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Abstract 

As a f i r s t  step toward a computer model of a biomembrane-like 

bi 1 ayer, a dynami c,  determi n i s t i  c model of a phosphol ipi  d monol ayer 

has been constructed. The model moves phospholipi d- l i  ke centers of 

force according to  an integrated law of motion in f i n i t e  difference 

form. Forces on each phospholipid analogue are derived from the 

gradient of the local potent ial ,  i t s e l f  the sum of Coulombic and 

s hort-range terms. The Coulombic' term i s  approximated 'by use of a 

f i  n i  te-diff  erence form of Poisson Is equati on, whi 1 e the short-range 

'term res ul t s  from f i  ni te-radi us, pai rwise sumat i  on of a 

Lennard-Jones potential..  Boundary potent ials  are t reated i n  such a 

way tha t  the model i s ,  e f fec t ive ly  i n f i n i t e  i n  extent in  the plane 

of the monol ayer . The two-dimensi onal vi ri a1 theorem i s used to 

find the surface pressure of the monolayer as a function of 

molecular are.a. Pressure-versus-area curves for  simulated 

monolayers are compared to  those of real monolayers.. Dependence of 

the simul ator ' s  behavi or on  enn nard-Jones parameters and the 

specif ic  geometry of the mol ecul ar analogue i s  discussed. 
. . 

Imp1 i cat i  ons for  the physi cal theory of phospholipi d monol ayers and 

bi 1 ayers are devel oped. 
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I. A. Phospholipids and Biomembrane Structure 

-Models of Biomembrane Structure 

Since the middle of the nineteenth century, when 

Nageli first suggested that cells may be encapsulated in a 

membrane impermeable to some substances,.much has been 

learned of the structure of biological membranes. 

Pl asmalemmal and iniracel 1 ul ar. membranes from various 

organs and organisms generally have the following common 

character ist i'cs: 

(i) they are constructed i.n large part from lipids 

and proteins, 

(ii) their thickness is on the order of 50 angstroms, 

' ( i i i )  they are more permeable to lipid-soluble 

compounds than to lipid-insoluble compounds 

(disregarding metabol ical ly-energized transport). 

In addition, electron-microscopic and X-ray diffraction 

studies of various membranes, including sarcoplasmic 

reticulum, erythrocytes, myelin, and retinal rods (Lee, 

1975; Jain, 1972), have led to a structural model which is 

very widely accepted .among membranologists. In this 

model, the membrane is visualized as a two-dimenslonal 

matrix of lipid molecules in which proteins are,embedded. 



'The matrix i s  bi- lamellar  in form, with the  polar ends of 

the  l i p i d s  facing outward and t he  non-polar ends inward. 

Whether the prote ins  l i e  on the surface  of the matrix or 

' a r e  deeply embedded in t he  matrix i s  not e n t i r e l y  c l e a r ,  

though the 1 a t t e r  arrangement may sometimes be favored 

thermodynamical l y  (Singer and Nicol son, 1972). 

Furthermore, i t  seems l i k e l y  t h a t  some prote ins  extend 

from one s ide  of t he  membrane t o  t he  o ther ,  p a r t i c u l a r l y  

in view of the trans-membrane t ranspor t  of ions known t o  

be mediated by such metabolically-powered, proteinaceous 

pumps as the (caH + M ~ * )  -depende.nt adenosi netriphos- 

phatase of sarcoplasmic reticulum (Shamoo and MacLennan, 

1974). Both proteins and l i p i d s  have some mobil i ty in 

t h i s  s t r uc tu r e  (Cherry, 1976). 

There are  two energet ic  f ac to r s  which favor the 

s t a b i l i t y  of t h i s  membrane s t ruc ture :  hydrophobic and 

hydrophilic contr ibut ions  to  the f r e e  energy of the 

system. More f r e e  energy. i s  required' t o  i n s e r t  a 

non-polar moiety in to  a polar environment than in to  a 

non-pol ar' environment (hydrophobicity) and, simi 1 a r l y ,  

more f r e e  energy i s  required t o  i n s e r t  a polar moiety in to  

a non-polar environment than i n to  a polar environment 

(hydrophi l i c i ty ) .  If one were t o  m0ve.a ' l ipid molecule 

out of the  bi- lamellar  membrane so t h a t  t he  hydrocarbon 

t a i l s  were p a r t i a l l y  exposed t o  the  surrounding aqueous 



solution, the hydrophobic increase in f r ee  energy would be 

approximately 1.2 kcal/mole for  every pair of CH2 

groups exposed . Since t ransfer  of zwi t t e r ion ic  glycine 

from water to  acetone, a non-polar solvent, increases the 

f r e e  energy by 6.0 kcal/mole (Singer, 1971), the 

hydrophilic increase in f r e e  energy which would r e su l t  i f  

one moved the polar head of a phospholipid into the 

non-polar in te r ior  of the  membrane i s  estimated t o ,  be 

several kilocalories per mole. NAkT i s  about 0.6 kcal 

at  300" K, so these s tab i l iz ing  factors  are f ive  to  ten 

times 1 arger than thermal energies. 

There are sever a1 ways to  form mol ecul ar gystems in 

the laboratory which. have s t ructures  somewhat similar t o  

the l ip id  matrix of ce l lu la r  membranes. One may form 

mu1 t i p l e  bil  ayers by dispersing phospholipids in water 

(Tanford, 1973), sing1 e bil ayers by spreading a 

phospholipid-decane mixture over a small aperture in a 

submerged p las t ic  cup and allowing i t  to  thin until  i t  

appears black (Jain,  1972), or single monol ayers by 

spreading phospholipids on the surf ace of a body of water 

(Rothfield and Fried, 1975). Investigation of these 

a r t i f  ie'ial systems pruv ides vat-ious types of information 

on physical processes which may be important in natural 

membranes. In parti  cul ar ,  the monol ayer technique a1 1 ows 



one t o  measure severa l  p r o p e r t i  es , such as the s u r f  ace 

pressure  o f  t h e  f i l m  as i t  i s  expanded or  con t rac ted  

mechanical ly ,  and t o  de r i ve  some knowlege o f  molecular  

o r i e n t a t i o n  (Adamson, 1976, p. 101), f i l m - s u b s t r a t e  

i nt er a c t i  ons , and i nt  r ' a - f i  1  m i n t  er a c t i  ons (Gers h f  e l  d, 



- The Nature o f  Phospho l ip id  Molecules 

From a  b i o p h y s i c i s t ' s  p o i n t  o f  .view, t he .mos t  

important  p r o p e r t y  o f  phosphol ipi d mol ecul es i s  t h a t  t h e y  

are. amphipathic. I n  t h e  l i t e r a l  sense, t h i s  means t h a t  

t h e y  have " two-s i  ded f e e l i n g s "  o r  are .a f fec ted  i n  two 

c o n t r a r y  ways. I n  t h e  p h y s i c a l  sense, t h i s  means. t h a t  

t h e y  have bo th  p o l  ar and non-pol ar r e g i  ons , t h e  f i r s  t 

h y d r o p h i l i c  and t h e  second hydrophobic. F i g u r e  1.1 i s  a  

schemati c  d i  agram o f  a  common phosphol i p i  d, d ipa lm i  toy1  

phosphati  d y l c h o l i  ne. The p o l a r  head group has a  d i p o l e  

moment o f  approximate ly  19 debyes i n  vacuo, the  

hydrocarbon chai ns whi ch f o m  t h e  non-pol ar t a i l  con ta i  n, 

16 carbon atoms and no carbon-carbon double bonds, and the  

e n t i  r e  molecule has a  wei ght o f  733 dal tons. The 1  ength 

o f  the f u l  ly-extended molecu le  i s  about 34 angstroms, t h e  

l e n g t h  o f  t h e  f u l l y - e x t e n d e d  t a i l s  i s  about 22 angstroms, 

and the  minimal c ross-sec t i  on i s  about 5 angstroms by 9 

angs troms . 
TWO f a c e t s  i f  the conformat i  on o f  phosphati  dy l  chol  i ne 

and s i m i l  ar. mol ecul es are p  a r t i  c u l  a r l y  re1  evant t o  

membrane s tud ies :  the o r i e n t a t i o n  of t he  head-group d i p o l e  

and t h e  @xtens i  on of t 'he t a i l s .  Both have rece ived great  

a t t e n t i o n  i n  the  l i t e r a t u r e :  the f i r s t  because the 



F i g u r e  I'.1 

Schemati  c d i  agram of  d i p a l m i  t o y 1  p  h o s p h a t i  dyl  c h o l i  ne 





e l e c t r o s t a t i c  i n t e r a c t i o n  o f  the molecules i n  t h e  l i p i d  

m a t r i  x w i  11 be much d i f f e r e n t  i f  t h e i r  d i  p o l  es li e i n t h e  

p lane o f  the m a t r i x  r a t h e r  t h a n  perpend icu la r  t o  i t ,  and 

t h e  second bec.ause t h e  s u r f  ace area e f f  e c t i  v e l y  occupi ed 

by each molecul e w i  11 va ry  accordi  ng t o  t h e  degree t o  

which t h e  t a i l s  are f u l l y  extended and c o - l i  near. The 

quest i  on o f  d i p o l e  o r i e n t a t i o n  remains con t rove rs i  a1 , b u t  

qui  t e  ' understandably so, s i  nce t h e  head group, be ing  

expos ed t o  t h e  aqueous envi ronment , i s c e r t  a i  n t o  be 

a f f e c t e d  vecy s i  g n i f  i c a n t l y  by t h e  temperature, i oni  c 

s ' t rength, and pH o f  the  s o l u t i o n ,  and by t h e  s t a t e  o f  the 

l i p i d  mat r i , x  as a whole. I n  t h e  m a t t e r  o f  t a i l  

conf ormati on i n b i  1 ayers t h e r e  i s more agreement : the 

t a i l s  are f u l l y  extended be1 ow t h e  cal o r i m e t r i  c a l l y -  

observed t r a n s i  ti on temper a t  u re  (Hi  tchcock, e t  a1 . , 1974), 

but  s h w  a greater  tendency t o  bend, especi a1 1 y a t  

1 oca t i  ons near the te rm ina l  methyl group, above t h i  s 

temperature (Lee, 1975). The t r a n s i  ti on temperature i s  

l w e r e d  i f  the t a l l  s cont a i  n car-burr-car. bon h u b 1  c bonds; 

i t  i s  r a i s e d  i f  the t a i l  s c o n t a i n  more CH2 groups 

(Me1 chi or and Steim, 1976). I n  mono1 ayers , t h e  

o r i e n t a t i o n  o f  the l i p i d s  depends upon t h e  surface 

pressure: t h e  t a i l s  are pe rpend icu la r  t o  t h e  f i l m  a t  h i g h  

pressures and l i e  i n  t h e  p lane o f  the f i l m  at low 

press ures (Gai nes , 1966, p . 169). Furthermore, t he 



t rans i t ion  temperature i n  monolayers increases as the 

surf ace pressure i ncreases, b u t ,  except at. very 1 ow 

pressures, the t a i l s  are thought t o  be f u l l y  extended 

be1.o~ t h a t  temperature and bent above i t  (Cadenhead, 1971).  



I. B. 1nt'er a c t i  ons o f  Phosphol i p i  d Mol ecul es 

- E l  e c t r o s t a t i  c I n t e r a c t i  ons 

Since phospho l i p id  heads are p o l a r ,  t h e r e  i s  a 

charge-charge i n t e r a c t i  on between them whi ch may be 

expressed i n terms o f  the Coul m b i  c p o t e n t i  a1 : 

' c. - Qi Qj ¶ 

ij' 4ne ri 

where s i s  the permi tti v i  t y  and 

Qi I magnitude o f  the ith charge 

rij I d is tance between the  ith and jth charges . 

Sever a1 common phos pho 1 i p i  ds, i ncl  udi ng phos p h a t i  dyl  

ethanolamine and phosphat idy l  cho l ine ,  have one p o s i t i v e  

and one negat ive charge on each head group. Summing these  

i n t e r a c t i o n s  i n  p a i r s ,  we o b t a i n  t h e  t o t a l  Coulcmbic 

po t  e n t i  a1 fo r  two such mol ecul es : 

2 c - e 1 1 1 , - -  - - -  1 
+ -1 ' to ta l  4ne r rZ3 rZ4  

where charges 1 and 3 have values o f  +e and charges ' 2  and 

4 have val ues of -e. 



We may use the l a s t  equation t o  compute a few 

represent a t i  ve, two-molecul e i nteracti  on ener gi es . 
Suppose the arrangement were 

I 

Then, i n a vacuum, with a=4A, we have' 

C 

b (A)  'tot a1 ( J) 

If one of the  molecules were flipped end-for-end, so  tha t  

charges of unlike sign lay closer than charges of l ike  

si  g n ,  woul d be of the sane magnitude, b u t  @tot  a1 

op'posite i n  sign. This interaction energy i s  c l ea r ly  

dependent upon the  ori,erltation of the diploar head 



13. 
groups. For separ a t i  ons greater  than sever a1 d i  pol  e 

1 engths , i t may be- conveni ent t o  use a d i  po l  e-di po l  e 

i n t e r a c t i o n  energy o f  the fo rm 

'a'b DD - 
. - - -  3 ( 2  cos  eacos eb - s i  n 8, s i  n eb cos (qb - $ a ) )  , 

4ner a 

where 

'ay 'b z d i p o l  e mments o f  mol ecul es ' a and b 

r = d i s tance  between d ipo l  e centers., ab - 

and €la, Bb,$a,  and 4b desc r ibe  t h e  o r i e n t a t i o n  

o f  molecules a and b ( H i r s c h f e l d e r ,  C u r t i s s ,  and B i rd ,  



- E 1  ectrodynami c  I n t e r  a c t i  ons 

L e t  us focus our a t t e n t i  on upon t h e  s a t u r a t e d  

hydrocarbon chains o f  a  phosphol i p i  d  mol ecul e. The 

e l e c t r o n e g a t i  v i  ti es o f  carbon and hydrogen are 2.5 and 2.1 

on t h e  P a u l i n g  s c a l e  and we may t a k e  the  reg ions  away f rom 

t h e  carbonyl group t o  be non-polar.  These reg ions  w i l l  

exper i  ence an e f f  e c t i  ve b i  nd i  ng f o r c e  due t o  t h e  

i n t e r a c t i  on o f  i nduced d ipo les  on ne i  ghbori ng chai ns. 

Th i s  f o r c e  i s  known as a  d i s p e r s i o n  f o r c e  and i t  a r i ses  i n  

t h e  fo11 owing manner: 

( i  ) a  f l  u c t u a t i  on i n  t h e  e l e c t r o n  c loud o f  a  g iven 

mol ecul e  c rea tes  a  s  h o r t -  1  i ved d i  p o l  e  moment; 

( i  i ) t h i s  d i p o l e  moment p o l a r i z e s  a  r e g i o n  o f  a  

'nei ghbori ng  mol ecul e, c r e a t i n g  a  dip01 e  moment 

oppos i te  i n  o r i e n t a t i o n  t o  t h e  f i r s t ;  

( i  ii ) these i nduced d ipo les  a t t r a c t  one another. 

The s i t u a t i o n  i s  somewhat more compl icated than t h i s  s ince  

t h e  fl uct  u a t i  ons a t  a  g i  ven p o i  n t  depend . upon spontaneous 

f l u c t u a t i o n s  occur i  ng a t  a l l  o ther  p o i n t s  i n  t h e  system. 



It i s  t hus  t h e  c o r r e l a t i o n  between f l u c t u a t i o n s  ' t h a t  

determines t h e  magnitude o f  t h e  d i s p e r s i o n  fo rce .  

The s a l i e n t  f e a t u r e s  o f  t h e  i n t e r a c t i o n  energy due t o  

. d i s p e r s i o n  are expressed by  

where 

a = p o l  a r i  zabi 1  i t y  o f  the i th mol ecul e  i -  

r i j  d i s tance  between t h e  i th and jth m o l e c ~ l e s .  

The po l  ari zabi 1  i t y  t e l l  s  one how much i nduced d i  po l  e  

munent appears when an e x t e r n a l  f i e l d  i s  app l ied .  If t h e  

po l  a r i z a b i l  i t i e s  are smal l ,  then  t h e  d i s p e r s i o n  

i n t e r a c t i  on must a1 so be m a 1  1 , s i  nce i t  depends upon, 

f i e l d -  induced d i s t o r t i o n s  of  e l e c t r o n  clouds. 

There are t w o  h a s i r :  methnds o f  c a l c u l a t i n g  t h e  

magnitude o f  the d i s p e r s i v e  i n t e r a c t i o n ,  . The f i r s t  o f  

t hese  i s  de r i ved  f rom t h e  equat ions  f o r  t h e  d i s p e r s i v e  

i n t e r a c t i o n  between two p o i n t  p a r t i c l e s  i n  a  vacuum. I n  

o rder  t o  o b t a i n  Wdis f o r  extended bodies, one assunes 

t h a t  t h e  t o t a l  i n t e r a c t i o n  i s  t h e  sun of i n t e r a c t i o n s  



between pa i r s  of subunits  making up t he  system (Hamaker, 

1937; London, ' l930a).  I t  i s  known t h a t  t h i s  method i s  not 

r i  gorous. 

The other met hod f o r  cal  cul a t i  ng the di spers i  ve 

in te rac t ion  i s  based upon work of L i f sh i t z  and co-workers 

(L i f sh i t z ,  1956; Dzyaloshinskii,  -- e t  a l . ,  1961) i n  which . 

t h e  i n teract i  ng bodi es are  t rea ted  as continuous medi a. 

The i nteracti,on i s  consi dered t o  take place through a 

f luc tua t ing  electromagnetic f i e l d  present i n  t h e  i n t e r i o r  

of materi a1 bodi es and extendi rig beyond t h e i r  boundari es . 
This set of local f i e l d s  i s  then t rea ted  as an 

electromagnetic f i  e l  d covering the  ent i  r e  system (Brenner 

and ~ ~ ~ u a r r i e ,  1973). This theory i s  thought t o  be 

r igorous,  b u t  i t s  extension t o  non-planar geometries i s  

d i f f i c u l t .  

In order t o  obtain some est'imate of t he  s i  ze of 

d ispers i  on ener gi es  i,n bi 1 ayer systems, we. rever t  to an 

appl i ca t i  on of the London-Hamaker summati on techni clue 
. . 

(Salem, 1960, 1962). Consider two para l l  e l ,  sa tu ra ted  

hydrocar.bon chai ns where 

L length of chain 

X : length of subunit i n  chain 

N z n~nnber of subunits i n  cha in  

D z dis tance between chains 



By ass umi ng t h a t  i ndi  v i  dual subuni t s  have an i n t  er a c t i  on 

' energy o f  t h e  form 

where 

d  z d is tance  between subun i ts  

A z Hamaker "cons tant " ,  

t h e  i n t e r a c t i o n s  between a l l  subun i t s  are summed t o  g i ve  

T h i s  becomes, f o r  D-L, 

The subun i t  t o  be used i n  t h e  c a l c u l a t i o n  i s  

H  

0 

w i  t h  1=1.26A. The i nt  er  a c t i  on between two subun i ts  , 

'bond3 i s obt a i  ned by cornputi ng the  f 01 1  owi.ng bond- bond 

i nt  e r a c t i  ons, 

cc ---- CC ( I  I n t e r a c t i o n )  

CH ---- CH ( 4  i n t e r a c t i o n s )  

cc ---- CH ( 4  i n t e r a c t i o n s )  



accor di ng t o  

where t.he primes different i  a te  one bond from another, 

2 e ( 2 r i )  > i s  the expectation value of the operator 
i 

( f r i ) '  i n  the ground s t a t e ,  and r i  and r i *  refer  
1 

to el ectroni c coordi nates of the bonds. Thi s expressi on 

i s  an approxim ati  on of London' s f ormul a for .  t he  

.dipole-dipole contribution t o  the dispersion energy of two 

molecul es (London, 1930b). 

Usi ng experimental values fo r  the mean bond 

2' pol arizabil  i t i  es and calcul a t i  ng <(?!ti ) > for the 
i 

C-H and  C-c bonds with local bond wavefunctions, Salem 

arrived a t  

kcal 3- - Wi - - 1.34 x 10 mole 
d 6  

( d  i n  angstroms). 

Hence, for  two chains 
3 kcal 

?TAN - N  (1 '24 lo ) (, i n  m n c t r n m c  
'' . 'di s 

N i s  the number of subuni t s ,  b u t  N i s  equal t o  the number 

of carbon atoms in  the chain s i  nce each carbon atom . 

be1 ongs t o  two subunits. Then, if we use values of 4 

angstroms for  D and 18 fo r  N ,  we have, for.  two molecules, 



J - 18 (1.24 x lo3 s) (4.19 - ) 
- - kca 1 

'dis NA (415 

where NA i s  Avogadrols number. 

The a t t r ac t ive  term of the Lennard-Jones potential  

will be used to  simulate the dispersive interaction of 

phospholipids. The maximum depth of the potential  well, 

6,. should have a magnitude not great ly  d i f fe rent  from 

the value of W d i s  jus t  calculated.. 

I t  should be mentioned tha t  interact ions between 

permanent charges and induced dipoles a1 so contribute to  

the electrodynamic interaction energy. For molecules of 

net charge C ,  po lar izabi l i ty  a ,  and dipole moment p, 

2 4 the leading term for t h i s  interaction i s  C a/r and 

' 6 the second term i s  pLa/r . However, for  neutral 

molecules, the r-4 term disappears and the r-6 term 

may be accounted fo r  in the a t t r ac t ive  portion of the 

Lennard-Jones potenti a1 (Hirschfelder, -- e t  a1 . , 1354, 



- Overlap Interactions 

A third category of interact ion i s  caused by over1 ap 

of the  electron clouds of neighboring molecules. In 

quant urn-mechan i cal terms, e l  ectrons are forced, by the 

Pauli exclusion pri ncipl e ,  to  occupy orb i ta l s  of hi gher 

energy as the molecules approach; t h i s  leads to  a  

repul si ve force  between t h e m .  

The de ta i l s  of t h i s  interact ion,  also known as the 

val ence force,  are qui te  compli cated ( H i  rschfel der, 

Curtiss,  and Bird, pp .  26, 917).  For my simulation 

,purposes, i t  i s  su f f i c i en t . . t ha t  the  repulsive force 

,increase rapi dly as the i  ntermolecul ar distance decreases . 

beyond a  certain value; t h e  re:: term of the  Lennard-Jones 

potenti a1 will serve t h i s  function. 



Physical Chemistry of Lipid Monolayers a t  the  Air-Water 

I n t  erf  ace 

.-Structure of the Air-F.ilm-Water System 

The study of the sur f  ace phenomena of l iqu ids  has 

engaged many s c i e n t i f i c  lumi nar ies  s i  nce the  seventeenth 

century, among them Young, Lap1 ace, Gauss, Poisson, 

Kelvin, Maxwell, Gi b b s ,  and Rayleigh (Rayleigh, 1910). In 

t h i s  century, t h e  work of Langmuir, Harkins, Adam, 

Dervichian, Joly,  Rideal, and Gorter has formed the basis  

of current .  understanding. of f i lms spread a t  t h e  ai r-water 

i n t e r f ace  (Gaines, 1966). 

Si nce water cons i s t s  of pol ar mol ecules and ai r of 

nonpolar molecules, i t  i s  to be expected t ha t  amphipathic 

substances might form s t a b l e  layers  a t  t h e  air-water 

i n t e r f ace . .  A molecule with i t s  hydrophil ic p a r t  in  water 

and i t s  hydrophobic p a r t  i n  a i r  i s  i n  a s t a t e  of lower 

energy than would be the case if i t  had both p a r t s  in  

e i ' ther  water or a i r .  As a r e s u l t ,  molecules a t  t h e  

i n t e r f ace .  a re  r e s i s t a n t  t o  both so lva t i  on and 

evaporation. In f a c t ,  Benjamin Franklin noted t h a t  a 

teaspoonful of o i l  would exer t  a remarkable calmi ng e f f e c t  

as i t  spread to cover a half-acre of water surf ace 



(Franklin, 1773). No more data are needed to show tha t  

such o i l  films are extremelythin:  the volume of o i l ,  

about 5 cubic. centimeters, divided by the area covered, 

about 2000 square meters, gives a thickness of 25 

angstroms. 

Modern f i  lm-bal ance experiments measure the 

horizontal pressure .requi red to  constrain the  film to a 

certa.in area. Such experiments have demonstrated tha t  

many amphipathic substances, f a t t y  acids and alcohol s in 

par t icu lar ,  form s t ab le  films one molecule thick. 

Furthermore, si nce f a t t y  mol ecules of various chai n 

lengths. have the same limiting area per molecule, the 

mol ecules are ori ented with 1 ong axis approximately 

perpendicular to  the interface,  a t  leas t  a t  hi.gh surface 

pr.essul-es (Langmuir, 1917). Work by Adam and others has 

shown that  spontaneous spreading of an unconstrained fi lm 

resul t s  from an a t t rac t ion  between film and substrate  

molecules qreater than the mutual a t t ract ion of fi lm 

molecules. In addition, the film molecules l i e  para l le l  

to  the interface a t  very low surface pressures (Adam, 

1968, pp. 57, 212). 

Between the high-pressure, perpend i cu 1 ar and 

low-pressure, para l le l  configurations l i e s  an intermediate 

condition in  which the film molecules show resistance to  



compression greater  than in the para1 1 e l  conf i guration b u t  

l e s s  than in the perpendicular. This leads to  

pressure-area.isotherms such .as the one in Figure 1.2 for  

myrist.ic acid. There. are f ive  d i s t inc t  regions: 

I -, region of high-pressure, perpendicular 

configuration of ten 1 abel 1 ed "'condensed"; 

I1 - t rans i t ion  .region; 

111. - intermediate region often labelled "expandedu; 

IV - t rans i t ion  region; and, 

V .  - region of low-pressure, paral le l  configuration 

often labelled "gaseousu. 

The "condensed" phase of the monolayer i s  one of very 

t i g h t  molecular packing. T h e  isotherm i s  approximately 

l inear ,  very steep, and often exhibits a nearly ver t ical  

segment as the ,area pcr molecule approaches the area of a 

cross-section normal to  the molecule's long axis.  

Hydrocarbon chain-length and temperature have only s l i g h t  

e f fec t  on the isotherms of condensed films of f a t t y  

alcohols- and unionized f a t t y  acids of fourteen to  twenty 

carbons. ' However, .branched or unsaturated chains wi 11 

usually prohi b i t  formation of condensed films (Gaines, 

The "expandedu phase of the monolayer and the 

t rans i t ion  to  i t  f.rom the "condensed phase" are poorly 



Figure I .2 

Pressure-area isotherm f o r  myri s t i  c aci d 

on 0.01N HC1 a t  290'~ 

( a f t e r  Adam and ~ e s s o ~ ,  1926) 





understood. Experiments with unsaturated f a t t y  acids 

(Adam and Jessop, 1926; Nutting and Harki ns, 1939) show 

that  the expanded limb of the isotherm i s  raised very 

s l i  ghtly by i ncreased temperature or decreased chain 

length. The t rans i t ion  region, however, i s  much more 

affected: the transi ti on to  the "condensed" phase occurs 

at  s igni f icant ly  higher surface pressures. In qual i ta t ive  

terms, t h i s  behaviour may be explai ned by taking the 

"expanded" phase to  consist  of more-or- less verti  cal l y  

ori ented mol ecules whose hydrocarbon chai ns are moderately 

f r e e  to  bend and twist  about carbon-carbon bonds so tha t  

the area per molecule i s  about twice the cross-sectional 

area. A t  higher temperatures, these motions being more 

pronounced, addi t i  onal pressure must be appli ed to  

condense the film. Shorter chains have less a t t rac t ion  

f o r  one another and may flop about more violent ly within a 

given volume, so again more pressure must be applied. I t  

should he noted tha t  the expanded region of myristic acid 

isotherms .can be f i t t e d  w i t h  

where no i s a negati ve constant and A. depends 

l i  nearly on temperature (Langnuir, 1933). Adequate 



theoretical jus t i f ica t ion  of t h i s  equation has not yet 

been developed. 

The "gaseousu phase of the monolayer occurs when the 

molecules are so f a r  apart  t h a t  they exert  ,vir tual ly  no 

force on one another. The molecular area in  t h i s  region 
. . 

i s  extremely 1 arge, perhaps several thousand square 

angstroms, and some systems are known to  f o l l  ow 'the 

two-dimensi onal -gas equati on (Adam and Jessop, 1926) : 

The t rans i t ion  from "expanded" to  "gaseous" phases i s  

m arked by a const ant surf ace, pressure of approximately 0.1 

dyne/an as 'the f i lm molecules, having been compressed t o  a 

certai n density, adhere more cl osely due to  thei r mutual 

a t t r a c t i  on. 



2 8 

-Meas urement of Mono 1 ayer Properti es 

Monolayers are most of ten constructed i n"the 

laboratory from a solution of the film-forming substance 

in a hi ghly vol a t i l e ,  water-i nsol uble solvent, such .as 

n-hexane. In most s i tua t ions ,  essenti  a l ly  a l l  of the 

solvent will evaporate within a few minutes, so monolayer 

properti es w i  1 1 be unal tered by i t s  use (Gers hf eld,  

1974). The film i s  formed by depositing a small amount of 

this so lu t ion  on the surface of highly purified water; 

precauti ons are taken to minimize contami nation of the  

surf ace by dissolved and airborne impuri t i  es : The 

temperature of the system i s  a1 so control1 ed. 

I f  we know the molecular weight of the film-forming 

substance, and i f  w careful ly  measure both the area of 

the constrained film and the amount of substance added, 

then we may eas i ly  calculate  the  f i lm 's  surf ace area per 

molecule. I t  can be verified experimentally, i n  most 

cases, t h a t  the constrai ned film covers the surf ace 

uniformly and that  the amount of f i  lm-formi ng substance 

dissolved i n  the subs t ra te  i s  minute (Gai nes, 1966). 

There are two principal methods to r  measurement of 

the f i lm 's  surface pressure: the  Wilhelmy and Langmuir 

techniques. In the former, a thin p l a t e  of known s i ze  and 



d e n s i t y  i s  suspended v e r t i c a l l y  i n  t h e  l i q u i d  so t h a t  i t  

p i  erces t h e  s u r f  ace. The f o r c e  on t h e  suspending cord  

depends on the  s i z e  of t he  submerged p o r t i o n  o f  t he  p l a t e  

and on t h e  s u r f a c e  tens ion  o f  t h e  l i q u i d .  Spreading a  

monolayer on the  surface w i l l  change t h e  sur face t e n s i o n  

and, i f  the,suspending f o r c e  i s  constant ,  t h e  

s u r f  ace-tensi on change can be computed f rom the  measured 

change i n  t h e  p l a t e ' s  v e r t i  ca l  p o s i t i o n .  A1 t e r n a t i  ve ly ,  

t he  sur face- tens ion  change may be computed f rom the  

measured change i n  suspending f o r c e  when t h e  v e r t i c a l  

p o s i t i o n ,  i s  h e l d  constant .  The sur face pressure  i s  the  

d i f f e rence  between t h e  s u r f  ace tens i  ons o f  t h e  pure and 

f i lm-covered l i q u i d s .  

The Langmui r technique (Langmui r, 1917) measures the  

f o r c e  on a  f l  o a t i  ng p  a r t i  ti on whi ch separates f i lm-covered 

sur f  ace from c lean s u r f  ace. The f l o a t  i s  connected by a  

r i g i d  v e r t i  ca l  member to: a  t o r s i  on w i  re ;  a f t e r  

ca.1 i b r a t i  on, t h e .  h o r i  zon ta l  f o r c e  which b r i  ngs about a  
. . 

g iven angular displacement f rom t h e  v e r t i c a l  i s  known. 

D i v i s i o n  o f  t h i s  f o r c e  by the  l e n g t h  o f  t he  f l o a t  g ives 

t h e  su r face  pressure  o f  t h e  f i l m .  



I. D. simulation 

- Simulation i n  General 

Simul ation i s  the mimicry of one system by another. 

Of course, what shal l  be taken as mimicry depends upon the  

nature of these systems and the goals of the 

investigator.  Onemay want t o  mimic one, several ,  or many 

charac ter i s t ics  of the original system. One may require  

tha t  t h e  simul a t o r ' s  i  nternal processes be based on the  

same principles as the internal processes of the simul ated 

system. Simu7ation of physical systems most often follows 

t h i s  approach. Alternatively,  one may simply require  tha t  

both systems produce simil ar output f r m  simil ar input,  

regardless of internal processes. 

Simul ation of physi cal systems can be useful in  two 

ways : 

( i )  i t  can t e s t  the adequacy of explanations; 

( i i )  i t  can provide information which i s  d i f f i c u l t  t o  

obtain from physical experiments. 

O u r  explanations can be tested because simulator 

construction often demands that the principles which we 

believe to be operative i n t h e  simul ated system be made 

exp l i c i t  for  implementation i n  the simulator. I f  the 



simul a to r  b u i l  t on t h e  bas i s  o f  these p r i n c i p l e s  f a i l  s  t o  

mimi c t h e  o r i  g i  na l  system c o r r e c t l y ,  we may suspect a  f l  aw 

i n  the  expl  anat ion.  Simul a to rs  which accu ra te l y .m im ic  a  

phys ica l  system can o f t e n  be used t o  s tudy  aspects o f  t h e  

sys tem which a re  no t  e a s i l y  observable, such as the 

dynamics of c e r t a i  n  su buni t s  , behavi or a t  extremes o f  

t.emperature o r  pressure, o r  behavior over ve ry  s h o r t  or  

ve ry  1  ong per iods  . 
Eva1 u a t i  on o f  a  s i  mu1 a t  or r e q u i  res  t h a t  t he  ver ac i  t y  

o f  i t s  m i m i  c r y  be judged. What s h a l l  be taken as v e r a c i t y  

depends, l i k e  the  d e s c r i p t i o n  o f  mimicry, upon t h e  n a t u r e  

of  t h e  systems and t h e  goals of t h e  i n v e s t i g a t o r .  I n  

general,  s i m u l a t i o n  o f  phys i ca l  systems, e s p e c i a l l y  

mol ecul  ar systems, r e q u i r e s  a  ' h i  gh degree of c o r r e l  a t i  on 

between s i  mu1 at or ou tpu t  and 1  abor a t  or y d a t a  on the  

behavior o f  t h e  r e a l  system; we cannot i gno re  any areas i n  

which t h e y  d iverge s i g n i f i c a n t l y .  ~ n t e r ' p r e t a t i o n  o f  

simul a to r  behavior o u t s i  de t h e  rea lm of known c o r r e l  a t i  on 

must be done prudent ly .  



- Elements o f  Mol ecul ar-dynami cs Simul a t i  on 

Mol ecul ar dynami cs i s  a determi n i  s t i  c  simul a t i  on 

met hod i n  which o b j e c t s  f o l l  ow Newton's equat i  on o f  mot ion 

w h i l e  i n t e r a c t i n g  v i a  a f o r c e  law. The o b j e c t s  t h a t  we 

speak of here are analogues o f  p h y s i c a l  ob jec ts ;  t hey  may 

correspond t o  p a r t i c l e s  o r  t o  assemblies o f  p a r t i c l e s .  I n  

e i t h e r  case, movement i s  determi ned by a f i n i  t e - d i f f  erence 

equat i  on o f  mot i  on: 

where 

qn = , gener a1 i zed coord i  na te  o f  a 

c e r t a i n  o b j e c t  a t  t ime  tn 

A t  z s i z e  o f  the  t ime  i n t e r v a l  

t, : t + nAt 
0. 9 

and $ and $ are the  f i r s t  and second t ime  

d e r i v a t i v e s  o f  the  coo rd ina te  a t  t ime  tn. T o o b t a i n  

t h i s  equat i  on, we i nteg ra te  

tw i ce  w i t h  respect  t o  t ime, r e q u i r i n g  t h a t  q and q have 

values o f  in and qn a t  t i m e  ti. Hence, g iven q, q, 

and q a t  t ime  t,,, we are ab le  t o  f i n d  q a t  t i m e  tn+l. 



The values o f  in and an can be o b t a i n e d  i n  

several  ways. F o r  f i  r s t - o r d e r  accuracy, we may use 

Then the  equa t i  on f o r  qn+l becomes 

where 

Fn : force  a1 on g general i zed- coor d i  nat e 

ax is ,  on a c e r t a i n  o b j e c t  at t i m e  t,, 

m z mass of the o b j e c t  . . 
For h i  gher-order accuracy, we may use more c m p l i  cated 

formulae f o r  in and qn (Schof ie ld ,  1973): 

- A t  + - 
qn - q n - l  6m ( 2  Fn + 5 - Fn-2) 
. . - 1 - -  
qn 3m ( 4  Fn - Fn-1) 

I n  t h i  s case the  equa t i  on f o r  qn+l becomes 

The f o r c e  law governing the  i n t e r a c t i o n  o f  the 

analogues i n  a molecul  ar-dynami cs simul a t i o n  i s  chosen 

a c c o r d i n g t o  the  n a t u r e o f  the r e a l  ob jec ts  they  ,. 

represent .  I f  t h e  o b j e c t s  are p o i n t  charges, t h e n  t h e  

f o r c e  between two o f  them has the f arnil i ar Coul ombi c form: 



where s i.s the permi tti vi t y  and 
t h Q i  z magnitude of the i- poi n t  

charge 
.4 

ri j I vector of magnitude r i j  from 

t h t h  the i- t o  the j-charge . 
If the objects are uncharged molecules, then t h e  fo rce  1 aw 

must cont ai n components ref 1 ecti ng both the a t t r ac t i  on due 

to el ectrodynami c i nfl uences and the  repul si on due to  

electron-cloud overlap. This force may be expressed as 

the gradi ent of one of several potenti a1 s: the  

Lennard-Jones, the Kihara, or  the Buckingharn potent ia l ,  

f o r  example .(Hirschfelder, Curt iss ,  and Bird, 1964, 

pp. 31-35). In the case o f  the Lennard-Jones 6-12 

potenti a1 , 

where 

B E maxi m u n  depth of the potent i a1 we1 1 

o I val ue of r i  at  whi ch the 

potenti a1 equals zero 



- Determi n i s t i  c vers us S ta t i  s t i  cal Simul ati  on 

In deterministic,  molecular-dynamics simulation, 

thermodyiami c properti es are  der i ved from mol ecul ar 

properti es by averaging t h e m  over a l l  par t ic les  and over 

time. . That i s ,  the thermodynami c property,. P ( k o  ,M,N) i s 

gi ven . by 

where 
k 

P i  z the microsmpic property of 

parti  cl e i at t i  me k A t  , 

N . z the number of par t ic les  i n  the 

system, 

M + l  the number of time-steps over which 

averaging i s  done. 

All par t ic les  in the simul ation contribute equally t o  the 

determi nati on of P. 

In contrast  to  deterministic methods, 

non-determi n i s t i c  simul a t i  on obtai ns thermodynamic 

properti es by aver agi ng mol ecul ar properti es over 

s t a t i s t i  c,o-mechani cal ensembles. If we use canoni cal 

ensembl es , the thermodynami c property i s gi ven by 

(Metropo 1 i s ,  e t  a1 . , 1953). 



where 

E potent ial  energy of a system in  the 

ens em bl e 

d v D N  2 el  ement of phase space f o r  D space 

dimensions and N par t ic les  per 

system. 

In such simulation, t h i s  integration i s  not carried out 

over a l l  possible s t a t e s ,  b u t  over only a sample of' t h e m .  

This makes the computati on 1 ess time-consuming, b u t  the 

choi ce of sample must be performed very careful ly  i n  order 

t o  adhere t o  the principles of s t a t i s t i c a l  mechanics. 





11. A. The P a r t  i c l  e-dynami cs Proqram 

- General P lan  o f  t h e  A l g o r i t h m  

There are s i x  bas i c  s teps i n  t h e  r e p e t i t i v e  a l g o r i t h m  

which moves t h e  mol ecu l  ar analogues through space. We 

beg in  the  s im lua t i on  w i t h  a  p r e l i m i n a r y  s tep  which i s  no t  

repeated: 

(0) se t  i n i t i a l  p o s i t i o n s  and v e l o c i t i e s  of 

analogues. 

We then enter  the c y c l i c  . p o r t i o n  o f  the s imu la t i on :  

( 1 )  p lace charges a t  i n t e r s t i c e s  o f  computat ional  

l a t t i c e ,  

( 2 )  approximate the  s o l u t i o n  t o  Poisson's  equat ion 

f o r  t h e  Coulombic p o t e n t i a l  a t  t h e  i n t e r s t i c e s ,  

(3 )  c a l c u l a t e  the  Lennard-Jones p o t e n t i a l s  i n  the  

reg ion  o f  each center  o f  f o rce ,  

( 4 )  c a l c u l a t e  the  f o r c e  components a c t i n g  upon each 

analogue, 

( 5 )  ca...cul.ate new p o s i t i o n s  and v e l o c i t i e s  a f t e r  a 

small t ime  increment, 

(6 )  c a l  c u l  a te  the  temperature and s u r f  ace pressure 

o f  t h e  system. 

Steps (1 )  through (6)  are then repeated a  thousand t imes 

o r  more. 



Figure 11.1 

General flowchart f o r  the  pa r t i c l e  dynamics .program 

. . 





- The Equati ons of Moti on 

As was menti oned i n the i ntroducti on, the equati ons 

of motion consist  of formulae which allow one to  calculate  

new veloci t ies  and posit ions on the  basis of old 

ve loc i t ies ,  old positions and forces a t  the old 

posit ions.  The equations may be written in  various forms, 

a l l  of which are  f ini te-difference expansions of the 

function f ( t  + A t )  i n  a Taylor serie's about f ( t ) .  The 

complete expansion has an i n f i n i t e  number of terms: 

A t 3 . .  . 
f ( t  + A t )  = f ( t )  + A t i ( t )  + gL?(t) + JT f ( t )  + =-• 

Using r, f o r  x(nAt), vn f o r  the f i r s t  time-derivative 

of x ,  evaluated at  n A t ,  and an f o r  the second 

time-deri vati ve, .we may write 

'n+l = vn + Ata n 

This set  of equations makes no use o f  derivatives of the 

acceleratlon and so includes only terms out t o  A t  i n  
2 v , + ~  and A t  i n x ~ + ~ .  

More accurate equations may be derived which 

incorporate derivatives of the acceleration by use of 

f i  ni te-diff erence approximati ons. If we i ncl ude terms out 
2 to A t  i n  both v , + ~  and xncl, we obtain ,. 



and 

3 Furthermore, i f  we include terms out to A t  i n  both v ~ + ~  

and + ,  we obtain 

- + A t a n + ~ t 2  A + $ [ Q ( A a ) ]  'n+l - 'n ' T ( E ) ~  6 A t  A t n  n 

and 

Note that an+l does not appear i n  the expression for xn+l 

si nce forces are determi ned by posi  t i  on i n the simul ati  on. 
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The accuracy ' o f  these equat i  ons o f '  mot i  on i s  c l e a r l y  

dependent upon the  s i z e  o f  the  t i m e  step,  At. Since t h e  

mot i  on o f  a  p a r t i c l e  i s  determi ned by t h e  f o r c e  i t  

experiences .a t  a  g iven p o s i t i o n ,  and s i  nce t h i s  f o r c e  i s  

c a l c u l a t e d  o n l y  a t  a  l i m i t e d  number o f  p o s i t i o n s ,  i t  i s  

c r u c i a l  t h a t  t he  f o r c e  n o t  change d r a s t i c a l l y  f rom one 

computed p o s i  ti on t o  t h e  nex t  .' Otherwise, unacceptably  

l a r g e  e r r o r s  i n  t he  computed t r a j e c t o r y  m igh t  r e s u l t .  

We can es t ima te  the  appropr i  a te s i z e  o f  At i f  we 

assume t h a t  t h e  f o r c e  should vary by no more than 10% 

between subsequent posi  ti ons and t h a t  t he  f o r c e  has the  

fo rm 

Then t h e  change i n  F, AF, i s  g iven by 

o r  

Thus, 

~ b r c r s  which v s r y  as r-n w i l l  change most r a p i d l y  f o r  

small val'ues o f  r. I f  we take the' d i s tance  of c l o s e s t  

approach t o  be one angstrom, then ' the  l a r g e s t  al lowed 

change i n  r, us ing  t h e  10% l i m i t  on t h e  change i n  F, i s  



Then the maximum si ze of the time s tep  wi  11 be 

The average velocity of a p a r t i c l e  of mass M i n  an 

assembly a t  temperature T i s  

so tha t  iavg i s  approximately 50 m/sec i f  M i s  800 

daltons and T i s  300' K. We then f ind tha t -  

2 x 10-l3 seconds . Atmax n 
-16- 

Time steps of 10 to  10-l3 seconds are used in  most . 

mol ecul ar-dynami cs cal cul a t i  ons . 
When one simulates an . isolated system of par t ic les  

wt~i CPI -i r~ teract  vi 'a C O ~ $  ervati ve forces ,  the most import ant 

t e s t  of the equations of motion i s  the degree to  which the 

total  energy of the  system i s  conserved. In the case of 

one ro ta t i  nnal and two trans 1 at i  onal degrces of f reedam, 

the total  energy of N pa r t i c l e s .  of mass M and moment of 

i n e r t i a  I i s  

M i 2  M - 2  1 ' 2  
to t  i =l 2 .  + T y i  + q  8 i + P i ( ~ i , ~ i , 9 i )  

P i ( ~ j , Y i , B i )  i s  the to ta l  potential  energy of 

the i t h  par t i  cl e; i t  i s  re1 ated t o  the Coul ombi c and 

Lennard-Jones potenti a ls  by 



where Qi i s  the  magnitude o f  the  jE charge on the  

. t h  
I- p a r t i c l e ,  t he  summation on j i s  over a l l  such 

charges, and t h e  summation on k i s  over  a1 1 Lennard-Jones 

t h  f o r c e  centers  on the  i- p a r t i c l e .  The p o s i t i o n  o f  t he  

t h  t h  n- f o r c e  center  on the  m- p a r t i c l e  i s  (xmn,ymn). 

Pi IS  dependence upon the  p o s i t i o n s  o f  a l l  p a r t i c l e s  i n  

t h e  system has not  been expressed e x p l i c i t l y  here. 

The degree t o  which Etot remains cons tant  d u r i n g  a 

s i m u l a t i o n  i s  a complex f u n c t i o n  o f  t h e  f o r c e  laws, 

equat ions o f  motion, p a r t i c l e  dens i t y ,  and t ime-step s i z e  

chosen f o r  t h e  s imu la t i on  a lgor i thm.  Since increases i n  

t he  constancy of Etot are a t ta ined ,  i n  general,  by the  

use o f  h igher -order  equat ions o f  mot ion  and smal l e r  t ime  , 

s teps,  thus  r e q u i r i n g  more computer t ime  t o  s imu la te  a 

g iven system, exact  constancy i s  n o t  a p r a c t i c a b l e  goal .  

I t  i s  p r a c t i c a l ,  however, t o  c o n s t r u c t  the  a l g o r i t h m  so 

t h a t  Etot w i l l  show f l u c t u a t i o n s  o f  o n l y  a few percent  

about same average value as t h e  system evolves i n  t ime. 



11. B. Calculation of Forces . . 

- Constructi on of the  Coulornbi c Potenti a1 Surf ace 

In i t s  simplest .form, the problem to be sblved i s  

th i s :  f i  nd, as a function of position, the  potenti a1 due 

to  an i n f i n i t e  plane of discrete  charges i n  f r e e  space. 

We have several addi ti onal constrai nts:  

( i )  the molecular analogues consist  of coupled pairs  

of point charges; coupled charges ("brother 

charges") do not in terac t ;  

( i i )  the inf ini tude of the plane of charges i s  

generated by repli  cati  ng a small central  square 

in  two dimensions. The net charge in  the  

central square and i n  each of i t s  images i s  zero; 

( i i i )  the charges do not move out of the plane. 

This s i tuat ion i s  pictured in Figure 11.2. 

In order to compute a su i tab le  solution f o r  t h i s  

pro bl em, we must sol ve Poi sson ' s equati on : 



Figure 11.2 

. Schmat i  c d i  agrarn of mol ecul ar analogues 

lying i n ' t h e  x-y plane, 





where Q i s  the potenti a1 , p the charge densi ty ,  and 

E the perm.ittivity. In order t o  compute a solution 

quickly enough to make dynamic simul a t i  on f eas ib le ,  we 

shal l  solve the equation a t  only a f i n i t e  number of 

poi nts. These poi nts will be the  i n te rs t i  ces of a 

three-dimensional 1 a t t i  ce enclosing the central  square, as 

shown i n F i g u r e  11.3. a,B, and y will  be the 

numbers of poi nts a1 ong the x ,y, and z axes; there  wi 11 

therefore be (af3y) points i n  the l a t t i c e .  

To fur ther  enhance the  speed of computation, w sha l l  

require tha t  a l l  charge be distributed upon the 

in t e r s t i ces  of the  l a t t i c e .  I t  i s  thus important tha t  

(aBy) be 1 arge enough to prevent s i  gnifi cant di s t o r t i  on 

pf the  problem as i t  i s  converted from continuous to  

d iscre te  form. Each charge on the molecular analogues 

wi 11 be apporti oned to  the  four nearest 1 a t t i  ce poi nts . by . 

two-dimensi onal 1 i near wei ghti ng. 

In d iscre te  form, Poisson's equati on may be written 

fo r  each l a t t i c e  point as 

where 

Qp t charge density a t  la t t ice-point  P 

Qp  5 potential  at la t t ice-point  P 

QW t potenti a1 at the 1 a t t i  ce-poi n t  one poi n t  

away from P i n t he  negati ve x di rect i  on 



Figure 11.3 

Schematic di agram of computati onal l ' a t t i  ce, 

cen t ra l  ar ray,  and image a r r ays '  





$E . p o t e n t i a l  a t  the  l a t t i c e - p o i n t  one p o i n t  

away f rom P i n  t h e  p o s i t i v e '  x  d i r e c t i o n  

hx I d is tance  between l a t t i c e .  p o i n t s  i n  t he  x  

d i r e c t i o n .  

. S 9  $N, hy, gD9 Q U 9  and hZ are  de f ined s i m i l a r l y  

f o r  t he  y and z d i r e c t i o n s .  Th is  equat ion i s  der ived by 

c a l c u l  a t i n g  g rad ien ts  o n  t h e  bas i s  o f  f u n c t i o n a l  values a t  
" 

a  p o i n t  and a t  i t s  s i x  neares t  neighbors. Higher-order  

equat ions may be der ived by i n c l u d i n g  more d i s t a n t  p o i n t s  

i n  the  c a l c u l a t i ~ n .  

I f  we w r i t e  the d i s c r e t e  equat ion f o r  each l a t t i c e  

po in t ,  having l abe led  them s e r i , a l l y  f rom 1 through . 

(a&), we o b t a i n  a  system o f  (a&) equat ions i n  

(a&) un-knowns: . 



where a  t i l d e  marks those po ten t i  a l s  l y i n g  ou ts ide  the 

1  a t t i  ce. Boundary condi ti ons must be spec i f i ed  which 

determine values f o r  these externa l  po ten t i  als, e i t h e r  

" e x p l i c i t l y "  o r  " i m p l i c i t l y " .  I f  the  cond i t ions are " e x p l i c i t " ,  

1 -  

numeri cal  values are p rov i  ded and terms l i k e  %I-fiy 
hx 

may be t r ans fe r red  t o  the r ight -  s ide o f  the f i r s t  . ' 

equation. , I f  the  cond i t ions are " imp l i c i . t " ,  t he  ex te rna l  

po ten t i  a1 i s  given i n  terms o f  one o f  the (crfiy) i n t e r n a l  

po ten t i a l s .  I n  both cases we may w r i t e  t h e  system o f  

equati  ons as a  s i  ngl e ma t r i x  equati  on: 

where 

and a i s  an ( a ~ y  x a B y  ) m a t r i x  whose elements are der ived 

f rom t h e  l e f t  sides o f  t he  equations. 

Before discussi ng the boundary condi ti ons used i n  the 

s imulator ,  1  e t  us see how the m a t r i x  equati  on i s  solved 



A 

f o r  t h e  p o t e n t i a l s .  We f i r s t  decompose A i n t o  two 

m a t r i  ces, 
A AA 

A = LU, 
A 

where a l l  o f  L 1 s  elements are zero above t h e  main diagonal 
h 

and a l l  o f  U1s  elements are zero below t h e  mai n d i  agonal. 
h 

I n  addit ion,.  L 1  s mai n-di agonal elements are a l l  equ.al t o  

one. We now have: 

A CIA 

or, w r i t i n g  c f o r  U$, 

This equation corresponds t o  t h e  system o f  equations 

where 

Since we know 111 and Q1, we .can so l ve  t h e  ' f i r s t  

equat ion f o r  c l .  We can then so lve  the  second equat ion 

f o r  c2, then t h e  .ttlSir.d f o r  c3, and so on u n t i l  we know 
A 

a l l  the  elements o f  c. This process. i s  c a l l  ed fo rward  

s u b s t i t u t i o n .  We then  solve 



A 

f o r  4. The system of equations has simil ar s t r uc tu r e :  

This time we solve the  l a s t  equation f o r  I$N, then the  

next-to l a s t  f o r   ON-^, and so on un t i l  we know a l l  the  
A 

elements of 4. This process i s  ca l led backward 

subs t i t u t i on .  Now t h a t  we have 4, we have reached our 

goal: we know the  po ten t ia l  a t  a l l  i n t e r s t i c e s  of the  

computational 1 a t t i  ce. 

Treatment of t he  x and y boundaries i n  t he  monolayer 

sim1.11 a t n r  makes t h e  system per iodic  i n  t h e  x and y 

d i rec t ions .    his i s  accomplished by impl ic i t  boundary 

condit ions which make po t en t i a l s  a t  points a d is tance hx 

or  h outs ide  the ,central  ar ray equal t o  t he  potent i  a1 
Y 

a t  t he  nearest  poi n t  of t h e  array.  The  same i s  t r ue  f o r  

points i n  planes pa ra l l e l  t o  the  cen t ra l  array.  That i s ,  

.., - 
'P - By - OP ( w s t e r n  boundary) 

- 
- $P OP. +BY (eas tern  boundary) 



( northern boundary) 

- - 
+P-Y - +P 

(southern boundary) . 
Figure 11.4 depicts th i s  s i  tua t i  on for  one x-y pl ane of 

the  t hree-dimensi onal 1 a t t i  ce. 

The z boundary of the simulator i s  treated in  

d i f fe rent  fashion si nce a l l  charge l i e s  i n  the  monolayer 

pl ane; peri odic boundary condi t i  ons would s i  mu1 a te  an 

i n f i n i t y  of para l le l  monolayers, not just one. We 

therefore attempt to  specify an implicit  boundary 

condi t i  on which i s  consistent with the  way i n  which the 

actual potential  f a l l s  off w i t h  increasing distance from 

the mono 1 ayer p 1 ane. 

Without performi ng any calculat ions,  we may say the 

following things about the  potenti a1 due to an i n f i n i t e  

sheet or  equal r~umbers o f  discre te  posi t i  ve and negative 

charges lying i n  the  x-y plane: 

( i  ) the potenti a1 wi 11 be zero at  an i nfi n i t e  

distance from t h e  plane; 

( i i )  the gradient o f  the potent ial  will also be zero 

a t  i n f i n i t e  distance; ' , 

( i i i )  i f  @(x,y,z)  i s  plotted versus z, the p r o f i l e  

'wi 11 begi n ' .a t  z=O with some pos i t ive  or negative 

value, dependent.upon x and y, and approach zero 

smoot,hly as z i ncreases. 



F igu re  11.4 

D i  agram o f  one x-y p l  ane i n t h e  computat ional  1 a t t i  ce 





F igu re  11.5 shows $(x,y,z) as a  f u n c t i o n  o f  z. 

~ u r t h e r  ana lys is  r e s u l t s  i n t h e  f o l l o w i n g .  p o i  n t s :  

( i v )  If we compare the  slopes o f  the' $(x,y,z) 

curves a t  a  f i x e d  va lue  o f  z, we can expect  

g r e a t  v a r i a t i o n  f o r  smal l  values o f  z  and much 

1  ess va r i  a t i  on f o r  1  arge va l  ues. 

( v )  I f  the  $(x,y,z) curves go t o  zero a t  

approximate ly  t h e  same value o f  z, then, 

consi  d e r i  n g '  two curves whi ch approach t h e  z  a x i s  

f rom t h e  same side, t h e  curve which l i e s  f u r t h e r  

from the  z  ax i s  w i  11 have a  s l  ope o f  g rea te r  

abso lu te  value. 

Using ( v )  we may w r i t e  

P o i n t  ( i v )  suggests t h a t  k(x,y,z) may be approximated 

by a  constant  f o r  f i x e d  z, i f  t h e  va lue  o f  Z, Zc, 

i s  re1  a t i  v e l y  1  arge. 

Then 

There 7s 3 way t o  c o n s t r u c t  an i m p l i c i t  boundary 

c o n d i t i o n  on z which g ives normal d e r i v a t i v e s  o f  t h i s  fo rm 

a t  t he  x -y  p l  anes 'boundi ng the  computat i  onal 1  a t t i  ce . We 

make p o t e n t i  a l s  a t  e x t e r n a l  p o i n t s  a  d i s tance  h, away 

f rom t h e  boundary p lanes equal to  a f r a c t i  on o f  t h e  

p o t e n t i  a1 a t  t he  nearest  p o i n t  on t h e  boundary p lane.  



C\ 

Figure 11.5 

Schematic d i  agram of the I-dependence of the potenti a1 

due to  an inf i  n i t e  sheet of equal numbers of discrete  

posi t ive and negative charges lying i n  the x-y plane 





That i s ,  - 
@p+l = w@P (upper boundary) 

(1 ower boundary), 

where 

O < W Z l  - . 
Then the slope a t  po i n t  p i n  the boundary p l  ane w i l l  be 

Thus 

where 



To t e s t  t h e  v a l i d i t y  o f  t he  assumption t h a t  

f o r  s u f f i c i e n t l y  l a r g e  zc, we cons ider  t h e  p o t e n t i a l ,  due 

t o  an i n f i n i t e  a r r a y  o f  square c e l l s  r lh i  ch have an edge 

l e n g t h  o f  8 angstroms and c o n t a i n  one p o s i t i v e  and one 

nega t i ve  charge separa ted  by 5.5%. Table. 11.1 shoii~s t h e  

r e s u l t s  o f  direct-summati 'on c a l c u l a t i o n s  o f  t he  p o t e n t i  a1 

a t  va r ious  p o i n t s  (see PlilSUbl program i .n Appendix C ) .  Tl ie 

l a s t  column on t h e  r i g h t .  shows a  number which i,s d i r e c t l y  

p r o p o r t i o n a l  t o  kc, s i n c e  * 

and , . 

!hen :rle are  o n l j l  4A aviay f r o m  t h c  p l a n e  o f  charges vie see 

t h a t  t h e  A . / @ ' r a t i o  var i .es f o m  0.3015 t o  0.3265. blhen 

we move o u t  t o  8A and use an hZ of 2A r a t t l e r  than  l A ,  as 

i s  more reasonab le  f o r  t h e  s i m u l a t i o n ,  t h e  A/0 r a t i o  

v a r i e s  from 0.53406 t o  0.54291. I t  appears , t h a t  , kc i s  

app rox ima te l y  cons t  ant .  
. . 



Table 11.1 

Results' of d i  rect-sumati  on cal cul a t i  on, of the  

potential due to an i n f i n i t e  array of 8 A  x 8 A  c e l l s  

each contai ni ng one 'posi t ive and one .negati ve charge 





I n  o r d e r  t o  see !;ow much e r r o r  i s  i n t r o d u c e d  i n  t h e  

c a l c u l a t i  on o f  t h e  p o t e n t i  a1 by t h e  assumption 

!nust compare t h e  f ree-space  p o t e n t i  a1 ob ta i ned  by 

d i  r e c t  summati on w i t h  t h e  p o t e n t i  a l s  c a l c u l a t e d  u s i n g  t h i s  

ass impt ion .  I n  F i g u r e  11.6, we p l o t  such p o t e n t i a l s  f o r  a  

case w h i  ch s  houlcl show t h e  appl-oximate p o t e n t i  a1 s  i n t h e  

wors t  possSble l i g h t ,  t h a t  i s ,  a l o n g  a  l i n e  i n  t t1e .x -y  

p l a n e  p a s s i n g  w i t h i n  one sngst rcm ~f one o f  t h e  p o s i t i v e  

charges. Even though t h e  ass imp t i  on i s  q u i t e  i n a c c u r a t e  

f o r  such sn la l l  v a l u e s  o f  I,, approx imate p o t e n t i a l s  C 

and E  f i e  w i t h i n  t e n  p e r c e n t  o f  t h e  f1-ee-space ? o t @ n t i  a1 

( A )  and t h e i r  grad i 'ents  agree r a t h e r  w e l l  wf t h  t ! iose o f  A 

f c r  x l e s s  thar!  5A. >;hen t h e  p o t e n t i a l  i s  c a l c u i ? t e d  a t  

p o i n t s  v e r y  c l o s e  t.n t h e  c h a r q ~  ( w i t h i n  1.732A f o r  x  

!:etl::een 5 and S A ) ,  i ~ n d  e s p e c i a l l y  on t h e  boundary 01' t i l e  

l a t t i c e ,  agreement i s  Foore r .  These c o n d i t i c n s  dc n o t  

occur  i n t 5 e  dynami c s i  nu1 a t i  on. Fur thermcre  , !a!ilen ' Zc 

zc i s  l a r g e ,  an i n c r e a s e  i n  ,,$I improves agreement. T h i s  

i s  t o  5e expected, s i n c e  t h e  s l o p e  of  $ ( x , y , z ) ,  as a 

f u n c t i o r ?  o f  Z, decreases i n  a 5 s o i u t e  * . ~ a i v e  as z i s  

inc reased .  



F i g u r e  11.6 

Comparison o f  ac tua l  and approximate 

p o t e n t i  a l s  i n  t h e  p l a n e  o f  t h e  charges 
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- Cons t r u c t i  on o f  t he  Non-Coul m b i  c  Potent i a1 Su r f  ace 

I n  c o n t r a s t  t o  t h e  p a r t i c l e - f i e l d  i n t e r a c t i o n  used t o  

cons t ruc t  t h e  Coul 'mbic  p o t e n t i a l  sur face,  we s h a l l  use 

d i  r e c t  sumnati on o f  p a r t i  c l e - p a r t i  c l e  i n t e r a c t i  ons t o  

cons t ruc t  t h e  non-Coul m b i  c  s u r f  ace. Th is  i s  made 

. f e a s i b l e  by  t h e  r a p i d  decrease i n  s t r eng th  o f  these 

i n t e r a c t i o n s  as the i n t e r - p a r t i  c l e  d is tance  increases. 

For example, us i ng  t h e  Lennard-Jones 6-12 p o t e n t i a l ,  

Ye niay tabu1 a te  the, decrease as f o l l  ows: 

L J  
'ij 

We see t h a t  the po ten t  i a1 d i f f e r s  f rom zero by on1 y 

4 x 10-~j l  a t  a  d is tance o f  10 o. . We may t h e r e f o r e  

. ' t r u n c a t e  the d i r e c t  sunmation o f  @v over a l l  j a t  some 

maximum d is tance  'R. That  i s ,  



If a were 4 1, R 100, and the average area per 

molecule 50 a*, one would compute. only some 200 
L J i n t e r ac t i ons  to obtain If R were 50, only 

50 interactions would be needed. Of course, we must 

perform the same calculat ion f o r  each force center in the  

system. 



- Calcu l  a t i  on o f  Po ten t i  a1 Gradients 

Having computed t h e  value of t h e  Coulombic p o t e n t i  a1 

at  each o f  the compu ta t i ona l - l a t t i ce  i n t e r s t i c e s ,  we 

ca l  cu l  a te  t h e  x  and y gradi  ents o f  t h e  p o t e n t i  a1 a t  t h e  

t h  ac tua l  1  oca t i  on o f  the I- charge us i  ng weighted 

averages o f  t h e  p o t e n t i  a1 s  a t  t h e  four  nearest  1  a t t i  ce 

po in t s .  Thus 

where the ne ighbor ing p o t e n t i a l s  are l a b e l l e d  NW, SW, NE, 

SE, and ( X ( I ) , Y ( I ) )  i s  the p o s i t i o n  o f  the 12 charge 

re1 a t i  ve t o  t h e  southwestern 1 a t t i  ce po i  n t .  The gradi  ent  

i n  z i s  omi t ted s ince the  molecular  analogues are 

cons t ra i  ned t o  l i e  i n  t h e  p l  an@ o f  t h e  mono1 ayer.  

Gradients o f  the  non-~ou lombic  p o t e n t i a l  are found  i n  

t h e  same way, r e q u i r i n g  t h e  p o t e n t i  a1 t o  be c a l c u l a t e d  no t  

t t i  a t  t he  l o c a t i o n  of the i- force  center ,  (xi, yi), 

b u t  a t  f o u r  near-by p o i n t s :  (xi+s, yi), (xi-s, yi), 

(xi, yi+s), and (xi, y i -s) .  Thus 



- A p p l i c a t i o n  o f  Forces t o  t he  Molecu lar  Analogue 

We are .now a b l e  t o  w r i  t e  exp.ressions f o r  . the 

r e s u l t a n t  f o r ces  and t he  torque on a s imp le  dumbbell - t ype  

analogue whose Coul.ombi c and Lennard-Jones f o r c e  centers  

l i e  atop one another a t  e i t h e r  end o f  a r i g i d  r o d  o f  

l e n g t h  L. If we l a b e l  t h e  r o d  ends A and B, t h e  f o r c e  

components w i  11 be: 

The f o r c e  components a t  the  center-of-mass o f  the  analogue 

w i l l  be: 

F i n a l l y ,  i f  we t ake  the  center-of-mass t o  l i e  a t  the  

m i  dpoi n t  o f  the r o d  and assume the  r o d  makes an angle 8 

w i t h  the  p o s i t i v e  x-axis,  then t h e  magnitude o f  t he  to rque  

about t h e  center-of-mass i s :  

CM L A A B B 
T = 7 (Fxs i  n 8 - F Y cos 0 - Fxs i  n + F cos e )  . 

Y 



. I I .  C. Ca lcu l  a t i  on o f  Temperature, Su r f  ace Pressure, and 

Mol ecul  ar  Area 

- Temperature 

When dea l i ng  w i t h  a system o f  N p a r t i c l e s ,  each w i t h  

D degrees o f  freedom, one may w r i t e  t h e  t o t a l  k i  n e t i c  

energy o f  t h e  system as 

- NkT Ek i  n - 2 

by the  e q u i p a r t i  t i o n  theorem. Since 

f o r  a system o f  N p a r t i c l e s  hav ing mass M', mment  o f  

i n e r t i . a  I, one r o t a t i o n a l  and two t r ans1  a t i  onal  degrees o f  

freedom, t he  average temperature of the  system i s  

Each of the vel  oci  ti es i n t h i s  equat i  on i s  a v a i l  ab le  

-- d u r i n g  t h e  simul a t i  on, so -i may be c a l c u l a t e d  a t  each t ime  

s t e p  a t  whi ch the  ve l  oc i  t i es have been computed. 

How m i  ght one expect  t h e  c a l c u l a t e d  average 

temperature t o  behave? A t  the  beg1 n n i r l y ,  j u s t  a f t e r  t he  

analogues have been p laced .on t h e  c e n t r a l  square, t hey  

w i l l  have a t o t a l  energy determined by t h e i r  i n i t i  a1 

pos i  ti ons and vel o c i  ti es: 



Suppos e t h a t  we choose t o  make a1 1 i n i  ti a1 ve l  oc i  ti es 

zero, so t h a t  t h e  i n i t i  a1 t o t a l  energy depends o n l y  upon 

i n i  ti a1 pos i  t i ons : 

Unless t h e  i n i  ti a1 p o s i t i o n s  have been chosen so t h a t  each 

of the N p a r t i c l e s  l i e s  a t  a  l o c a l  minimum o f  the  

p o t e n t i  d l  s u r f  ace, t h e  p  a r t i  c l  es w i  11 be accel  e ra ted  and 

some p o t e n t i  a1 energy w i  11 be conver ted t.n k i  n e t i  c 

energy. A t  t = nAt, 

M 2  M 2  1 ' 2  
t o t  ( t = n ~ t )  = z (;i x ~ ~ +  2 jin + 2 gin)+ P ~ ( x ~ ~ ~ Y ~ ~ ~ ~ ~ ~ )  . 

i =l 

Since ' the change i n k i  net i ,c  energy i s a compl i cat  ed 

f unc t i  on n f  t h e  s  hape o f  t h e  p o t e n t i  a1 sur f  ace and t h e  

p a r t i c l e  p o s i t i o n s ,  i t  i s  l i k e l y  t h a t  the  amount o f  energy 

t ransformed i nto k i  n e t i  c  energy w i l l  no t  g i v e  t h e  system a 

temperature ve r y  near t h a t  o f  the  phys i ca l  monolayer, 

about 300' K. We car1 t h e r e f o r e  expect t h a t  i t  w i l l  be 

necessary t o  m o d i f y  t h e  energy o f  t h e  sys tgn  t o  b r i n g  t h e  

temperature i n t o  t he  app rop r i a t e  range. We can most 

e a s i l y  do t h i s  by a d j u s t i n g  t h e  magnitudes o f  t h e  v e l o c i t y  

cnmpnnents a t  var i ous t imes . Thi s energy modi f  i c a t i  on i s 



done. gradually over a period of several hundred time 

steps. After th i s  "equi l i  brati on peri od", the system 

temperature should show fluctuati ons of only a few 'percent 

about the desired average temperature. 



- sur face  Pressure and Molecu lar  Area 

Surface p ressure  i s  t h e  f o r c e  pe r  u n i t  l eng th  t h a t  a  

mono1 ayer exer ts  aga ins t  t h e  boundaries which c o n f i  ne i t  

t o  a  c e r t a i  n  area. I n  mol ecu l  ar-dynami cs s imul a t i  on, i t  

i s  p o s s i b l e  t o  compute t h i s  pressure f rom e i t h e r  t h e  

c o l l i s i o n  r a t e  (A lder  and Wainwright, 1959) o r  the v i r i a l  

theorem o f  Clausi  us. We s h a l l  use t h e  v i r i  a1 method here, 

but  we s h a l l  need t o  d e r i v e  t h e  theorem i n  two-dimensional 

form, r a t h e r  than t h e  s tandard three-dimensi  onal 'form 

(Mason and Spurlin'g, pp. 18-22). 

We beg in  .the d e r i v a t i o n  w i t h  a  man ipu la t ion  o f  t h e  

o rd i  nary  express i  on f o r  t h e  k i  n e t i  c  energy associ a ted w i t h  

the  genera l i zed  coord ina te  q: 

where pq i s  the genera- l ized momentum and Fq the  

f o r c e .  We app ly  t h i s  expansion t o  t h e  express ion f o r  t h e  

t o t a i  k i n e t i c  energy g iven  above: 



If t h e  f i r s t  term o n - t h e  r i g h t  i s  averaged over t h e  

i n t e r v a l  T, we f i n d  t h a t  i t  approaches zero' as T i s  

made a r b i t r a r i l y  l a rge ,  s i nce  

and each term i n  the  l a s t  sum i s  f i n i t e  (.Jeans; pp. 

129-30). Using bars t o  i ndi ca te  t ime  aver'ages, we now have 

- - 1 
N 

E k i n  - - 7 1 (x.F 1 XI .+ yiFyi+ eiFei) 
. i =l 



We nex t  separate the  express ion on t he  r i g h t ,  c a l l e d  

t h e  v i  r i  a1 by C l  ausi us, i n t o  two p a r t s ,  one i n v o l v i n g  t h e  

f o r ces  exer ted  on t h e  monolayer molecul  es by t he  

boundaries and t h e  other-  i n v o l v i n g  i ntermol ecu l  ar f o r c e s  . 
When dea l i ng  w i t h  the  boun'dary p o r t i o n ,  i t  i s  convenient 

t o  sum over  t h e  2N f o r c e  centers  r a t h e r  t han  t h e  N cen te rs  

o f  mass so t h a t  t h e  angular term does no t  appear 

e x p l i c i t l y .  .Hence 

We may w r i t e  t he  l a s t  term as the  dot  p roduc t  o f  

f orce-center pos i  t i ons and f o r ces  exer ted  upon t h e  

molecu 1 ar f o r c e  centers  by t he  boundar i  es : 

These f o r ces  are equal and oppos i te  t o  the  f o r c e  per  u n i t  

l e n g t h  exer ted  upon t h e  boundaries by t h e  molecules,  so we 

may t rans fo rm t h i s  sum i n t o  an i n t e g r a l  over t he  l e n g t h  o f  

the boundaries us i  ng the  su r face  pressure,  II: 



where i s  the  u n i t  vec to r  ou tward ly  normal t o  t he  

boundary a t  ;. If we take  B t o  be t h e  angle  between t h e  

x u n i t  vec to r  and G, ' then t h i s  i n t e g r a l  can be eva luated 

as f o l l o w s :  

1 
- 2 b  S (F*nn^)d~.'  = $nSb(xx + y;) *(cosfi; + si ng;)& cos B 

= TIA , 

where A i s  the  area enclosed by t he  boundar ies.  Green's 

theorem i n  t h e  p l ane  was 'app l ied  i n  t h e  f i n a l  s tep.  

We have now obtained' a use fu l  r e 1  a t i  on between t h e  

average k i  n e t i  c energy, t h e  su r f  ace. pressure,  t h e  area, 

and t he  i ntermol ecu 1 ar f o r ces  : 

Since ekinis $kT by the  e q u i p a r t i t i o n  theorem, we see t h a t  

1 N 
n = 2 ' ( N ) k ~  2 A + - L (xiFxi+ y.F .+ CJ F ) 

2A i = l  1 1  i 0 i  i m .  



This equat ion i s  used t o  compute the  su r face  p ressure  

s i  nce p o s i  ti ons, i ntermol ecul  ar f o r c e s  , and temperature 

a re  a l l  a v a i l  ab le  d u r i n g  the  s imu la t i on .  

Mol ecul  ar area i s  t h e  average area occupied by each 

molecu le  i n  the  monolayer. For t he  s imu la t ion ,  i t  i s  

s imply  t h e  area o f  t h e  c e n t r a l  square d i v i d e d  by t h e  

number o f  molecules found there.  



- Generati on o f  Press ure-area Curves 

Using resu l  t s  f rom t h e  s imu la to r ,  we want t o  p l  o t  

surface pressure (TI) versus molecul  a r  area (A,,,) f o r  

systems a t  severa l  temperatures. That  i s ,  we want t o  p l o t  

isotherms i n  the  n-Am plane. Since i t  i s d i f f i c u l t  t o  

" e q u i l i  b ra te "  t h e  simul a to r  p r e c i s e l y  a t  a g i  ven 

temperature f o r  d i f f e r e n t  values o f  A,,,, we f o l l o w  a 

two-step precedure. F i  r s t  , we per form simul a t i  ons f o r  

sever a1 va l  ues o f  Am a t  var i ous temper a t  ures i n the  

275OK - 3 2 5 O K  range and p l o t  curves o f  constant Am 

i n  t he  TI-T p l  ane. Second, .we choose severa l  

temper a t  ures t o  be used f o r  i so t  herms , f i nd the  II v a l  ues 

f o r  these temperatures f rom the constant-Am curves, and 

p l o t  these II values i n  the  n-Am plane. Th is  

t rans fo rmat ion  of. da ta  i s  dep ic ted  i n F i  gure 11.7. 



Figure 11.7 

Transf ormati on of simul ati on results. from 

press ure-vers us-temperature form t o  

pressure-versus-area form 
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I 1 1  .A. Exper imental  Pressure-area Curves 

I n  o rder  t o  compare exper imenta l  and s imu la ted  

pressure-area isotherms, we p l o t ,  i n  F i gu re  I 1 1  .I, 

expei-imental r e s u l t s  f o r  d i pa lm i  toy1  phospha t i dy l cho l i  ne 
. . 

a t  t he  a i r -wa te r  i n t e r f a c e  (Hui ,  e t  a l ,  1975). T h e 4 f i  lms 

were spread on 10 mP1 NaC1, pH 7.4, and pressure-area da ta  

were ob ta ined  by t he  Langmuir method. S i m i l a r  r e s u l t s  

have been ob ta i  ned by Phi  1  l i p s  and Chapman (1968) and 

V i  1 a1 1  onga (1968). 

These isotherms are v e r y  s i m i l  ar i n  shape t o  t h e  

m y r i s t i c  ac i d  isotherm shown i n  F i g u r e  1.2; t h e y  e x h i b i t  

the"  expanded", " t r a n s i  ti on", and llcondensed" reg ions  

d iscussed i n  Sec t ion  I . C .  As expected, condensed 

behaviour f o r  these double-chain molecules occurs a t  a 

molecu lar  area approx imate ly  tw i ce  as l a r g e  as f o r  

s i ng l e - cha in  m y r i s t i c  acid.  3NkT/2A i s  a l so  p l o t t e d  i n  

F i gu re  111.1 f o r  comparison. 



Experimental pressu re-area isotherms 

for  dipalmitoyl phosphati dylcholi  ne 

( a f t e r  !iui,et a1,1975) 





' I1 I .'B. Si.mul.ated Press ure-area Curves 

Before d i scuss ing  simul a ted p ressure-area curves, i t 

i s  impor tant  t o  consi der t he  e f f e c t  o f  v a r i  ous parameters 

upon t h e  behaviour o f  t h e  s imu la to r .  O f  p a r t i c u l a r  

importance i s  the cut-of f  r a d i u s  used i n  the  c a l c u l a t i o n  

of t h e  Lennard-Jones p o t e n t i  a l .  Experiments were 

perforined a t  low, i ntermedi ate, and h igh  d e n s i t i e s  w i t h  

r a d i i  o f  4, 10,. 20, and 40 angstroms. Temperatures and 

pressures computed a t  a g iven t i m e  d i f f e r e d  by l ess  than 

one p a r t  i n ten  thousand f o r  r a d i i  o f  10, 20, and 40 

angstroms. Since computation t i m e  f o r  t h i s  p o r t i o n  o f  t he  

a l go r i t hm increases as t h e  f o u r t h  power o f  t h e  c u t - o f f  

rad ius ,  the  sma l les t  o f  these r a d i i ,  10 angstroms, was 

chosen f o r  general  use. 

The s i z e  of the t ime  s tep  used i n  numerical  

i n t e g r a t i  on of t h e  equat i  ons o f  mot i  on i s  a1 so impor t  ant. 

Whi le i t  should be i n  the  range o f  10- l6  t o  10 - l 3  

seconds, t h e  most appropr i  a te  value depends upon t h e  

i n t e g r a t i  on a l g o r i  thm and the  s i  ze o f  the  i ntermol ecu 1 ar 

forcis. Steps o f  0.1, 0.25, 0.5, 5 .o, and 10.0 x 10-15 

seconds were t es ted  a t  t h e  extremes o f  molecular  dens i t y .  

Those above 1.0 x 10'15 seconds caused r a p i d  growth o f  

t h e  systernls t o t a l  k i  n e t i c  energy. When a value of 0.25 x 

10-15 seconds was empl oyed, the k i  n e t i  c energy remai ned 



w i t h i n  3 percent  o f  i t s  average value over a p e r i o d  o f  

1000 t ime steps. 

The dependence o f  pressure-area res  u l  t s  upon t h e  

fi neness o f  t h e  computai onal 1 a t t i  ce was a l so  tested.  The 

d is tance between l a t t i c e  p o i n t s  was given values o f .  

1.3846, 1.6364, 2.0000, and 2.4444 angstroms; r e s u l t s  were 

compared a t  constant  mol ecul  ar area. Pressures computed 

w i t h  one o f  t h e  f i r s t  t h r e e  d is tances d i f f e r e d  by o n l y  4 

percent,  w h i l e  the  l a s t  d is tance l e d  t o  a 27 percent  

a l t e r a t i o n .  A d i s tance  o f  2.0000 angstroms was chosen as 

t h e  standard value. 

In order t o  v e r i f y  t h a t  t h e  m a t r i x  c a l c u l a t i o n  o f  t he  

Coul ombi c i n t e r a c t i  on. based on Poisson's equat ion  gives 

r e a l i s t i c  dynamic r e s u l t s ,  t h i s  i n t e r a c t i o n  was calcu.1 ated 

i n  a d=i rect; pa i  r-w-isb fas  h i  on i n scvera l  experiments. 

, Cut-off r a d i i  o f  10, 20, and 40 angstroms (2.5, 5, and 10 

times. t h e  l 'engt h o f  t h e  mol ecul ar analogue) were used; 

pressures deviated from Poisson-based r e s u l t s  by , . 

approximately 11, 3, and 1 percent .  Th is  imp l i es  t h a t ,  

when t h e  c u t - o f f  r a d i u s  o f  t h e  pa i r -w ise  c a l c u l a t i o n  i s  

s u f f i c i  e n t l y  1 arge, t h e  Poisson-based and p a i r - w i s e  

r e s u l t s  a re  i n  c lose  agreement .. As was mentioned above, 

t h e  pa i  r -w ise  ca l  c u l  a t i  on w i t h  a re1 a t i  v e l y  1 arge c u t - o f f  

r a d i u s  i s  much more time-consuming than t h e  Poisson-based 

ca l  cu l  a t i  on. 
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, system were re1 a t i  ve l y  i n s e n s i t i v e  t o  t he  p rec ise  nature 

o f  the non-peri odic boundary cond i t i on  appl i ed t o  the 

p o t e n t i a l  on t he  xy-planes l y i n g  a t  a f i x e d  distance above 

o r  below the plane o f  charges. The parameter which 

determines t he  gradient  o f  t he  po ten t i  a1 a t  t he  boundary, 

w, was given values o f  0.95,0.85, 0.75, and 0.60; the 

boundary was 1 ocated a t  6,12, and 24 angstroms from the  

charges . A boundary c o n d i t i  on o f  zero po ten t i  a1 was 

tes ted a t  12 and 24 angstroms, corresponding t o  t h e  

1 ocation o f  a grounded, conducting p l a t e  a t  these 

distances. The l a rges t  va r i a t i on  i n  a l l  o f  these. r e s u l t s  

was 2 percent; i.n most. cases i t  was ' subs tan t i  a l l y  less  

than t h i s .  The i n s e n s i t i v i t y  o f - t h e  resu l t s  t o  v a r i a t i o n  

of such parameters i s  probably due t o  two fac to rs :  the' 

net charge on the plane i s  zero and the  analogues are 

constrained t o  l i e  i n  the plane. 

As one m i  ght expect, t h e  simul a t i  on resu l  t s  d i  d show 

subst an t i  a1 dependence upon those fac tors  whi ch a f f e c t  the 

s i ze  o f  t he  in termolecu lar  forces d i r e c t l y .  These are the 

r e l a t i v e  p e r m i t t i v i t y  f o r  the e l e c t r o s t a t i c  force,  and the 

w l l  depth and distance parameters o f  t he  Lennard-Jones 

po ten t i  a1 f o r  the e l  ectrodynami c and over 1 ap fo rces . The 

re1 a t i v e  p e r m i t t i v i t y ,  which i s  about 80 i n  bulk water a t  

2 9 8 ' ~ ~  was given values o f  80, 60, and 40 i n  experiments 

of 1 ow, i ntermedi ate and h igh molecular densi ty.  



Decreasi ng the permit t ivi ty  from 80 to 40 caused an 

increase in pressure of approximately 11 percent at  each 

density; a decrease from 80 to 60 caused a 4 percent 

i ncrease. Such i ncreases move the simul ated pressure-area 

curves aw,ay from the experimental curves.. 

The distance parameter of t h e  Lennard-Jones potenti a1 

was varied from 3.0 to  6.0 angstroms a t  several molecular 

densit ies.  Values of 3.0 and 4.0 angstroms re su l t  i n  

pressures which d i f f e r  by less  than one percent, while 

values of 5.0 and 6.0 resu l t  in pressures which are 8 to  

12 percent higher. T h i s  r e s u l t  and theoret ical  

investigation of hydrocarbon-chain interaction energies 

(Shapiro and O h k i ,  1974) suggest t ha t  the 4.0 angstrom 
. . 

value i s  the most appropri ate. 

The well depth of the Lennard-Jones potenti a1 i s  

expected to  be approximately 0.26 x joules 

(Shapiro and Ohki 1974). Simulations were r u n  with values . 

o f  0.10, 0 . 2 0 ,  0.53, 1.06, and 2.12 x jonles. The 

three smallest values gave resu l t s  which were not 

s ignif icant ly different ,  wh i l  e the two 1 argest caused 

pressure resu l t s  to  be about 4 and 7 percent 1 ower a t  

molecular areas of 40.5 and 50.0 square angstroms per 

molecule. A t  higher molecular areas, the 1.06 and 2.12 x 

joule values did not change the pressure r e su l t s  

appreciably. A value of 0.53 x joules was used in 

most experiments. 



The simul a t i  on pressures obtained u s i  ng a c u t - o f f  

rad ius  o f  10 angstroms f o r  t h e  .Lennard-Jones 12-5 

- 15 . po ten t i  al, a t ime  s tep  o f  0.25 x 10 seconds, a 

1 a t t i c e  dist ,ance o f  2.0 angstroms, a re1  a t i v e  p e r m i t t i v i t y  

of 80, Lennard-Jones parameters o f  0.53 x j o u l e s  

and 4.0 angstroms, a value o f  0.95 f o r  w,. and a z-boundary 

l o c a t i o n  o f  6 angstroms are p l o t t e d  i n  F igure  111.2 as a 

f u n c t i o n  o f  temperature at  f i x e d  molecular  area and i n  

F igure  111.3 as a f u n c t i o n  o f  molecular  area a t  f i x e d  

temperature. 3NkT/ZA i s  a1 so p l o t t e d  i n  F igu re  111.3 f o r  

compar i son. 



Figure 111.2 

Simul ation, res.ul ts:  surf ace pressure as a 

function of temperature a t  fixed molecular area 

(see text for parameter values) 





Figure 111.3 

Simulation results: surf ace pressure as a 

function of molecular area at  fixed temperature 

(see text for parameter values) 





I1 I .C.  Comparison of Pressure-area Curves 

Figure 111.4 combines the experimental and simulation 

r e su l t s  for ease of comparsion. We note the following 

similarit ies:  

( i )  The slopes of the steepest portions of the 

curves have approximately the same value. 

( i i )  The magnitudes of the simulation pressures l i e  

close t o  the experimental pressures for 

' molecular areas greater than f i f t y  square 

'- angstroms. 

( i i i )  The variation in simulation pressures with 

temperature at the same molecular area is of 

the same order of magnitude .as the variation 

in experimental pressures. 

We also note the following dissimilarit ies:  

( i )  The "transition" regions of the experimental 

isotherms do not appehr i n  the simulation 
so.f 

( i i )  Portions of the experimental isotherms l i e  

be1 ow 3NkT/2A; the simulation isotherms l i e  

entirely above this  value. 

The imp1 icati  ons of these simi 1,ari t i e s  and 

dissimilarit ies are discussed in Section 1V.A. 



Figure  111.4 

Juxtaposi  ti on o f  exper imental  and 

.sirnu1 a t i  on isotherms 
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IV. A.  Adequacy of the Model 

The simulation results show that:  

( ' i )  Real i s t i c  modeling of some monolayer propert,ies 

is . feasible  using the molecular-dynamics 

technique. 

( i i )  Qualitative agreement in magnitude, slope and 

temperature dependence of pressu re-area 

isotherms can be obtained, even when the 

molecular analogue is a very simple linear 

dumbbell with coincident Coulombic and 

Lennard- Jones force centers. 

( i i i )  The model based on this  simple analogue shows 

no tendency to simu.late the highly 

temperature-dependent transition regions of the 

pressure-area isotherms, nor are simulated 

isotherms completely r ea l i s t i c  with respect to 

an ideal -gas isotherm of 3NkT/2A. 

The deviation of simulator isotherms from rea l i s t i c  

isotherms is  quite likely the consequence of the coarse 

manner in which the hydrocarbon t a i l s  of the phospholipids 

were rnndelecl: their  extension in the z-direction was 

suppressed and their  ab i l i ty  t o  f l a i l  about was ignored. 

Ways i n  which these shortcomings might be remedied are 





I V .  B. D i r e c t i o n s  f o r  Fur ther  Study 

O f  p r i m a r y  i n t e r e s t  i n  add i t i  onal work i s  re f inement  of 

' t he  t h e  mol ecu l  ar analogue. Several improvements appear 

f eas'ible: 

( i )  A three-dimensional  analogue cou ld  be designed. 

  his might cons is t ,  o f  two coupled chains o f  f o r c e  

centers,  perpendicu lar  t o  t h e  monolayer plane, w i t h  

an e l e c t r o s t a t i c  center cons t ra ined  t o  l i e  i n  t he  

p lane and e lec t rodynamic  centers  ou t  o f  t h e  plane. 

I n i t i a l  s imu la t ions  would compare t h e  behaviour o f  

t h e  l inear-dumbbel l  and coupled-chain analogues 

w i t h  chains cons t ra ined  t o -  be l i n e a r  and p a r a l l e l .  

La te r  s imu la t ions  would a l low bending o f  t he  chains. 

( i i )  The c o n s t r a i n t  t h a t  the  analogue have zero ne t  

charge cou ld  be re laxed.  Th is  must be done w i t h  

care, s ince i t would r e q u i r e  t h a t  counterbalanc ing 

charge i n  the,aqueous phase be modeled . 

( i i i )  A more complex model f o r  t he  p o l a r  head group cou ld  

be developed. I t  migh t  inc lude,  i n  a  s t a t i c  or 

quasi  - s t a t i c  arrangement, water molecules which may 

be associated w i t h  t h e  head group. 



At ta inment  of these goa ls  would c e r t a i n l y  r e q u i r e  a lgo r i thms  

which are ex t reme ly  e f f i c i e n t  i n  t h e i r  use o f  computer memory 

space. 
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' ? J J P Y = ~ S Q ~ T ( ( D A B S ( Y J ( L ) - Y ? ( I ) - D V ) ) * * C , ~ D + C ? + X ! J S P )  
R ! J ~ ! Y = D s G R T I ( D A B s ( Y ' J ( L ) - Y ?  ( I ) + D Y ) ) * * i T T Z D + C 1 + X I J S C )  

V L J P Y = V L J P ~ X + ~ E F T H + ( ( D I . S T / R L J P X ) * * ~ . 1 2 D + ~ Z - ~ . Z I ? + i ! 1 * ( ~ 1 S T / F ! I J P X )  
' ' 1 * * [ ! . 5 5 + ; 2 ? )  

V L J M X = V L J Y X + D E P T H * ( ( D I S T / R I J M X ~ * * G . ~ Z ~ + O ~ - G . ~ ~ + ~ I * ~ ~ I ~ T / R ~ J ? ~ ~ ~  
1 * *0 .59+1?1)  

V L J P Y = V L J P Y + D E P T A * (  ( D I S T / R I ' J P Y ) * * r ! . ? 2 C + O ? - 5 . 2 C + Q 7 * (  l ? T S T / Q l . l ? Y )  
1 **0.5 D + ? 1  ) 

V L J F Y = V L J . P Y + D E P T u * ( ( D I S T / R I J . N ? Y ) * * ? . ! ? D + ~ 2 - ~ . 2 C + f i 7 * ( 9 ! S T / R ~ J ? ! Y )  
1 **C.53+!?? 

T F ( L J S W 1 , E S . O )  G O  T O  5 0  
c + O E D - N U Y B E R E C  F O R C E  C E N T E R S  A R E  N E G A T I V E ,  E V E N  P C S I T T V E .  ' .  

J S I G N = ( - l ) * * J  
G J S I G N = Q D ~ P E P * D ' P L E ( F L O A T ( J S I G N ) )  
V C D X = V C P X + Q J S ! G Y / R I J P X  
V C : ? X = V C F x + o J S I G N / R S J r Y  
V C ? Y = V C P Y + O J S I G Y / R I J P Y  
V C ? V = V C . ~ ~ Y + Q , J S I C Y / 4 I ? n y  

5 2 C r S V T  TNUE 
F L J X I Z F L J  F A C * 0 . 5 0 + C ' C * ( \ ' L J P X - , V L J M X ) / D X  / * J O U L E S  F E R  A h J ( ; S T R f J M * /  
F L J Y I z F L J  F A C * ? . 5 D + ~ 2 . ~ * ( V L J P V - V L J v Y  ) / . O V  

. P L J A ' V I = ~ . ; ? ' ; C + ! ~ ~ * ( V L J P X + \ I L J * ' X + V L . J P Y + V L J F V )  / * J O U L E S * /  
? L J T C T = P L J T Q T + P C J A V I  
F C Y l = C . l 6 P - l 8 * ! ? . 5 D + C E ! * ( V C P X - V C Y Y )  /DX 
F C Y T = ~ , 1 6 D - 1 8 * : ~ . 5 D + ~ G * ( V C Q Y - ~ J C ! ? Y )  / I )y  
P C A V T D = 2 . 2 5 3 + 0 ? * ( V C P X + \ I C F Y + I J C D Y + \ I C h 3 Y )  / * J O I I L E S * /  
P C T O T D = P C T O T D + P C A V I D  
I F ( ( F L J X I . ' G T .  F V A X )  .,c.R. ( F L J Y I  . G T . F M A X ) ) '  P ~ J N T  4 c c  I,FLJXI,FLJYI 

4i!0 F O R Y , 4 T ( ' > > >  F O 9 C E S  E X C E E D  F F A Y  I N  L J F O R 2 , .  1 = ' , 1 3 , 2 X , ' F L J X I = ' , D l  
11 . L , Z Y : , ' F L . J V J = ' , D 1 1  . 4 )  

5 ;:; rj R E T U R ? !  
E N P  

C**************************************************************+******** 



C * * * * * * t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * , * * * * * * * . * * * * *  

S U B R C U T I P ! F  P P E Y S !  ( X C M , Y C M , C W X S V S , C ~ ! Y S Y S , T F P . R , P V E ? . G , F T X ~ ~ , F T V C Y )  
C  * O p J E C T I \ l E :  C A L C l J L n T E  S I S T E R  P R E S S U R E  L J S I N G  V I S I A L  T H E D R E F  

I N T E G E R * Z  N T L , V P F S H  
P A R A M E T E R  ~ ~ ~ T L = ~ ~ ~ , N K E s ' P = ~ c . P ~ )  
IV?PLICXT R E A L t S  ( % - G , O - Z )  , I w T E C E R  ( H - N )  
C O W M O ! i / / X ?  ( N T L ) , V ?  ( t J T L > , Q P ? E S H ( b i ~ ! E S H ) , D H C , D 9 t ? , Q , V E S H , I T L , N , 4 L p H , 4 , V  

~ G E T A , ~ ~ G P ~ P A , 6 , M , N ~ ? Y ] , S I , S 3 , O M E G 4 , F P S I 9 , Y ~ , F H I ~ ~ ~ H ~ P J Y E S ~ ~ , K ? S ~ A ~ , K ? S U ?  
Z , K R S ! J 3 , K R S W 4 , K R S ~ . 4 5 , K R S W 6 , K Q S W l , K ~ S W 3 , K ~ S h ' ~ . , K Q S f d S , % G S ' . J 6 , S , S c ~  
3,GAP"Z,L l iSW1 , L I J S W ? , L U S X ! ~ , L U S W ~ , L U S W ~ . , L L ~ S W ~ , . F I . J  F A C , F # . A X , L J S W l  ,LJS!.d2, 
L L J S W 3 , L J S : d & , L J S W 5  , L J S ~ i 6 , 0 D S S 4 V ~ 8 , E J T L L )  

r \ IM,E 'JSI .CN . J C C M N T L ) , Y C C ! Y ! ~ r \ l T L ) , F T Y C M ( N T L ) , F T Y C Y ( N T L )  
C * * * * *  CO!JSTA$lTS *+***  

N Y O L E C = I T L / Z  
C F X S Y S = C , ~ D + O D  
c p ? y ~ y $ = Z . C e + Q Q  
p C f i T F z ~ . P C + ~ ~  

C * + * * *  F I N D  S Y S T E Y  C E N T E R - O F - M A S S  
D C  2 ?  1 - 1 , I T L . l  

c n x S Y S = C ? ~ X S Y s + x l  (I) 
2 2 ~ ~ ~ Y S Y S = C ~ Y S Y S + Y ~  ( T I  

C M ~ S Y S = C A ~ S Y S / Z ~ L  
C ~ ' Y S Y S = C Y Y S Y S / I T L  

C * * * * *  C A L C U L A T E  D ? T  P R O D U C T  O F  P O S I T I O K  A N D  F O R C E  V E C T C R S  
D O  3 0  T=Z,ITL. ,Z 

I ? ! l z I - 1  
R D O T F = R D O T E + F T X C . V ( I f ' 1 ? ) * ( X ?  ( I N : l ) - C P X S Y S ) + F T ~ C . Y ( ~ K I ) * ( Y l  ( I % l ) - C ?  

& Y S Y S )  
? D O T F = ? D O T F + F T X C P ( I ) * ( X 1 ( I ) - C Y X S Y S ) + F T Y C I * Y l - C S Y S  

C ~ ~ ! ~ ! T E ( I I , ( I C ! ~ ) .  R o C T F , F T x C X ( J )  , F T y C I 4 ( f ) , C Y X S Y S , C , V Y S Y S  
3 {; C S N T I N L J E  

C***** C A L C U L A T E  P * V  I N  E R G S  ( P ? * A  = ? . 5 * N K T  + C . S * S D O T F )  
P V E R 6 = ? . ~ 9 + C ~ * N V Q L E C * ? . 1 3 h p - l ' . * T R A R + ~ . 5 O + ~ 7 * R D Q T F  

F R T N T  biit; ' R O . 3 T F , F T x ! : F ( I T L ) , F T y ~ ~ ( I T L ) , C C . ? Y ~ Y S , C P Y S Y S  
4 2 0  F O R ; 4 A T ( Z X , 5 ? 1 1  - 3 )  
? C  2 R E T I J R F :  

E N [ J  

C t * * * * * t * t i * * t * * * * * , * * * * * * + * * * * * * * * * * * - ~ n * . k h * * * * * * * * * * + t * t * ~ * * * * * * * * * * * * * * * ~  



( I 1  
( 2 )  C * + * * * * * * + * * * * * * * * * * * * * h * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * . k * * * * * * * * * *  

( r : ~ s 3 )  S U i 3 R O U T I F ! E  P H O T O  ( N P T )  
4  c * P I I R P O S E :  P L r l T  P C S I T I O N S  O F  P A R T I C L E S  G I V E N  d B N D  
( Z C Z 5 )  C  * Y C O O R D I ? I A T E S .  
( 2 0 . 3 h )  I N T E G E R * 2  N T L , N P E S H  
( .? n ,..; , .d 7 1 P A R A M E T E R  ( N T L = C 6 4 , ? ! R E S H = 1  C 8 3 )  
( 3 2 3 8 )  I . F D L T C I T  R E A L * 8  ( A - G . , O - Z ) , T N T E G E R  ( H - N )  

( . : z ? ~ )  C O Y M O N / / X I  ( N T L )  ,Y1  ( h ' T L )  , Q r ! E S H ( F : M E S t ! ) , D t i C , D H Y , Q , Y E S H , I T L , N A L P H A , N  
( 031  2 )  ' ~ E ! E T A , N ( ; . ~ . ' Y W A , . N , ~ Y ! , C I Z M , S ? , I ~ , O O F E G ~ , E P S I R ~ , Y H , P H I M S H  ( N v E S H ) , K R S W ? , Y , R S W T )  
( 2 0 1  1 )  2 , K R S W 3 , K ~ S W 4 , K R S ' , d S , K F ! S V h , K G S i ~ 1 , K Q S W 2 , K Q S W 3 , K Q 5 1 ~ ~ , K Q 5 ~ ~ , K O S ' ~ 6 , ~ , s C F  
( 2 C f 2  3 ,GaMZ,L ! JSW1 , I . U S W ? , L U S W 3 , L U S U 4 , L U S ~ d 5 . , L U S W 6 , F L J F ~ C , F ? ' A ~ , L J S ' W ? , L J S U 2 ,  
( C 3 1  3 4 L J S W 3 , L J ? U 4 , L J S Y S , L J S V 6 , Q D S A V ( 8 , N T L )  
( 2 0 1  4 )  D I F E N S I O ?  K C E L L ( 3 2 , 6 2 ) , L T T f 7 2 )  
( C Z i  5 )  D A T A  K S T A R / ' + ' / , K S F ~ ~ C E / '  '/,KDOT/'.'/,KPCS/'+'/,KNEG/'-'/ 
( 1 " 2 1 6 )  D A T A  L T T ( ~ I ) , L I T ( ~ 3 ) , L I T ~ O 5 ) , L I T ( ~ 7 ) , L I T ( ? 9 ) / ' 0 ' , ' 1 ' , ' ~ '  , ' 3 ' , ' 4 ' /  
("J? 7 )  D A T A  L I ~ ( 1 1 ) , L I T ( 1 3 ) , L I T ( 1 5 ~ , L I T ~ 1 7 ) , L I T ( 1 9 ) / 1 5 ' , m 6 m , 1 7 m , ~ 8 ' , 1 9 1 /  
(Lli3'li;) D A T A  LTT(2?),LTT(23),LIT(25),LXT(Z7),LIT(29~/'fi','~','C','D',1E'! 
( z C ! 9 )  D A T A  LIT(3~),LLT(33),LITC35),LIT(37l,CJT(39)/'.F1,'G','H','I','J'/ 
! : 2 0 2 2 )  D A T A  L J : ? ( 4 ? ) , l - I T ( 4 ? , ) , L X T ( 4 5 ) , l - I T ( 4 7 ) , L I T ( 4 ~ ) / ' K ' , ' L ' , ' Y ' , ' k l ' , ' P ' /  
( Z g 2 1 )  R A T A  CLT(51),L/T(53),LTT(55),LLT(57),LIT(5~)/'Ps,'~1,1~',1S~,'T'/ 
( 9 0 7 2 )  P A T A  L I T ( 6 ? ) , L I T ( 6 3 ) , L I T ( 6 S ) , C 1 T ( 6 7 ) , L ? T ( 6 ? ) / ' ! . ! ' , ' V ' , " J ' , ' % ' , ' ~ ' /  
( 2 0 2 3 )  9 A T A  L ! T ( 7 1 )  /'Z'/ 
( 3 2 2 4 )  . . T C P U l = C T I M Z A ( C P l ! T I M )  
( 5 2 2 5 )  C * * * * +  C ( ) N S T A F : T S  *%*+* 

( ? 0 2 6 )  C E L L X = D H P ? * ! N A L P k ! A - 1 )  
' f l 7 7 )  ( L ~ -  C E L L V = D H X + ( K R E T 4 - I  

! C 0 2 3 )  S C 4 L E X = i 7 . 3 D ' + 5 2 / C E L L I  
( ? S 2 ' > )  S C 4 L E Y = C . ? D + ? Z / C E L L Y  
/ I-; < - 1 C * * * * *  CLEF.!? K C E L L  .9?dT). S E T  R O U N . D A R I E S  * * * * *  
( 7 ( 2 ! 1 )  D O  ! C  5 = 2 , 6 1  
( ? C 1 3 2 )  ' D C  ? ?  I = 2 , 3 1  
(C.33 '15)  1 0  K C E L L ( T , J ) = K S P A C E  
( 2 0 3 4 )  D O  2 C  1=1,32 
(f30.35) K C E L L c I , l  1 - K S T A R  
( C 8 3 h )  2 0 * K C E L L ( I , h Z ) = < S T A R  
( 2 0 3 7 )  D O  3': J = Z , 6 !  
(CIS381 K C E L L  (I, J ) = K S T A R  
( 3 0  3 0 )  3 5  Y C F L L ( 3 2 ,  J ) = K S T A H  
( : 2 ? 4 3  ) * A * * *  ! ' ?OD1 F Y  K C E L L  A C C O R D T > ! G  T O  P C S I T I C N S  * * * * *  
( C Q f + I )  D Q  4 1 ;  T = 2 , I T L , Z  
( . 2 C ! 4  7) 1p4=1-1 
! S i 3 4 3 )  ? < R C W I = 3 1 - I D I N T ( Y l  ( I ) * S C A L E Y )  
( : 2 C L 4 )  N C O L I = 2 * I D l N T ( X I ( I ) * S C A L E U ) + ?  
( 3 0 4 5 )  ' d C O L T ? = M C O L I + ?  
( : > G l t  4 K C E L L  ( N R C ! J I , V C O L I l = K ? ~ l S  . 

! : : a 4  7 )  U C E L L  ( 4 ! D 3 ' ? j I , ' < C O L I P ) = L T T  ( I F )  
(2a9/,8) ' ~ : E O V I = ~ ~ - I D I V T ( Y ~  (1 -1  ) * S C A L E ' { )  
( ~ ~ ~ ~ )  N C C L T = Z * T D T N T  ( X ?  (1-1 ) * S C . S L E X )  + 2  
( ~ ~ 5 2 )  X C Q L I P = ! l C O L I  +I 

( 2 Q i l ' )  Y C E L L  (?!?O!JT, : !C@L!.)=K;dEG 
( : 2 2 5 2 )  4 02 U f E L L ( Y R O ! . d I , Y C Q L I P ) = L ? T ( I C )  
( 0 g 5 3 )  C * * * + - *  G R I T E  Y C E 1 . L  + * * * *  
( - - - [ , I  U E : T E ( 1 1 , 2 ? 2 )  PlP.1 
( 5 )  nc 5 3 . 1 = 1 , 3 2  
( C 2 5 h )  =j 5 ~ ! ? I T r ( l l , 2 O I )  ( K C E L L ( I , J ) , J = 1 , 6 2 )  
( C G 5 7 )  C + t * * *  F C P Y A T  S T A T F Y E P ! T S  * + * * *  
(505C 2 :I: I F q S F A T ( ? H  , h ? A 1 )  . 





APPENDIX B 

PROGRAM TO SOLVE MATRIX EQUATION 



C * * * * *  P H O G R A Y  T I T L E :  L I J D E C 3  * * * * *  

138 

C * * * * *  F S Q G P A F l  T I T L E :  L l . J D E C 3  .k**** 

C  * L L I D E C ~  D I F F E R S  F ? O v  L U D E C Z  I N  T H A T  
C  EL A K G  U  A R E  Y R I T T F Y  T O  F I L E  F L U .  
C P 'RCD D I S A B L E D  T ! J  S A V E  S P A C E .  
C  * R q U h I D A R Y  C O N b T T I ( I N S  C N  Z: (SbjTTC!-I=KSW??; S E E  P A G E S  35C .1  - 3 5 C . 1 6 )  
C Pt! !  (U)=OFlEC.A+P!!I ( P I  
C Of?  PKT ( U 3 = ( ? + 9 " E G 4 ) * P ! ! ?  ( P I - C F ! ~ G . ~ * ? H I  (I)) . ( E A C K W A R D  D E R I V A T I V E )  
C N C T E  T ! { I , T  O M E G A  MUST E E  S E T  T C  1.3 I ? ]  P A C K G A P ?  D E R T V A T I V E  F O P ? .  
C * S Y r 4 F E T R I  I N  Z: I F  T E E  Z = '  P L A t J E  S E E S  T U E  S A F F  E " ' V I R C N ! ~ E N T  A B O V E  
C  hFID R E L O W ,  T H E ? i  C O M F U T A T ! O N A L  E F F Q R T  V.4y  O E  H A L V E D  
C  PY D E A L I N G  O N L Y  U I T H  T H E  U P P F R  P O R T I O N  O F  T!'E 
C  P 9 I S Y .  ' € 1  K S W I T  E G U A L  T O  0 4 E  I N  T H I S  C A S E .  
C S E E  Y O T E S ,  P A C E S  35F.17 - 35.7.25.  
C  * P A R A M E T E R S  S H Q W N  A S S U P E  T H A T  N A L P H A = 2 1 ,  ? J E E T A = ? l , R  K G A M F A = C . 3 ;  

c .  i K O T E  T H A T  V R 9 M S = t 4 4 L P H A * ~ E E T A * ? : G A M Y R  
c * N C Q L S =  (b !SETA+? !GP : * !EA)  + ?  
C * i ! ? ? = R A L P g A  
c * N C ' = X f i E T b  
c 1 N C T E  T H A T  C H A S G E  C C C R D I N A T E ~  Y U S T  E E  C O ~ S I S T E V T  WITH ~ J ~ L U E S  ,- 
C . O F  N F C F H A ,  N E E T A ,  N G A F I P A ,  A I d O  KSW'I::. 

IP . !TEGF+kZ N Q $ ! J S , N C O L S , K R l  , K C 1  
P A E A p 4 E T E P  ( V P O U S = 1 ? 2 3 , \ ! C O L S = 6 4 )  
P A 2 4 F E T  F.R ( X 4 1 = 2 1  , N C 1 = 2 . 1 )  
J ~ F ~ I C I T  R t  4 L * Y ! k - G , Q - Z )  , I ? i T i G E R ( I ! - N )  
I~.;T r ~ i i : * Z  A X i ? E A D , A T S A Y F  ,Q .TWR IT,..?:!.f?CtJFi 
~ o ~ y p l ' ~ '  1.41 A (~~ROYS,?II:QLS 
C ~ ? ~ ~ " , ~ ~  / / F L  / E L  ( ! i R ? i 4 S , N C O L S )  
C C V Y ~ L ~  / l j  1 U (?.:FOGS , N C O L S !  

c CQ;'"b:. / F ? C D /  P R C D ( V P ? W S , ? C G L . ' )  
! I : I "Evs; ,Ch:  ? t I N ? I  ( i i i ?CLi ;d )  ,r!3 (I\!R(!!.415) 
C : I ? i ? 4 C J ! > k  QT?.! ~ h j ? ~ ~ ~ ) , & P t f I  (i',l!?r)l.:S) 

3 I v f  V S S I O N  ! . C ( N C ' , Y P 1 )  , V Y E  ( p C 1 )  , ! ISY(P* iR1)  
D A T  4 P S P E P D ,  3 . $ S ? ~ * F , . J : ? W R T T , $ ? ~ D ! , v ' R / ?  , 1 ? , Z 1 7 /  

C A L L  P T T D F \ ! ! ? , 7 , 3 , F )  
CA,.L,  CFEf*iC:A (:!SREP.!J+ESSi?..r$F, ' L L ! D : 2 T P t , . 5 , j )  
C A L L  C F E N Y :  ( A . Q ! < ! I I T + / . $ S A Y F ,  'L. !J??PTf: '  ,?,7) 
C t t L L  C!>E>IF,& ( , T S ? D W R + b s S A V F ,  ' ELuF 1, Ib ,  .P) 
T C t ; ' I . l l = C T T ~ P r ~ ( C ~ l j T ~ ? L )  

c * * * * *  ? I ~ ~ r : r ~ ,   ETA, v ~ p . : " , y ~ ,  ~ z t  T F V ~ ! . ;  4:: a g  (:ac * + s t +  

1 nE$.:; ( , > 7 , 2 3 7  ) > . ! : ? L P H . k , ~ ~ i ? E T A , ~ ~ ; G f l $ ~ ! ~ A  ,: 1 ,Sz ,QU-cG p. 

? E G D ( c ' : ,  2 2 7 )  Y':k1 ,K$:r'2,KSLJ7,k: .S, '14,! ' :Sk5,K 5$.5,<5W? ,r?i$.". ,KS!<?,Y$!,sl _' 
f ? E t I Q ( F P , 2 7 7 )  E F S I R , Y V  

C t * * * f  S i . : I T C H [ s  ( K S k t S )  k + + + *  

c * T F I D C u *  * I F  s b i I T C k ! = l ,  T t : E X +  
C 1 C t ; L C ! J L G T F  P r ( , C F Z L F S  !I!<! 1 / 3  S l Y T S  
c 7 C A L C ~ ~ L ~ T E  & " H I  1 ~ 5  $ 7 1 ~ 5  01?.!, 5 ~ ~ 1 ,  F I F F J ,  .? 

C. - ! . ; ? I T F  Q 1fii CEFJT ' c  Y Y - P L a S F  
c L W ? L T E  !.) F % ( ; ; i 1  $ j E " T  T C  FBr:T 
C  5 ' ? : R I T E  !? ANC'  I _ I ! Y ' i  A F T E R  FCR!d ,??n  S l i : % S T I T ! . l T I G r \ ]  
c n ; ? I T '  E L  :,Y? i.! TC F I L E  F L Y  

7 C & C I T E  F L  C y C  [I T C ' F I L E  : ? L ! I -  TClL:.! S T 5 F  ( 4 L 5 9  X c T  K C  
C .T, V S F  : > 9 , C < k f i ? ? - ? F Q T \ ! A T I V E  3C c " :  7 

c r? FI ' ; ip  P 9 C B L i C T  CF'  E L  A ? l r .  i j ;  ! . JSTTE  P,PRQD,CL,I! 
C '1 9 T P F ? * T  P B C F L E = <  AT SY?.*?f,ET"C 1" 7 

* + ' * r+  C r L j S T f i t . . ; T S  i * * * *  

?.) - y 6 L " H ,h " ?I E T 4 + t; - A ;.: y /l. 
N = > ! G F T 4 t ' i C , E , Y Y f i  
X A : : = F . J / \ L ~ F ~ + ~ : ~ E T A  



f***** F K O C Q A M  T I T L E :  L!..!DEC? * * + * *  

N G ? l = h ; G 4 M p l A  t l  

b ~ G A 1 = ~ C A ~ Y A - I  
Y A F I C ) Z =  ( ~ G X L P H A + ~ ) / Z  
f i ! P F ? ! C Z = ( N i ? F T A + I  ) / Z  
pp  1 =r<+ 
>j pE; p = - v. 
yv2:%l=pl?+y-p 
y p q  = p + 1  
FPSIG=$! -biS.4P$A 
SIGYA=?.20+51*(C.1D+QI+SI+S3) 
S 1 4 1 = - S 1  
S3 ' . '= -53  
3 b i E ~ l = - G . l o + O l  
$ 3 N C R = S 3 N * C M E G A  
E P Y H = F P S J R * V Y  
S S l r 3 = D S o R T  C S ? . * S 3 )  
C = 1 4 . 3 ? 6 9 ? 7 5 1  D + C 2 / E P Y H  
f\rZr.\=RCr:?I / ?  
IC=~.:PI I Z  
I C ? . E Q 1 = I C - N G Y l / 7  
D D F A C = C . S D + C ' C  
I F  ( K S $ ! S . E Q . l )  H D F  A C = ( ~ . I D + ~ - ! l - O Y E G k ) * C t . f ; O + i ~ C  
M R I T F ( I ~ , Z L ? )  
L ! R I T E ! ' l < , 2 , 5 Z )  
Z ~ I T E  ( 1 1 , 7 3 4 )  N A L P H A , N R E T A , ~ , J G ~ ~ ~ A , S I  ,S~,OP:GI~,EFS I ~ ! , Y H  
V R I T E  ( ?  7,251) K S V 1  , K S W 2 , K S L ! 7 , K S ~ L , K S G I 5 , K S ! J ~ , Y S k 7 , K S f C Z , K S b ; 9 , K S ~ 7 ! ~ ~  

C****+ S E T  iJP W V E C T O R  ; b * . k * *  

C t J P = ? .  1 D + C 1  
t)Q C 5  I=l ,i.i 

Q T N (  I )=c .c ' l+zG 
0 5 Q ( I ) = R I V (  I )  

C * T H E  VfiL!IF: O F  Q U V I T  I S  D E R I V E D  C . 1  P A G E S  4:'1.?-403 C F  ?! . !EST5 NCiTE.5 .  
C  * T M E  L1?I-'JF: C.EPE.':DF?iT UpQ!u' S ! ,  5 3 ,  E P S I R ,  A:.!? Y1' I S  L l S F ! ?  ? ! ? D T F I A O X L Y  

C U N ! T = ? V . ~ ~ ~ ~ ~ ~ ~ ~ + ~ ? C * P S I S ~ * C : V F / E P Y H  
C CIJtJ T T = ? ~ ~ . 3 C S 4 * 0 + ! ? ? / N G . 4 ! 4 Y A  
c Q I Y  ( ~ r : 4 ) = G [ , ! X I T * < ~ . Q f b ~ + ~ J i ~  
c ( 2 1  ? ) = Q [ ! X I T + C . 1  C f J + z i l  

C c r ~ ( n ~ ?  ) = Q ! ! ? I ~ T  +!:,?6p+?y 
C * C H A R G E S  A T  ( 5 , 5 ) , ( 2 ~ 7 , 3 T ) , ( 7 5 , 5 ) , ( 4 C ! , 3 0 1 , ~ 5 , 4 5 ) , ( 3 5 , h 5 ) , ( 2 3 , 4 ? ) ,  
C ( 4 0 , 1 5 1  
C Q I N ( ? C ~ ) = Q ! J ? . J J . T  
C c I?! ( 4 5 7  )=-Q?IF:IT 
c C I V ( 5 [ 5 ) = Q ! W I T  
C  O I ' < ( R L ? ) = - ? ! J F I I T  
c GI!%! (1  F ?  ) = - S I J V T T  
C c 1~ ! 7 7 5 ) = 0 ! ! & I T  
C Q I p c  (4rt. ' ;)=I: i !1iIT 
c O I W  ( 8 ~ ~ ) = - 3 l J N I T  
c Q ( l < ; ? ) = Q I R ( l : ~ Q )  
'C C ( 4 ' !  )=C!X(45! 1 
C O f 5 ! , : 5 ) = G I V ( 5 2 5 )  
c G ( ? 4 7 ) = 0 : y ! 8 / + 7 )  
C G . ( l R I  I=GJ: ; ! IR!  1 
,C ' C ( 7 7 5 ) = O I 8 < ( 7 7 5 )  
C C ( L 6 9 ) = 9 1 \ ! ( 4 C ? )  
c o ( q 2 . 2 )  = c I Y ! ? ~ ~ )  
6 *Ct- !A9GF B T  C E X T E R  
C I C 3 = I C  



C * * * * *  P R O G R A E  T I T L E :  L U D E C ?  * * * * *  
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1 17) C .  I F ( K S G I C . E C ! . ~ )  T C Q = I C Z E Q l  
J I I 8 1 C  O I F J  ( I C O ) = O ! , ! ? I I T  

( 5 1 7 9 )  c Q ( T C O ) = R I N ( I C Q )  
( 2 1 2 3 )  C  * C H A ? G F S  A T  ( 2 , 2 )  ~ N C  (Q,6) F C R  ( 5 , 5 , 5 )  Z - S Y P M E T E I C  C A S E  

Q!>J ( 3 1  ) = O t l y T T  ( l i Z 1 )  
( i z 1 Z E )  Q I P :  ( 3 1  ) - ( ; ( l F J I T  
(::9 2 3 ) .  9 ( f ; l ) = Q I ! ( F 1 )  
( 1 ' 12L )  ! ? ( . ? ? ) = Q 1 ; ? ( 3 1 )  
( ' : : l 25 )  cli-**** S E T  Up ? ; O R F A L  E L E ? I E N T S  O F  P C J S S O %  P. * * * * +  
( .?I 2 6 06 1:: ,I=? ,!+?l 
( 2 7 2 7 )  DC) 1 3  I=l,:I 
! > I 2 8 1  1 G . A  ( I , J ) - G . Q D + : ~ : ~  
( ? 1 ? 3 >  D O  2: )  I=!,!! 
( P I S : )  2 .; A ( J , ?  ) = S I G A A  
( 2 ! 3 1 )  D O  312 K = 1  ,KAB 
( 2 1 3 2 )  K G = N G A P ? F A * ( K - ~ )  
( 2 1 3 3 )  I N I = K G + 1  
( 7 1 3 4 )  X F A X = K G + % G M l  
( 2 1 3 5 )  D C  3'1 I = T n i I , I ? A X  
( ~ 1 3 6 )  .. 3 0  A ( I , 2 ) = 5 3 N  
(: .: '1 3 7 ) IF( \ : ! iWP.CQ.Q) C C  T O  '7 . 

('_1?38) I ? ~ A u = N " - G ~ ; P M ~ ~ A  
( z ' 7 . 9 )  7 4  J = l  , ~ ! ~ A ~ , X G A i : " p  
(3113:) 3 4  A ( I , Z ) = A (  I , ? ) - S 3 ? ; C P  
( 5 1  L 1  ) 37 0 0  4 2  R - 1  , N A L ? W A  
( : 3 7 L Z )  Y C = M ~  , . ( K - 1 )  
( : : ? 4 . 3 >  I F i I = K G + ?  
( - ? ' L 4 )  T Y A X = K G + Y ! ! N G  
( 2 1 4 5 )  D Q  I = I X I , I ? A X  
(.:I ~ 6 )  4 f: A ( r , ~ ~ L P I  ) = D Y E G  s 
( ; ; I 4 7 1  p 5 2 I = 1 r t..: ;d jq 
( L * ! + h )  5 ?  A ( l , r f f ' l ) = S ! Y  
( ) ? L C . )  C = * * * *  ' F , ' : O p I F Y  ELEPT;WT' j  I JSIN6 ,FLIPPI? :? :S  R . E P L , T C A T l Q ? 4  + n t . t +  

( : q 5 - )  I% '~y=+ ; - . ' , 'G iv"  

(.:! 5 1  1 F (<.?,!:;.=: .EQ 1) S 3 : : C V = S 7 V Q p t S T T G  
( . 3 ?  5 2 )  ~9 5 2  !=I  , I ~ & X , > X A Y V A  
( ' ~ 1 5 3 )  p = z ~ p ; ~ ; 9  

.(::< ?(, ) T C ( < S I c ~ ! C . E O . ~ I ! )  A ( T , ! ) = A ( ! , ? ) + S ? j E O C  

(!:I 5 5 )  I F ! Y 9 : ; 1 S . E ! ? . : )  A ( ! , 2 ) = h ( ! , Z ) / 2 D F . R C  
( - 1  5 6 )  c; 2 ~ ( I " , : ) = A ( T ? , I ) + s ~ N ~ ~ ~  
( 5 ;  5 7 )  3 0  5 7  J = )  ,?.tCA:>:>TA 
(1.' I V A x = r . q f l g C  + J  

( '51 5 9 )  p,? 5 7  ! = J , I Y h X , N G ? F % f ,  . 

(:3$6,) ! o =  J + ~ . : ? " Y  

C ' i l r j l )  k ( T , l  l = ~ ( . ? ~ l ) + s ' ? !  
( c 1 6 2 )  . 5 3 p . ( r P , ? ) = A ( I ? , !  ) + z ? %  
( 3 * ( > 3 )  T :;q I "1 = J 
( :? 1 6 L ' )  . - ? Y A X = h ! M I  + J  

. ( 2 ;  6 5 )  I j C  5 6  I = T ? T N , ! ? ? A Y , K  
( C l b b )  r p =  I + Y E l ' . i G  
( , 2 ? 6 6 7 >  5 5 A ! ? , ? ) = A . (  J , ' ) + C ? L i E G *  
( ' : ! . 5 & )  5.5 A ( I F ,  l ) = A ( : P , l  ) +C? . :EC?  
( ? I 6 9 1  5 7  C C F I T I : i u E ,  
1 7 :. ,. Z T C P I ; ~ = C T I ~ : ~ & ( C D I ! T I ; + )  

' 1  T C P i j = T C P i J ' - T C P [ ! ;  
( 7 5 7 2 )  P C I V T  3 7 1  T C F i J  
( 3 4 7 3 )  L ; s ; T ~ ( 1 ' l P ~ - ~ )  T C P U  
( f 1 7 / , )  C + * + + *  CALCUL?,T 'F  F L  A Y E  I J  k t * * *  



( ' 5 . )  Dc? hC J = l , ? l  
( Q 1 7 6 )  6 %  E L ( J , I  ) = C . ? D + C 1  
( 2 1 7 7 )  ' . O F  ?,C r - ?  ,U 
(:?? 7 5 )  Kpf4=K +P 
( - 1  7 .? )  K " 1  =K . -1  
(218:;) K V P l = Y - A + l  
( 5 1  P I  ) 95 c L  J=K,KP!Y 
( 2 1 8 2 )  ' J P = J . - K + 1  
( 2 ? % 3 )  S U E L L I = " . ~ D + : ~  
( 3 1 8 6 )  I F ( K . E G . 1 )  G C  T C  6 4  
( 1 .? 5 1 D C  6 2  L = l , ~ % l  
( C 1 8 6 !  J O = J - I + 1  
! ~ 7 ? 8 7 )  T . F ( J ( ? . G T . P P l )  G O  T O  6 2  
( c ? : < f i )  Y . R = K - I t 1  
( 2 1 8 9 )  511f?LI.I=S11ELlII+EL(.I ,KG) * U - ( 1  , J O )  
(9'?91?> 62 C 3 M T T W I I E  
( C 1 9 1  ) 64 U ( Y , J P ) = A  ( K , J P ) - S U M L U  
( 2 1 ' 2 2 )  I F ( K . E Q . F I )  GC! T C  Q ?  , 
( 5 1 9 3 )  ~ f j ~ = ;  

( i ' 1 ? 4 )  6 6  ' IF(K.GT.?!) , I F I I = K r " M  
(c!? 9 5 )  68  D O  7 5  J = l ? / I , K  
( 8: 1 ':I 6 K D = W , - J + Z  
! ' ? I 3 7 1  JI<l=J-l 

( 2 ? 9 ? )  SCI;+LI.l=G .pD+i?<j 
( 3 1 3 3 )  1 F C J . E G . l )  S O  T C .  7 1  
( .> 2 :> '7 ) D q  7 3  ? = ? , J ? f l I  
( 2 2 3 1  1 Y Q = K -  I .+?  
(.;;z:-iz) I F  ( K Q . G T . W l )  G C  5 0  7 ' ;  
(::2.c:) J Q = . J - I t 1  
( '?2 : : .  

- 4 )  SI!YLU=SLII.:L!~+FL ( I  ,KO *I-: ( r , J ~ J )  
(::2?5> 7 ': C*7kT I ? J U E  
( ~ 2 2 3 5 )  7 I J D = J  
( 3 2 . - : 7 )  . F E T C C = ~ . l D ? E I  
( 2 2 2 8 )  C  X F ( ( K S U . ? . E Q . ? ) . k K D . ( K P . E O . Z ) )  G C  T O  '7' 
( 2 )  c G G  T!: 7 5  
~ 3 2 1  c:) ' I F C K P - 2 )  75,'?,75 
( 3 2 1  1 )  7 2 Jn=!',!-J 
( 9 2 1  i )  J ~ ~ ~ Q J C - 1  
( 2 2 1 3 )  1 . F  ( ( K ? a g I O . F B . l !  . A % D .  ( ? ~ ! D ( J ~ Y ? , Y G A ? ; T ~ A )  . E O  F E F A C = S D F A C  
( 2 2 ' 4 )  7' 5 E L ( J , K P ) = ( F F F A C * A  ( J D , K ? ) - S t I ? L L l )  /L1 (  J ,1 ) .  
( 7 2  3.) ? .JTEST=M!?D ( K , ?  ? 3 )  
c :: 2'1 6 ) I F ( V T E S T . G T . : )  G C  T C  e z  
( C 2 4 7 )  7 8  T C P I ! ? = C T T S t S A ( C P U T  I F )  
( 9 2 1 E )  T C P t J = T C P U Z - T  t P V 1  
~ ~ ? Z I W  P F J Y T  3 3 7  v,TrP l . l  
( ,? - ~ 2 7 ' )  i z i K I T i : ( l  1 , 7 5 7 ) '  c,TCPlJ.  
( 2 2 ; 2 1 !  F S  J t i T  3 7 P  FL. ( K , K F )  
( - 2 2 2 )  '.*:';ITi-. (?I ,3C:$) F L ( , K , Y ? )  
( 5 2 2 3 )  F $ Ci!I.iT! N I I E  
! 3 2 2 4 )  T C P I J Z = C T ! M S , 4  (CFUTI . ' ; l )  
( i i i 2 2 5 )  TC?!. . :=TCP!!Z-TCPU 1 
( 2 2 2 . 5 1  F R I Y T  7.72 T CPU 
! 3 2 2 7 )  W ! ? ? T E ! ? 1 , 3 - Z )  T C P V  
( i?) c c  0 2  7 . ~ 1  , Y ,  
( - . L L V )  9 2 i J ! ? ~ V ~ ? ) = T . 1 D + S l / l I ( I ,  1 )  
(c-35) I f' ( q.1 ,. c . . . E 3 . : 1 )  :rs K C  7.: 1.1.5 
('::231) C * * * t *  T I K C  T ? F  F R C D l j C T  f l F  EL, A N R  !.I ( K z h :  C I I S A P L E ? )  + * * * *  
f .--: , , 2 3 2 >  C  q 3  V D I T E  ( 1 1 , 2 7 2 )  



c***** P R O G R A Y  T I T L E :  L L l D E C 3  * * * * *  

53 1 D O  9 6  I = ? , %  
i ~ c . ? 4 >  C ?  9 6  J = 1  ,FP! 
( 2 2 5 5 )  C  PRnD(T,J)=?.$ 
( ' 2 2 3 4 )  0 2  96 r.=I,I 
( 3 2 3 7 )  I ? K = I - K  
( 2 2 3 3 )  i ? R P = I M K + ?  
! ' ? E 3 9 )  I F ( I C R ? . G T . . M P l )  G C  T C  '?t 
( 2 2 4 2 )  JPRP?=TMK+J 
( i 1 2 4 1 )  I F ( J * ? ? . G T . P P ? )  G O  T O  9 4  $-$ 
! 3 C 2 G Z )  C , P ~ ~ D ( I , J ) = P R ~ ~ ( I , J ) + E L ( ~ , I P R " ! ) * u ( K , J P R Y )  
! ! 3 2 4 3 )  9 6  CCFdTIhi!lE 
( i ;24L)  C * * + * *  $ R I T E  A ,  PPI)D, El.., A N D  I f  ( N C i n '  D I S A B L E D )  * * . * * *  
( 5 2 4 5  C K R I T E ( ? 1 , 2 C 4 )  
( C 2 4 6 )  C 9 0  9 8  J=1,p8P! 
( 2 2 4 7 )  c WQl 'TE(11 ,225 )  J  
( 5 2 4 ~ )  c ~2 9 e  I=?,\! 
( 2 2 4 3 )  C  9 8  W R I T E ( l 1 , 2 3 2 )  A ( I , J ) , P H C D ( I , J ) , i L ( I , J ) , \ ! ( l , J )  
( 2 2 5 ~ )  1  ii' I F (KSU6 .EQ.O)  G O  TO 1 9 5  
( . ?251 )  C**+** k R I T f  EL  Ah'0 U T 3  F I L E  ELL! * * * " "  

CRD4TE=DATESA ( D o T E )  ( 3 7 5 2 )  
( 2 2 5 3 )  WR!TE(!Z) C R D A T E , N A L P ! 4 s , N R E T P , P ! G A P h ~ A , N I Y , K S W 4 , K S ' d ~ ? :  
( 5 2 5 4 )  ! d R I T E ( ? 2 )  CVEGA,Sl ,S3,EPSIE,YH 
( . 2255 )  D O  l r j 2  J=I,MP! 

( 2 2 5 6 )  Do ? I i 7  I = l , l J  
( . 2 2 5 7 )  ? 2 2  # 9 I T E ( ? ? )  EL( I , J ) ,U ( I , J )  
( C 2 5 8 )  C  CALL R i i N C b A  ( 8 )  
( : 5 2 5 9 )  C 9EA3(12,3?C!) C P ~ O E L L I , N A L E L U , ~ ~ E E E L U , N G A E L U , N E L U , ~ ~ E L U  
(026 .2 )  C !?f 4 ? ( 1 7 , 3 1 1 !  OM=Ll.J,Sl E L U , S ~ F L U , E P S E L I J ' , V H E L ~ ~  
( C 2 h l )  C PRI?: !?  7 1 5  C?[)EL!I,Nr!LF_LU,NEEELLl,VG.4ELU,NELII,VELC: 
( : ? 2 6 2 )  C  Z R X V ?  3 1 1  OYELU,S1FLU,S3ELU,EF?5ELII I ,YHELIJ 
( 3 2 6 3 )  TCPI!?=CTIP?.A (CPl iT  1 ' 4 )  
1 g 7 6 4 )  TCPI !=TCPIJZ -TCPU1  
( 2 2 6 5 )  , . P R I Y T  ?':? TCPU 
! 3 2 5 6 )  %r? lTE  ( 7  ?.,:!1P,3) TCPI! 
(3.25.7) IF(KSL!7.E6.!)  G q  T O  2 1 "  
( C 2 5 8 )  C * + * * +  f!?PLARC S U E S T I T U T I C V  * * * + *  
( i j 2 t jO )  1 C; 5 D C  ? 2 ?  1-1 ,?! 
(12273)  J F ( I . E n . 1 )  G9 T O  ' I F  

( :2271 1 T F < I . C E , . ? ? P 1 )  CO T C  1 5 7  
( ? 2 7 2 )  ~ r " i h ~ = ~ - l  
C.2273) !>O T C  1;T.F: 
( 2 2 7 L )  1 5 7  L ; E A ~ = ~ +  
( 9 2 7 5  1 1 i ; C  9 3  '?I:> L = l , L ; l ~ x  
( 5 2 7 6 )  ?.C!C=L - L  
( . ? 2 7 7 >  LP? = L + 1  
!:'1278) 1 1 6  G ( : ) = C ( O - E L , (  I I ~ . L , L W 1 * G Q I I L )  
(;;279) ?'I? IF(KSLiS.EQ.5)  G O  T @  12!2 
( G 2 2 5 )  719 b1K ITE(11 ,25? )  C ( ~ > , I J ~ Y V ( I )  
( . 2231  1 ' 2 ~  C C !J T  T. "! 1.1 F 
( S Z Y Z )  C * + * * f  E A C K W A P D  S l lPST ITL IT ION + * A * *  

( C 2 5 3 )  D C  1 4 F  T=I,X 
( c 2 8 4 )  ! ? E V = b l P ?  - 1  
( G 2 i f 5 )  . T F ( 1 . F G . I )  69 TO '4i2 
1 ; b )  T ~ ( T . G E , ; . ? F ~ )  G Q  T C  1 2 7  

?, 7 ) LtC.k) t=I -? 
( z z e e )  ~ r !  T C  1 2 0  

( < Z ; l ?  1 1 2 7  t - .  l . e ~ y - y  
( 2 2 9 . : : )  ? 2 S  ?(: ?3; :  L = l , ~ & “ + x  



C * * * * t  P R 0 G R P . W '  T I T L E :  . L I J C E C 3  * * * * *  

; I ) .  I R F Y P L = I R E V + L  
C G 2 L 9 2 )  L P l = L + '  
( . 2233>  ?3i!  ' 9 ( i R E V ) = Q ( . I R E V ) - U ( I R E V , L P 1 ) * Q ( I ~ E V P L ) '  
( 3 2 0 4 )  145  , . Q ( I R E V ) = Q  ( I R E V ) * U I h ' v ( T R F v )  
( . 2 2 9 5  T C P I ! Z . = C T I " ' S A  ( C P i j T  IY) 
( 0 2 9 6 )  T C P U = T C P l I Z - T C P L ' I  
( 2 2 2 3 7 )  P ! ? T N T  ?,?,4 T C P U  
( - 7 2 9 2 )  F ! ? ! T E ( !  1 , 3 ! 2 4 )  T C P U  
( 2 2 9 5 )  IF(KSF2.EQ.C) G C  T O  1 7 s  
(C3Ts) C + * * * *  C A L C I . ! L A T E  A * P O T E N T I 4 1 .  * * * * *  
(331 '11  Do 1 6 6  I = l , Y  
(!1:3;:2) R P Y I ( I ) = O . " t + C  
( O j i j 3 )  T F ( I . E D . 1 )  G O  T O  ? 6 5  
( 5 3 3 4 )  I n l = I - i  I 

( r .335)  C. * F O P  E L E R E N T S  G F  A L Y I N G  P E L O K  T K E  M A T &  D I A G C M A L :  
( 2 3 9 4 )  ' D S  1 6 4 .  K = l  , I t d l  
( ? 3 2 7 )  I V Y  P I = T - K + !  
. ( : - j 3 ~ 8 )  I F ! I . M Y P l  . G T . M P I )  GO T O  1 6 L  
( . 2 3 ? 9 )  Ir U=.K 
( 2 3 1  c!) F E F A C = C . 1  D + O 1  
(G .51  1 )  C  IF:(KSWS.En .?.I .AND.  ( T r * K P l  . F B . Z ) )  K O = ? J - C  
( 3 3 1 2 )  I F C I M K ? ? - 2 )  1 6 2 , 1 4 0 , 1 6 2  
( 2 5 ' 3 )  1 C G  U , D = q - K  
( 0 3 1  4 )  K C N l = U . D - 1  
( '231 5 )  l F ( ( K S W ' I . 2 . E Q  .I) .AND. ( P C D ( K D P i i  , N G k V M A ) . E Q . ! : ) )  F ' E F A C - B D F A C  
( 3 3 1  6 1 5 2  - P . P ~ ! I ( I ) = A P t ! I ( I ) + F E F ? C * ! t ( Y D P I M K P 1 ) * Q  ( Y )  
( 0 3 1 7 )  1 6 4  C < 2 h ! T I F I I J E  
(?ze;j) C  * F O R  E L E M E N T S  O F  4 L Y I N G  I N  C R  A H O V E . T H F  P P T N  D I A C C N P L :  
( 0 3 1 0 )  1 6 5  0 5  1 6 6  K=T,N 
(03;11:). K W I P l = K - I + 1  
( 3 3 2 1 )  1 F ! Y P l I ? ?  . C T . % P I  G O  T 3  1 6 6  
( '.,3 2 2 h F t ! ? ' ( I ) = A P H I ( I l + . A ( I , K ~ f i J P ? ) * G ( K )  
( 5 3 . 2 3 )  1 .k. 6 C.2UT.l !i\I E 
! 0 3 2 4 )  T C P U 2 = C T I v P A ( C P U T I Y )  
( 9 5 7 5 )  T C P U = l ~ P I . I Z - T C P U 1  
( 2 3 2 6 )  P D J L ' T  3 ? 5  T C P I J  
( 3 3 2 7 )  t i ? I T E  !I 1,355) T C P U  
(;;32:) C***** k R J . T F  61?l, S P N I ,  D I F F I ,  A N D  (2 i n * * *  

( c ? . z ( ? )  V ! ? I ? E ( ' 1 , 2 Q ? )  
(233.:) ~2 . . ;he I=?,?; 

!33:1) D T F F ! = Q I N ( I  ) - A < P M I ( I )  
( V f z )  1 c. 8 V R I T E ( 1 1 , ? 6 . 2 ?  I,GlM(I),AFtiI(Z),OIFFI,Q(I) 
( ;  7.. 13 .. 3 3 ) ? 70  I F ( K S L ! . 7 . E O . C )  G O  TO 4 7 L  
( 2 3 3 4 )  C + * * * *  W R I T k  F C T E N T T A L S  I N  C E N T E R  X Y - F L i \ N E  * + * A *  

( Q ' J 3 5 )  W R Z T F ( 1 ? , ' ? 2 )  
( , 2 3 3 6 )  I F A  X=bJ:y+N-!+tAZKA 

--'37) ( .: ., D f l  1 7 2  I = ~ : z v , T ~ ~ I ~ , N G A v Y P  
! 2 3 3 t ) , )  172  U P Z T ~ ( I ~ , Z ~ ~ !  ! , ! > ( I >  
(C333) 774  1 F ! r , S i < 4 . E Q . c )  I?"..? 1 7 P  
( 3 3 . L C )  C***** ' c ;R fTF :  P t ? T F N T T A L S  FqD % E S T - T O - E A S T  P R . O F I L E  13.1 C E h ! T E R  X Y - " L A Y E  * * * * *  
(,?3/, 1 ) Y R i T E ( l l , 2 9 3 )  
( 5 3 4 2 )  ! : . A 1  v T ' - ~ = y z > ~ + ~ i - ? > ; ~  / 2 
( 2 3 L 3 )  I Y . A ) r = T M I r . I + ? : ; Y ~  
! b f + )  D C  17f: I = X V I N , l P ' A X , ?  
( t 5 )  I ) I ~  ~ ~ = r j  .:1~+11:.: 
( 2 3 4 6 )  I : . : E = I - ~  
( 5 3 4 7 1  I F ( J . G T . I M I N )  D I F F Q = G ( I ) - t 2 ( 1 ~ ~ ~ )  
( ' ; 3 4 6 )  1 7 6  1 1 E I T E  ( 1 1 , 2 3 5 )  I , R ( I )  , D I F F S  



C.****+ P R O G R A r 4  T I T L E :  L ! I D E C Z  * * * * *  

( t g )  c * * * * *  :.:RITE P O T E Y T I A L S  . F O Q  S O U T H - T O - N O R T H  FROFILE IN C E N T E R  X Y - P L A N E  +**  
( u . ) i G )  W R T T E ( 1 1 , 2 9 4 )  
( 0 3 5 1 )  I E ?  P ! = K Z F ? + N F V / Z  . . 

( 3 3 5 2 )  I P A X = I K I N + ! ? , ? Y G  
( 3 3 5 3 )  0 3  1 7 7 .  I = I X I N , I F A X , N G A M F A  
( 5 3 5 4 1  D I F F Q = ! ? . ? D + O O  
! ? 3 5 5 )  I r 4 N G = ? - M C A M F ? A  
( F 3 5 6 )  I F ' ( I . 6 T , 1 3 v I N )  D I F F Q = Q ( I ) - Q ( I P N G )  
(0357) 177 W R I T E ( ? 1 , 2 3 5 )  I , o ( I ) , D I F F O  
( 0 3 5 B )  T C P U Z = C T I M % A ( C ? U T I ! C )  
(~35'3) T C F U = T  C P ~ I Z - T C P U ~  
( ? 3 6 0 )  P R I N T  3.Z6 TCPU 
( 3 3 6 1  W R X T E ( 1 1 , 3 2 4 )  TCPU 
( 0 3 6 2  178 C O F I T I t J I J E  
( 2 3 6 3 )  I F ( K S W ?  . E Q . O ) . . G O  .TO 2 1 3  
(133hL) C * * * * *  C A L C ( I L I T E  P O T E N T I A L  " O F I L E S  O N  C H A R G E - S Y - C H A R G E ,  1 / R  9 A S I S  * *+* *  
( 0 3 6 5 )  C  * I X F S C  D E T E W T N E S  T H E  X - L O C A T I O h  O F  T H E  S O U T U - T C - P J O R T V  P D O F L L E  
( 3 3 6 6 )  C  * J Y P R G  D E T E R F I X E S  T H E  Y . - L O C A T I C Y  Cjf:  T H E  ! J E S T - T C - E A S T  P Q Q F I L E  
( 2 3 6 7 )  ; Y P W = = N A P 1  D I  
( ? 3 5 8 )  J Y o P O = N f i ? l @ 2 '  
( ~ 3 ~ 9 )  D G  189  I = ?  , ! V A L P Y A  
( C ; : ? ' . )  I)(! 1190. . I = I , Y 6 E T A  
(i23.7 1 > I S C  I r J ( I , J ) = O  
( 0 2 7 2 )  I Q ( 4 , 5 ) = 1  
( . ? 3 7 3 )  I ( ? ( L , ? ) = I  
( C 3 7 G )  I a ! l 3 , 5 ) = ?  
( G 3 7 5 )  ! Q ( ? Z , O ) = I  
( : 2 3 ' 7 6 >  C C  ' 8 6  K = ?  , N A L P i ! A  
(C'377) D O  1.Z6 I = I , N 4 L F H A ,  
( .::I 3 7 5 1 D X = I - K  
( i 2 3 7 0 )  P G  ' F 5 .  J = 1  , * i 0 E T b  
( i> 3 ::'; 1 J F ( T 9 ( I , J ) . E G .  2 )  G O  T O  3 3 6  
( 2 3 ? 1 >  $ Y = J - J Y P P ?  
( : 2 3 9 2 )  I F ( J . E ! 2 . . J V P R O )  G O  T O  1 9 2  

! ? 3 3 3 )  C-.? T O  ??3 
: c :E4 !  1 ?;2 V I N C - C . 1 p t 1 :  
( 5 3 8 5 )  IF(r.EB.K) G G  T O  1 k 4  
(?3 ;? .6 )  1 r ,7 ? = D S Q R T - ( C X * * 7 + p Y * * 2 )  
( ( j . 5 ~  7 )  ~ I ~ ~ C = ( C * T ~ ( . I , J  1 )  

. (:::788) 1 2. 1, V t i E ( K ) - V V F ( K ) + ' ! I b j C  , 

(C.3:?3 ? ?$ 6 C C N T T N U F  
( C 3 3 7 )  b(1 ? ? 2  L = l  , Y ! 3 E T . 4  
(!3!i 1 D C  7 9 2  .!=I , N B F T A  
! : ? 3 9 2 )  D Y = J - L  
( f  3:;:3)  D!? ? ? 2  I = 1  , % A L P H A  
(Cf94) I F ( T O ( I , J ) . E G . O )  6 0  T O  ? c j 2  

( : : 3 ? 5 ; )  DV=! - IXPFO 
! ! 7 3 C ; 6 )  TF(I.EQ.IYPRQ) G S  T O  I ? ?  
( ~ 3 ~ 7 )  (in T O  I;O 
, 2 3 7 8 )  I F 8  v I p ; C = f 2 . 1 ?  t 1 5  
(:73!j9) I F ( J . E Q . L )  G ?  T O  ? F 5  
! i3 f. !I J; ) I F 9  E = D z O R T ( D ' ( * = ? + C ' f * ? 2 )  

( ! 3 4  ' 3 1  ) V:NC=!C+T.:.(I,J) 1 / ?  
: 2 !  1 0 i: - YSP$ ( L ) = V S : J ( L  1 +VI!,!C 

, <. -, 
( .  : ? )  ! / L  C Ci ?J T J P! IJ F 
( . ' 1 & $ 4 )  k R l T E ( l l , Z Q 5 )  

b I I-' !-: 1 ,-$ 5 1 p q  ; 9 4  yr? , ? , ' A L P 5 4  
( 21, :ih) 2 J F F \ ! r C  .<!?+?.:. 



C * * * * *  P R O G R P K  T I T L E :  L! !nEC7 * * * * *  

( 7 )  X F ( K . G T . 1 )  D T F F V = V W E ( K ) - V W E ( K - ? )  
(< - . , ;8 )  1 5 4  W F I T E f l 1 , 2 3 5 )  K , V W E ( K ) , D I F F V  
(Q4Z t . ) )  V P I T E ( 1 1 , 2 9 6 )  
( C 4 1 5 )  D C  ? 3 h  L = ? , N l ? F T A  
! ! 3 4 U  1) 2 I F F \ ) = ~ . ~ D + ~ C  
( 6 4  2 7). T F ( L . G T . 1 )  D ! F F V = V S N ( . L ) - V S b l ( L - I )  
( 5 4 1 : )  196  L i P I T F ( 1 1 , 2 3 5 )  L , V % R ( L ) , D I F F \ l  
( ? 4 ' 4 )  C * * * * *  C h L C U L . 4 T E  P O T E M T T 4 L '  P T  P O I N T S  N E A R  C H A P G E S  O N  1 / R  P R O F I L E S  * * * * +  
( C L l j i )  ' W P I T E ( 1 1 , 2 9 7 )  
! C L l h )  . DC! 2 3 4  I = I , N A L P P A  
( Z 4 ! 7 )  OC. 2 C 4  J = I , N P E T A  
( 5 4 1 8 )  I F ( I O ( T , J ) . E 0 . 3 )  G O  T O  2 Z 4  
( 2 4 1  9 )  I F ( J . E Q . J V P ! ? O )  G O  T O  Z i : C  
( C 4 2 C )  G O  T O  2 C 4  
( C 4 3 1 )  20C! I ? = l  
(,2[,22 p Y l = I P - ~ , 5 D + ~ C  
( ' 2 4 2 3 )  P Y Z = I P + C . ~ C + ~ ~ C J  
( C L 2 4 )  V I  =iJ.zp+33 
C C f . 2 5 )  V 2 = 2 . 9 n + 9 ' J  
( 5 4 2 6 )  D o  2 0 2  K = 1  , N A L F H A  
( C 4 2 7 )  D O  2 c 2  L = 1 , N F C T A  
( 2 4 2 8 )  I F ( T Q ( K , L ) . E Q . C )  G O  T O  2 9 2  
( 1 4 2 3 )  D Y l = K - P Y l  
( ~ 4 3 : : )  D X Z = Y - P X Z  
( : 2 4 3 1  ) l J Y = L - J Y ! = Q G  
[ [ : 4 3 2 )  R ? = D S Q R T ( D X ? * * Z + Q Y * * 2 )  
CT/+3.3) V T ~ I C I = ( C * I Q ( K , L ) ) / ? I  
( 2 4 3 4 )  V 1  =y1  + \ ] T ? . j C l  
( ~ 2 4 3 5 )  P 2 = D S Q R T ( D Y 2 * + 2 + D Y * * 2 )  
( 6 4 3 6 )  v I ; . i c Z = ! c * I t . ! ( r , ~ )  ) / P 2  
( G f . 3 7 )  v 2 = V 2 + V ! m . ! C 2  
( : ,433)  2 !-i 2 S(!F!TI?! !JE 
! ? 4 7 3 >  D I F F 1 = ~ . ~ l ? + ~ ~ Q  
( ! ~ L + G c )  IF(TP.GT.1) 9 1 F F I = V l - V W E ( I ~ ' - l )  
( 2 4 4 1 )  D I F  F2=?..00+20 
( 2 4 4 2  1 I F ( I P . L T . ? ! r , L P H A )  D I F F Z = V L ! E ( I P + l  ) - V Z  
( ( 2 4 4 3 )  3 R X T E ( 1 1 , 2 3 6 )  I P , V ? , D I  F F ? , V Z , D I F F Z  
( Z L ! ; ~ )  2 ;; 4  T . G : ~ ; ? X W ? ~ E  
( 2 4 4 5 )  V F ! I T E ( 1 ? , 2 ? 5 )  
( 2 4 4 6 )  D O  2 l f  J = I , M R E T A  
( L 4 4 7 )  D O  2 ? q  Z = 1 , N f i L P H A  

y 4 4 Fi 1 ! F ( I O ( T , J ) . E O . C )  G O  T O  2 1 7  
( 3 / 4 L 3 )  I c ( T . E a . I X P q O )  6 0  T.C 2.76 
( * 7 4 5 7 )  T O  7 1 7  
( ! j 4 5 1  1 Z C l  J P z . 1  
( 0 4 5 2 )  P Y l = J P - ? . 5 D + ? n  
( ! '1453!  ? Y ? = J P t c . 5 > + ? ?  
( ~ 4 5 4 )  VI =g.!?n+n? 
( C 4 5 5 )  \/?=?.C;rJ+?r; 
( 2 4 5 6 )  2.:8 K = 7  ,!:4LFHA 
( 5 L 5 7 )  D c  2" :5  L = ! , N ? G T A  
( 2 4 5 8 )  I F  ( I O ( % , L )  . E O . . Z )  G3 T Q  Z C E  
( 2 4 5 9 )  Q Y :  = L - c v l  
( " 1 O Y Z = L - ? Y 2  
( 1 )  O X - K - ! x F R r !  
( L 4 0 2 )  R ? = 3 S G ? . T ( 9 X * * Z + B . Y 1 * * 2 )  
( f2 !$ 4 .3 ) V I ! . ! C I = ( C * I Q ( K , L ) ) / P '  
! ? h . 5 4 )  V ? = V 1  + V ! N C ?  



C * * x * *  P R O G R A F  T I T L E :  t U D E C 7  * * * * *  

R Z = D S R R T ( D X * * ~ + D Y ~ * * ~ )  
V I N C Z = ( C * I ( J ( K , L ) ) / R Z  
V ? = ' J Z + V  T N C 2  

z i e  c c ~ ~ r t 4 t . 1 ~  
D T  FFI=C.?D+::O 
I F ( J P . C T . 1 )  D I F F l = V I - V S K ( J P - 1 )  
C I  C F 2 = O  . O D + T 5  
I g F ( J P . L T . N B E T A 1  D T F F Z = V S 3 ( J P + I  ) - V Z  
W R X T F . ( 1 1 , 2 3 6 )  J P , V I , C I F  F ? , V Z , b I F F Z  

2 1  2 C C N T I  F1I.IF. 
T C P t I Z = C T I V f  A ( C P L I T I M 1  
T C P I J = T C P I J 2 - T C P U I  
P R T Y T  .3"9 T C P U  
! d R I T T E 1 1 . , 3 Q 5 ) )  T C P U  

2 1  8 T C P U Z = C T I R B A  ( C P I I T I ? ? )  
T C P ! - ! = T f P I I 2 - T C P i J ?  
W R I T E ( ' 1 , 2 2 3 )  T C P U  

2 2 C  F Q P M A T  ( 3 I : ! , i D 2 4  . l r l , , D 1 5 . 7 )  
2 2 1  F c z r . A i  ( I G I ? )  
2 2 2  F 0 ? > 7 A T ( 2 9 2 4  - 1 6 )  
2 2 3 F O a " A T ( ? H  , ? X , ' * * T H E  COC! T I Y E  U S E D  O N  T H I S  503 W A S  ' ,D24 .16 , '  S 

R E C . ' )  
2 2  5 F O P ? A T ( ' t J  ,2X, ' D I A G G N A L ' , 1 5 )  
2 7  ": 
2 i, F O 3 Y A T  ( 3 9 2 4  .I 6 )  

2 3 1  FO'??'AT!lP , 1 5 X , 1 0 2 4 . 1 6 )  
7 3 2  F O R V A T ( ? ?  , 1 5 X , 4 0 2 4 . 1 6 )  
2 3 3 .  F O S r A T  ( ? F  , ? X . I ? , l ! - Y , l 9 2 4 . 7 6 )  
23 L F 0 9 V A T ( ? H  , 2 X , 3 1 3 , ? D 2 4 . 1 6 , 0 ~ ~ ~ 7 , 2 D ~ L . 1 ( 5 )  
2 3 5  F O ~ : v A T C 1 H  ,2X,!5,1?!!:,?"4. 1 6 )  
? t 6  F O ? V A ' ! ! H  , 2 X , 1 5 , ? ' X , 4 0 7 4 . ' 6 ?  
2 L 5  F C E Y 4 T  ( ? N  , ? X , t S I I " . ? T ? T - ! J ( I , ? )  F'?R 1 = t 8 1 3 )  
2.L 9 F G P ? A ? ( ? ! J  , Z X , ' * * * * i  L l J p E C 3  C I J T F U T  ***.**I) 

z 5 c  F 3 " ' V r , T ( ? "  ,ZX,'TI!F. VALI.JES S F  N A L P I I A ,  t ! ? E T A ,  V G A ? ? A ,  S 1 ,  53, n Y F t  
?"A, E 3 S 1 4 ,  4.!4O Y H  F!?E: ' 1  

2 5 1 F 3 ? w 4 ? ! 1 H  , ? X , t S V I T C H  V A L U F S :  ' , 1 ? 1 3 )  
2 0 G  F C c l v * T ( . ) c !  , I h , ? Y 8 D Z 4 . 1 ~ ~ . , 3 ( 5 X , C 2 4 . 1 6 ) )  
ZO-J F @ O " R ( ? P  , q Y , t + * + k  0 V E C T O Z  f + * * ' , % X , ' * * * +  A + P C T E N T I A L  + * * * I ,  

SgX, ' A * * +  D I F F E R E ? J C E  * + + * ' , f - X , ' * * * ? r  F 3 T F r d T T A l .  V E C T K R  r * f k t )  

291  f O P i b ' A r ( l H  ,,?X,' T H F  V b L L I E  O F  T Y F  C t i A R G E  A T  TFF  C E ? $ ! T F 9  9 F  T H E  A ! ? ?  
C A Y  I S t  , 1 0 2 4 . 1 6 )  

2 9 2  F O n w A T ( l b !  ,ZX,' T H E  P O T F N T Z P L S  I N  T H E  C E Y T E F !  Y ' ? - F L A . % i E  AP,E  A S  F'?I-  
& L C W S :  ' 1  

Z C 3  F t ? ? F k T ( l H  ,2X,' T H E  P O T E N T I A L 5  F C R  T H E  C E ' I T q A L  k E S T - T C - E . 4 S T  P R O F  
9 . I L E  I &  T H E  C E N T E f ?  X Y - P L 9 N E  A E F  A S  F C L - L C W 5  ( W I T H  D ! F F E R E Y C E C ) :  ' 1  

2 0 4  F O Q % " A T I ? H  , 2 X P t  T H E  P Q T E N T I A L S  F 0 9  T H E  C E Y T V L  S f 7 I I T H - T n - b l O P T ~ 1  PR 
R O F I L E  IF: T H E  C E h ! T E R  X Y - C L A N E  4 R E  A S  F C L L O U S  ! V I T F  ! ? I F F E ? E S C E c . ) :  

2 9 5  F C I R : Y d T l ! H  , Z X , ' T H E  B E S T - T O - E A S T  P R O F I L E  C 4 L C I I L i I T E D  :SN A C H A Q G E - P .  
K Y - C H . ! ? C E ,  1 / P  R A S I S  1 5  G I V E 1  C E L Q t ;  ( . W I T H  S E Q L ) C ' V T J I \ L  I : I F F E . q E V C E S ) : '  
?. 

2 9 6  F O P V A T ( 1 H  , ? x , ' ? Y E  S O U T H - T O - i 4 C R T H  P R O F I L E  C . , L C I ! L A T E ?  ?!\! 4 CH4'GE 
P . - B Y - C F A R G E ,  1 / R  EWS1.S. I S  G I V E N  C-:FL!)ld ( K I T ! - !  S E G l . J C _ \ , T I A L  D I F F F Q E % ' C E 5 )  
t'.: 

Z ?  7 F( ' lE "AT ( l c !  , Z Y , . ' T V E  P O T E Y T L A L S  A T  ? Q I F ! T S  s ? ? I I E - V A I . F  I J " ! I T  !.J h C  
?,}i:?iFGi: C h i  T H E  1.J-k P P Q F T I  F h e r :  ( IJ?TCI  I ~ . ! F X T - ? C ! F ! T  "1 F F z R E ; J T E ? )  ' )  

Z Y ?  F q S " - ' A T ! ? H  , Z X , ' T F E  , P O T E N T I A L '  4 T  " O I N T Y  Q? . :E , -GhLF  i j t . : I T  5 R P i  O F  C 
Z H A R G E :  c b . !  T E F  S - t i  P R O F I L E  A R E :  (!JITY P , F X T - P C I ! G T  ~ ! I F F E ~ E ~ ~ F ~ ) ' )  

3C1 F O P v A T ( 1 2 Y , ' * * , ?  S E T  U P  A N D  M ? S ! F ! E D  A F T E r ?  ' , i > I k . ? , '  CPIJ S E C . ' )  
3 f! 2 F O F 2 ' / : E T ( 1 0 . Y , t . i + F ! .  & i d >  'f C A L C ! ! C , ? i E U  A F T E ?  ',C.l.5.?,,' C P l J  5 E C .  ' )  



~.***i* P ~ o G F A M  T I T L E :  L ! J D E C ?  * * * * *  

3il3 F O R K A T ( ~ ~ X , ' + * E L  A R D  U W R I T T E N  T O  E L U  A F T E R  ' , C l h . 8 , '  C P U  S E C .  
8 ' ) 

7 r; 4 
-I .. T ' O R V A T ( 1 Q X , ' * * F 0 R \ ~ I I h h F i D D  A N D  9 4 C K t ! A R D  S U B S T T T I J T . I O P I  C O M P L E T E D  A F T E R  

b 8 , D 1 6 . 8 , '  C P U  S E C . ' )  
7 ?. q 

I .  ., - - F O R ? A T ( l t ? ? ! ,  ' * * A * P O T E N T I A L  C k L C I ! L A T E D  A F T E R  ' , D ? 6 . ! ? , '  C P U  S E C  ..') 
:( !: 6. F O R ~ A T ! ? ? X , ' f f P I ! T E ~ i T ? P 4 L S  W R J T T F N  A F T E P  ' , D ? 6 . ? . , '  C?lJ SFC, ' )  
3 2 7  F ~ ? ? A T ! ? ~ x , ~ * * L . C O P  ?,5 C O N P L E T E D  W I T H  K = ' , 1 4 , '  A F T E R t , 3 1 6 . ? , '  C 

RPU S E t . ' )  
3 5 8  F C ? b c A T ( 2 5 W , ' * + E L  ( K , K P )  = ' , D 2 4 . 1 6 )  
??? F O F i f ! A T ( l O X , ' * * l  / R  P f ? O F I I . E S  kU'RXTTEPl  A F T F R  ' , D ? 6 . & , '  C P U  S E C ,  ' -1 
3 1  F C ? ' 8 A T ( A 9 , 7 J 5 )  
31 1 F O S N A T ( 5 0 1 5 . ? )  
5 r! !? S T O P  

E N D  



APPENDIX C 

PRO.GRAM T O  COMPUTE POTENTIAL DUE. TO 

AN INFINI'TE ARRAY OF DISCRETE CHARGES 



C * * * * +  P F O G R A M  T I T L E . :  PWSUW be*** 

c + * * * +  P R O G P A T :  T I T L E :  C S ~ S I J E  * ****  
C  * C Z E A T E D  2 3  O C T O B E P  ? 9 ? %  

I n ' T E G E n " * Z  A % R E A D , A ~ S A F 4 F , A % : i E I T , K S O , L  
P A R ~ I Y E ' I E R  ( ~ J S O L = ~ C G )  
1 N P L . I C I T  P E A L * : ? I A - G P O - Z ) , I $ ! T E G E R ( H - N )  
D I f E N S I O N  S I F R A C ( I S C ) , X C ( I C C ) , Y C ( 1 ~ C ) , Z C ( 1 ~ ~ ~ ) , Y ~ ( 2 ? ) , Y p ( 2 ~ ) , Z ~ ( ?  

R O )  
D A T A  A % R E A D , A S S A F F , A f W R  I T / ?  ,C,Z/ , 

C A L L  O P E N B A ( A S K E A D + A S S A M F ,  ' F W S ' 3 A T 7 ' , 7 , 5 )  
C A L L  O o E N S A ( A % U R I T + A f S A : Y F ,  ' P i J S C ! F T 3 I , 7 , )  
~ T C ? U I = C T I R % A ( C P U T Z M l  

C***** S W I T C H E S  ( K S W ' S )  ***.i* 

C * I N D E X *  . * I F  S W I T C H = l ,  T H E b i *  
C  1 R O T  l J S E O  
C  -> N O T  I J S E D  - 
C  7 ? r 3 T  U S E D  
C  4 X C T  U S E D  
C  5 N O T  U S E D  
C  b N O T  U S E D  
C f * * * *  R E A D  D B T A  F H G P  P g S D A T  K W R I T E  I T  T O  P W S O P T  A * * * *  

R E k D ( C 3 , 2 0 !  ) 3 P T k ~ A X , E . 1 C H G ! q X , ? i S Q I ' < f : X , N S O W R 1  ,!.1SC!'622,S,Ec51!7 
R E A r l ( : ? G , 2 5 i )  ( X P ( I ) , I = l  , N P T t t f i Y . )  
? E ~ a ( C 3 , 2 ~ 2 )  (YP(I),I=I , X P T ~ ~ . A X )  
i ? E d D ( ~ ? 9 , 2 C 7 )  ( Z P ( I ) , I = l , ? J P T ? f i A X )  
F i A C ( C 9 , 2 C 2 )  ( S I F 2 A C ( ? ) , I = I , ? . )  
R E k > ( c ? , 2 C Z >  ( X C C I ) , I = I , ? )  
READ( : : .$ ,ZCZ)  ( Y C ( I ) , I = ?  , % I  
FEA0( : , : 4 , 2 r j 2 )  ( Z C  (I) ,I=1 ,:) 

REbC(:;?,Z:Z) ( S I F R F C ( I ) , I = 4 : , 7 6 )  
9E,42(<?,2?2)(X5 (I),T=9,16) 
R E A D ( T G , Z C ? )  ( Y C ( I ) , I = 9 , : 6 )  
RE& i l (C : ; ; , ZCZ)  (ZC(I),:=Q,:6) 
E E k D ( L C , 2 Z 2 )  ( S I F R A C ( I ) , T . = 1 7 , 2 L : )  
R E A D ( ~ ? , ~ ~ ~ ' ) . ( x c  ( I ) , I=17 , ,24)  
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APPENDIX D 

PRESSURE-DENSITY ISOTHERMS FOR IMPERFECT 

GAS OF STOCKMAYER PARTICLES 



It may be o f  i n t e r e s t  t o  i n v e s t i g a t e  t h e  behav ior  o f  t h e  

pressure-dens i ty  isotherms o f  an imper fec t  gas o f  Stockmayer 

p a r t i c l e s :  t h a t  i s ,  p o i n t - p a r t i c l e s  whose t o t a l  i n t e r a c t i o n  energy 

i s  t he  sum o f  t h e  Lennard-Jones 6-12 i n t e r a c t i o n  energy.and the  

i n t e r a c t i o n  energy o f  two po in t -d ipo les .  W r i t i n g  t he  v i r i a l  

expansion i n  terms o f  t he  number o f  moles pe r  u n i t  volume ( z ) ,  

we have 

P 
( 1  , NkT = z  + B(T)Z '  + c (T )z3  + ..., 

where N i s  Avogadro's number. We s h a l l  t r u r ~ c d t e  t h i s  

express ion a f t e r  t he  t h i r d  term, so t h a t  we may use pub l i shed  

a n a l y t i c a l  r e s u l t s  f o r  t he  Stockmayer energy (H i r sch fe i de r ,  - e t  

a1 . , 1954, 'pp. 209-222, 1147-1149, 1154). The second v i r i a l  - 
c o e f f i c i e n t ,  B(T), i s  obta ined from i n t e g r a l s  i n v o l v i n g  t h e  

i n t e r a c t i o n  energy of two p a r t i c l e s ,  w h i l e  the  t h i r d  v i r i a l  

c o e f f i c i e n t ,  C ( T ) ,  i s  obta ined f rom i n t e g r a l s  i n v o l v i n g  t he  

i n t e r a c t i o n  energy o f  t h ree  p a r t i c l e s  (H i r sch fe l de r ,  e t  a1 ., -- 
1954, pp, 148-153). The two -pa r t i c l e  Stockmayer i n t e r a c t i o n  

energy has the  form (H i r sch fe l de r ,  e t  al., 1954, pp. 210-111) -- 

where d  i s  t he  d i p o l e  moment; xl,x2, yl, and y2  descr ibe  

the o r i e n t a t i o n  nf  the  d ipo le ;  E  and s  determine the  depth and 

pos i t i . on  o f  t he  Lennard-Jones energy minimum. Hence, t he  v i r a l  

c o e f f i c i e n t s  a re  dependent n o t  o n l y  upon T, bu t  a l so  upon E, s, and 



Equat ion ( 1 )  i s  a cub ic  r e l a t i o n  between P and z, so we may 

expect, f o r  c e r t a i n  v.alues o f  B(T,E,s,d) and C(T,E,s,d), t h a t  as 

many as t h ree  d i s t i n c t  values o f  z w i l l  correspond t o  a s i n g l e  

va lue of P. Since P(z )  i s  a thermodynamic s ta te - func t ion ,  t he  

P-to-z correspondence must be one-to-one. Th is  means t h a t  the  

p o r t i o n  o f  t h e  P-z curve which shows more than one va lue of z 

correspond.ing t o  the  same va lue o f  P must be modi f ied.  A s t r a i g h t  

l i n e  p a r a l l e l  t o  t he  z-axis ' i s  o r d i n a r i l y  used t o  connect t he  two 

s ing le-va lued p a r t s  o f  t h e  P-z curve; t h i s  segment marks a phase 

t r a n s i t i o n .  

From t h e  a lgebra  o f  cub ic  equations', one can show t h a t  t he  

t r a n s i t i o n  r eg ion  w i l l  no t  appear un less  is grea te r  than 3C. 

For purposes o f  i l l u s t r a t i o n ,  we may s a t i s f y  t h i s  c o n d i t i o n  b y  

g i v i n g  T,E,s, and d t he  f o l l o w i n g  values: 4 0 3 . 2 7 ~ ~ ~  0.3975 x 10- 13 

ergs, 4.OA, a.nd 2.685 debyes. I n  t h i s  case B(T,E,s,d) i s  found t o  be 

2 3 3 6 -1.1281 x 10 cm and C(T,E,s,d) i s  found t o  be 3.8417 x 10 cm ; 

equat ion ( 1  ) then'  becomes 

Th is  r e l a t i o n  i s  p l o t t e d  i n  f i g u r e  D.1. I n  con t ras t ,  when E,s 

and a remain t he  same, bu t  T i s  460.88'~, we f i n d  t h a t  B 2 

i s  no t  g rea te r  than 3C. I n  t h i s  case, B(T,E,syd) i s  found t o  

2 3 3 6 be -0.86188 x 10 cm and C(T,E,s,d) i s  3.48422 x 10 cm ; equat ion  



(1) becomes 

This relation is also plotted in figure D.1. 

The values of E,s, and d used here are 300, 1.0, and 0.1413 

times the values used in the molecular-dynamics,simulation. 

However, the simulation did not use the spherically-symmetric 

particles with embedded point dipoles which were used in this 

simple, virial calculation. Furthermore, if one assumes a film 

thickness equal to the length of one:fully-extended 

phosphol ipid molecule, the molecular areas in the simulation 
-3 -3 -3 -3) correspond to values of z(0.5 x 10 cm to 1.25 x 10 cm 

which are quite far from the transition region shown in figure 



Figure D . l  

Pressure-density isotherms of an imperfect 

gas of Stockmayer par t ic les  
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