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1, INTRODUCTION 

In a sheared slab configuration, resistive HHD analyses have shown that 

the collisional shear Alfven mode has a discrete spectrum with real 

frequencies and damping rates approaching toward aero as « e£ . Here, v e^ is 

the elect>ron-ion collisional frequency. However, with present-day magnetic 

confinement devices operatinq at such hiqh temperatures, kinetic effects such 

as finite ion Larraor radius (FLR) and diamagnetic drift frequencies (t>t) begin 

to play crucial rales. In previous studies, these kinetic effects have been 

treated separately. Although the result that the damping rates are 

proportional to (log v )" has been found, some important points, as we shall 

discuss below, remain unanswered. 

The first issue covers the stability property. Catto, Rosenbluth, and 
2 Tsang (hereafter referred to as CRT) have considered the effects of uJ4ft and 

w + i , assuminq the magnetized ion response; i.e., ^(b^) = ^(bj) exp (-b^ a 1 
2 2 - b. ; where h. = kfpr/2, pj the ion Larmor radius, ki is the perpendicular 

wave number, and I the modified Bessel function, while they have noted that o 
the damping rates are proportional to (loq v . i ) ~ , a new instability due to 

the finite u*. has also been claimed which later has been identified to be i 

spurious. In fact, the validity of differential formulation in the 

configuration space based on the magnetized ion response has been questioned 

in CRT. In this paper, we show that, by properly taking account of FLR 

effects, the semicollisional kinetic Alfven modes are stable even in the 

presence of u t i . In this sense, CRT's results are valid only in the cold ion 

limit where T j / T
e
 + 0 such that u;,̂  can be ignored. 

The second issue concerns the proper description of the discrete 

spectrum. Prake and KLeva (hereafter referred to as DK) have studied the 
2 2 2 2 

effects of w, 6 using the cold ion model; where k j ^ << 1, but k^Ps is kept as 
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arbitrary. Here, p = C /Oj, i.e., the ton Larmor radius with electron 

temperature. They have also found the proper damping rate. However, by 

employing the WKB method, their analyses on the asymptotic behavior of the 

least damped eigenmode as v . •* 0 become dubious since the corresponding mode 

structures along the field line are relatively flat. As w«t shall show later, 

for sufficiently weak resistivities, the eigenmode frequency of the least 

damped mode approaches a finite real value even if u, • 0 (instead of zero as 

predicted in DK) and it, therefore, could be potentially destabilized by some 

resonant mechanisms with energetic particles such as K particles. We 

emphasize that this discrepancy in the asymptotic behavior is exactly due to 

the failure of the WKB analyses for the lowest eigenstate. 

Neglectinq diamagnetic frequencies, Connor, Tang, and Taylor (hereafter 

referred to as CTT) analyzed the influence of FLR on the modes. They have 

found that the damping rates remain proportional to (log v
p ; ) ~ • Again, 

because of the WKB analyses employed, their results cannot be consistently 

applied to the least damped eigenmodes in the small resistivity limit. 

In the present work, we include both the finite u>t and FLR effects 

simultaneously. In order to avoid the constraints imposed by the HKB method, 

we employ the method of asymptotic matching. The dispersion relation thus 

derived not only gives the correct behaviors of the modes as v . * 0, but also 

recovers the previous results in the appropriate limits. 

In Sec. 2, we derive the eigenmode equation. In Sec. 3, we derive the 

dispersion relation for the semicollisional kinetic Alfven modes. Various 5L 

limiting cases of that dispersion relation are discussed in Sec. 4. 

Conclusions and discussions are presented in Sec. 5. 
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2. DERIVATION OF EIGENMODE EQUATION 

In thi-3 s e c t i o n , we d e r i v e the eiqenmode e q u a t i o n which d e s c r i b e s the 

s e m i c o l l i s i o n a l k i n e t i c Alfven mode in a low-(3 plasma embedded in a shea red 

s l a h c o n f i g u r a t i o n . Hers P i s the r a t i o between plaswa and magnet ic 

p r e s s u r e s . 

For a low-P tm /m. << 0 << 1 ) plasma i n a s l a b wi th shea red e q u i l i b r i u m 

magnet ic f i e l d B = B(z + xy/I< ) , t he p e r t u r b e d e l e c t r o m a g n e t i c f i e l d s can be 

d e s c r i b e d by the e l e c t r o s t a t i c p o t e n t i a l $ and the p a r a l l e l component of the 

e l e c t r o m a g n e t i c p o t e n t i a l Aj ( i . e . , the compress iona l magnet ic f i e l d 

p e r t u r b a t i o n E|| may be i g n o r e d ) . Meanwhile, fo r low frequency modes 

(ID << 0 . ) with k|| << k , , we can use the g y r o k i n e t i c e q u a t i o n for the ion 

7 8 
response and the drift-kinetic equation for the electron response. ' 

The ion qyrokinetic equation for a low-P plasma in a sheared slab model 

is given by 

iUo - k | V | ) h = _ ^ P H ( w_ W n ) J o ( K L P . ) U - ~ A , ) - CI) 

where 

*i - - ?'K + ̂ l 

L = k i • b * v/S. , L" 1 = d ln (n 0 ) /dx , k, = k ' x , k' = W 

k^ = k y - ix(d/dx) , JQ(5C^P. > should be properly interpreted as an operator, 

F H i s the Maxvellian equilibrium d i s t r ibu t ion function, fj i s the perturbed 

d i s t r ibu t ion function, and h i s the nonadiabatic pa r t of i t . 

In Eq. (1) , we have neglected the co l l i s i ona l effects on ions by assuming 

v i i < < a whioh i s generally true due to the large ion-electron mass rat ' .o. 
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Assuming K|i v
t i << u (i«e., in the fluid-ion limit), we can neglect the ion 

parallel current and the ion density response can be easily obtained to be 

0 0 i 1 

2 2 
where reca l l ing ^ ( b ^ *= I Q < b i ' sxpt-b^) , \ = k^Pj/2, I Q i s the modified 
Bessel function, and, again, note that FQ ia an operator . 

2 2 As to the e lec t rons , we may assume <u << kqVn << « e i but wv e i ~ k| |V ( . 

Since the electron Larmor radius effects are negl ig ib le , we may adopt the 

d r i f t - k i n e t i c description for the e lec t rons . Hence, the e lectron driCt-

k ine t ic equation i s given by 

- l (« - fc,v,)h = | r F M ( u ) - 0)^)(* - ^ A„) + C e . (h) , (3) 

where 

f 1 - * P M + h ' 

and C . is the number-conserving Krook-model collisional operator 

C e i ( h ) = " U e i f h " f V n 0 ) j f d 3 v h ] 

Equation (3) can be solved systematically using k n v u e / v
e i ~ u A [ v n e << ' as 

the small expansion parameters. Expanding h = h + h + ... 

correspondingly, we obtain the following electron responses. In the zeroth 

order, Eq. (3) gives 



C . [ h < ° > ] = 0 . 

with a solut ion 

h = n F M / n 0 

Note that n' 0' contains only the "nonadiabatic" part of the electron density 

response- In the first order, we have 

Hc„v,,h = -v. / 1 > - i C - - - . j f - ^ 4 * . • Mlvt! ei 

where we have eliminated J d vh term of the co l l i s i ona l operator by 

absorbing the par t of h ' 1 ' which contr ibutes to / fl vh' ' in to t r 0 ' . Taking 

the J d vvj moment of Eq. (5), we have 

2 2 (0) 2 2 

0 e i 0 e i e 

where (ckw/io)x = A|j, v~ = 2T e/m e. How, to the second order, Eq, (3) is given 

by 

-»> i « h

t 0 > = - v e i [ h ( 2 > - ( V n 0 ) ; d

3

V h ( 2 > ] 

+ lO" " % ) f~ P
M * (7) 

e 

By taking the / d v moment of Bq. {7), we can annihilate the unrequired 
(2) 

information about V via the number-conserving property and obtain 
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k II 3i (°1 ilil = _M a U . r i •* 
n e n v * e J T 

0 0 

which i s n o t h i n g bu t t h e e l e c t r o n d e n s i t y c o n t i n u i t y e q u a t i o n . To see i t more 

c l e a r l y , combining wi th t he a d i a b a t i o r e s p o n s e , Eq, (8) can be r e w r i t t e n as 

u ^ = W i st.JLi. , o) 
n 0 e T e n 0 e 

where the term on the l e f t - h a n d s i d e i s the p a r t i a l t ime d e r i v a t i v e n a , the 

f i r s t term on the r i g h t - h a n d s i d e i s the convection of t he e q u i l i b r i u m d e n s i t y 
•+ + + + 

by the p e r t u r b e d E x B d r i f t ( v - * ' n Q ) , and f i n a l l y the l a s t term comes from 

the d ive rqence of the e l e c t r o n p a r a l l e l v e l o c i t y which i s p r o p o r t i o n a l t o the 

p a r a l l e l c u r r e n t . 

wi th n and j « o b t a i n e d , we may proceed to Maxwell ' s e q u a t i o n s and d e r i v e 

the d e s i r e d eiqenmcde e q u a t i o n . F i r s t , n o t i n q t h a t s i n c e we a r e d e a l i n q wi th 

low-frequency modes such t h a t the wavelengths a r e much l a r g e r than the Debye 

l e n g t h , the Poisson e q u a t i o n j an be r e p l a c e d by the q u a s i - n e u t r a l i t y 

c o n d i t i o n , i . e . , n * n. where n. and n a r e g iven , r e s p e c t i v e l y , by Eq. (2) 

and Eq. ( 9 ) . The r e s u l t i n g r e l a t i o n then reads 

Id M i l 
0 i T. IU T <*i„e 

- - 0 

On the other hand, the parallel Ampere's law 

^a|| - < 1 1> 

t o g e t h e r wi th Eq. (6) g ives 
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n„e w 1 K!fx 2 v , n„ 2v . ^ u > T ' n ^ J 

0 e l 0 e i e 

Equa t ions ( 8 ) , ( 10 ) , ( 1 1 ) , and (12) g ive four e q u a t i o n s for the four dependent 

v a r i a b l e s <t>,X<J|| and n ( 0 ' . E l i m i n a t i n g *, X, and j g . we f i n a l l y o b t a i n t he 

f o l l o w i n g s i n g l e eigenmode e q u a t i o n i n terms of n 

A „ (0) V* N-%) " tW b i> ]

 { 0 J 

t - iP f / c r ((u-ai ) T e l + {<»*+to )[l~r (b )]/(u>-u J 
-L c e s ^ J J - e f i ^ l 

where cr = n e /m v . is the Spitzer conductivity, c o e ei * 
In order to investigate the FLR effects in sheared magnetic fields, it is 

more convenient to perform the analysis in the Poutier transformed space. In 

this space, the notations in Eq. (13) should be interpreted through their 

Fourier transforms, i.e., n'°'(Jc ) = (2«)"1''2 / dx exp(-ikxx)n* °'(x) / k„ = 

(ik /L )d/dk , and vr = -k - k . By normalizing frequencies by v /L and 
Y S X •** « j tt S 

i n v e r s e l eng th by k , -ue have 

a i+e2 o_ (o) i_ K i K ' - V b . ) ] ( 0 ) 
d 9 i + [a/(«-u» # ) ] ( i + e 2 ) d 9 " + bo ^ l - ^ JL i -yv ' j / cw-v n - ' 

6 (14 ) 

where X = ^ v ^ b o ^ , b . = b 0 ( 1 + 6 2 ) , b n = ( 1 / 2 ) ^ 2 , T = T / T ^ 

k A .« M = M u 1 / V

B * Equation (14) i s the d e s i r e d eig<'nmcila equa 
A jr IT6W OJ.C1 S ft 

which describes tha semicollisional kinetic Alfven mode. 



3. DERIVATION OF DISPERSION RELATION 

In this section, we derive the dispersion relation for the semi-

collisional kinetic Alfven modes starting from Eq. (14). The first term of 

Eg. (14) represents the bending of magnetic field lines, including the 
2 2 2 2 resistive correction. A local expression would look like kjk|,vA/r l+itiK^/Ju-

u*)]- We can see that this term becomes smaller as we go to large 0 (small x 

in the configuration space) due to resistive dissipation. By balancing the 

terms in the denominator, it is easy to show that the resistive effects becone 

appreciable when 6 ~ 9̂  = ] {iti-bi^)/\\ 1/ < ?. On the other hand, the second term 

in Eq. (14) can be regarded as FLR modified inertia, it is clear in the small 

ion Larmor radius limit where the local expressions read as u(w - m^. )k^. 

This term contains a scale length 6. = b Q~ ' .. When 6 >> 6. , ions are 

unmagnetized, while when 6 « 6. , ions are magnetized. Since we are 

interested in the situation where the size of the ion Larmor radius is larger 

than the resistive layer width, we assume 6̂  << 9^, but we still assume b_ = 

|l/2]k p? << 1 and, thus, exclude extremely large-k modes. 

Before proceeding further to solve Eg. (14), it is instructive at this 

juncture to recall that in the usual resistive MHD limit where b_, ii>. , oi . + 
0 e *i 

0, Eq. (14) tr.».n reduces to 

1+iX(1+9 )/w 

which can be readily solved to yield the following d iscre te eigenvalues ' 

1/3 2/3 f

e * P ( - i 7 I / 6 > 
0) = \ 1 / 3 ( 2 m + 5 > 2 / 3 f } 

exp{i5U/6) 
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where m is a non-negative integer. Note that, as one reduces v^, both the 

real frequencies and damping rates asymptotically approach aero as v e£ . 

Let us now proceed to solve Eq. (14) based on the ordering | V (u-id»e) | << 

h Q << 1(i.e., 9^ >> 9. >> 1). We can then divide the range of 9 into two 

regions. (1) In the resistive region( 9 ~ 9^, where ions are unmagnetized, 
2 we have b-9 >•> 1 and Eq. (14) becomes 

*e 

(2) Away from the resistive region, 9 ~ 8 b << 9̂ , dissipation is negligible 

and the ion response can no longer be regarded as unmagnetized. Equation (14) 

can be approximated as 

d„fl2d w^jrv^-yy 1

 B ( o > _ 0 (17) 
d9 d9 n 2 + b 1 + [(UT+U )/(<J-u ) ) ( l - r ( b , ) ] "2 " U * ( W J 

0 *e *e 0 I 

To s o l v e Eq. ( 16 ) , we f i r s t raake the fo l lowing t r a n s f o r m a t i o n 

9 2 d (0) 

l + i W 2 / [ [ « ) t ) 

then Eg. (16) becomes 

2 „ ( b " " * i H " - % ) , tx 
do 0 *e 6 

which has a solution 

o-o^Nae, 



11 

Here, H^1 ' i s t h e Hankel f u n c t i o n , &"" = i \ ( W - w ^ )/b.(1 -:-T), and ' / 4 - a 2 = (to-

B 4 . ) l i i)- tD t ) / b 0 ( 1 - . t ) r and we r e q u i r e 0 < im(o) t o e n s u r e the p rope r 

a s y m p t o t i c a l l y decay ing behav io r of U as 8 •*• °». Using the sma l l - a rgumen t 

e x p a i s i o . . -jl H i ' t 1 i e a ™ a l 1 ~® behav io r of n} ' t ake s the form 

i - e n

( 0 ) - B"'^2 - ( & y 2 a r < i 4 a ) ( i / 2 ~ « ) 2

 e « i e - « - V 2 _ ( 1 9 ) 

1 , 6 1 2 r ( l - a ) ( l / 2 + a ) 2 

Here, we remark that it is easier to match d[9n ]/d9 rather than n 

H-s now consider Eq. (17). Since Eq. [1?) contains a transcendental 

function T !b.',, we approximate it by V(1+b-9 ) in order to make further 

analytical progress. This approximation gives the correct 9 dependence in the 

roagnetizecl (9 < 9 ) limit and tie correct asymptotic value in the fully 

unmaqnetized (8 >•• 9. ) limit, but the transition rate from the magnetized to 

the unmaqnetized response is faster than the actual case where F (b.) ~ 

(2ithi)~ ' as b. "* "' However, as one can t>ee from Eq. (17), all T terms 

appear in the combination 1 - V and, when b. > 1, r. is small compared to 1 

such that, in the present case, the precise 9 dependence of T- makes 

negligible difference. (This observation can, in fact, be substantiated by 
-1/2 including the b. ' tarm perturbatively.) Then Eq. (17) can be approximated 

2 (jj( i.'i-lii 1 
^ 7 fin<°> + =| 9n<°> = 0 , (20) 
ae i+(uib (I+T)9 ]/(u-u ) 

which can be r e w r i t t e n a s 

(u-w )((o-u ) 
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where we have defined W = d[6n ]/d6 and t » i6[wO+T)b /(w-u 4 ) ] ' . 

Solution of Eq. ,(21), which i s regular a t t * 0, i s given by 

W = P v ( t ) + P v ( - t ) , (22) 

where P v is the Legendre function, upper and lower signs correspond, 

respectively, to even and odd parity modes and v = a - 1/2, i.e., 

v ( v + 1 ) + — n ^ a 0 • 

For large 6, we have 

h i<0)) - e-"» d6 L "a 

r , ( -a)r ( l /2+n) (1+t)b w -2 
tan (7 " -7) 

^ ,-2a _ ___'__ r_ ;_o_i r lg- a -V2 
2 r(«,r<i/2-«) L ^ - %

 J l

 TO

 | B 

C O t [ 4 " T] (23) 

Matching the large-8 solution of Eq. (17), Eq. (23), and the small-9 

solution of Eq. (16), Eq. (19), we obtain the desired dispersion r e l a t ion 

r p 4 . t t ) r n / 2 - a ) F { g ) ( V 2 - a ) 2 , „ „ . , , 2 a r " | 1 t , " ' o i i > —A y 3- exp(aitt)2 [— J 
r(i-u)r(i/2+s)r(-a)(i/2tei) * e 

iXdo^* ) t d n U - 2 J 

•feiib^ I % ^ > = ° • ( 2 4 > 
cot(f-f) 

Equation (24) i s the dispersion re la t ion for the semicoll is ional k ine t i c 

Alfven modes including the effects of FLR and «* ' s . This expression in i t s 
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present form, however, is too complicated to be illuminating. Therefore, in 

the next section, we shall discuqs various limiting cases and identify their 
2 4 6 relations to previous works. ' 

4. LIMITING CASES OF DISPERSION RELATION 

The weak resistivity limit is of particular interest as discussed in Sec. 

1. This limit can be obtained by taking the cc + 0 limit of Eq. (24). We then 

get 

(u-(d )(w-u . ) 2 2 
*e *i _ J_ n TI (1+t)b 0 4 {(1/2)log[-iV<u-ui )(M-w )/io(1+T)2b2J+4-K:-4loq2+Tt/2)2 

e L ° (23) 

where n = 1,2 . . . is a posi t ive integer, c = 0.577215.. . i s the Euler ' s 

constant . Equation (25) shows that not only positive-frequency [Re(to) > 0] 

modes but also negative-frequency [Re(w) < 0] modes are damped -with ra tes 

proportional to (log v

e i > - 1 . This d i f fers from CRT's r e su l t which predic ts 

i n s t a b i l i t y for ti>+. < Re(t)) < 0. Here, we note that the assumption {cc\ « 1 

r e s t r i c t s the va l id i ty of Eq. (25), i . e . , nit << | (1/2) log [-i M M-w^. > {w-
u)* i)/i»>(1+'0 b Q ] + 4 + c - 4 log 2 + it/21, which i s cer ta in ly sa t i s f ied for the 

lowest eigenmode. 

Now we discuss the reason why CRT's unstable solution i s not consis tent 

with the assumptions about the ion response. CRT's model corresponds to the 

magnetized ion response where ^ n ' b i ^ " 1 - b. has been used even in the 

r e s i s t ive reqion. That assumption can be sa t i s f i ed if S 2 << b g 1 - 8 2 . This i s 

the (highly) co l l i s i ona l regime. But CRT's solution (especial ly logarithmic 

dependence on v , ) shows that b. tends to be larger than 1 and, thus, 

v iola t ing the condition for expanding F. tb . ) for small b. . Mathematically, 
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this comes from the spurious secularity in the expression 1 - bQ(l + 9') when 

6 becomes very large. Interestingly, the cold ion model (such as DK) does not 

have this problem. Since X = T/T. >> 1, one can have a situation where b_9^ 

<< 1 such that the magnetized ion response is justified and meanwhile, bg9? » 

1 such that the effective ion Larmor radius at the electron temperature is 

greater than the resistive layer width, i.e., the aemicollisional situation. 

Let us come hack to Rj. (25). As V Q i -»• 0, the eigenfrequencies of the 

modes approach to 

M ± = 1 K% + "*i] ± [ [ % " u * i ) 2 * ( 1 + T ) b o ] V 2 } ' ( 2 e > 

•which is finite even when id̂ 's + 0. We note that by examining the \ = 0, 

large-9 solutions of Eq. (14), it is straiqhtforvard to show that w_ < u < (J. 

corresponds to a qap in the kinetic Alfven continuum, i.e., u + are the end 

points of the continuum. It is also interesting to note that, if we neglect 

wt's, Eq. (26) is similar to the first order FLR (magnetized) Solution of CTT 

IEq. (16) thereof] without dissipation. The only difference is the numerical 

factor [they obtained (3/4) + T instead of 1 + t]. However, when they 

considered the full FLR effects together with resistivity in the same paper, 

they employed a HKB procedure to calculate the eigenvalues. For \ -> 0, this 

approach cannot be consistently applied to the least damped eigenstate. In 

this limit, their dispersion relation would give w + 0, instead of our result, 

** * ±(1/2)[(1+T)b. ]"'-, obtained from our more general asymptotic matching 

analysis. The fact that the mode has a finite real frequency in the small 

resistivity limit could have potentially important practical implications such 
5 as destabiliaation via resonance with ot or energetic particles. 
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We now demonstrate that Eq. (24) can recover the WKB solutions of DX and 

CTT. For the WKB method to be valid, the eigenfunction should vary faster 

than the effective potential. Therefore, strictly speaking, we can use the 

WKB method for modes with hiqh quantum numbers n. The WKB limit of Eg. (24) 

can be obtained hy taking )a| >> 1, then Eq. (24) reduces to 

( 1 + T ' h 0 ' log[l6ia.(l«)b0/*]-2 

Here, expressions of r functions with large imaginary arguments have been used 

in deriving Eq. (27). If we take the cold-ion l imi t (W .̂ ,b„ •* 0, 1 •* » such 

that TbQ is kept f i n i t e ) , Eq. (27) becomes 

- ,1 /2 2nitbfl , 
u f w ~ l O = [i^o^v5o^ ] ' ( 2 8 ) 

where bp = Tb 0 . Equation (28) i s exactly the same as Eqs. (41) and (46) of DK 

in the l imit that the i r solutions are val id, i . e . , 2nit >> | logt16iu(l+T)t Q /X] 

- 2 | . On the other hand, i f we neglect a* ' 9 from Eq. (27), we get 

2niE[(i+T:)b ] 1 / 2 2nn((l+t)b 1 , / 2 

... o g ^ ( 2 9 ) 

log(l6itt)(1+i;)b /A.J-4 iog(«/*)+*i/2 

where log t16(1+TT)bi-J - 4 is ignored compared to the larger term log(w/X.). If 

one expands the denominator of Eq. (29), noting that the imaginary term is 

smaller than the logarithmic term, one obtains the same expression as Eq. (48) 

of CTT. 

Finally, we comment on the self-consistency of our ordering 8i >> 8. . 

Since \ = | (w-di# )/^|, the most stringent case corresponds to the limit \a\ 

<< 1 where Eq. (25) and, approximately. Eg. (26) is applicable. In this case, 
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we require b 0 >> which can he easily satisfied due to the small 

resistivity, 

5. CONCLUSIONS 

In this paper, we have derived an eigenmode equation which describes the 

semicollidional Kinetic Alfven modes izicludin<v PLR ana w» effects. The 

corresponding dispersion relation is then obtained via asymptotic analyses in 

the semicollisional regime. 

The results show that the eigenmodos are stable with damping rates 

proportional to (log v
e j ) ~ as previously found. ' ' The semicollistonal 

damping rates are, thus, stronger than those of the resistive MHD 

(collisional) regime where the damping rates scale as v ( , 

The asymptotic-matching procedure employed here, furthermore, allows us 

to apply our results to the important regime where the WKB approach used in 
4 6 previous studies ' becomes inappropriate. In particular, this has led to the 

result that as 1 + 0, the eigenmode frequencies (for the least damped 

.aigenstates) approach real values corresponding to the end points of the FLR-

modified Alfven continuum. Therefore, this mode could be destabilized via 

resonances with energetic particles. Analyses dealing with this interesting 

possibility, however, lie beyond the ^cope intended for the present work and 

need to be examined in the future. 
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