-

regressive roots, one derived AR 2 factor corresponds to an oscillator

with a natural frequency in the range 10-36 radians/sec. 16-5.7 hz),

and the other derived AR 2 factor corresponds to an oscillator with a

natural frequency in the range 63-110 radians/sec. 10.0-17.5 hz).

The range of corresponding damping coefficients for both factors covers

almost the entire unit interval; however, most values are in the range

.2-.7. The lower-frequency derived AR 2 factor in these models is thus

seen to be very similar to the single, directly estimated AR 2 factor

of the ARMA (2,I) models fitted to the segments of IIA001 S90W. Recall

that the estimated moving-average parameter is significantly negative

6 1 t- -. 5) in the ARMA (4,I) models, whereas it is nearly zero (i.e.,

effectively absent) in the ARMA 21) models. It thus appears that the
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essential difference between these two classes of models for the com-

ponents studied here lies in the presence, in the former, of an additional

AR 2 factor corresponding to a higher-frequency oscillator, together with

an (1) factor in which 0 1 is significantly negative. (This MA (1)

factor, considered separately, would represent a first-order low-pass

filter.) In other words, it may be useful to consider the ARMA 41)

model to represent the series action of an AR 2 filter, corresponding

to a low-frequency oscillator, and an ARMA 21) filter, corresponding

to a higher frequency oscillator together with a first-order low-pass

filter. (It was shown in Chapter 2 that, in an ARMA 21) model corre-

sponding to a linear oscillator, the movirig-average factor may reflect

the nature of the coupling between the oscillator and its input, rather

than an independent first-order filter.) The effect of the "additional"

filtering in the ARMA 41) model is to slightly amplify intermediate

frequencies (say, 10-15 hz) and to more sharply attenuate the higher

frequencies.

It should be noted that the seismographs on which the data were recorded

contain mechanical transducers consisting of linear oscillators with natural

frequencies in the range 10-20 hz and damping factors of about 06 In

particular, the transducer natural frequencies were about 20 hz for the

four San Fernando earthquake components, 16 hz for the El Centro 1956

component and 10 hz for the El Centro 1940 component. The instrument

correction applied to the data supposedly compensated for the filtering

effects of the transducers, however it may be significant that the higher-

frequency AR 2 factors of the ARMA 41) models represent oscillators

with parameters similar to the corresponding transducers, and that the one

component fitted by ARMLA 21) models was the one with the lowest transducer

frequency.
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3.6 Time-Variation ofParameter Estimates Within Components

As noted in Appendix A, various earthquake models in the recent

literature have attempted to account for observed time-varying spectral

characteristics ofreal accelerograms. It is therefore of interest in

this study to determine whether the filtering properties of the fitted

models--i.e., the ARMA parameter estimates--are significantly time-varying.

A priori it might be supposed that apparent spectral changes could be due

either to variable filtering or else simply due to the transient response

of a time-invariant filter to a noise input with a highly nonstationary

variance. The ARMA model-identification and parameter-estimation techniques

are potentially able to distinguish between these two kinds of effects,

since they do not require the accelerogram to be reshaped to a constant

variance prior to analysis.

The nonoverlapping moving window approach employed in this study

(i.e., the subdivision of each component into eight segments) largely

isolates the effect of nonstationary noise variance. In fact, the

variance (or, equivalently, standard deviation) of the residuals is found

to be by far the most significantly time-varying of the parameters within

each component. In Tables 31-3.6 it is seen that for each component

the standard deviation of the residuals generally decreases by about a

factor of ten from the first segment to the last.

The fact that relatively good fits by ARM models are obtained for

all the segments indicates that the amount of nonstationarity of variance

remaining within segments is not problematic. However, it might be

supposed a priori that, if nonstationarity of the variance within segments

were to bias or distort the ARMA parameter estimates in any way, then this
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effect would be most pronounced in the initial (0-5 sec.) segment of each

component, in which the variance always builds up from essentially zero to

some finite (perhaps even maximal) value. In this regard, it has already

been noted that the models for the initial segments of three of the

components are in some way exceptional. (IIA001 S90W 0-5 sec. is the

only segment whose ARIZHA 21) model features a significantly positive

estimated moving-average parameter; IIA011 S90W 0-5 sec. is the only seg-

ment whose ARMA 41) model requires one characteristic autoregressive

root fixed at unity to obtain stable parameter estimates; and IIC041

S16E 0-5 sec. is the segment whose ARMA 41) parameter estimates yield

four real characteristic autoregressive roots.) Excepting these 0-5

sec. segments, however, there does not appear to be significant variation

of the AP-MA parameter estimates from segment to segment within any

component. In fact, for each component it appears that a set of "average"

ARMA parameter values could be determined which would fall well within

the 9% confidence intervals for the parameter estimates of nearly

every segment.

One further exception appears to be the 30-35 sec. segment of IlCO41 S16E,
in which a significant shift in estimated ARMA parameters occurs, reflecting
a decrease in the equivalent damping coefficients to nearly zero. Inspec-
tion of the data reveals very-nearly-sinusoidal oscillations occurring
during a portion of this segment.

The covariance matrix of the ARMA parameter estimates for each segment,
from which the correlation matrices and individual confidence intervals
are derived, is computed based on the estimated variance of the residuals
and the regression matrix used at the final iteration of the Marquardt
algorithm. (See Box and Jenkins, T[2], p. 502.) Confidence intervals are
based on the assumption of an approximately multivariate-normal distribution.
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More precisely, it should be recalled that the AMIA parameter estimates,

especially in the ARMA 41) models, are highly correlated. That is,

these odels contain a certain amount of redundancy--a small variation in

one parameter can be largely compensated by simultaneous changes in the

remaining parameters, as determined by the correlation matrix, with little

effect on the overall filtering properties of the model. In particular,

it has been noted that the estimated AR parameters generally alternate in

sign and 3 positive, �2 and �4 negative) and the estimated MA

parameter is always negative. Table 37 shows that typically

is strongly positively correlated with 1 and 3 3' and strongly negatively

correlated with �2 and �4 This indicates that a small increase in

the absolute value of 5 1 could be largely compensated by simultaneous

decreases in the absolute values of all four AR parameter estimates, and

vice versa. In fact, the observed variations in parameter estimates from

segment to segment within each component are generally consistent with

this pattern (e.g., if i 1 increases in absolute value, then the AR

parameter estimates all decrease in absolute value), and therefore they do

not suggest fundamental variations in the filtering properties of the

underlying process.
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3.7 Conclusions

The application of the time-domain analytic techniques of Box and

Jenkins to segments of digitized earthquake accelerograms appears to be

a potentially useful method of characterizing recorded earthquakes by

linear models with a small number of parameters. It should be emphasized

that the detailed discussions of the ARMA 21) and ARMLA 41) models

in this report were entirely motivated by the experimental results--no

a prior-i assumptions were made concerning the order of appropriate ARMA

models for earthquake analysis. The fact that the Box-Jenkins method

includes systematic model-identification techniques which do not require

such assumptions is one of its principal advantages relative to other model-

fitting procedures commonly applied to earthquake data. Therefore the

application of Box-Jenkins techniques to other earthquake records should

not be expected to yield only ARMA 21) and AMIA 41) models. However,

the fact that five of the six components studied here were best fitted

in all their segments by ARMA (4,l) models suggests that this model may

be of great generality for California earthquakes. Moreover, these models

have appealing connections with simple hypothetical physical models dis-

cussed elsewhere in the literature. The ARNMA (2,1) model may be con-

sidered to include the various basic forms of the linear-oscillator model;

and the ARNM 41) model, in its representation as two linear oscillators

with different natural frequencies acting in series, is somewhat more

complex. It appears that the principal source of nonstationarity of

the earthquake acceleration data lies in the time-dependence of variance

of the driving noise process, rather than the filtering parameters.
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TABLE 31

AIU4A 21) MODELS FOR IA001 S90W COMPONENT
(IMPERIAL VALLEY 1940 EARTHQUAKE, EL CENTRO STA`r10N)

ARMA Parameter Parameters of Corresponding
Standard Estimates With Linear-Oscillator Model
Deviation Goodness Approx. 95% (Natural Frequency, Damping
(cm/sec2) of Fit Confidence Limits Coefficient and Input Ratio)

Segment

(Sec.) Points Data Residuals Q/# d.f. �1 �2 01 w 0 c0 /c1

1.55 -. 66 .33
0-5 248 73.1 27.9 65/45 +.23 +.18 +.25 18 .59 3.4

5-10 248 52.1 21.6 48/45 1.35 -. 54 .01 26 .59 5.3
+.20 +.18 ±.24

10-15 256 61.9 23.0 69/47 1.43 -. 58 .06 22 .60 5.5
+.19 +.17 +.23

15-20 248 34.7 10.9 51/45 1.56 -. 71 .09 21 .41 3.7
+.14 +.13 +.19

20-25 248 43.3 11.7 38/45 1.61 -. 78 -. 01 22 .27 3.0
+.10 +.10 +.16

25-30 256 38.2 9.24 57/47 1.63 -. 77 -. 01 21 .31 3.7
+.10 +.10 +.16

1.65 -. 76 .00
30-35 248 13.1 2.95 60/45 +.10 +.10 +.16 19 .35 4.4

35-40 2411 7-30 1.45 61/45 1.66 -. 76 -. 10 17 .40 8.2
+.10 +.10 +.16



TABLE 32

ARMA 41) MODELS FOR IIA011 S90W COMPONENT
(EL ALAMO B.C. 1956 EARTHQUAKE, EL CENTRO STATION)

Standard
Deviations Goodness ARMA Parameter Estimates With
(cm/sec2 of Fit Approx. 95% Confidence Limits AR 2) Factor AR 2) Factor 2

Segment 11 2 2
(Sec.) Points Data Residuals Q/#d.f. W W

1 2 3 4 1 0 0

0-5 248 13.3 1.42 49/45 .94 -. 40 -. 02 -. 81 .99 -. 44 .96 .04
+.16 +.23 +.16 +.10 41 .49

5-10 248 17.6 1.96 42/43 2.03 -1.67 .80 -. 23 -. 67 1.65 -. 73 .38 -. 32
+.15 +.33 +.32 +.14 +.12 15 .51 68 .43

10-15 256 16.0 1.66 70/45 2.06 -1.70 .79 -. 23 -. 73 1.67 -. 75 .38 -. 3o
+.16 +.36 +.36 +.15 +.12 15 .47 68 .44

2.15 -1.64 .51 -. '05 -. 66 1.57 -. 64 .58 -. 08
15-20 248 12.8 .947 58/43

+.18 +.44 +.42 +.16 ±.14 .74 62 1.00

20-25 248 12.3 .637 61/43 2.06 -1.33 .20 .06 -. 81 1.31 -. 47 .75 -. ]..2
+.17 +.43 +.42 +.16 +.12 �.8 0

25-30 256 5.66 .403 42/45 1.85 -. 90 -. 17 .19 -. 71 1.31 -. 54 .79 .12
+.28 +.68 +.63 +.23 +.24 .54

30-35 248 6.13 .335 35/43 1.95 -1.06 .01 .07 -. 64 1.73 .23 .10
+.29 +.71 +.64 +.22 +.26 10 .67

I - I 11

35-40 248 4.69 .236 43/43 2.36 -2.08 .95 -. 26 -. 13 1.91 -. 94 .45 -. 28
+.38 +.91 +.74 +.21 +.39 10 .15 65 .49

One real root is negative; no corresponding frequency and damping.
2 3

0-5 sec. segment estimated as ARMA 3,1) on first difference of data; i.e., (1 0 1B -02B _ 03 B ) (1 -B)at

(1- e 1B)e t ' This is equivalent to ARMA 41) model with one AR root fixed at unity.



TABLE 3 3

ARMA (4,I) MODELS FOR IIC041 S16E COMPONENT Un4N
(SAN FEIINANDO 1971 EARTRQUAKE, PACOIMA DAM STATION)

Standard
Deviations Coodness ARMA Parameter Estimates With
(cm/sec2) of Fit Approx. 95% Confidence Limits AR 2) Factor I AR 2) Factor 2

Segment �11 �12 22

(Sec.) Points Data Residuals Q/# d.f. �l �2 �3 i4 1 w0 w0

0-5 248 185 61.5 46/43 .89 -. 04 -. o6 .00 -. 82
+.19 +.29 +.26 +.16 +.13

5-10 248 261 115 56/43 .89 -. 37 .24 -. 22 -. 459 1.34 -. 59 -. 45 -. 38
+.19 +.27 +.24 +.15 +.16 29 .45 100 .24

10-15 256 54.7 19.0 58/45 .93 -. 26 .13 -. �3 -. 74 1.45 -. 68 -. 52 -. 33
+.17 +.26 +.24 +.14 +.14 27 .36 106 .26

15-20 248 15.5 6.14 43/43 .88 -. 25 .016 -. 18 -. 78 1.38 -. 69 -. 51 -. 26
+.17 +.25 +.23 +.14 +.12 31 .30 100 .30

20-25 248 13.4 4.92 73/43 .95 -. 26 .06 -. 25 -. 62 -1.50 -. 78 -. 56 -. 32
+.21 +.33 +.28 +.14 +.18 28 .23 108 .26

25-30 256 5.67 2.82 69/45 - 66 -. 25 .10 -. 25 -. 79 1.27 -. 64 -. 61 -. 39
+.15 +.20 +.19 +.14 +.11 34 .32 107 .22

30-35 248 26.9 13.6 73/43 .82 -. 69 .53 -. 60 -. 33 1.43 -. 84 -. 61 -. 72
+.16 +.18 +.16 +.10 +.19 34 .13 97 .08

35-40 248 5.87 2.68 49/43 .82 -. 28 .12 -. 25 -. 64 1.38 -. 68 -. 56 36
+.22 +.32 +.26 +.14 +.22 31 .31 106

All 4 characteristic roots are real; factorization into 2nd-order terms cannot be performed uniquely.



TABLE 34

ARMA 41) MODELS FOR IID056 N69W COMPONENT
(SAN FERNANDO 1971 EARTHQUAKE, CASTAIC STATION)

Standard
Deviations Goodness ARMA Parameter Estimates With
(cm/sec2) of Fit Approx. 95% Confidence Limits AR 2) Factor AR 2) Factor 2

Segment Oil 012 ;"1 �22

(Sec.) Points Data Residuals Q/#d.f. 1 ;2 �3 ;4 61 WO WO &

0-5 248 82.7 21.3 38/43 1.50 -1.05 .47 -. 11 -. 76 1.18 -. 37 .32 -. 30
+.17 +.32 +.32 +.16 +.12 28 .89 71 .43

5-10 248 45.7 8.06 45/43 1.90 -1.63 .96 -. 36 -. 45 1.66 -. 77 .24 -. 47
+.19 +.41 +.37 +.15 +.19 18 .37 72 .26

2.11 -1.93 1.13 -. 40 -. 40 1.76 -. 84 .34 -. 48
10-15 256 46.9 5.83 50/45 +.19 +.41 +.39 +.15 ±.19 15 .29 69 .27

15-20 248 29.3 3.58 98/43 2.04 -1.71 .81 -. 24 -. 54 1.66 -. 76 .38 -. 31
+.20 +.46 +.43 +.17 +.18 17 .39 68 .43

20-25 248 12.1 1.79 67/43 2.01 -1.69 .80 -. 21 -. 46 1.53 -. 63 .48 -. 33
+.24 +.53 +.49 +-19 +.22 18 .64 64 .44

25-30 256 9.45 1.07 41/45 2.1.3 -1.84 .93 -. 27 -. 28 .70 -. 75 .43 -. 36
+.29 +.64 +.55 +.19 ±-27 .58 6.5 .39

30-35 248 7.18 1.06 50/43 1.96 -1.55 .68 -. 17 -. 49 1.56 -. 66 .41. -. 26
+.25 +.55 +.50 +.19 +.23 18 .60 67 .50

35-40 248 8.72 1.28 71/43 1.87 -1.35 .50 -. 15 -. 60 1.63 -. 77 .23 -. 20
+.21 +.48 +.45 +.18 +.19 20 .33 77_j .53



TABLE 35

t-n
ARMA 41) MODELS FOR IID056 N21E COMPONENT a%

(SAN FERNANDO 1971 EARTHQUAKE, CASTAIC STATION)

Standard
Deviations Goodness ARMA Parameter Estimates With
(cm/sec2) of Fit Approx. 95% Confidence Limits AR 2) Factor AR 2) Factor 2

Segment �11 �21 �22

(Sec.) Points Data Residuals Q/#d.f. 1 f2 f3 �4 w0 w0

0-5 248 80.1 20.3 56/43 1.61 -1.22 .53 -. 16 -. 65 1.34 -. 59 .27 -. 27
+.19 +.38 +.36 +.17 +.16 28 .47 73 .44

5-10 248 30.1 6.64 64/43 1.82 -1.65 .86 -. 27 -. 61 1.39 -. 64 .43 -. 42
+-17 +.35 +.34 +.15 +.15 28 .40 65 .33

10-15 256 24.3 4.94 69/45 1.80 -1.48 .66 -. 21 -. 62 1.48 -. 72 .32 -. 29
+.18 +.38 +.36 +.16 +.16 27 .31 71 .43

15-20 248 22.0 3.62 68/43 1.87 -1.35 .34 .00 -. 61 1.33 -. 63 .54 -. 004
+.23 +.52 +.49 +.20 +.19 31 .37 127 1.08

20-25 248 9.54 1.58 32/43 1.75 -1.10 .19 .09 -. 63 1.08 -. 55 .67 .16
+.26 +.58 +.53 +.2i ±.22 40 .37

25-30 256 7.30 .99 41/43 1.73 -. 96 .15 .02 -. 67 1.09 -. 32 .64 .05
+.22 +.48 +.35 +.18 +.18 31 .93

30-35 248 4.44 .99 49/43 1 .75 -1.38 .64 -. 16 -. 56 1.33 -. 51 .42 -. 32
+.23 +.46 +.43 +-18 +.21 25 .66 66 .43

35-40 248 5.93 1.27 44 43 1.91 -1.78 -. 96 -. 29 -. 53 1.43 -. 64 .48
+.19 +.40 +.38 +.17 ±.17 26 Z3 63

One real root is negative; no corresponding frequency and damping coefficient.



TABLE 36

ARMA 41) MODELS FOR IID056 DOWN COMPONENT
(SAN FERNANDO 1971 EARTHQUAKE, CASTAIC STATION)

Standard
Deviations Goodness ARMA Parameter Estimates With
(cm/sec2) of Fit Approx. 95% Confidence Limits AR 2) Factor AR 2) Factor 2

Segment 12 021 022

(Sec.) Points Data Residuals Q/#d.f. 01 02 03 04 61 w0 w0

0-5 248 50.4 17.7 61/43 1.17 -. 82 .41 -. 36 -. 56 1.46 -. 81 -. 29 -. 44
+.19 +.32 +.28 +.14 +.19 32 .17 92 .22

5-10 248 20.1 6.83 65/43 1.24 -. 93 .34 -. 20 -. 72 1.28 -. 69 -. 04 -. 29
+.16 +.28 +.27 +.15 ±.13 36 .26 86 .36

10-15 256 14.5 4.32 50/45 " 36 -. 90 .34 -. 18 -. 68 1.40 -. 69 -. 03 -. 26
+.16 +.29 +.27 +.14 +.13 30 .30 87 .39

15-20 248 9.96 2.45 46/43 1.57 -1.10 .34 -. 03 -. 75 .94 -. 46 .63 -. 06
+.18 +.35 +.34 +.16 +.13 44 .44 68 1.04

20-25 248 5.23 1.33 52/43 1.58 -1.10 .33 -. 04 -. 64 1.01 -. 44 .57 -. 08
+.20 +.39 +.38 +.17 +.16 41 .51 63 1.00

25-30 256 3.62 .858 85/45 -1.21 .39 .06 -. 51 .89 -. 62 .77 .10
+.35 +.70 +.64 +.28 ±.32 50 .24

30-35 248 3.16 1.06 47/45 1 .11 -. 53 .18 .02 -. 76 .44 -. 31 .67 .08
+.19 +.32 +.30 +.17 +.14 65 .44

35-40 248 3.18 1.02 46/45 1 .39 -. 92 .27 .00 -. 64 .79 -. 45 .59 .001
+.26 +.47 +.43 +.22 51 .39

One real root is negative; no corresponding frequency and damping coefficient.
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TABLE 37

CORRELATION MATRIX OF THE ARMA 41)

PARAMETER ESTIMATES FOR IID056-N21E (0-5 SECONDS)

�l 02 03 04 el

01

02 -. 94 1

03 .81 -. 94 1

0 -. 62 .77 -. 91 14

01 .75 -. 79 .76 -. 65 1
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CHAPTER 4

DIRECTIONS FOR FUTURE RESEARCH

Figure 41 gives a flow chart of the several stages in which data

analyses and models of earthquake ground motion can be compared and

described. As we discuss in Appendix A most of the models in the published

literature concern themselves with stages 1 2 and 6 There has been

much less emphasis on stages 3 4 and 7 which include parameter estima-

tion, statistical tests for goodness of fit, time-varying and non-

stationary effects and correlations of site-specific characteristics

with earthquake data. We also find that because the ARMA models are

identified and their parameters are estimated directly from data in the

time domain, they provide an extremely direct method of proceeding from

the analysis of actual accelerograms to the generation of artificial

accelerograms with the same characteristics. The number of steps from

analysis to simulation is reduced since it is not necessary to convert

back and forth between discrete and continuous models, or between time-

domain and frequency-domain characterizations.

In the models that we discussed in Chapters 2 and 3 the em-

phasis has been on identifying both the order of the linear model and

estimates of model parameters which satisfactorily describe actual earth-

quake records. Possibly the most important use of these models is in

simulating typical or atypical earthquakes possibly in conjunction with

structural response models. The idea behind such simulations would be

to first correlate white noise through the use of one or more ARMA 21)

or A1C.UX 41) filters of the type discussed in earlier chapters and
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eventually use the output of these filters as inputs for the forcing

functions of the structural response equations.

Discrete models with constant parameters above can be used to model

short segments of earthquake ground acceleration records over which the

statistical characteristics are approximately constant. However, to

model longer records it is necessary to incorporate nonstationary features,

especially the build-up and decay in amplitude characteristic of real

earthquakes. In filtered-noise models in the literature this is usually

accomplished by applying an envelope (or "time-multiplier") function

either to the white noise input or to the filtered noise output. The

�or-_er approach has the advantage that it allows the transient response

fro-, nonstationary inputs to be reflected in the output of the filter.

In an ARNMA model this can be achieved by letting the noise input variance

2
be an explicit function of time, i.e., e N a Some modelst (0 e ) 

in the literature (e.g., Amin and Ang, G[12]) have also attempted to

ex->licitly account for nonstationary spectral characteristics by using

filters with time-varying parameters. In an ARMA model this effect

can also be achieved by letting the autoregressive and/or moving-average

parameters be time-varying. Techniques such as the Kalman filter

(described in Reference T[ 1) can be used to estimate the time-histories

of MA parameters in real accelerograms if they are thought to be

ti=e-varying.

In our opinion there appears to be several potentially productive

areas for continuing research:
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1. The identification, analysis and parameter estimation of a

number of low and high intensity earthquakes at distinct sites

including three directional acceleration data.

2. The design and development of discrete-time simulation models

for earthquake ground motions yielding acceleration data outputs

suitable for use as input data to linear and nonlinear models

of structures.

3. The design and analysis of baseline correction filters to be

used in conjunction with the simulation models described above.

There are several promising first and second order ARMA filters

which can be used to achieve baseline corrections.

4. The design and analysis of discrete time models that include

nonstationary features in the variance of the white noise forcing

functions and in the structure of the autoregressive and moving

average parameters of these models.

5. Statistical comparison and validation of measures of goodness-of-

fit between simulated and actual ground motions. These include

comparison of the distributions of acceleration data, extreme

value analysis, chi-square tests of forecast residuals, auto-

correlations and partial autocorrelations as well as the more

familiar spectral characteristics.

6. The design and analysis of scaling laws and indices which can

be useful to the engineer in his or her analysis of "worst

possible" ground motions based on extrapolation of existing

historical observations and predicted earthquake magnitudes.



63

APPENDIX A

EXISTING ODELS FOR EARTHQUAKE GROUND MOTIONS

A.1 Introduction

This appendix describes some of the published methods that have

been used to describe the accelerations of earthquake ground motions.

In Figure 41 we gave a diagrammatic representation of the complete

process. Most papers on models of earthquake ground motions are only

concerned with particular aspects of the overall problem; however,

in Iyengar and Iyengar (G[11]) most of the steps are included.

Section 2 summarizes some common methods of characterizing earthquakes;

Section 3 describes several models that have been proposed; and Section 4

lists different models for simulating structural responses to earth-

quakes. Simulated earthquakes may be used either for testing given

models, or, when models are adequate, as inputs to structural response

simulations. Although this report is not primarily concerned with

structural response, we have included a short section on the subject

because many papers on structural response refer to the use of simulated

ground motions.

A.2 Analysis a d Characterization of Earthquakes

Since, for the purposes of structural design, the dynamic response

of many buildings may be approximated as that of a linear oscillator,

it is common to characterize earthquakes in terms of their frequency

contents. Two such characterizations of earthquakes with finite duration,

T , are the Response pectrum and the Fourier Amplitude Stectrum.
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The Response Spectrum, for a given damping coefficient is de-

fined as the maximum absolute "response" of a linear oscillator to the

given earthquake, as a function of the oscillator natural frequency w 0

The "response" may be defined as the output displacement x(t) the

2pseudo velocity x(t) - w the pseudo acceleration x(t) . W or the

2 2 2
quantity r(t) given by r W (W X(O) + kt) + & W X(O)

T, iwt
The Fourier Amplitude Spectrum is the quantity F(w - If e a(t)dt as

0

a function of frequency w where a(t) is the ground acceleration.

Both these quantities are properties of the particular earthquake

being analyzed. Response and Fourier Amplitude Spectra for several re-

corded earthquakes, together with the digitized accelerations, velocities,

and displacements of ground motions have been compiled at the California

Institute of Technology (Reference D[1]).

None of the above functions incorporates the time-varying nature of

an earthquake. Among the functions which do take this into account are

the Response Envelope Spectrum and the Moving Wir2.ow Fourier Amplitude

Spectrum.

The Response Envelope Spectrum (R.E.S.) (G[9]) is obtained, like the

Response Spectrum, by using the earthquake record as input to a succession

of linear oscillators (sometimes known as the "multifilter" technique),

but plotting the "envelope" of the output as a function of both time and

oscillator frequency. For the Moving Window Four�er Amplitude Spectz

(M.W.F.A.S.) (G[l]), one calculates the Fourier Amplitude Spectrum of the

earthquake over relatively small time intervals, and plots this as a

function of both time and frequency.
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Besides frequency domain characteristics, there are time domain

properties of an earthquake which are useful. One such property is the

T
Sample Autocorrelation Function P(s) f a(T)a(T - s)dT where

To s
a

2 1 T 2
a - f a (T)dT . Another characterization, for nonstationary processes*

a T 0

is given in T6] and T[7], using the concept of a tne-dener2ent auto-

correlation function.

The quantities mentioned above are not only useful in characterizing

certain features of given earthquake records, they may also be used in

estimation of the statistical properties of earthquakes in general.

The distinction between the actual samples (empirical values) and the

underlying statistical properties (e.g., expected values) is not always

made clear in the literature.

For tationary and ergodic stochastic processes, the Response Spectrum

may be used as an estimate of the Expected Respor.3e S�nectrum, and the

2
quantity T may be used as an estimate of the P.S.D.F. Similarly

the Sample Autocorrelation Function may be used as an estimate of the true

Autocorrelation Function of the random process of which the earthquake is

a sample realization.

As mentioned in Chapters and 2 descriptions of time series in

terms of their spectral properties have equivalent formulations in terms

of filtered white noise. For example, if a(t) consists of white noise

2
with variance a filtered through an impulse response h(t) with

transfer function H(w) , the Power pectral Density Function (P.S.D.F.)

2
a 2

of a(t) is given by G(w = IHMI These frequency domain
2ff
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properties also have equivalent formulations in the time domain. For

example, the P.S.D.F. is the Fourier Transform of the autocorrelation

function.

For nonstationary processes, the R.E.S. may be used to estimate the

Expected Response EnveZope Spectrum, and the M.W.F.A.S. for estimating

the oZutionary Power Spectral Density Function (E.P.S.D.F.) as defined

in T[11] and T[12]. Other estimates of the E.P.S.D.F. are given in G[3]

(using the multifilter technique), and, for special cases, in G10].

A.3 Existing Statistical Models for Earthquake Ground Motions

The models listed here include some which were invented without

reference to earthquakes, but which were subsequently used in this

connection. The types of models considered are those which are suitable

for motions usually associated with strong earthquakes on firm ground,

for which there are no dominating frequency components (T[5], Chapter 74)..

For modelling ground motions, given that an earthquake has occurred,

it is necessary to regard some quantities as parameters of the earthquake,

and to model the ground motions as a random process conditional on the

parameters. Duration of the earthquake and intensity are examples of

what may be used as parameters.

Most probabilistic models for earthquake ground motions are based

either on "shot noise" G5], G[22], R[11, R[3], T[31), which is a stochastic

process consisting of randomly arriving impulses with random amplitudes,

or on "white noise" (differentiated Brownian motion), a limiting form of

shot noise M51, Chapter 93). Ground motions are described by these

models as being generated by a shot- or white-noise sequence.
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For example, earthquakes are sometimes regarded as "bursts" of

white noise, of finite duration. This model is used in R[4], R[7], and

R[8]. A refinement to this model gives ground accelerations as finite

segments of white noise passed through a linear time-invariant filter

(G[20], G[21]).

However, since earthquakes are clearly nonstationary, in order to

model ground motions more accurately, some time-variation must be

introduced. The simplest method is to model the acceleration of an

earthquake of given duration as a segment of a stationary random process

(e.g., filtered noise) multiplied by a predetermined "time-multiplier"

or "envelope function" �(t) :

Stationary Nonstationary
Ground Ground

Ground Motions Motions
Motion
Filter

FIGURE A.1

USE OF A TME MULTIPLIER

One commonly used shape for *(t) is (G[141, G[151):

t
0

FIGURE A.2

EXAMPLE OF A TIME MULTIPLIER
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0 T t

FIGURE A.3

TIME ULTIPLIER FOR BURST-OF-WHITE-NOISE MODEL

For a smmary of other suggested shapes, see G[l] and G[5). This type

of model has been used for calculating theoretical response in R[61,

R[11] and R[141.

Another approach is to suppose that the noise process which generates

the motion is multiplied by a time-multiplier before passing through

the ground motion filter G[11], G[12]). A summary of the different

time-multipliers that have been used is given in G51.

Most of the ground motion filters used are simple 1-degree of

freedom oscillators, of which the following is an example:

y
X

LL

z

FIGURE A.4

A SIMPLE OSCILLATOR

z is the ground displacement, x is an "input" displacement, and

+ 2t ; + W2z W 2x
c c c c
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Letting a = z , the ground acceleration, Equation (A.1) may be written

as

(A.2) + 2E � + 2 a = w2b
C C c C

where b is the input acceleration, or as

2 2-
(A.3) + 2t CWC� + W a = C

where c is the input velocity.

One kind of model (G[12]) assumes b is white noise, so that, in

terms of white noise input, the frequency response function is

(A.4) H(iW)
2 iW

+ 2E2 C
W CC

with impulse response function

-ECW Ct C,
(A.5) h(t) - Ce sin CW Ct

Another model G[17]) assumes that c is white noise. The frequency

response in terms of white noise input is now

(A.6) H(iw) W
W2 iW

+ 2E -2 C W
W CC

with impulse response function
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-cc W ct
(A.7) h(t) De Cos tc

where

- 2C 2
(A.8) tan C4-1--

C2
2�c C

L j

As noted in Chapter 2 this model is equivalent to applying white noise

input acceleration to the end of the dashpot, while holding the spring

fixed.

The autocorrelation functions and power spectra for these processes

may be found in Chapter 2 The latter model has the advantage that,

for time-multipliers that tend to as t the mean square velocity

also tends to .

If, instead of Figure A4, the oscillator is one found in many structural

response studies:

y
x

z

FIGURE A.5

ANOTHER SIMPLE OSCILLATOR

then Equation (A.2) and (A.4) become

(A.9) + 2C W � + 2a - 2E L + 2bc C c c c c
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1 + 2 2W
C W

(A-10) H(iw) c2
W

2 + 2&c
W

W C
C

In G[7 a model is given in which a white noise process is filtered

before and after passing through a time-multiplier:

Time
White Correlated Multiplier Nonstationary Ground
Noise h Noise Noise Acceleration
--- N- [ No

w(t) n(t)

FIGURE A.6

GROUND MOTIONS AS FILTERED WHITE NOISE

Another method is to pass white noise through a ime-Varying filter.

An example is given in G[20], based on the concept of the evolutionary

spectrum T[11] and T[12]), in which

2 W2 1
1 4&

C W2(t) 'C (t)
(A.11) G(wt) C

W2 2 2 2
2 + 4&C 2

Wc(t) c(t)

where w (t) is a deterministic function of time:

(A.12) (t) Y
c st + 

In G1] the resulting process is multiplied by a function of the type

*(t - (a a te-'Lt
1 2
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Time-Varying Time
-White Filter Nonstationary Multiplier Ground
Noise Noise Acceleration

------- NW- I _Vw� �
W(t

FIGURE A.7

GROUND MOTIONS AS FILTERED WHITE NOISE

A similar model, given in R[151 is

n -CXit
(A.13) a(t) I taie Cos (Wi +

J_

where a a I and w are given quantities and are random

variables.

A.4 Structural Response

Theoretical work on structural response to earthquakes may broadly

be divided into two categories: analytical results (R[l], R[3], R[4],

R[61, R[71, R[11]) and results from simulation (R[2], R[8), R[12]).

Many of the works referred to are not written with direct reference to

structural response to earthquakes, but are phrased in more abstract terms.

So=e works are concerned with maximum responses for linear and

nonlinear oscillators (R[2], R[16]), others with first passage probabilities

(R[31, R[9]). A variety of input models of the type discussed in Section 3

are used for representing ground motion. In G[2] and R[4] it is shown,

based on work by Caughey and Stumpf [T[14]) and Hammond T9]), how the

s-pectral properties of the response vary with time for certain types of

transient input. An interesting approach, given in R[13) and R10], finds

the in:)ut, out of all possible inputs in a certain class, which gives the

worst response to certain structures.
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