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AUTTRACT

The equationa of tie high order )inear nod:]l nuwcerical schome are cast
in an augmunted weightea difference form for three aievnrionzl cartesjan
nodes. The coupling cvxhibitcd Sy Lhese equaticons incicate Lhat this rew
algerithe 2 sizpler and hence faster than previcus nodal schreses of Lide
degrecv cf accuracy., & wll-lopging problcr and a lust pcactor wreplor arc
examined. The new gcl-1 devi-lGleu here 18 covpared with the clivsic.d
lineir=linear nzCul sclaen and Lhe dinmeeng cifferencee sehexe. Fer the woll-
logging problem, it Is fueund Lhat the new schcrm. Is beth faster ond cinfler
than the clarrl~al lircar=linar ncdal sclarm wldlce soorificing Jittle In
accuracy. Fven theugh the tow relirpe J2 more meurate thon the “varoid
differcnce goto s for the reactar prebler, the pecults in2leats thot st
of the art accs)eraticn mithenr arce moede? for nodn! ncheps s,

INTRODUCTION

Twe high order nodal selepes yer ¢ Lo SClve: Lhe discrote-ordinsty fopr
of the Lrancgoert equatiovnh Fer fae dienslora] Ftosian systear have oo n
divelomd by this iuthor. Tisae are Lhe Jinear=1incia (LL) sebeme degrer]ln -
In & Lall dn Refo 0, and the 1incare nedioa (LY gihesme skelelod W1y In
Ref(s). © and =, otk of thees sclrpmes antume o 1inean oo o Xponilen in
cach node onu a "I reprobse it ey of the angular Clux en e noeds
facen. This paper eoptatns sevepal new and sipnlliicont eotulta, Fieer, the
Lt cquitions ard derived in detall for Ll three dimensional cortesian eye-
Lem. Necend, theae cquatl lene are cart §n oan augrentod welghl ed damcld
difference forme Third, the cquat fons e podurecd te the twe doenst i
form and two problemn are Inverstipated, A wioll logping proal-lom I8 fhves-
tighted uaing beth the orfpdnal LL schere and thina new Forsulatien ol (e LN
scheme.  The sccond prob'om 12 o Cant reacter benchmark prellem whilch 1
cxamined using the LN scheme and the ntanadare diagkond gifforones (0bh)
scheme. Forr Lhe well loegping problem, (L 1o feund that tkin formulat ion or

Lthe LN scheme Ia much Jegs compels Xy henee Fanter, thin The LL sehoge wlil e



exhibiting only a slight degradation in accuracy. In the fast reactor prob-
lem, the LN scheme is once again found tc be superior tc the DL schere but
not by as grcat a degree as found in another fast reactor problem analyzed
in Ref. 3.

Recently two papers pertaining tc the nodal method in neutron transport
have appcared in the literature. 1In Ref. 4 an augmented wejghted dianond
schem~ is indjcated for th: low order constant-lirear (CL) nodal scheme.
The authors n.te however that sigrificant imprcvement over thc CL scheme is
obtalned using the LL schemec. In Ref. 5 a direect extension of the two
dimernsional LL equations rderjved In Ref. 1 to three dimersions is prescnted.
In thrree cincnaiens, it Is cerrectly noted that a system of nine fully
couplrd simultincous cquzticns must be solved for cach discrete ordinats for
cach neder, The pquatiouns crvelopce here exhibit the high order zccuracy cf
the full L. schoeme while retzining the speed and simplicily inkerznt in an
ugm nted weightioed dianornd forrm. Ap additional benefit is that these cque-
tione cin bt Sclved caglly fer the case ¢f o velded ncde while Lhe equaticns
¢! the- LI celerde o the criginal formul=mtion of the Lk cchoeme constitutle a
sinfular syston for thic cese. Explicit ruldotions are Serfved far the

we lpht funerjole,

I. DEVELOPMENT NF EQUATIONS
Pefine the nede fo00F Le Yo e pesvoppulir parallelvplpee bounded L

X, 2 XL x": Yopp VY R Y rLH Y With 'x = fk T K AY v Yo = Ypper B
=T Iy X (xL . xH?/:. y - (yT “ y“H)/.. NG 2 = (zF' z“K)/c.

Throughoent. ‘his sunery L, B, M, T, 2K, F, &ha R e subsorjets such
that L » Jeft, I = right, I =~ betrom, 7 « Loy EK « back, F = front, and A
e LVeraps . The cubrepipt: x, y, o0d - tndicalo ;amentys of L Guari ity with
el e ot ececrdintos y e g o sre o ecutren angil st ffluxes., vois Ul
first moriee! of the cngpular flux on o foce of the nards o The dimerice-
crdinates fore of Lhe transpert equation rfor dirsctien moana cnergy group g
is

Ilmh‘l'm
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Hereafter the subscripts m znd g will be suppressed. o is the ncutron tctel
cross-section. £ is thc source driving the transport ecuaticn. u, n, «nd §
are the x- y- and z- direction cosires. For simplicity in develcping the
equztions of the LN scheme, it will be assumed that y, n, € > 0. That is,
the neutron flow ic from left to right, bottcem te top, and back to front.
The nodal equations for the x coordinutce cnly will be indicated.

Using the neutrcn bzlance cquation and the first x-moment balznee cqQuis-

tion; the firct noda) equatior for ¢_, the angular flux cn the right fze«,

F
1y

exp(-cx) + PO(Lx) . [ e ¥

) - % i i - H - rf -:.
x'A M VH ‘L J + 1 —P1\'x) P..l.x) H

'R - VL
i3« VootV T L;A)/tx + yx] . ()

kzre Vy ig the node average x-romr.n: which appears In the first x-momont

bulance equation. Additionally,

POCe ) = i1 - ‘xx-(-tx)} . Fi(,) = i - P('(-.x}} .
tx "x
and
vy - gAx/u . (3

The second nodial «qut jons flor the x-rop-rnt of Lhe angulir flux oo,

Tx'
the top face, and Upyt the x-momenl of the angular flux cn the rrent Foedo,
are

91-x . ('Hﬂx cxp("Ly) . pu(._y) . lcy"x 1 (l-Tx - "BMX)I a

[.-.’Pl(l:y) - P"(Iy)_l * |3 - (ly/l.x) . (i‘i-y "l T )] (=)

and

Opy = Uy ©XPC=1 ) 0 PO o

Fx K x A ("Fx " Upkx



[2P1e,) = PO(c, )y + 13 = (g,/c,) * (2%, - &, - eLz)] . (3b)

At this point these equalions are exactly the lirear-linear nodal eqQua-
tions. That is, linear expansions have been assumed for the source and thec
angular fluxes on the surface cf the noZe. Tne linear nodal scheme is ar-
rived at by assuming ‘he diamond relation in orly the last term of (3a) enc
(3t . That is, '

v = (e ¢ LLy)/c , and ¥, (@ s g )z .

y Ry Rz L2

Kow (3a) and (2?b) can be scivec for v to yield,

"t ip1(cy)xpu<cy)j + gy, j1- Pl(cy)/PC(cy)} , ana (l4a)

« IPUE)/PEC ] ¢ egy o §1 - PICe)7POCc )] .p)

a €
'x “Fx K»

In the limit of srall Ay (U5) bicemes the diamond relaticn, ard in the ljinmjt
oef small {2z (4h) beeens s the diamond relstirn. In the limit of large /7y qand

;o these reiaticls bivecae the sup rralatinng,

. - (':)( , 1nd l,x = {

X Fx

The x-mon- U balanee cquation containing wx fe

~e

. . . 1 - . . . - -
LI R e Y ('x/'y) ' (th LBMx) o) lepe gy

GV T NI . (L)

Now (i) ond (4L) can v used in (4%) and v, can Le determined a2 A functicn

of 'A' w|. wL. fnflow quantivlicee, the rovree and Its moment.  Specificiilly

:
bt D3 ey ey ) ey ety 0 B e axsu] s

ilx ‘4 (py * "E) e AX/n l ’ (0)



where
. ; .
by = | POCc, )/ Pite,) | * n/ay, and p, = | PC(e,)/ P1(c,) ] - €/82

If the expression for v, given by (6) is substituted into (2), the aug-
mented weighted diamond form is obtained.

¥, - (1 - a, ) - wLIZ + (1 + a, ) - wRID - Fxcx(bx/u)

U pyBpyy * P 0pkx * Sx /o (7a)
where
a, = Fx . (py ‘t e, cx) . (7b)
F, = (P2(c)) - PiCe )y / i(py ©p3 c APYE ) ¢ TP3Le,) S3R3Ce 3 -
PO(rx)j . {7c)

P2(c,) = - 2P1(Lx)j / L. , and

P3(c,) = [ - 3Pr(:x)] roy
Now the augmented diemcrd relatjon (%s) and {ts y- and z-cocrdinate
analegs can be used to determine the outflow fluxes a#s a functlon cf Lhe
average flux. Substituting these relations into the ncutron Lalanee cgque-
tion, the average angular neutron flux WA can bu determined. Extrapolaticns
can then be performed to obtaln the outflow angular fluxes. Knewiing (hes-

quantitics 9 , v, and y,2 can be determincd from (6) and its y- and z-coor-
X 2z

dinate tnalogs. %he oulLflow valuus of 0 can be determined by extrapoiatlon
using (ba), (4b) and their y- and z-coordinate analogs.

This completes the derivation of the augmented welghted form of the LN
equationa. Notice that the two-dimensional form of Lhesc cquations can tw:

obtalned by simply setting Az = = which jmplicy that LI 0.



II. IMPLEMENTATION
To obtain expressicns for Gys Fx' Pyr and P, that are accurate, fast,

and retain the correct tehavior fcr both large and small values of cx. cy

and €, the Pade'(2,3) apprcximation for the exponent
F 2 3
exple) = (60 ~ 24c + 3¢ )/(60 « 36e + 9 + € ) (&)

is used. The Pade' approxirmation i3 positive for all real values of ¢ and
has the correct 1limjits for € » 0 and ¢ » =. Using this relation Py &na P,
are found to be ratios of pclynomials in e€ither ix or ez. Assuming that the
p's are kneown then Fx is a ratio of pulynomials in Cy* The a, weights then
contain ornly powers of €y Ly and L, -

The ccling for this new form of the Liv scheme hias buen pluch@ in the
THCTRAR-11 coar.6 The codirg hac not been upczted In any way to tzke ad-
vantage of the: vector proccssing available or the CRAY 1 mackine. 1n wldi-
tion the coarse much rebziance inner iterztion acecleration ara group col-
Japsed ouler rclbalancs acccleration of the host TROTKAN-II codc have ben
retained.

Tnere 18 ne noegative flux fixup crpleysa {n the inner swesping leocp of
the code at all. After &ll the ordin:te dircctions have brel scanned In an
irzer iteration and the scalzl Flux 9 and 1ts spatial manents 1x and oy have
bcen computed, the ipomerts tx anc *y are "rolatcd” tc ensure that the iin--a
represoentation of the scalar fiux o pesitive everywhere in the nede. The
vi:iue of Lhe average scalar flux in the- nede 15 net changed Inoany wiy. Tl
"rotation” scems Lo work well and does not, {mpact the prunning Lime since L

i=s in the cuter locp.

III. RESULTS AND CONCLUSIONS

The resalty of an analysis of 5 twoedlrensicnal well legpling problom
Investigialed in Ref. 7 are shoun in Fig. 1. The absordiicns ard thone oce-
curring In the debectlor of a well leppdng tool.  The minimum value of the
mean frec path o Lhis problem is .67 eme  This means that o node alae of &
cem. 19 roughly Y. moan free patha. 1L should net be surprising thon that
Lhe diamend allferoehee solution i3 so {1 behaved ab this node slze.  There

Are so many neeastve Flux Sixups that the result s almost meaningless. A



a node size of 2 cm. or 3 mean free paths both the LN and the LL sclutions
are well within one percent of the reference extrapol=ated value for detector
absorption. The LN and LL values of absorption differ by only .1 percent at
this node size. Practically speaking then, these twc schemes yield the same
answer if one percent accuracy is desired.

The second prcblem to be examined is the SNR 300 fast reactor benchmark

model.8 A comparison of K eigenvalues determined with the DD scherme &s

found in the TWODANT code wlggfthose obtained using the LN scheme and the
new algorithm as implemented in TWOTRAN-1I are shown. The results are some-
what surp.-~ising. As expected, the LN results are mcre accurate for a given
mesh than the DD eigenvalue. The diamond scheme requires four times as many
nodes to generate an elgenvalue as accurats as thdat determined with the LK
acheme, In Ref. 3 it was found that the DD scheme required between 9 znd 1¢
times as many nodes to generate an eigenvalue as accurate as that determined
with the LN scheme. The current problem appears to be more diffusion like
with & maximum ccarse mesh finer (in terms of mean free path) than that
associated with the ZPPR 7a analyzed in Ref. 3. For this type of problem,
it is apparent that the THWODANT code using its state of the art acceieration
methous fcr the DD scheme can only be chillenged by a state of the art LK
code using similar acceleration methods.

In two dimensions the LL scheme requires the sclution of four simul-
tareous equations in four unknowns followed by the 3olutlon of three ex-
plicit cquations. On the other hand, the LN scheme requires the solution of
seven explicit equations four of which are simple extrapolations. In thrve
dimensions the comparison is even more stunning. The LL scheme reguires the
solution of nine simultaneous equatjons In nine unknowns followed by the
solution of four explicit equations. The LN schemes requires the solution
of thirteen explicit equations, nine of which are simple extrapolotions.
Jt should be clear that the LN scheme i1s preferable due to {ts simplicity
and speed as compared to the LL scheme.

Speed ils, of course, dependent upon tne exact coding used. 1f weight
functions are precompmled and stored, the maximum speed is attalned but &
storage penalty is pald. The storage required {s the size of the coarse
mesh times the numbur of ordiniates in an octanyt (three dinensions). The
wejghts were not precomputed and stored {n the current test code.
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TABLE 1
SNR 300 TWO DIMENSIONAL XY BENCHMARK (CONVERGENCE CRITERION = 10-")

K Diamond Difference

effl \ \ -
Mesh (TWODANT) Eerf Linear Nocal
19 X 19 1.11&89 1.1167
38 x 38 1.1169 1.1172
76 x 76 1.1172 -
152 x 152 1.1173 -

Absorptions vs. Node Size
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