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Abstract

This report contains the proceedings of the workshop on "Spectral Theory of
Sturm-Liouville Differential Operators,” which was held at Argonne during the
period May 14 through June 15, 1984. The report contains 22 articles, authored

or co-authored by the participants in the workshop.

Topics covered at the workshop included the asymptotics of eigenvalues and
eigenfunctions; qualitative and quantitative aspects of Sturm-Liouville eigen-
value problems with discrete and continuous spectra; polar, indefirute, and non-
selfadjoint Sturm-Liouville eigenvalue problems; and systems of differential

equations of Sturm-Liouville type.
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Preface

This report contains the proceedings of the workshop “Spectral Theory of
Sturm-Liouville Differential Operators,” which was held at Argonne Nationai
Laboratory during the period May 14 through June 15, 1984. The workshop was
organized by the Mathematics and Computer Science Division {MCS) as part of
its activities in applied analysis. Twenly-six mathematicians, nine of them from
abroad, took part in the scientific activities. These proceedings are the per-
manent record of the research done at or stimulated by the workshop.

The objectives of the workshop were (1) to encourage the transfer of theoretical
research resuits to the domain of computational mathematics, and (2) to iden-
tify open research problems in the area of Sturm-Liouville eigenvalue problems.
The format of the workshop was chosen to emphasize communication and
cooperation. Each participant was given the opportunity to present a summary
of his or her past or current work, but most of the time was spent on discussions

and joint research.

Each week the workshop focused on a particular theme. The five themes were
(1) asymptotics of eigenvalues and eigenfunctions; (2) qualitative and quantita-
tive aspects of Sturm-Liouville eigenvalue problems with discrete spectra; (3)
qualitative and quantitative aspects of Sturm-Liouville eigenvalue problems with
continuous spectra, (4) polar, indefinite, and non-selfadjoint Sturm-Liouville
problems; and (5) systems of second-order Sturm- Liouville equations. For each
week one participant was invited to act as program coordinator.

The main financial support came from the University of Chicago Fund for
Argonne Activities. The MCS Division generously supported the activities of the
workshop.

Following this preface is a list of names and addresses of all colleagues who took
part in the workshop. We express our gratitude to these colleagues and espe-
cially to those who contributed manuscripts to the proceedings.

Special thanks are due to Gail Pier_r, technical editor of the MCS Division, who
so ably handled all the work involved in the production of these proceedings
from rough draft manuscripls to the end product that we have before us. We
also thank our colleague Jim Cody for his help in making the necessary physical
arrangements for the workshop. Finally, we offer our sincere appreciation to
Paul Messina, MCS division director, for encouraging us to organize this
workshop and for generally stimulating the proper environment for creative
research within the division.

The organizing committee:
F.V. Atkinson (Toronto)
Hans G. Kaper (Argonne)
Man Kam Kweng (DeKalb)
Tony Zettl (CeKalb)

December 1984
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RICCATI TRANSFORMATIONS AND PRINCIPAL SOLUTIONS OF
DISCRETE LINEAR SYSYEMS

Calvin D. Ahlbrandt*
John W. Hookert

Abstract

Consider the second-order linear matrix difference equation
G)L[X,] = ~A(G, 18Ky ;) + 43Xy =0, n =1,23,...,

where &, and A, are given sequences of positive-definite, Hermitian rx» matrices,
X, is an rxr matrix, and A is the forward difference operator AX, = X, ;1 — Xp. Let
be a sequence of nonsingular rxr complex matrices. Then if

Wp = (Cu-1AXn_ )Xy, we have
)X L[Xn] = R[WnlXn, n = 1,2.3,...,
where
RIWL] = ~Fosy + Wl Mn 4Gy s17 G+ A,

a Ricceati matrix difference operatar.

We give a definition of principal and anti-principal, or recessive and dominant,
solutions of (i) and use the relationship {ii) toc prove the existence of principal
and anti-principal solutions of (i) and the essential uniqueness of principal sclu-

tions.

1. Introduction

Discrete-time linear systems and related discrete matrix Riccati equations
arise in a variety of applied problems, in particular, in discrete linear optimal
control and filtering problems (cf. Vaughan [1970]). We discuss here the con-
cept of principal (sometimes called recessive, or subdominant) solutions of a

linear vector difference equation
Uzp] = —A(Cyo1AZ, ) + Apzn =0, n =123, (1.1)

where A, and (, are given sequences of positive-definite, Hermitian rxr
matrices with complex entries. A solution of (1.1) is a sequence z, of rx1 com-
plex vectors satisfying (1.1), and A is the forward difference operator defined by

for any sequence of matrices or vectors U,.

Instead of working directly with the vector operator L[z,] of (1.1), we find it
more convenient to make use of the related matrix operator

LXa] = =A(G 1A -1) + A Xy (1.2)

where X, is an rxr matrix, n = 0,1,2,.... We will also make use of a discrete

*University of Missouri, Columbia, Hissouri 85211.
$Southern Nlinois University, Carbondale, Qlinois 62901.




Riccati matrix operator which will be defined in Section 2. In Section 3 we define
and discuss existence of principal and anti-principal solutions of L{X;] = 0. The
essential uniqueness of principal solutions is discussed in Section 4. In Section
5, some further properties of solutions of the Riccati equation R[{#,] =0 are
developed. Section 6 connects this work with previous transformation theory for
differential operators.

Our results on principal solutions are, for the most part, discrete analogues
of results for differential systems discussed by Hartman [1957], Reid [195B,
1963], Ahlbrandt [1972], and others.

An alternative form for the equation L[X,] = 0is
LXa]l = -GXo1 — Gadar + B Xy =0, (1.9)

where B, = G, + Gy + 4y, n=1,23,..... From (1.3) it is clear that, given an
integer M = 0, the solution of L[X,] = 0 for given initial matrices Xy and AXy
(or, equivalently, Xy and Xy,,) is defined for all » = 0 and is unique. Indeed, the
restriction to non-negative integers is unnecessary, and solutions may be
defined for all integers n by use cf the recurrence relation (1.3).

Before proceeding, we state for reference some elementary properties of
the forward difference operator A. If 4, and B, are sequences of rxr matrices,
then

AAnBn) = AWAB, + (AA,.)B,“.I = Ane1ABy + (AA,) B, (1.4)
$ a4 = Ava - Au.  as
t=M

and
ﬁ AALB; = AyBy+y — Au-1By — ﬁ (A4 1) B, (1.8)
=i t=M

an analogue of “integration-by-parts” which follows readily from {1.4) and (1.5).
By using (1.4), one can also easily show that the operators {[z,] and L{X,]
satisfy discrete analogues of the Lagrange identity for differential operators;
hence, we say that these operators are formally self-adjoint (cf. Hartman [1964:
385]). We also state without proof the following variation-of-parameters lemma.
LEMMA 1.1. If X, is a solution of the homogeneous matriz difference equation
Ax"—l + &Xn = 0. (1.7)
and X,, is nonsingular for all n = M -1 for some M >0, then the solution of
AYpa+AYa=58,, n=2M,

with initial value Yy_,. is
Yo = Xo (X! Y-y + ():‘”Aq:m). n= M1,

where the summation equals 0ifn = M-1.

In the discussion below, rxr matrices with complex entries will always be
denoted by capital letters, / is the rxr identity matrix, and m n, # N.1,; will
alwzys denote non-negative integer indices.

2. A Riccati Difference Operator and Prepared Solutions of L{X,] = 0.

Throughout this paper, we assume that the coeflicients of the operator
L[X,] = 0 satisty the following condition:



A,and G, are Hermitian and positive defilnite for alln = 0. (2.1)

The concept of a prepared (self-conjoined, isotropic) solution of a linear
self-adjoint system of differential equations has been employed by many writers
[Coppel, 1971. Hartman, 1957, Reid, 1958]. An analogous concept for difference

operators follows.

For an arbitrary ordered pair of sequences U, and ¥, of 7xr complex
mmatrices, we deflne a "bracket function”

{Un.Vad = UnGuoibVaoy — [GoAUL ] T,

= Un-1GiotVo = Un Gt Voo,
where U, denstes the transpose conjugate of U,. It is easily verified that
{Un-Vn!=—zK|-Un‘.- (2-2)

1t is also readily verified that if U, and V, are solutions of L{X,] = 0, then
AfU,.V,{ =0 for alln. Hence we have the Iollowing lemma.

LEMMA 2.1. For any solutions U, and V, of L[X,] = 0. { U, .V, ] is constant.

DEFINITION. A sequence of rxr complex matrices is prepared, or i:ofropic, if
§Xn X} =0foraln =M for some M >0, . (2.3)

or, equivalently, if X;_,G, -1 X, is Hermitian forn = 4.

In preparation for the development of a principal solution of L{X,] = 0, we
first introduce a Riccati difference operator. By analogy with differential sys-
tems (cf. Reid [1972]), if X, is a sequence of nonsingular rxr matrices, one
expects a matrix identity of the form X, L[X,] = Xy R[ W ]X, for some non-linear
operator . Now

LiXa] = ~AM(Gao1AXpy ) + An Xn,
= ~GAX, + G AXn + AnXn

= [—(GAR)XT + (GaAXy ) Xn ! + 4njXn- (2.4)
We let
Fn = (G AL )XY (2.5)

which is analogous to the usual Riccati transformation w =cz'/z for the
differential equation —(cz')’ + pz = 0. (For other discrete analogues of the Ric-
cati transformation, see Gautschi [1967], Hooker and Patula {1981], Hooker,
Kwong, and Patula [1984], and Arscott [1981].) Then (2.4) becomes

LIXa] = (= Wasy + WX 1 X1 + A) X (2.8)

Now W, = GaXnXyly = GaXa-1Xnl. Hence, X, X5 = GL(Ha + G,y). so
Xn-1Xnt = (Wa + G,_1)71C, ;. Substitution into (2.6) gives

LIXp] = (~Wasr + Wn(Wn + G1) Gy + An) X
Hence,
XoL{Xo] = X R[ W)X, (2.7)

where



4

R[’n] = =Fpu + ’n(”n + q«—l)-lq;-! + A, (2.8)
a Riccati matrix difference operator of the type that occurs in problems of
discrete linear optimal control and flitering [Vaughan, 1970].
THEOREM 2.1. Assume condition (2.1). Given an integer M > 0, let X, be ths
unique solution. of the initial value problem
LIXa1=0 Xy, =1 Cy,AXy, =1 (2.9)

Then X,, and AX, are nonsingular for cll n > M—1, W, defined by (2.5) is posi-
tive definite for alln > M, D, defined by

Dy = X G X st (2.10)
itsw’fl[emitm and positive definite for all » = M -1, end X, is a prepared solu-
PROOF. TFrom the initial conditions we have Xy, =7 and AXy.,

= Xy — Xy-1 = Cgl). Hence,

Xy =1+ Cgly. (2.11)
80 Xy is Hermitian. Then

Doy ~Dat = X1 Gaerdn — XnGro1Xn 1 = 120004,
a constant matrix by Lemma 2.1. But
Xy Xy} = XigCyAXgy -y ~ [Cy1AXy-1] "Xy

= Xgl ~ Xy = 0,
since Xy is Hermitian. Therefore, [, is Hermitian for all n > #-1. Hence, X, is
a prepared sclution.
Thus we have Xy_,, Xy nonsingular, and Wy = I is positive definite. Also
Dy = Xu Cu—Xu. 2o from (2.11) we obtain

Dyoy = Cu([ + Cgly) = Cyy + 1,

so Dy_, is positive deflnite. We then proceed by induction, assuming that X, _,
and X; are nonsingular and ¥, and D;-, are positive definite. Now for Wy,
defined by ( 2.5), we have R{¥,] = 0 by (2.7). Thus

Wee1 = Wp(W + G )G, + A
(G (We + Ge-DWe) 1 + 4

=(GHh + WD+ 4,
80 W, ., is positive definite.
To show that I is positive definite, consider

X Wi 1 X = X (G AX) X1 X,

=X CeXert ~ X CeXe.
Then
D = X%GXo sy = e W X + X C X,

so D, is positive definite and, furthermore, X, ., is nonsingular, which completes
the induction. Finally, since W,.; = (G,AXR)X;! is positive definite for all



n > M -1, AX, is nonsingular for all » = M -1, which completes the proof.

We will return in Section 5 to further relationships between solutions of
L[X,] = 0 and corresponding solutions of R[¥,] = 0.

3. Principal Solutions of L{X,] = 0.

We now make use of Theorem 2.1 to establish the existence of principal
(sometimes called recessive, subdominant, or distinguished) solutions of
L[X,]=0. The definition we use is analogous to that of Hartman [:957] for
Sturm-Liouville differential operators. it stems from the property

f.(cuz)“dt = oo,

which characterizes principal solutions of scalar self-adjoint differential egua-
tions (cf. Hartman [1964]). Principal solutions for second-order and nth-order
scalar difference equations have been discussed by Patula [1979] and Hartman
[1978], respectively. For computation of principal solutions of scalar difference
equations, see Gautschi [1967] or Olver and Sookne [1972]. Our discussion of
principal solutions is similar to that of Hartman [1957] and Reid [1958].

DEFINITION. A principal (or recessive) solution of L[X,] = 0 is a solutien X, that is
nonsingular for n = M, for some M = 0, and that satisfles the conditions

Xo Cu X 41 is positive definite for n = M, (3.1)
and
‘flyk (CXiu) e »masn + (3.2)

for every unit vector k. A solution is enti-principal if (3.1) is satisfied and
Y k(X CXinn)
=N
converges for every unit vector k.
LEMMA 3.1. Assume condition (2.1) and let X, be a prepared solution of L{X,] =0

which is nonsingular for alln = M -1 for some 4 > 0. Then every solution Y, of
L[Y,]1=0forn = M-1is given by

o= %alP + BOCLGAK)IQ, n M1, (3.3)
Jor constant matrices
P=Xg"Yy-1and @ = Xy Yu{=lXn Yol = M-1, (3.4)

where the summation in (3.3) equals O0ifn = M-1.
Conversely, if P and @ are given constant matrices, (3.3) defines a solution
of L[Y,]=0forn>M~-1.
PROOF. Given X, and ¥, as stated, we know
X Yol = X0 G AV =[G A 1Y, = Q.

a constant matrix (i.e., € is independent of n). Since X, is nonsingular for
n > M-1, we can write

GabYa — X TG = X '

Hence



AYy - GL(GAG )X Y, = GLX, 1@ . (3.5)

Since X, is a prepared solution of L[ X, ] = 0, X, is a solution of the homogeneous
equation related to (3.5) (i.e., substituting X, for ¥, makes the left-hand side of
(3.5) equal 0). Then by variation of parameters, Lemma 1.1, the solution Y, of
the non-homogeneous equation (3.5) can be written as

Ya = Xa(Xgi Yy + ‘ﬁnia:‘l GAX% Q).

which is of the form (3.3) with P = Xz!,Yy.,. Conversely, given P and @, one
may verify that (3.3) is a solution of L[ Y, ] = 0, which completes the proof.

LEMMA 3.2. The solution Y, of L[Y,] = 0 given by (3.3) is a prepared solution if
and only if

PQ=Q°P. (3.6)

PROOF. We need to show that ¥,_,G,-; ¥, is Hermitian for n > # and, by Lemma
2.1, it suffices to show this for n = 4. From (3.3) withn = M, we have

Ya-1Cu-1Yu = YasCy1XyP + Y1 Cyr Xu( X1 CurXu) ' Q. (3.7)

Since Yy-; = P °Xg-; (from (3.3) withn = M -1), (3.7) can be written
Yu-1Cu 1Yy = P°Xy1Cy1 XuP + P Xy Cy_\Xy(Xg1Cy_Xu)'@ (3.8)
Since X, is a prepared solution, the first term on the right in (3.8) is Hermitian

and the second term equals P°Q. Thus Yg.,Cy-,Yy is Hermitian if and only it
P°Q is Hermitian, which completes the proof.

We now proceed to establish the existence of principal and anti-principal
solutions of L[X,] = 0, assuming Condition (2.1). If X = X, is a prepared solu-
tion of L[X,} = 0, which is nonsingular for n = M -1, for brevity of notation we
define

0, ifn=HM-1

Sa(X) = .
2"(&.—16'1-1)&)—1‘ ftn=M

(3.9)

Then the solution (3.3) given in Lemma 3.1 can be written
Yo = Xo(P + Sp{X)Q), n= M-1. (3.10)
In particular, let P = @ =7 in (3.10), and let X, be the solution of the initial
value problem (2.9). Then (3.10) becomes
Ya = Xa(l + Sp(X)), n2 H-1, (3.11)

where, by Theorem 2.1, the solution X, is prepared and S,(X) is a positive
definite, increasing sequence for n > M (where matrix inequality is defined in
the usual sense of positive definiteness).

By Lemma 3.2, Y, is a prepared solution. Also, Y, is nonsingular for all
n = M-1, since Yy, = Xy, =1 and S,(X) is positive definite for n > . Thus
we may reverse the roles of X;, and ¥, in Lemma 3.1. which then tells us that

X = Ya(P+ Si(NQ). n2 M-, (3.12)
where P = Yz, Xg-1 = ] and & = § ¥, . X,}. a constant matrix. By (2.2),
F=1Y, )=t %" =~-@ = -I,




30 (3.12) becomes
Xn = BRI - Sp(Y).

Hence
[= X% = X Y {0 = Sp(Y)). (3.13)
Substituting (3.11) into (3.13), we obtain
I={I +Sp(X)] - Sa(Y)). (3.14)

Thus I - S,(Y) is the sequence of inverses of the increasing., positive-definite
sequence [ + Sy(X). and / + Sp(X) > for n > M. It follows that JF — S,(Y) is a
decreasing, positive-definite sequence satisfying 0 </ — Sp(¥) </ foralln =4.
Hence sl,?f}') is an increasing sequence with a positive-definite limit S.{Y) < [ as
n-+=, Now deflne the sequence

Zp = Yp(Sa(Y) - Sp(Y). n=H-1. (3.15)
This is of the form (3.3) with P = S (¥) and @ = {¥,.2,} = —/, so by Lemma 3.1,
2, is a solution of L[Z,] = 0. We will show that Z, is prepared and recessive.

Since S,(Y) is Hermitian for all n = #, S.(Y) is Hermitian; hence, by
Lemma 3.2, Z, is prepared. Also, S.(Y) — S,(7) is positive definite and ¥, is
nonsingular for each n 2 M, so Z, is nonsingular. Thus Z, satisfies the
hypotheses of Lemma 3.1, and we may write ¥, in terms of Z, as

Yo = Za(P + Sa(2)@). n 2> M-1, (3.186)
where, by (3.4), P =25 Yy ,=S(Y)' and § ={Z,.Y.{. By (22).
@=12,Y.)=-1Y..Z,}° = I, s0 (3.16) becomes
Yo = Zo(Sa{1)! + Sp(Z)), n=MH-1.
Proceeding as in Steps (3.13) and (3.14), we obtain
I = (Sa(Y) - Sp(Y)SII(Y) + S,(2)). (3.17)

But S.(Y) — Sp(Y) is positive definite and decreasing, and tends to 0 as n»m. |t
then follows from (3.17) that S,(Z) is increasing for n > M -1, and for every unit
rx1 vector k, k°S,(Z)k is positive and increasing as n increases, and

,l‘im k*Sp(Z)k = =. Therefore Z, is a principal solution of L[Z,] =0, by
deflnition.

Similarly, from the discussion above, we know that S,(Y) is a positive-
definite, increasing sequence for n =M, with a positive-definite limit S.(Y) </,
and it follows that ¥, is an anti-principal soiution. We have thus established the
following theorem.

THEOREM 3.1. Assume Condition (2 1). Then L[X,] = 0 has a principal (recessive)
solution and an antiprincipal (dominant) solution.

4. Reid’s Conastruction of Recessive Solutions
In the matrix differential equation case, Reid [1958] gave a construction of

the principal solution at « by means of a limiting case of a solution of a two-
point boundary value problem. Reid's construction for the system

U=AU+ BV, V=CU-A"V
started with a solution U, ({z), Vi (z) defined by
Uua(s) =1, Vx(t)=0.



He showed that ¥,{s) had a limit ¥, .(s) as ¢ became infinite. Then
(U; o(Z). V, «(z)) was a principal solution at =. Constructions of this type have
been used in the construction of recessive solutions of three-term recurrence
relations [Gautschi, 1967; Olver and Sookne, 1972]). In particular, such raethods
have been employed in numerical evaluation of Bessel functions J,(z) from their
recurrence relation =Jp +y(z) — Jp1(Z) + 2n/z Jp(z) = 0.

We now use the same idea to coastruct a recessive solution at «». Of course,
the previously constructed Z, is recessive, but for any nonsingular matrix X,
Zy K is also recessive. One application of the following construction is to show
;lsumﬁd uniquensss of Z,, i.e., uniqueness up to nonsingular constant multi-

es.

Let M and N be integers with 4 < N. For Z, constructed as in Section 3,
define S,(Z) as before. Then S,(Z) is increasing in n, positive definite for
n 2 M and (S,(Z))"'~+0 as n+x. We define X, (M, N) as the solution defined by
the two-point boundary value problem

Xy_(M.N)=1I, Xy(M.N)=0. (4.1)
If such a solution exists, it must have the form
Xo(M.N)=Zo(P + Sa(2)Q). n=M~-1. (4.2)
But the choice
I=2Zy,P. Q=—(Sy(2Z)'P (4.3)
uniquely determin:s X, (M ,N) as
Xo (M N) = Zo(I ~ Sa(Z)[SN(Z)) ") 252 (2.4)
with the consequence _
Xo (M N)+2Z,25), as N-seo, (4.5)

Since P°Q = —P°[Sy(2)]'P is Hermitian, X, (M ,N) is prepared for each N and
since
Xo(M.=) = Z K for K = 25!, , (4.8)
X (M =) is prepared and recessive at =. We now show that the recessive solution
at = is ;ssentially unique. Let ¥, be any other recessive solution at =. Without
loss r. generality, assume M is sufficiently large that Y, is nonsingular for
n 2 {-1. Replace Z, in the previous derivation of X, (M, ,»=) by ¥, for the con-
clusion

Xa (M =) = Yo Yty = Za 254 (4.7)

ie.,
Yn = ZnH for H = Z'—llYH—l‘ (48)

THEOREM 4.1. The recessive solution at = is unique up to nonsingular constané
multiples and is determined as

lim X, (M. N)
where X, (M,N) is the unique solution of the boundary value problem (4.1).

5. Riccati Solutions
We now relate the recessive solutions to a solution of the Riccati equation.



THEORER 5.1. Suppose that X, is any recessive solution of L{X,] =0 with X,
nonsinguler forn > M--1. Then, forn = M,

Wa = (G -1AX, )Xy <0, (5.1)
Wner = Ay + [GTL + WL (5.2)
end
Wil = =Gl + (Wasy ~ 4n)7N (5.3)
' Consequently,
P > —Grg. (5.4)

PROCF. Without loss of generality, assume Xy =1. Let
Wy(M ,N) = Cy_8Xg_(M.N). Use the summation-by-parts formula (1.6) on

0= P XLIX]= - XMGAK ) + 3 KAK
i=M i=M

=M
to obtain
Wl N) = 35 (Ao (H.N)* Gt Hors (M)
4+ XM NYAX(M.N).
In particular,
~Wy(M . N) = Xy(M N)AgXy(M N).
Let N - for

~ Wy (M=) = Xg3AyXu > 0.
Hence Wy <Ofor all #. Use 0 = L[X,] to obtain
—GAXXG + G (A )Xt + 4 =0
and
Paei = An = G )Xt = B X0 X5
But
o = GadXn XY = GalXGa X - 1]
and X, X}, = G}, W, + ], which is nonsingular. Thus
Paer —An = W (G4 Wy + 1)1

= ’u(”ﬂ + ql—l)—lql—l
= [GL(Wn + G )W ']

= [t + Gy .
But ¥,,, — A, <0since WV,,; <0, A, > 0. Conseguently,
W, !+ Gl <O,

Pl + Gho= (P —40)7h
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and
Wol= -Gy + (Mo —4) 1 < =-GT <O

8. AConnec!.on with Transformation Theory

A general discussion of transformation theory for linear differential opera-
tors was presented by Ahlbrandt, Hinton, and Lewis [1982]. Lemma 3.1 above is
related to an analogous transformation theory for difference operators.

Let X, be a preparsd solution of (1.3) with X, nonsinguiar for n = 4-1. A
variable change of the form

Yo=X Vo, n2=M~1 (6.1)
induces the operator identity
XL V) = =MD Vo) + BnVp = I[V,]. n = M, (6.2)

where Dp = XaCpaXpsy and £, = XaL[X,]=0. Hence L[¥,] =0 if and only if
there exists a constant matrix @ such that

Di-lAVt-l =@ i2M. (63)
Thus, by summing (8.3) and using (1.5), one obtains
' Va = Va1 + (Sa(X))Q. (8.4)

which gives relation (3.3). Choice of » = M implies that @ is the indicated
bracket function.
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OSCILLATION AND SPECTRAL PROPERTIES OF WEAKLY COUPLED
ELLIPTIC SYSTEMS

V. Alegretto*

Abstract
We establish the connection between the nonosciliation of the weakly coupled el-
liptic system I = —Ai + Al and the finiteness of the negative spectrum S_{L) of
the associated Friedrich's extension L. We next show how criteria for the finite-
ness of S_(L) can be obtained from comparison with scalar equations and from
comparison with systems of ordinary differential equations. As an application, we
then give an extension to ! of Kneser's classical nonoscillation theorem.

Let G be an unbounded domain in R", with n > 2 for convenience, and
smooth boundary 8G. Consider first in Cgy (G) the expression

lo=~-Ap +gp
with g a real function. Here A is the Laplace operator and g is assumed to
satisfy the following conditions:

(i) g €L2(S) with « = a(S) > n for any bounded subdomain S of G, and
(ii) for all z€dG there is a neighborhood R such that geC?*(R}. 8 = B(R) > 0.

These conditions may be relaxed somewhat, but they are simple and allow a
unified presentation. Let B be the form associated with I in the usual way:
B(p.¢) =fc Y (Zp)? + g¢® Following Glazman [1985), we term B (or l)
nonoscillatory iff there exists a neighborhood N of = such that if SCNNG, S
a bounded domain, then B(g.¢) = k(¢.¢) with & = k(S) >0, pely (S). This
is clearly a localized property. In the middle to late 1970s, it was shown that
B was nonoscillatory iff there existed S‘W, {721 in L3(G) such that B(p.p) = 0 if
pi¥; in L2 for j = 1,...,r and peCg(G). l‘j'rom this it followed that if L was
the Friedrichs extension of I and S_(L) denoted the negative spectrum of L,
then S_(L) was finite iff B was nonoscillatory [Allegretto, 1981; Moss and
Piepenbrink, 1978]. Hence the finiteness of S_(L} was determined near the
singularity: =. One could change the boundary conditions, coeflicients,
domain G, in a compact set without affecting this property. Observe, howev-
er, that these results do not determine when S_(L) is finite in any specific
case. For this purpose oscillation or nonoscillation criteria are needed.
There is a considerable amount of literature on this subject; we refer in par-
ticular to the books of Swanson [1968] and Kreith [1973]l and to the more re-
cent survey articles [Swanson, 1975 and 1978].

Motivated by these considerations, we recently looked at a related prob-
lem: the case of a weakly coupled systern. Consider now the expression

= —-At + A2, (1)

where A = (a;;) is an mxm symmetric matrix and 2 = (), . . . ,%m)7. For
convenience, assume that a; satisfies the same regularity properties as g

*Department of Mathematics, University of Alberta, Edmonton, Alberta, Canade T8G 2G1. The
suthor wishes to thank the organizers at Argonne National Laboretory for the opportumity to partici-
pate in the Workshop on Spectral Theory of Sturm-Liouville Differential Operators.
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forij =1,..m,

It (1) decomposes into smaller subsystems, .hen what follows can be ap-
plied subsystem by subsystem. We thus considr.r explicitly only cases where
this do=s not happen. Specifically, it suifices, but is not necessary, to as-
sume that there exists a permutation ¢ of {1,..m}] such that
Bo(i).oft+1): Be(m)o(1y are Dot identically zero near infinity, i =1,.. m-1.

ether A is u-recfucible at an specific point is irrelevant. Nonoscillation is
defined ir the obvious way, and B,L are as before. The following result was
recently established [Allegretto, 1984], and the proof will appear elsewhere.

THEOREM 1. Assumem = 2, and set g = (—2,5,(222—21)/2). @ =9/ {g| (1 | is
the Fuclidean norm) with domain Q {z {g(z)  0]. Suppose there ezisis a
neighborhood N of « such that {Q(z)|z <Nndom{Q)} is inside an arc of angle
< 7. Then S_(L) is finite iff B is nonoscillatory.

It is not known if the result is valid without specifying the relative
behavior of the a;; near =. Note that if 2,z is of fixed sign near =, then the
condition on & is satisfled.

These remarks indicate that, as was the case for m = 1, it is of interest
to establish oscillation and nonoscillation criteria for (1) as a tool for looking
at S_(L). Observe, however, that we are not concerned here with deter-
minants of prepared matrices nor with h-oscillatory solutions (see Kreith
[1973; and Swanson [1968, 1975, and 1978] for clarification of these con-
cepts). As far as the relative behavior of ay is concerned, note that if
B,(a @) = B(3.?) for all PeC§(G) and S_(L) < =, then S_(L,) < =, where L,

the operator associated with B,, regard.less of whether or not the
coemcxents of L, satisfy the conditions at infinity. This leads naturally to a
comparison with the scalar equation —Au + pu, where # is the least eigen-
value of A. Reversing these arguments leads to a comparison with ~Au + ju
and S_(L) = e criteria, where § is the largest eigenvalue of A. Such scalar
comparisons can obviously be optimal in some cases, but they may be
misleading in others. We illustrate this remark with the following theorem,
based on considerations of Martynov [ 1965] for ordinary systems and the re-
lated problem of spectrum discreteness.

THEOREM 2. Let m = 2 Assume A, Ag are the eigenvalues for A with associat-
ed rwrmahzed (in R™ ezgenvectars #1.P2. Let p(z) measure the rotation of
APz (1) = P2 3z, (a) = — #r g, —Jor k =1..n. Assume

that Al.)\e.p are smooth mdfor sam.e positive canstants £.6 with z:2 < 1/2 the
tnequalities

A+ (9|2 622 - g‘—l;—zi):—u-zez]

2 _2 __1__ 2 -n-—22
Az + |V [3(1 t—ﬁ Fo (8p)° = 4z )?

hold near infinity. Then | is nonoscillatory and S_(L) is finite.

PROOF. Let Y€C5 (G) be given, and set ¢ = ad, + 8@2. A simple calculation
shows

BAD = [ITIC 20 + (G5 + o+ 199 1]
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88 _ , Ba op
$EDe+ 1B+ SRl 5= 5 1 o

= Il + [
Now the divergence theorem yields
da_ 3p
Io= [=)48 — - 2a8Ap.
Estimating this in the usual way leads to
B = [(1-2e9)|Va|? + (A, + |Vp|? ~ 6%)a?

+ V812 + £1ae + 1% 151 - 51) — -(0p)?)

Since the right-hand side represents a diagonal system, we merely apply
Kneser’s theorem to each component.

Observe that if Ap = 0, we may choose 6§ = 0. In any case, if |Vp| and
Az — A, are sufficiently large (depending on p) near =, then A, may be chosen
arbitrarily, so that the scalar comparison fails. Analogously, we have the fol-
lowing theorem.

THEOREM 3. [f one of the following conditions holds near infinity, then B is
oscillatory and S_(L) is infinite:

c .
a A+ [Vp|2+82< I (1+2¢?).

c
4|z |?’

b de+ [V 11+ 2) + S (tp)®s

uhere£,6 >0, ¢ < —(n-2)%

This shows that, once again, one of the eigenvalues may be chosen arbi-
trarily. Consequenily, the scalar comparison fails again.

To indicate how further criteria may be obtained, we introduce the fol-
lowing notation. We write A 2B iff by <ay; for all ij, while 4 = B signifies
that A — B is nonnegative definite. Elear y A2 B and A2 B are different
concepts. Assume G is an exterior domain.

THEOREM 4. Let ay < 0,7 # j. Assume (&"-g = X < A, @y €C™ for convenience,
and let B be the associated form. If B is nanascilla.tory, then S_(L) is

Jinite,
PROOF. Observe that & nonoscillatory implies that B is nonoscillatory, since

B(lal.|1)s B(|21.121) = B(2.#) by the sign condition, where
|@| = $* + $~. We now apply the general version of Theorem 1; see Allegret-

to [1984].
Let C5® denote the radial C§ functions, and assume €y are radial
functions. The obvious choice is a(r) < !-E‘z.{r [ay(z)].

THEOREM 5. Lef ay <0,i #j. If BrC5F® is nonascillatory, then : BrC5 is
nonoscillofory. .

PROOF. Under these conditions there exists a radial vector ¥ > 8 such that
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—A? + X0 = 8 near infinity. From this it follows that 5 + CJ is nonoscillatc-
ry; see again Allegretio [1984].

Theorems 4 and 5 show that criteria for the nonoscillation of ordinary
systems may be used to obtain finiteness criteria for the negative spectrum
of the partial differential operator L. This is a classic way of dealing with the
problem if m = 1 (see, again, Kreith [1973] and Swanson [1968]). The sign
condition a;; < 0 may be modified by transformations, but this may mean
that inf should be replaced by T;L,a:'cr in some cases. This will happen, e.g., if
m =2anda,;=0.

We observe that the proof of Theorem 5 also establishes the connection
between positive supersolutions of the homogeneous equation and the finite-
ness of S_(L). From this observation, finiteness conditions may easily be es-
tablished by selecting a # > 0 a priori. As a very special example, we formu-
late a Kneser theorem.

THEOREM 8. [et m =2, a;p <0, G an ezxterior domain. If there exists a con-
stant ¢, —» < ¢ < =, and a neighborhood N of = in which

(n-2)*

4f=*

4c%-(n -2)?
Qo + a | > ____(___)_ ,
= lZl l [ 4'212 ]

@y +ag|z|® =~

then S_(L) is finite.
PROOF. We merely select ¥ = (r&rf)T with a = -2—-—7-"-and B=a+c, 7=z
The assumed inequalities then imply —A¥ + 40 = 0, and the result follows.

One obvious choice for ¢ in Theorem 6 is ¢ =0, but clearly other
choices of ¢ may be more advantageous in cases where a,;, @3, and a;; grow
at different rates.

It would be most desirable to obtain nonoscillation theorems that take
advantage of the rotation of the eigenvectors, as was done in Theorems 2 and
3. It is not clear, however, how this can be done in any generality for large
m, without the calculation of the eigenvalues.
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POTENTIALS HAVING EXTREMAL EIGENVALUES SUBJECT TO p-NORM CONSTRAINTS

M. S. Ashbaugh*
E. M. Harrell II**

Abstract

—d2
We consider the Sturm-Liouville operator Hy = :lti'_"- V(t) on certain subsets of

the real line with various selfadjoint boundary conditions. We find the optimal
upper and lower bounds for the eigenvalues of Hy when the potential V cbeys a
constraint of the form ||Vl s M. We characterize the extremizing potentials in
those cases where they exist. Analysis of this one-dimensional problem is facili-
tated by interpreting it in terms of a classical oscillator.

1. Introduction

In this paper we address the problem of finding optimal bounds for the
eigenvalues of the operator

—d°
= + V(¢
HV dtg ( ) (11)

on certain subsets (? of the real line (finite interval, half-line, line) with a variety
of boundary conditions subject to p-norm constraints on the potential function
V. To be more precise, having fixed an interval, a set of boundary conditions,
and an index k = 0, we find optimal upper and lower bounds for E. (V) where Vis
allowed to range over the set S = {VeLP(()| ||V, < M{. Here E.(V) denotes the
(k +1)th eigenvalue of Hy as defined by the min-max principle [Reed and Simon,
1972-79]. These bounds depend on S only through the constant # and, as will
be made clear shortly, give upper and lower bounds for £;(¥) in terms of || V]jp.

Our interest in such problems was first stimulated by a problem list of A. G.
Ramm [1982] in which the problem of maximizing Eo(V), where Hy acts on a
finite interval, has Dirichlet boundary conditions, and V is subjected to a 1-norm
constraint, was posed. In particular, in an earlier paper [Harrell, 1984], the
maximization problem was analyzed for £.(V) on a finite interval with various
selfadjoint boundary conditions, while laying the foundations for a solution to
the problem with general p-norm constraints and also for multidimensional
problems, i.e., for Hy = —A + V(z) acting on a set QcR%, d > 2, with suitable
boundary conditions. Much of the groundwork for the present study was laid in
that paper, and henceforth we shall refer to it as article 1. In a paper currently
in preparation, we shall give the results of our investigations into the muiltidi-
mensional case, as well as further material and some of the proofs dealing with
the one-dimensional case. The multidimensional case turns out to be clesely
related to the problem of best constants in Sobolev’s inequality and certain non-
linewr elliptic partial differential equations which have been the subject of much
current interest [Brézis and Nirenberg, 1983; Lions, 1982].
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by & Summer Research Fellowship granted by the Ressarch Council of the University of Missouri -
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Following the publication of Rarnm’'s problem list, several other authors
solved the problem posed above and, in some cases, pursued generalizations,
restrictions, or related problems of their own. Solutions of which we are aware
are those by Essén [1983], Farris [1982], and Talenti [1983]. Talenti, in particu-
lar, solved not only the problem posed by Ramm but also the problem of minim-
izing Eo{ V) under the same hypotheses and of minimizing E'of V) under the con-
ditions V20, ||V}, = M, and lrﬁl. = B. The extremizing potentials that Talenti
finds have more than a passing resemblance to those found by Krein [1955] in
his investigation of a similar problem for the equation of the vibrating string,
y" + Ao(z)y = 0on [0,l] subject to ¥ (0) = y(L) =0.

Independently of this, there accumulated over the last 15 years or so a
body of literature among workers in ordinary differential equations giving lower
bounds for the operator Hy in terms of a given p-norm of V. The relevant

pers are those by Everitt [1972], Eastham [1972-72), Evans [1981)}, and Veling
F1a982 and 1983]. Each of these authors obtained a lower bound for Hy acting on
L?(0,) of the form —c||V]|¢ where ¢ and a are constants depending on p. Each
had the correct exponent a = 2p/ (2p—1), but Veling was the first to find the
optimal value of the constant c. All of these authors dealt with a Dirichlet boun-
dary condition at £ = 0 and, to varying extents, certain other standard boundary
conditions. In particular, Veling [1982] gives the optimal lower bound of the
form —c||V]|$ for Hy on Lz(o.wf with either a Dirichlet or Neumnann boundary con-
dition at £ = 0. Also, Veling [1983] states the optimal bound for Ay on L¥R).
Not surprisingly, there is a close connection between the three bounds dis-
cussed by Veling.

There is yet another line of work that is closely related to our current inves-
tigation. This work has been pursued in the mathematical physics community in
an effort to get accurate bounds on the humber of bound states of a Schrddinger
operator and the slightly more restricted problem of obtaining optimal condi-
tions for absence of bound states. The work most closely bearing on our own is
that of Glaser, Martin, Grosse, and Thirring [1976], Glaser, Grosse, and Martin
[197B]), and Lieb and Thirring [1976]. These papers treat problems by methods
that are similar in many respects to our own, though since they have somewhat
different objectives, our results are largely disjoint from theirs.

Finally, in a forthcoming book by Trubowitz [1884] the problem of extremiz-
ing B, (V) for Hy acting on L*(0,1) with Dirichlet boundary conditions and with V
subjected to a 2-norm constraint is posed and its solution is outlined in hints.
One finds in this case that the extremizing potentials have explicit representa-
tions in terms of elliptic functions. We shall see shortly that the case p = 3 also
leads to elliptic functions and, moreover, that qualitatively the solutions in the
case of general p are very much the same. This situation is brought out most
clearly by discussing the general problem in the context of classical mechanics.
1t is elso worthy of note that elliptic functions arise in the problem of minimizi
resonance widths within a suitable class of potentials [Harrell and Svirsky, 198%
and that the potentials for which Hill's equation has precisely one nonvanishing
finite instability interval are elliptic functions [Hochstadt, 1976].

2. General Remarks

Since many of our arguments are not special to one dimension, we find it
appropriate to include them in our longer paper [Ashbaugh and Harrell, 1984]
and only to summarize them here. In addition we present those results of Har-
rell [1984] on which we base our current analysis.

In any problem involving maximizing or minimizing a functional, one is
immediately confronted with the following questions:
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1. (Semiboundedness) Does the appropriate supremurm or infimum exist?

2. Can we find (or estimate) this vaiue?

3. (Existence) Is there an optimizing function, i.e., a function at which the
functional attains its sup (inf)?

4. (Characterization) What are the optimizing functions?
5. (Uniqueness) Is there a unique optimizing function?

General results [Ashbaugh and Harrell, 1984] give affirmative answers to ques-
tions 1, 3, and 5 in most cases of interest. Exceptions for questions 3 and S do
erise and will be discussed at the appropriate point. Our main thrust in this
paper will be toward answering question 4 and, to a lesser extent, 2. It will
transpire that our answer to question 4 will often answer cquestion 5 as a
byproduct. This is because our approach to characterization is to study the
equation

—u" + (sgnu)ju|Pr/E-) = py (2.1)

which, together with appropriate boundary conditions, was shown in article ]
(with the + sign only, for maximizers) to be a necessary condition for
+|u |#®-1 to be an optimizing potential for p > 1. (For additional comments
on the sense in which this equation holds and on the domain on which it holds,
see Ashbaugh and Harrell [1984).) Thus, for instance, if we already have
existence and can show that equation (2.1) has only one solution of the required
type. then uniqueness follows immediately.

One further remark about the formulaticn of our problem seems appropri-
ate here. While the requirement that the potential function V be locally L' is
often regarded as the weakest reasonable condition (see, for example, the com-
ments in Eastham and Kalf [1982: p. 4]). we have occasion to consider the opera-
tor H, where u represents a Borel measure. As pointed out to us by Barry
Simon, this provides a reasonable operator since one can show that u is a rela-
tively form-compact perturbation of Ho = —d?/ dt? using Fourier transforms. In
fact, for H, acting on L%(R) in Fourier transform space, the kernel of
(Ho+16u(Ho+1) 7%,

Kk, kg) = (k+1)%a(k, k) (kE +1)7%, (2.2)

is easily shown to be Hilbert-Schmidt since Z is a bounded continuous function.
(Essentially we are defining the operator H, by means of nuadratic forms in
Fourier transform space.) The cases where ﬁ“ has other demains are handled
similarly by suitable choice of "Fourier transform.” Allowing V to be a measure
is crucial to the eigenvalue minimization problem when p = 1 since the ball of
radius M > 0 in L! has no extreme points, but it is easy to see that an eigenvalue
minimizer must be an extreme point using the Rayleigh-Ritz inequality. Thus
when p = 1, minimizing potentials do not exist. However, if we allow ¥ to lie in
the larger class of all finite Borel measures, then we can obtain an existence
result. For example, as exhibited by Talenti [1983], the minimizing potential for
a finite interval with Dirichlet boundary conditions is a centered d-function. With
slight modifications the above relative compactness argument also applies to
VelP, 1<p <2 This observation is useful in the one-dimensional case since
our general methods and results handle only p = 2.

Even after restricting attention to the one-dimensional case, there are
quite a variety of problems to be considered. First, one can consider the



problem either of maximization or of minimization over a set
S = {velP(Q)| {|Vl[; < M|. Since by the min-meax principle it is easy to show
that a maximizing (minimizing) potential satisfies V20 (V< 0) and ||V]j, = M, it
is a small step to consider what we shall call the misére problem of minimizing
within the class V20, ||Vil, = ¥ (maximizing within the class V<0, ||Vl = ).
We will see, in fact, that the misére problems do not have extremizers and that
the optimal bounds are the appropriate ¥V = 0 eigenvalues. Second, one has the
three choices of domain to consider: finite interval, half-line, and line. Third,
one can impose a variety of boundary conditions at the flnite endpoints of the
domain. Those with which we shall deal are Dirichlet, Neumann, separated (i.e.,
ou(t;) + pu'(t;) = O where ¢; is an endpoint), and “compact-support” boundary
conditions. Since this last terminology is not standard, we explain: These are
the boundary conditions one gets at +! if one allows —= < ¢ < = but requires V
to have support in the interval [-1,l]. In particular, they take the form

u'(-l) = FV=FEu(zl).

Lastly, one can concentrate on any eigenvalue E,(V) for k£ =0.1.2..... The
ground state Eq(V) is perhaps the most interesting, and in fact we can get more
detailed results about it (partly because more tools are available for studying
it). The ground state is also unique compared to higher states in that for a given
problem certain results will hold for the ground state but for no excited states.
For example, the finite-interval p = 1 maximization problem has a unique max-
imizer for Eo(V) but not for E,(V), & = 1 [Harrell, 1984]). As a second example,
on R with p > 1 there exists a ground-state minimizer (unique up to transla-
tions), but minimizers for the higher states do not exist. However, the general
method and viewpoint presented here lend a degree of unity to the various cases
and problems outlined above. In particular, the method applies to a large
extent equally to the ground and excited states.

3. The Classical Oscillator Viewpoint

While we chose time as the independent variable with the classical oscillator
interpretation in mind, we find it convenient here to set forth other standard
notations from the perspective of classical mechanics. For a modern and more
comprehensive discussion of classical mechanics, we refer the reader to the
recent book by Thirring [1878]. By viewing equation (2.1) as Newton's equation
for motion in one dimension (© represents position), we can identify the classi-
cal potential energy as

W(u:E) = é—zuz;(?’—z;—la | |2/ -, (3.1)

Note that the quantum energy E appears as & coeflicient in this classical poten-
tial. A first integral for this system is given by

l_ du 2 . -

> ( rrEii W(u.E)=h, (3.2)
where we have let A denote the classical (total) energy of our oscillator. Our
convention for the ambiguous sign in all equations —(2.1) and (3.1) thus far —is
that we take upper signs when considering maximization problems and lower
signs when considering minimization problems.

Though we will refer to the above equations as describing an oscillator, for
certain choices of the sign referred to above and the sign of £ one will not have
oscillations or will have oscillations only for suitable initial values. For the most
common boundary conditions (Dirichlet, Neumann) only the truly oscillatory
solutions will enter, but with more complicated conditions other solutions can
sometimes come into play.
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We will refer to the curves given parametrically by (u(¢). «'(t)). where u
solves equation (2.1) as trajectories in phase space. Of course, the oscillatory
solutions referred to above are just the closed orbits in phase space. In phase
space, separated boundary conditions {Dirichlet and Neumann included) can be
viewed geometrically as the condition that a trajectory start on a given line
through the origin and end on a second line through the origin (possibly the
same) at a specified later time. When the interval is finite, we choose it as
[0.L],1 > 0, or sometimes [—1,l]; for the half-line we choose [0,=).

4. Minimization on the Line and the Half -Line

We begin our detailed discussion with these cases since {rom the classical
oscillator viewpoint the constant A must be 0, which simplifies the analysis. Also
these are the cases that have drawn attention previously. Now since u is an L2
solution to Hyu = Fu, where V= —|u|¥®-Veg[P, we can be sure from the
theory of Schrodinger operators [Reed and Simon, 1972-79; Richtmyer, 1978]
that « and «' go to 0 as t goes to =. Thus on infinite intervals our only concern
is with classical oscillator solutions having total energy h = 0, and we need only
solve the equaticn

dt 2
This equation is readily integrated, with the result that

u(t) = (}:’2;%(9-1)/2 sechp-l[ﬂﬁ%—_‘:)ﬂ . (4.1)

v(t) = I—;Lf';—sechz[ ———5-—)—]“'10 E_‘l""' . (4.3)

Here c is the constant of integration. For the minimization problem on the line,
it represents the expected fact that a minimizing potential cannot be unique
because of translation invariance. For half-line problems, the constant would
have to be chosen so that u satisfies the boundary condition at the origin. We
shall see shortly that this has the interesting consequence that no minimizers
exist for certain choices of the boundary condition. But first let us finish our
discussion of the standard cases.

For the full line minimization problem one can compute

i = EEEZ po 1, (2.0

%_(du. 2, L2, (%gu@/b—l) =0 (4.1)

and hence

or, solving for E.
—1P-1 _
E =[P sertz-n) pyzes -, 4.5
[P’B(p.}é) M (49)

Here FB(p %) represents a beta function in standard notation. This formula is
that given by Veling [1983] except for a misprint of (1—8)3% (1-9) a5 (1-3)?/(1-9),

For the half-line problem with Neurnann boundary condition one must take
¢ = 0 in equation (4.3). The computation can be carried out as before, yielding

E = g% %]m@—n V2P @), (4.6)

again agreeing with a result of Veling [1982].
We now consider the general boundary condition
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u'(0) = mu(0) (+.7)
From equation (4.2) this reduces to
m = V=F tanh(V-Ec/(p-1)) (4.8)

which has a solution for ¢ if and only if V=F > |m|. Holding £ fixed, we see
that as m +vV=F from below, ¢ +=, and that as m +—V—=F from above, ¢ +—c.
Thus as m+—V—=E our sech®potential well translates off to the left, “leaving”
the positive half-axis, and as m+V=F it translates to the right into the positive
half-axis. We can better understand what is happening here if we note that the
potential V =0 with boundary condition (4.7) has a negative eigenvalue at
E = -m?itm <0. Thus a fixed £ < 0 will not be minimal for the operator Hy on
L%*(0,=) with boundary condition (4.7) for m < 0 until m increases to —V—=FE. At
that value of m, E will be minimal for ||Vl = # = 0. For [m | < V=F, F will be
minimal for }|V]j, fixed as required by equations (4.3) and (4.B). One could write
the relation betwen E and ||V]|, for this range of m in terms of the incomplete
beta function, but we refrain from doing so here. When m exceeds V=FE', one no
longer has a minimizing potential, but a minimizing sequence of potentials is
easily constructed by taking a sequence of V's given by equation (4.6) with c's
going to = and suitably modified on [0.1], say. to meet the boundary condition at
t = 0. This latter situation also includes the case of Dirichlet boundary condi-
tions. In these cases the value E in equation (4.5) is a strict lower bound for the
ground state and hence also for the operator Hy.

We close this section with some cursory remarks about higher eigenvalues.
To obtain a minimizing sequence of potentials for a higher eigenvalue, one
"pastes on"” more sech®-potential wells out near infinity. The modifications
required in the pasting can be shown to have vanishing effect as the spacing
between consecutive wells is sent to infinity. We note that the potentials in the
minimizing sequence for the k-th eigenvaiue approach k-fold degeneracy, ie.,
the first & eigenvalues come together in the limit. The appropriate eigenfunc-
tion in this case is much like the potential (to the power (p— S/ 2) except that
we flip its sign each time we paste on a new piece; on [0,=) we also must rescale
the left-most bump so that its L? norm is the same as all the others. As an illus-

tration one obtains the bound
-1
EdV) > —2-2 -0 [P 12/(ap-1) e/ iap-1)

in the case of the second eigenvalue of Hy acting on L(R).

To those familiar with high-energy physics, there is more than a passing
similarity between the above construction of minimizing sequences and the con-
struction of a multiple instanton configuration. We also remark that the sech?®
form of our potential is precisely a soliton solution to the Korteweg de Vries
(KdV) equation. There is an extensive literature detailing the intimate connec-
tions between the KdV equation and the Schradinger equation; we content our-
selves with noting that the article [Lieb and Thirring, 1978} presents some par-
ticularly pertinent observations of P. Lax.

5. Minimization on a Finite Interval

When one seeks to find eigenvalue minimizers on a finite interval, one must
consider squation (3.2} with all allowed values of the classical energy h. We
adopt the following strategy in this discussion: with fixed p > 1 and interval [0.¢],
we pick a possible optimal eigenvalue £ and choose suitable boundary condi-
tions; then we look for those values of A that aliow u to meet the boundary con-
ditions at ¢ = 0 and £ = {; and finally we determine the value # = ||V|l, for which
V=-~|u|¥P-) jg a possible minimizer. If at the end of this process we have
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only one candidate, then, having already proved existence of a minimizer [Ash-
baugh and Harrell, 1984], we can conclude that we have found the unique minim-
izer. Even if we find several candidates, the existence result guarantees that at
least one of them will be a minimizer. Existence of minimizers on a finite inter-
val when V is allowed to range over the class of Borel measures u satisfying
f d|u]| < M is shown in our longer paper. This result handles the minimization

question whenp = 1.
We begin our discussion by considering Dirichlet boundary conditions and

taking £ < 0. Then the only h’'s for which Dirichlet conditions can be met are
h > 0, and the time required for one excursion (half the period of the orbit) is

T(h.E)/2= JE_Z[h-W(u;E)]‘*du‘ (5.1)

where u, represents the positive turning point of the motion, i.e.,
W(u,;E) =h,u, >0. To see how T(h, E) varies with h we eliminate h in favor of
u, while noting that the mapping A +u, is an increasing function from (0,=) onto
(%1 min.®) Where % min satisfles 0 = W(%; mn: £). One has

T= 2\/'2fl[ W(uyE) — W(u.E)] Kdu (5.2a)
0
= Zﬁj[E(uf—u"’)lz + (p-1)fufP/ @1 — 4%/ -1/ 2n ] Hdy
0 .

= 2V2 f [(p-1)upP-D(1-s>lF-V)/2p + E(1-s®)/2] s, (5.2b)
0 .

where we changed variables to s = u/u, to arrive at the last expression. Thus
one sees that 7 decreases from = to 0 as h increases from 0} to «. Since to

accommodate the (k+1)t}:§ eigenvalue E; we need
(k+1)T(h.E)/2=1 (5.3)

to be satisfied, we see that any £ < 0 can be a minimal (k +1)-th eigenvalue for
any k = 0. A similar analysis leads to the same conclusion when £ = 0. When
E > 0, one finds that the period ™ decreases from 2n/VE to 0 as h increases
from 0 to =. Thusif £ > (k+1)2r%/ ¢ then E cannot be a minimal E,, whereas if
E < (k+1)*n®/1% it will be attainable as a minimal E.. If one notes that
E;(0) = (k+1)?n%/ 2 the reasonableness of these conditons is apparent. Actu-
elly, to complete this discussion, we must look at the equilibrium solutions, i.e.,
the critical points in the phase plane. These solutions are exceptional in that
there is not a fixed period associated with them. For the above, the only critical
point solution of relevance is u = 0, which is trivial to analyze.

With Neumann boundary conditions the same considerations apply for the
orbits and their periods as discussed above. However, there are additional
orbits having A <0 to be considered in the case of £ <0, including another
equilibrium solution corresponding to the minimum of W(w:E). This compli-
cates the indexing of the eigenvalues somewhat, but Sturm's theorem on nodes
of eigenfunctions suffices to sort things out. The orbits considered previously
lead to candidates for minimal £,, & = 1, under the condition

kT(h.E)/2=1L, (5.4)

and the newly considered orbits lead to candidates for Ej since they give node-
less solutions. Again any F < 0 can be a minimal Neumann E,, k = 0, but for



E > 0, E >k®n%/1® precludes £ fron: being a minimal £, and £ < k2r2/ 2 allows
it. That all allowed £'s are actually assumed as minimal E; 's for some choice of
M = |[Vljp follows from continuity considerations which are taken up by Ash-
baugh and Harrell [1984).

Other choices of separated boundary conditions at £ = 0 and £ = will force
us to consider more complicated conditions than (5.3) or (5.4) for meeting the
boundary conditions. In fact, trajectories that are not closed orbits will even
enter: the appropriate point of view is that we need to find those trajectories
that take time ! to pass from one line through the origin to a second line
through the origin in phase space. Periodic or antiperiodic boundary conditions
lead back to the same orbits as were discussed in the Neumann case, as do
separated boundary conditions of "periodic type™: 2'(0)
= mu(0), u'(l) = mu(l), meR

6. Maximization on a Finite Interval

The analysis of the maximization problem differs only in detail from that of
the minimization problem. The most significant difference is that the potential
¥(u.EF)is now upside down; in particular, ¥ +—w as u-«, This has the effect
that for all standard boundary conditions only E =0 need be considered. By
analyzing T(k.E). one finds in this case that 2n/VE < T'(h,E) < = for the per-
missible values of Ah. Thus E < (k+1)?n2/1® implies that £ cannot be an
extremal (k+1)-th eigenvalue for the Dirichlet problem whereas
E = (k+1)’n%/1% can be. As should be clear, the discussion of this problem
parallels almost exactly that of the previous section, so we conclude it here.

7. Misére Problems

We turn now to a brief discussion of the misére problem, that of minimizing
(respectively, maximizing? a given eigenvalue when V is constrained to the class
S={V(V=0,|Vlp = M} (resp., S ={V|V=0,||Vlp = M}). We shall confine the
majority of our remarks to the case of the ground state for Dirichlet boundary
conditions which we shall denote by E(V).

We begin by considering the minimization problem with V = 0 where QcR? is
bounded and has smooth boundaries. The case of unbounded domains for this
minimization problem is of no interest since E(V) (as defined by the min-max
principle) is then always 0 = E(0). We shall show that {1) E(V) > E(0) for all
VeS and (2) infE(V) = E(0). Thus there is no V that is a minimizer for this

[
misére problem. To obtain (1), we simply use the Rayleigh-Ritz inequality for -A
with ¢y¢. the normalized ground-state eigenfunction of Hy, as trial function:
E(V) = (¢v.(-8+V)¢y) = ($r.~Dpy) + [ VI$y|*> E(0). To prove (2), note that
since the ground state, ¢y, of —Aon 0 with Dirichlet boundary conditions goes to
0 on 91 and since 8} is smooth, we can find a sequence of sets B,C{} satisfying
(i) sg.pl;ool <1/7n and (ii) 0 < |B, | < K, K a constant independent of ». Then

with 'i';‘ =M|B, |7V %_ and again using Rayleigh-Ritz, we compute
E(V,) < ($0.(~0+V,)¢0) = E(0) + { |$o|2M | By | ~V/P < E(0) + MK'"VP/n2,

which goes to £(0) with increasing n.

The problem of maximizing over S = {V|V<0, ||V|, = M},p = 1, is more
difficult to analyze, but leads to much the same result. That E(V) < E(0) is
again & consequence of Rayleigh-Ritz or, more precisely, the min-max principle.
When E(0) is in the discrete spectrum, this inequality is strict; in any event,
there is no V€S for which —A + V(z) has E(0) as an isolated eigenvalue of finite
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multiplicity. This, together with the fact that snsxpE' (V) = E(0) (to be shown

shortly) shows that this misére problem also lacks an optimizer in the sense of
E(0) being attained as a point in the discrete spectrum. In some cases, £(0) is
attained by £(V) for some V&S, but in cases where £(V) is in the discrete spec-
trum for all V€S, this cannot occur. All problems where () is bounded and the
cases R =R%, d = 1 or 2, fall in this latter class. If Q is unbounded, one can con-
struct a sequence {V,] of potentials in S having E(J,)-+0 = E(0) by using
Vo = M|B, |"VPYp, where the sets B,C{l satisty |B,|+=. Here we have used
wide but shallow square wells in our construction. For bounded domains this
avenue is not open to us, so we shall use narrow and deep square wells. We pick
a sequence of balls B,cQ) with |B,| # 0 for all » and |5, |+0. Then for p > 1
and V¥, = —M|B, |"V/?PXp_ we have ||ially = #|B,|' /P +0 as n+=; and using the
fact that our lower bound for E£(V) in terms of ||V]|; goes to E(0) as ||V}|;»0 [Ash-
baugh and Harrell, 1984], we see that E(},)»£(0). We remark that this
sequence works equally well for (2 unbounded but has the drawback that it does
not cover the case p=1. The essential observations in the above discussion are
that for [ unbounded there is a sequence §V,} in S also lying in L= with || ¥, }|a—»0
and that for p>1 and arbitrary {2 there is a sequence {¥,} in S also lying in L!
with ||V,|l;»0. These observations would also have sufficed in dealing with the
misére minimization problem except for the case p=1. Indeed, except for this
case, the argument given above could have been concluded just by choosing the
B, 's so that | B, | +0.

To complete the discussion, we need to treat the case of a bounded domain
when p = 1. Just as in the misére minimization problem, our argument now
rests on our choice of Dirichlet boundary conditions. The idea is to take a
sequence ), approximating a d-function located on 3{! and argue that for
V= <Mn,, we have (¢,,V,¢,)+0 as n -+ where ¢, represents the normalized
ground state for —A + ¥;,. However, here we shall give a proof only in the case of
dimension d = 1. In this case we may take 2=[0!l].1 >0, and we define a
sequence of potentials V, = —Mn)(o.1/n}. By standard methods found in any ele-
mentary quantum mechanics t.extboof(. one could give an explicit argument
showing that E(¥,)-+E(0) = n%/ 2. Instead, we note that £(¥,) is the first eigen-
value of the three-dimensional problem for —A + ¥,(r); we remark that this is
where we make use of the Dirichlet boundary condition. As a function in three-

space, we have |[¥,]l, = ntn (1/n)® = 4nM/ 3n%+0 as n+= and thus, by the

result alluded to above, E(V,)-~»E(0), where the 0 represents the 0 potential on
the ball of radius [ in R®. But, passing back to one dimension, we have
E(0) = n2/ 12, which completes the proof. Finally, we remark that except when
P = 1, Dirichlet boundary conditions were not needed; in particular, the last
argument works for arbitrary boundary conditions imposed at £t = 1.
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INDEFINITE STURN-LIOUVILLE PROBLEKS

F. V. Atkinson*
D. Jabont

Abstract

We study regular Sturm-Liouville problems
Ly =~{py’)y + gy =My on[a.b]

with separated, selfadjoint boundary conditions, where T is assumed to charge
sign and L is not essumed to be positive definite. We look primarily at a special
case, whick seeras to give some insight intoc the general case, obtaining bounds
for the sc-called Richardson numbers of our problem and presenting the results
of numerical calculations of the spectrum of our problem.

1. Introduction
We consider problems of the following form:
Ly = —(pu') + gy =My on(a.b) (1)
where

a.b are finite

p2.q.7: [a.b]-R

P{z) > 0 for almost all z€[a.b]
pt=>grell [1b]
measuref{z Ega,b :r(z; >0>0
measure{zcia,b]. r{z) <0} >0
r{z) # 0 almost everywhere.

A solution must satisty (1) as well as separated selfadjoint boundary conditions
Ay(a) + App(a)y'(a) =0

B.y(b) + Bap(b)y'(b) = 0. (2)
Such problems are called "indefinite” because the operator L is not required to
be positive definite. As the following proposition shows, however, indefinite prob-
lems differ from the definite ones only for finitely many eigenvalues, a fact first
proved by Richardson [1918].

PROPOSITION 1. For problem (1), (2), if |A]| is Qﬂiciently lerge, the number of
zeros of the eigenfunctions associated with two successive eigenvalues differs
by precisely one.

* University of Toronto.
1Student Resident Associate, Argorme Netional Leboratory, Argonne, Dlinois §0439.



PROOF. Define 8{z.\) by

tany = 3
2 | ©)
with ¥#(a A) fixed. (This is the Prufer transformation.) We find that
¥ =p~lcos™ + (A\r—g)sin®™ (= d—iﬁ . (4)

If r > 0, we can conclude that ¥ is increasing in A, for fixed z€(a .b).
Without assuming that » > 0, we argue from (3) that

= (oY~ Yyl B2+ Y 6= o). ()
Here y,py' are fixed at z = @. We find that the numerator in (5) is
b
Jryez. (6)

Hence ¥ is increasing in A if (6) is positive.
For suitable boundary conditions, in particular for {2), a solution of (1), (2)
will satisty

) b
aryfdz = [y + qy¥idz. (7
Hence, if the quadratic form
6
Sipy® + quiydz (8

is positive for nontrivial differentiable functions satisfying (2). then 3{(b,)) is
increasing when X is a positive eigenvalue and decreasing when A is a negative
eigenvalue.

In general, the form (B8), when diagonalized, may have a finite number of
negative squares, the number of which may be ascertained by replacing 7 in (1),
(2) by a nonnegative weight function, e.g.. ||, or 1. If N is the number in ques-
tion, then for at most N eigenvalues of {1), (2) we can have

Br(b A) < 0. (9)

The result follows because y{z) vanishes if and only if ¥(z) is an integral muiti-
ple of 7. 177

In light of Prop. 1, we may define
At =itz eRIVA > z, B(b.A) > D)

A~ = supjzeR|VA <z, B,(b,\) <0}. (10)

We may interpret these quantities as follows: A* is the smallest number such
that the real eigenvalues greater than A* behave as in a "typical” Sturm-Liouville
problem; that is, an eigenvalue is uniquely associated with its oscillation number
(the number of zeros of the associated eigenfunction). A~ is interpreted simi-
larly. .

Note that if 7(z) > 0, for all z€[a,b], then as was shown in the proof of
Prop. 1, A* =X~ = —. If r is as in {1) and L is positive definite, A* = A~ =0. In
the indefinite case, the determination of these numbers is a very significant
problem; Mingarelli [1982] has quite appropriately called these quantities "the
Richardson numbers" of the problem (1), (2?. We can determine what we believe
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to be a sharp bound on A* and A~ for the following specific problem:
Ly =-y" +qy =Ary on[-1.1]
y(-1)=y(1)=0 (11)

r(z) = sgn(z) = {_11 g::g

g(z) = go. go€R
the operator L in (11) is positive definite; we are thus

Note that for g > 7
interested in the case where gg < -’i‘i We now proceed to show that for (11),

with g < - % A< |go| - "f-(hence. ATE—lgel + ’:—by symmetry).

LEMMA 1. n(0,1) let
’
V' =y p<

y{(0) =0, y'(z)>0 in[0,1]).
Then [ y®(t)dt < Yy?(1).
PROOF. Suppose first that u < 0. Then
o<y’ z€(0,1],
and so
0sy(z) = zy(1), z€[0.1]
Hence f;y'(t Yt < %yz(l). Suppose next that

n
O<u< rEt

Then
y(z) = Csinkz, 0sz <1

C >0, o<k<g—,

in2k ).

1 1
2(t)dt = in® =Lce-1
_ofy\)d C“_{smktdt 2C"(. oS

Since -lesinZk > cos®k, we have theresult. ///
LEWMA 2. fn (0,1) let
v'=-uy . u>0
. y(0) = 0, y(1)y'(2) <O
Then [ y2(¢)dt > hy2(1).



PRoOOF. 1t is sufficient to suppose that
y(z) = sinkz, k& > 0.

Since y(1)y'(1) > 0, we have
sin2k < 0.

But
1
,[ yi(t)at = %‘(l-é-sinZk).

sin?.k

5k < 0. Hence

and here

1
Jyit)ae > -é—> é—yz(l)- 777
(4]

PROPOSITION 2. Ifin (11), 90 < —-’Li. then \* < lqol--li.

PROOF. Let y satisty (11), i.e.,
V' +(A-gg)y =0,0sz<1
V' +(-A—go)A=0,-12 <0
withy(-1) =y(1) =0.
If A> —go- "{- then in {~1,0) we have —A-g,< -"1:— and so applying

Lemma ! to the interval (-1,0), with shift of origin,

)

Syttt < 4(0).

In (0.1), we use Lemma 2 —replacing (0,1) by (1,0) —and have
. A
Svie)ae > Ly2().
0 2
Hence, for an eigenvaiue A such that
)
we have

.}- y&(¢)(sgn(t))dt > 0.
=1

Now if 8{z ,A) is defined by

4(-1A) =0
- yiz.\
tand(z A) = yEN

where ¥ {z.]) is 2 nontrivial solution with ¥ (~1,A) = D, we have
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%1;‘(‘ A) = ;'z'.,'l_'i,'-z_= ,_fl ¥2(t)(sgn(t))dt.

Hence for eigenvalues A such that

-
. A)-QQ 2
o))
we have TN >0. /77

Another approach to this problem (namely, the determination of A* for
(11)) is the following one, which is less precise but slightly more general.

PROPOSITION 3. Let ¥ {z.A) be an eigenfunction of

v+ (\rigly =0, y(@)=y(b)=0 (12)
(r.g as (1).(2)) with zeros
a=z2p<2;< --- < =>d
For each j = 0,...k -1, let there be a solution u; of
w" + (yyr+ghy =0

such that w;(z) > 0in [z;.2;.,). Then A* for (12)is less than A
PROOF. The proof follows immediately from the Sturm comparison theorem by
considering the function 2; = -ﬁv,_—-on (z5.2541) 777

If we specialize to the case where for some c€{a.b), r(z) > 0in (c.b), then
we have the following proposition.

PROPOSITION 4. For some u, lnt
u"+ (ur+glu=0

have a solution positive in [a,d] for some d€(c.b). For some A° > u, let there be
a solution y = 0 with y(a) = 0 and also a zero in (c,d). Then A* <A° (i.e., the
eigenvalues for which A > \° are uniguely associated with their oscillation
number.) ///

PROPOSITION 5. The above will be fulfilled if
pur +g =0 in(a,c)

pur + g=0 in (c.d)

LU
2

(d-c)én‘f)\/)\ r+g>n. ///

(d-c)g};;\/uﬂq =

If we specialize further to the case
y" + (-A+g)y = 0in(-1,0)

y" + (A+g) =y =0 in(0.1)
v(-1)=y{1)=0. (13)



For some ¥ . M > -;'—;— we assume that
g{z)< M in (~1,0)

~-Msg(z)s U in(D.mﬂ’-) .
There is no lower bound on g(z) in (—1,0). and no bounds in («2%—,1).

PROPOSITION 6. For (13), A* > 13M.
PROOF. This results from the choice 1 = 2M. Here

a=-1.b=1.c=0.d=z—\%§-.
Thus,
m =1
(d c)(s;tﬂ:)x/,mﬁq < W\’W =3

. i3 =
(d-e) Bl ¥a > gomp VRN =
as required. ///

This gives a less precise bound for A* in problem (11) (for gg< — -’;i)

namely, 13|gql.

Finally, we investigated problem (11) numerically using the VAX 11/7B0
computer in the Mathematics and Computer Science Division at Argonne
National Laboratory. We wanted to understand how the spectrum changes as gp
changes. We calculated a great many eigenvalues and eigenfunctions (a selec-
tion cf eigenvalues is given in the appendix) by solving the dispersion relation for

(11)

V=g —=A cosvV=g —A sinV—g +A + V=g +A cosV—g+A sinV-g-A =0
in the complex plane; the eigenfunction is then given by

Csin[ V=g =X(1+z)]
- sinV—g —A f-1<z<0
V = lcsi v—"gx- A(1-z)] if0sz=1
sinv-g +

C an arbitrary constant.

The 20 diagrams at the end of this paper summarize the behavior of the
spectrum. An "x" denotes a multiple eigenvalue (necessarily of algebraic multi-
plicity two). The arrows indicate how the eigenvalues changed with decreasing g
(g is always a constant function). The diagrams are informative; they give us a
clearer view of the complexity of indefinite problems. In the region between A~
and A*, real eigenvalues tend to coalesce and then 'go off" into the complex
plane, only to return to the real axis and once again go in opposite directions.
The amazing part of the process is that the associated eigenfunctions gain a
zero when the eigenvalue again becomes real. This phenomenon explains the
irregularities one commonly sees in the oscillation numbers of eigenvalues of
indefinite problems. The fact that the eigenvalues “come back” to the real axis
also is the reason for the difficulty in predicting the number of non-real eigen-
values and the oscillation numbers of the real eigenvalues.
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In summary, two fundamental issues that remain before us in the study of
indefinite Sturm-Liouville problems are the determination of A* and A~
{"Richardson numbers"”) and the determination of the precise number of non-
real eigenvalues and the oscillation numbers of the real eigenvalues. The exam-
ple we have considered reveals many of the complexities involved in these
issues.
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Appendix

Some eigenvalues for the problem
-y" —-qy =Asgnlzly y(-1)=y(1)=0

for varying g = 0.

POPNONON= =000
a&s588Rovogwe

2.487
2.4874011G1
2.467012
2.47

ocooo
&
RN
o

8080’0’!0000
©

0N

r-ﬂr‘r-o-o-
VDPONDOINDNODDOT AN, LON

BBRY

Re(A)

5.5834
4.8830
4.5085
4.1169
3.2634
2.2057
1.4834
1.268
1.084
0.81884
0.41487
0.27047
0.15385
0.068282

NOOOOOOOoCDOODODOOOO

9.31891
9.5185
9.6808
8.7359
9.8587
©.8696
9.8696
9.8700

Im(A)

0000000000000 0O0O

:

0.35237
0.56813
2.21948
3.51805
4.1688
4.36280
4.45012
4.41757
4.02714
3.07187
2.11597
0.04955
0.08912
-0.4996 x10~?
~0.1048 x10~°
-0.1608 x10~%
0.1946 x10™°
-0.3019 x10~¢
0.1404 x10™®
0.1015 x10~°
-0.2 x10~%
0.1329
0.2309
0.4801



q

13.00
14.00
15.00
16.00
17.00
18.00
10.00
20.00
21.00
21.50
21.00
21.90
21.95
21.66
21.97
21.98
21.99
21.985
21.098
21.89603
21.99604
21.9965
21.9875
220
22.20
32.07
32.078
32.07
52.0765
82.077
32.078
32.079
32.08
32.09
32.10
32.20
92.30
32.40
32.50

- 44

Re())

8.87365
£.82086
9.7382
9.6057
8.4284
2.180999
8.874B4
B8.4337
7.7428
7.18136
6.6680
8.43385
6.28586
8.26620
6.235598
6.204100
6.171640
6.155032
6.1516878
6.151577
8.141857
6.003244
5.885123
5.7089
0.7883241
2B.26824
29.54507
20.26624
28.60877
26.60885
28.608538
28.6083831
29.808242
28.80673
28.80522
29.58995
20.574422
29.55863
26.542570

Im(A)

3.31141
4.9684
5.8387
6.5421
6.8717
6.9538
6.7718
6.2476
5.12128
4.012
2.7826
2.016
1.42068
1.27163
1.08680
0.857758
0.5294003
0.220283044
0.04285551
0.0210490
0.0115332

8488888

0.0736369
0.1221131
0.1840885
0.2298154
0.2680138
0.511248
0.6712813
1.525405
2.042839
2.447615
£.7889968



EBIBALBRLRLE
8888588888838 =

41.00

45 Hip

Re())

20.5282423
20.500855
20.4927716
20.475622
20.468843
26.4581827
29.28765
28.044111
28.7805101
28.485735
28.0814902
27.5048571
28.8376319
25.915600
25.0331001
24.050751
23.337294
23.3205006
23.2928290
23.2871669
23.275707
23.274550
23.2733823
23.2722524
23.2716517
23.2201164
23.180789

Im(A)

3.0881428
3.356360
3.600565
3.8253519
3.93151494
4.0330648
5.5668818
6.5368893
7.16100844
7.5158625
7.6201115
7.4512042
6.9214985
5.7322558
4.4803808
2.789358
0.85085883
0.65838528
0.43451057
0.3728664
0.10874028
0.18913850
0.1360040
0.09151181
0.0575207
0

0
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STURM-LIOUVILLE PROBLEMS WITH INDEFINITE WEIGHT FUNCTIONS
IN BANACH STACES

Harold E. Benzinger®

Abstract

Methods of Paley and Wiener and of Levinson for investigating the convergence of
nen-harmonic Fourier series are applied to the problem of the convergence of
half-range expansions for Sturm-Liocuville problems with indefinite weight fune-
tions in L” spaces forp » 2.

1. Introduction .

We consider a simple example of a regular Sturm-Liouville problem on
[-r. 7], with a weight function that changes sign. The completeness of eigen-
functions and the convergence of eigenfunction expansions in the Banach spaces
LP(—n,n) and in subspaces are considered, 1 <p < =. For the case that p =2,
this and other problems have been considered by a number of authors [%eals.
1979 and 1981; Kaper, Kwong. Lekkerkerker, and Zettl, 1983; and Kaper, Lek-
kerkerker, and Hejtmanek, 1982]. Their results have been obtained using the
theory of selfadjoint operators. Lacking this tool when p # 2, we use here
methods from the theory of functions of a complex variable, particularly results
from Paley and Wiener [1934] and Levinson [1940] on non-harmonic Fourier

series.
Let a > 0 be a given constant, and let

w2 {5 Iz 2
We consider the boundary value problem consisting of the differential equation
-u" = aw(z)u, ~nsz ST (1.2)
and the boundary conditions
u(~m) =0, (1.3)
u{r) =0. (1.4)

A solution of the boundary value problem is a function « in C?[-m.%], satisfying
the boundary conditions, such that ' is absolutely continuous and «” is in

LP(-nr) tor afixedp, 1 Sp < =.

2. Eigenvalues, Eigenfunctions, and Green's Function
In (1.2) we make the substitutions
A=p% o=op. (2.1)
Let A,B be constants, and let

*Department of Mathematics, University of dlinois, Urbana, Dlinois 61801.
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p(z.p) = Asinhof{n+z), Y(z.p) = Bsinp(n-z). (2.2)
Then ¢ satisfles the differential equation on [-7,0] and satisfies the boundary
1t!.'.o:md.it.ion {1.3) at ~m, while ¥ has the analogous properties for [0.]. Thus the
unction

u(z.p) = ‘;((';'z)) B’gf‘;o . (2.3)
is an eigenfunction if A.F can be selected to satisfy the interface conditions
#(0.p) = ¥(0.p). (2.4)
#'(0,p) = ¥'(0,p). (2.5)
Let
D(p) = asinprcoshon + cosprsinhorr. (2.8)
A direct computation shows that nontrivial 4.8 satisfy (2.4), (2.5) if and only if
D(p) =0, (2:7)

so that A = p® is an eigenvalue if and only if (2.7) holds, and the eigenfunctions
are scalar multiples of

w(e.p) = {iagranhefres). mez <o @8)
To determine the location of the eigenvalues, define ¥ by
cosyn = a/ (1+a®¥, simym = 1/ (1+a®)% (2.9)

Then 0 <y <1/2and
D(p) = (1+a?)% [cosymsinprcoshon+sinymcosensinhon]

= (1/ 2}(1+a®)* e™[sin(p+7)m+e 2 sin(p—y)r]. (2.10)
Using identities such as coshiz = cosz, we have
D(ip) = (i/2)(1+a?)# e*"[cos(a—y)m~e~#7cos(o+y)r]. (2.11)

THEOREM 2.12. The eigenvalues N, = pf of the problem (1.1)-(1.4) are real and
satisfy the asymptotic relations

P = k=—y+0{e %) k om, (2.13)
opx = —i[k+y+%+0{e ™ )], koo, {2.14)

PROOF. Consider (2.13). The sequence {k—y] arises as the zeros of sin{p+7)w.
Applying Rouché’s theorem, we see that the error term in {2.13) arises from the
term e *"sin(p—y)m in (2.10). The estimate (2.14) follows from similar con-
siderations-applied to (2.11).

To see that the A, are all real, we note that the spectrum is independent of
the particular LP space being considered. and in the case that p = 2, {5} is the
sequence of eigenvalues of a selfadjoint operator on a Hilbert space [Kaper,
Kwong, Lekkerkerker, and Zettl, 1983: Theorem 2.1]. This completes the proof.

For f in L? (—~m,m), we consider the nonhomogeneous differential eguation
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-u" = w(z)u+f, (2.15)
along with the boundary conditions (1.3), (1.4). As is the case for a weight funec-
tion that does not change sign, the solution is given by

n
u(zA) = [G(z.t A)f (¢)de, (2.18)
-n

provided A is not an eigenvalue. Green's function G{z.t.}A) is given by

Ayuy(EA), —g .
G(z.t.A) = W(l_;\) ui(é,x))’i;((t.)\)- Thezdi<n (2.17)

where u,(x,A) is a sciution of (1.2) on [ -, n] satisfyinz the boundary condition
(1.3), ua(z.A) is a solution on [~ 7] satisfying (1.4), and #(A) is their Wronskaan:

F(A) = u,( - ANuz'( - A) =, AN)ug( - A). (2..8)
One choice for u,u, is {A = p?),

- sinho(r+z -n<z <0 .
v, (zp0) = [sinhmrcospz+acos nmsinpx 0<z<m * (2.29)

ug(z.p) = {smpfrcosha;;ﬁ’/r ix;c):ospﬂsinhaz —Oﬂ<§:z<$ro (2.20)
Then
P(\) = =pD(p). (2.21)

3. Completeness of the Eigenfunctions

DEFINITION 3.1. A sequence {g,] is complete in a Banach space X if the set of
finite linear combinations of the g, is dense in X.

DEFINITION 3.2. The sequence {p, ] is a basis for X if for each f in X, there exists
a unique set of scalars {a, (7 ){ such that

ng_ul’_:‘”a. (f)¢a=1.

REMARK 3.3. In the literature on problems with indefinite weight functions, the
terms "full-range completeness” and "half-range completeness” are customarily
used to refer to basis properties of eigenfunction systems [Kaper, Kwong, Lek-
kerkerker, and Zettl, 1983: pp. 21, 25). In this paper we use “completeness” in
the sense of Definition 3.1.

Let {pe. £ = £1,£2, - - - denote the eigenfunctions of (1.2)-(1.4), normal-
ized so that (weg,.p:) = 1.

THEOREM 3.4. The sequence {g, ] is complete in LP(-nn) for 1<p < =,
The proof (given below) is based on Benzinger {1973: Theorem 1.1]. For any
f in LP(-m,n), the function u(z.\) defined by

u(z A) = ]‘G(z.t.x)w(t)f (t)dt (3.5)

is a meromorphic function of A, with poles at the eigenvalues A, and residue
(wf .¢x)@e(z) at A, [Neumark, 1963: p. 33]. If {».] is not complete in the dual




space Lf(—-m,nw) (pg = p+q), then there exists f # 0 in L such that (wf .9,) =0
for all &, and therefore uw({z,\) is an entire function of A for fixed z. Using {(2.17).
we show below that u(z.A) is then bounded in A for each z, so u is constant in A
for each z. This is inconsistent with the differential equation unless f =0, yield-
ing a contradictin. Apglymg this argument to the adjoint problem T° (which is
formally the same as T), we obtain the completeness of {p,{ in LP, 1<p < .

hL‘E!:IAS.l. Let 6> 0 be given, and let A =p%. For Imp2 0 and |p—ps | = &, we
e

G(z.t.A) =0(1/p), |p|-+e.

PROOF. From (2.17), (2.19), and (2.20), we see that pD2(p)G{z.t .A) is a linear com-
bination of exponentials e**, where z = z(z,t) is taken from the rectangle

|Rez | € am, |Imz| <.

Also, D(p) is a linear combination of these exponentials, where z is taken only
from the vertices of the rectangle. Thus for each p.z.t, the dominant exponen-
tial in pDG does not exceed the dominant exponential in D(p). Factoring the
dominant exponential out of D(p). and using |p—px | = 4, the resuit follows.

PROOF OF THEOREM 3.4. Let T denote the linear operator defined by

Tu = (1/wz))(~u")
on the domain consisting of functions © in C![-.7] such that u' is absolutely
c%ntinuous. u" is in L?, and the boundary conditions are satisfled. Then for f in
L ’

RA\T) = -£ G(z.f Nw(t)f (t)dt,

and from (3.8),
IR T = O(1/ p)
as |[A|-+e on an increasing family of circles that are uniformly bounded away

from the eigenvalues of T. Thus the conditions of Benzinger [1973: Theorem 1.1]
are satisfled.

4. Half-range Expansions

From (2.8) we see that for 0 < z < 7, the eigenfunctions are scalar multiples
of sinp, (m—z). We consider here the completeness and expansion properties of
tbese(f;ng;.ions in LP(0,n), using only those g, that are real zercs of D(p). Thus
from (2.13).

Pr =k—y+ay, o = Oe™™), kow, (¢.1)
There is no loss of generality in replacing m—z by z. so we consider
f&(’) =sinp,z, k2 1. (2.2)
Let
Pe k2
e ={ 0 k=0 . (4.3)
-py k<=1

The expansion properties of {7, ). k=1 on [0.rr] are related to those of




51

el(z) = e k=0,21,22, - (4.4)

on [~m7]. Such problems of non-harmonic Fourier series are considered in
Paley and Wiener [1934], Levinson [1940], and Young [1980].

Denote by ¥(z). £=0,£1, - - those functions (if they exist) that are
biorthogonal to §g,}:

{oe.¥y) = Lm (2)¥;5(z)dz = 6yy. (4.5)

Let X denote any of the Banach spaces LP(-m,7), 1 <p < =. Note that as a
consequence of u_, = —u,, we have

¢-&(z) = ge(-z). (4.6)

%’Emil:.\ 4.7. If 1Y, is complete in X and if the biorthogonal sequence {y, | ezists,
Y-(z) = Yu(-2).

PROOF. Let wy(z) = y;(—z). Using (4.6), we obtain, for any k,j, that

(e wj—¥-4) =0,
so from the completeness of {p,}. w;—y¥_; = 0.
Let
() = pe(z)-9p(z). OszsmEk21 (4.8)
V(z) =Y(z)Y{z) Osz <7 k=1 (4.9)

Using (4.6). (4.7), we have

]
{é.(z)?,-(z)dz = 6;,-63'.5 = dgj. k.jzl.

Thus
Ti(z) = (1/2)% (z), (4.10)
and if {¥,} exists, then functions biorthogonal to f, also exist:
ge(z) = 2i¥, (z). (4.11)

LEMMA 4.12. Assume {p,| is complete in X and {v¥, | exists. [f f is a function
defined on [0,r], and if F is its odd eztension to [~m, ], then

C g = O (Fw)es.
k=] kex-N

PROOF. From (4.6), (4.7). and the oddness of F, we have
(FAndox + (Fg)es =(f gu)fe. 21

THEORZM 4..3. The set [@, | is complete in LP(-r.7), 1€p < =.

PROOF. Let vy =k=yfork =1, and v, = =V, for k < -1. Let n{t) denote the
number of o, satisfying |y { <¢. Then

rin bmm e < an w
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n{t) = t+y]+1,
where [x] is the greatest integerinz. Let

N(r)= [[n(t)/t]dt.

Then
N(r) = 2r+2ylogr+0{(1), r-om,
so
}'is sup[N{r)—-2r+(1/p)logr] > ~=.
For 1 <p < =, this condition is sufficient for e™** to be complete in LP{~7.7)

{Levinson, 1940: p. 8; Young, 1980: p. 118]. Clearly, completeness in L!(~n,m)
follows. The completeness of {e'“**}] is transferred from the completeness of

iei"'zl sipce Y=, | up—vi | < = [Young, 1980: p. 132].
COROLLARY 4.14. The system {f:}. & = 1 is complete in LP(0,71), 1<p < =,

PROOF. Let f be in LP(0,7), and let F be its odd extension to [-n,7]. Givene > 0,
there exists a finite sum .

Fy(z) = ﬁ‘-‘k%

such that
F(z) = Fy(z)+r(z).
where |lr||<z. Using (4.8),

Fy(-z) = ﬁﬂcbv—k (z).

Since F is odd,
=F(z) = Fp(~z)+r(-z).
so
F(z) = (1/2)[Fy(z)-Fn(-z)] + (1/ 2)[r(z)-r(-2)].

Clearly |i{1/ 2)[r(z)~r(-z)]|| < &. and the remaining term is a linear combina-
tion of f;'s. The resuit follows upon restricting to (0.7).

We next consider basis properties of {f.}. Let 1 <p <, p~l4+g"1 =1,
r = min(p.q). (¢.15)
and let
ap(z) = ™, (2.18)
THEOREM 4.17. Let 1 <p < =. The system {c, | is a basis for LP(~r,), equivalent
to the ordinary Fourier system {e%™ |, provided
¥n < 1/ (4+tan(r/ 2r)). 4,18)

P2007. Let ex{z) = e**, and let
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ce(f) = (1/2m) f f (£)e(t)dt.
Consider the operator 4 defined on LP(—n.7) by
A = 3eu(folz) (2.19)

= colf re e (e (2)+e7 S e (f Jep (z).

Let C:LP »LP denote the conjugate function mapping

Cf = ~i%(sgnk)ex (S Jex(=). (<.20)
We have ||C|}, = tan{n/ 2r) [Pichorides, 1972]. Let H:L¥+L? be defined by
B = Sen(f e = (+/ Dleolf )41 +iCr ] (.21)
Then
(A=D)f = (e =1)(HS —co(f ) +{(e*™ -1){f -HS ).
50

I(A-1}1 {lp < 2ym[llHilp+1].

If lJA-7||; < 1. then A is invertible and Ae; = a,. Now
IHlp < (17 2)[2+[[Cll,] = 1+(1/ 2)tan(n/ 2r).
Thus A is invertible if (4.18) holds.
COROLLARY 4.22. [f (4.18) is satisfied, then there ezists a sequence {8, (=)} in
L{=r.7) such that (& .B5) = Op;.
PROOF. The sequence is
ﬁg = A"‘e,,.

We note that since tanym = 1/ a, condition (4.18) requires that a be selected
sufficiently large. A further transplantation of this basis property to the
sequence {y,} can be achieved again at the cost of selecting a sufficiently large.
From (2.10) and an application of Rouché's theorem, we see that for a

sufficiently large, sup{or —% | can be made arbitrarily small. Let gy = pp~v.
Then a; = O(e™*™), so ) = {a. | converges, and this sum can be made arbi-

trarily small.

THEOREM 4.23. For a sufficiently large, iy, | is a basis for L¥(-n,5) equivalent to
the Fourier system {ey|.

PROOF. Let
Bf = 3(F Be)vr = 21 B ) (z)e™*.

Since
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11 =57 Ao,
we have -
([-B)f = 3AS Br)an(z)(1-e""),
and then -
I=B)1 l = B (e DI -

Thus, for a suficiently large, ||/ Bl < 1, so B is invertible and
¥x = BAey. Yy = (BA)'e,.

COROLLARY 4.24. For a sufficiently large, §f:] is a basis for LF(0,5), 1 <p < =.
For —n < z < 0 and negative eigenvalues, the eigenfunctions are scalar mul-
tiples of

where, using (2.14),
Ox = k+(1/2)+y+as, oy = O(e™>M), k=, (4.25)
Thus we consider
gi{z) = sinoxz, 0<z < T
The completeness of §g;] in Lf(0,7), 1 <p < = follows as before, since this is
independent of the size of . The analysis of basis properties presented here
does depend on 7. In this case, to make g, sufficiently close to an integer, it is

required that  be close to 1/ 2, i.e., a should be sufficiently small. Presumably
a more refined technique would remove this dichotomy.
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INTERLACING PROPERTY OF EIGENVALUES
OF STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS

J. Boersma*
Hans G Kaper**
Man Kam Kwong }

Abstract

This note contains the proof of an interlacing property of the eigenvalues of
boundary value problems described by the Sturm-Liouville differential equation

-y” + q(t)y = Ay on [o,m).

Recently, Van Duin, Boersma, and Slujter [1984] studied the problem of
one-dimensional wave propagation in & stratified inhomogeneous medium with a
refraction index of the symmetric Epstein type: £,(2) = 1 + 4 sech®(z/21). Pos-
sible TM-modes for this problem are given by the eigenfunctions of a Sturm-
Liouville problem on the half-line:

¥ =~y +g{t)y =My on[o.=),

¥ (0)cosa + y'{0)sina = 0. (1)

Here, a€[0,n/ 2] is fixed and gq:[o,=)-R is smooth, strictly positive, and rapidly
decaying at infinity. The differential expression 7 and the boundary condition
define a selfadjoint differential operator in L%(0,o), whose spectrum consists of
the semi-axis [0,») and a finite (possibly empty) set of eigenvalues
fA(a): &k =0,1,...,n3, with

—oo < Agla) < N(a) € -+ - <A {a) <O. (2)
In this note we shall prove an interlacing nroperty of the eigenvalues A (ax). It is

not unlikely that this property cen be found somewhere in the vast literature on
Sturm-Liouville boundary value problems, but we have not been able to locate it.

THEOREM. The eigenvalues have the following interlacing property.
A(n/2) SA(0) S Apyy(R/72), £ =0,1.2,.... (3)

We shall need the following lemmma, which is a stronger version of the Sturm
comparison theorem.

LEMMA. Let P and @ be given on [a,b), and let P(t) = @(t) for all t€[a,b). Sup-
pose v and v satisfy the egquotions

u'+ Pt =0, v'+ Q¢ =0,
respectively, on [a,b). If v and v do not venish on (a,b), and if
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u(e) ~ v(a) '’

then .
%'-(%Ls %%8— for &ii t €(a,b).

REMARK. If v{a) = 0, it is understood that v'(a)/v(c) = limg,q v'{t)/v{t) = +=.
Then the assuniption u'(a)/u(a) <v'(a)/v(a) is trivially satisfied.

PROOF. Without loss of generality, it is assumed that = and v are positive on
(a.b) and satisfy the condition
u'(a)v(a) —u(a)v'{a) <0.
From the differential equations for » and v it is readily found that
u"v —wv" = ~(P-Q)uv.
Then by integration from a to £, one has

u'(tyu(t) —u(t)'(t) =u'(a)v(e) ~u(e)'(a) - _;'(P-Q)Wdt <0
for all £€(a,b). Divide by u(t)v(t). Then

u'{t v'(t
;‘—((t-%-s 'JZ(E')L forall telad). ///

PROOF OF THEOREM. The proof consists of three steps.

Step 1. Ay(0) # N(nr/ 2) for any &, {. That is, the eigenvalues in the cases of Diri-
chlet and Neumann boundary conditions are different.

Let yps be the eigenfunction associated with the eigenvaiue A, (0). Then yps
has k& zeros in (0,=) and yp, (£)-+0 as £-+c. Let the zeros of yn(t) be £,.25....0:.
Let 3 be the solution of the boundary value problem

7Y = A(0)y on[0,%),

y{0)=1, y'(0)=0. (¢)

It follows from Sturm's separation theorem t.hnti}' has one zero in (0.t;), and one
ﬁro in (£;.t;+;) for each i = 1,2....k=1. Suppose y does not vanish in (¢ .x).
en

tg(te) < Yo' (Es)
y{ts) ~ Yoe(ts)
Hence, according to the lemma,
gie)  ym'(t)
€ ————— forallt > ¢,.
v - ymE) *
Integration over [, +1,¢t] yields the inequality
o) o _yn(t) t b+l
Y(te+1) = yp{ta+l) forall £ = £, +1
Because yp (£)~0 as £ »=, it follows that

= 400,




y(t)+0 ast-w,

Next,
-~ ) ' o d ’
d 7] _(YVVDe Y Y , _ const.g#oz
——arctan = | =g—=1= l 200 ag f oo,
| & v =1 v +vh =1 v+ yh
Hence,
| arctan yuft) | = as t o

However, %(t)/ ym(t) is bounded for all t = £, + 1, so certainly

~

ggt! i
arctan <
| vy (£) | 2

Here we have arrived at a contradiction, so we must conclude that ¥ vanishes at
least once in (f;,=). From Sturm's separation theorem, it follows that ¥ cannot
have more than one zero in {tx =), so ¥ vanishes exactly once in (£,,=). Thus we
have shown that i/ has exactly & +1 zeros in (0,=); let these zeros be denoted by

120 Erer
Finally, compare g with the auxiliary function u(t) = exp[fV=A¢(0)] (recall
that A, (0) < 0 ), which is a solution of the equation

u” + N (0)u =0.

Then
w'(Fy1) < Y Eeer) _ +oo
wer)  YCGee)
Hence, according to the lemma,

u'(t 7'(¢
‘—‘-éz-)Ls i‘;{?))‘ for all £ > Tyq;.
Integration over [Z4,,; + 1.t] yields the inequality

G u(t - oy —
;ﬁg;)ma WI(J)E)" exp((t~Tp+1—1) V-A(0)] forallt =7, + 1.

Consequently, ¥ is unbounded as £ -+,

Since eigenfunctions tend to zero as i -, it is clear from (4) that A.(0) is
not an eigenvalue under the Neumann boundary condition y'(0) = 0. Therefore
we have the inequality A, (0) # X, (r/2) for any &, L.

Step 2. Ao (0) < Apsi(n/7 2).
Let ¥ be the solution of the boundary value problem

Ty =Xy on [0,»),

y(0) = 1,%'(0) =0, (5)
where X <A, (0). It follows from Sturm's oscillation theorem that ¥ cannot have
more zeros than ¥ on {0,»), so 7 has at most k+1 zeros. If 7 has less than k+1
zeros, then A is certainly different from A..,(n/2). Suppose ¥ has k+1_zeros,
ldaem:n:en:l by £,.£z.....5+1. Then £z4) > Ty, 50 neither ¥ nor F vanish on (fi;.%).

ecause




Flh)  Ta) _ .
Y(Eae)  Tlasr)
it follows from the lemma that

(¢ g'(t) -
< forallt >ty 4.
vE) - oge) o k41

Integration over [f,,; + 1.t] yields the inequality
~_g(t) < ___g(tL forallt =£,,, + 1.
Y(tertl) Fltga+l)
Because ¥ (¢) is unbounded as ¢ -, it follows that
| F(2) |+ astrw.

Hence A # A;,;{n/ 2). This result, together with the result of Step 1, implies the
inequality

A (0) < Agyy(n/ 2).

Step 3. A (/7 2) < A 1D).
Let ym be the eigéntunction associated with the eigenvalue A\ (n/2). Suppose
the inequality were not true, i.e.,

A (7 2) = N (0).

Then it follows from Sturm'’s oscillation theorsm that 3;, has at least as many
zeros in (0,) as ¥, which, as we have seen, has k+1 zeros in {0,=). But here we
have a contradiction, because y), has exactly £ zeros in (0,=); thus

AN(m/72)<N(0). 777/
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A KREIN SPACE APPROACH TO DIRICHLET AND DUAL DIRICHLET INEQUALITIES
ASSOCIATED WITH STURM-LIOUVILLE OPERATORS

R C Broun?®*

Abstract

By embedding the quadratic form associated with a second-order symmetric
differential expression defined on [1,=] in a Xrein space, we derive Dirichlet ine-
qualitites as well as a new class of "Dual Dirichlet inequalities” when the potential
may have an unbounded negative part.

1. lauroduction

=t [ be the real interval [1,=), Ll (/) the space of complex valued func-
tions, Lebasgue integrable on compact subintervals of /, and L%(/) the Hilbert
space of (equivalence classes of) complex valued functions having square inte-
grable modulus with inner product [f.g]): = _[:fy‘ and norm |if || = (f FaAL
Po.p; are real measurable functions on / satisfying the “minimal conditions":
Po> 0 ae., pol.pi€ld (). M[y] denotes the symmetric differential expression
-(p%y')'+p 1y. and L,Lgy the maximal and minimal operators corresponding to 4
in L*(J) (for precise definitions of L,Ly as well as further details concerning the
elementary Hilbert space theory of symmetric differential operators, see
Kauffman, Read, and Zettl [1977] or Naimark [1968: Chap. V].

We are concerned in this paper with inequalities similar in form to
Jroly'P+pily P2 [y 1® (1.1)

J1(-p¥ 2. +p¥ 221 = pusupt| [2:p8 7' +2plt 7 1%

{poly'lzwllylz = 1; p§ 2,(1*) = 0}, (1.2)

where in (1.2) (2,.2;) belongs to a class of suitable function pairs in L2(J/)xL2(7).

Inequality (1.1) is the classical Dirichlet inequality. It has had a long his-
tory going back at least to R. G. D. Richardson [1910-1912] and Lichternstein
[ 1919?. and in the past decade has attracted renewed interest on the part of

several authors (for an illuminating survey and bibliography, see the recent
paper of Everitt and Wray [1983]). Inequality (1.2), on the other hand, seems
relatively new in spite of a natural relationship between it and (1.1).

When p, = ¢ > 0, a satisfactory theory of (1.1) and (1.2) can be constructed
in several ways. For example, it is not hard to show that the quadratic “Dirichlet

form"
tiyl: = [poly'l"'w;lylz

defined on
D = fy €L2(]): y locally absolutely continuous {"AC") on /; t{y] < =}
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is closed in the sense of Kato [1980: p. 313]. Next the First Representation
Theorem [Kato, 1980: Theorem 2.1, p. 322] gives the existence of a selfadjoint
extension T'D>L¢t deflned on a core of t with lower bound 4&,. T has domain

D(T): = lyeD(L): poy'(1*) = 0 Yy ] < =},

Since D(T) is a core of D, (1.1) holds on D as well as D(T). A somewhat different
but equivalent point of view was introduced by Brown [19B4]. First define the
“maximal” operator LDCL2(7)-L3(]) by

_méy
v = |p# y]' (1.3)

Since t is closed and t{y] = Mh\d]’". L is closed and has closed ran_ie. Hence by
the closed graph theorem L™ is bounded. Further |[L7Y| = u;* Additional
analysis shows that 7 is the selfadjoint operator L°L which exists by a theorem
of von Neuman [Kato, 1980: Theorem 3.24, p. 275].

One advantage of the latter approach is a convenient interpretation of the
“dual" inequality (1.2). Since L’ is the adjoint of L, it is defined on a certain sub-
space of - pairs (z,25€Ll¥(/)xL?(/); for (z,zz) in this domain
L'(z,.22) = ~(pé z,)+p¥ 2.. Equation (1.2) then states that the norm of the Hil-
bert space pseudoinversett} of L = |[L71} = u%

For a discussion of a number of other approaches to Dirichlet inequalities.
the reader may consult Everitt and Wray [19835,.

We pass now to the fundamental problem addressed in this paper: What hap-
pens to (1.1) and (1.2) when the potential p, is no longer positive and can take
on possibly unbounded negative values in a neighborhood of =?

If t is closed and bounded below, reasonably straightforward arguments
from the theory of sesquilinear forms apply to {1.1) (e.g.. see Brown [1984]).
The situation, however, is more complicated with respect to duaal inequalities.
Since p} need not be real, (1.2) requires restatement and new methods of proof.
In particular, the pseudoinverse analogy would appear to break down.

The primary goal of this paper will be to present a unified treatment of both
the Dirichlet and dual Dirichlet inequalities in the new setting where p, is not
necessarily positive or bounded below. We will do this, moreover, in a way that is
consistent with our earlier treatment. To this end, we shall introduce the power-
ful apparatus of the theory of Krein spaces. Specifically, t or #(L) will be
embedded in a natural Krein space. Using this device, we can extend the posi-
tive coefficient treatment sketched above.

We briefly survey the contents of the paper. In Section 2, the machinery we
require is presented. The fundamental Krein space K and the new maximal and
minimal operator analogues L,,Lq to (1.3) are defined. Several technical lemmas
explore the properties of t as a subspace of K, especially with reference to the
existence/uniqueness of orthogonal projections upon it. Our results for the
most part depend on a fundamental assumption "H1" which relates the positive
and negative parts of t and which forces t to be closed. Towards the end of Sec-
tion 2, we determine the adjoints L® and Iy. Precise statements of the new ver-
sions of inequalities (1.1)-(1.2) are given and proved in Section 3 {(Theorems 1
and 2). We also state an additional theorem (Theorem 3) and some corollaries to

1T may also be viewed as the Friedrichs extension of the symmetric operator $3Ly defined on
functions of compact support such that ppz‘(1*)=0. See Kato [198C: p. 325).

1412 T7: H~H' iz a closed operstor with closed range between Hilbert spaces H and H’, the pseu-
doinverse of T is the operator H'~k giving the least norm solution of the equation Tz=g. For a good
discussion of pseudoinverses, see Luenberger [1688: Section 8.11].
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show how other differential inequalities can be derived from dual inequalities.
(To our knowiedge, the inequalities presented here are new.) The iast section of
the paper investigates the situation when Hi is abandoned, and consequently the
Dirichlet form t need not be closed. Our results here are less complete than in
the previous sections. Nevertheless, we are able to derive some new properties
of the ordinary Dirichlet inequality (Theorem 4) and also to prove a new dual ine-
quality (Theorem 5).

Finally, we remark that for the sake of technical simplicity only inequalities
corresponding to a second-order Sturm-Liouville operator defined on / are
treated in this paper. The reader should have little difficulty in supplying the
technical changes required for the higher order case on a different interval, e.g..

(0,1].
2. Preliminary Theory Relating to Krein Spaces
Let po,p, be as above. Define the sesquilinear form t{uz v ] in L3(/)xZ2(/) by
Huv] = [n’ﬂ'ﬂhﬂﬂ

on L Set
Pi: = max(p,.0)

Pi: = max(0,-p,)
and deflne
My = -(pau) +piy

tuul: =[pwﬁ'+pfm'

t{uv] = ,[pnw.

sothatt=t*~¢-.
Let C[; signify the space of infinitely differentiable functions with compact
support in /. Then CjzcDbut D(L) need contain no nontrivial element of Cg.*

We now assume the following hypotheses.

Hl. For somea 0 < ¥ <1 and all p€C[;, there exists a constant K > 0 (not depend-
ing on ¢) such that

t[p] < Kllpl? + 1’[ Pole’ |2 2.1)

Since ¥ <1 and t*{g]> f,PoW'l 2, Hi-t[g] = -Kllpl®. Let u, signify the
greatest lower bound of t. For a suitable translation of t, u4; > 0. We make this
translation if needed, and continue to refer to the translated form by "t.”

Summarizing, H1 implies the weaker principle H2.

* CRcD(L) if popy’ and py are L® integrable on compact subintervals of /.



H2 Foralgin Cga)
tie] = wmillg)
Examples of H1:
1. p; has compact support.
2. p; is integrable.
3. P is essentially bounded.
4 po=tP p;r =t* andas§p.
5. For every ¢ > 0 there exists a positive continuous function f such that

'7’ Pi ‘¥ p!

Wy T W e

Further sufficient conditions for H1 and its higher derivative analogues may be
found in Brown and Hinton [1984].

s

Let 2: = (2,.25,29). 2" = (2,.22".23) be elements of H: = ‘iflL’(I). Define the
sesquilinear form

(2.2 = [z1.2/] + [22.22]-[2s5.24]. (2:2)

H endowed with the indefinite inner product (2.2) is a Krein space that we label

"K" Clearly K= K'(+)K where (+) is orthogona! direct sum decomposition in
terms of (2.2) and

K'cK = {(z,.25,0)

K <K = §(0.0,z3)}.

K* K are Hilbert spaces with respect to the inner products [ -, - Jgand - -, -Ix.
In the terminology of Bognar [1974: p. 71], they are “intrinsically complete” sub-
spaces of K Given z€K we write z =z'+z" where z'€K' and 2 K. The
operators P"K-+K* and P_:K+K defined by P'z =z* and Pz = z~ are called
the fundamental projectors. Let J: = P*—~P~. Then J is the "fundamenta! sym-
metry’; and

(2.2 =[/2.2'x

is the standard inner product for a Hilbert space structure in H
The next step is to embed t intoc K via the map

4
ly: = pi*y

~%
1° ¥,
for y €D, and to explore the Krein space attributes of t considered as "R (L)".

I for Z€K there exists ycR(L) and veR(L)*such that Z = y+v, we cally an
orthogonal projection of z onto R(L) and write y€Pz. In Krein spaces the
existence and uniqueness of orthogonal projections are difficult questions. For
example, z may have nonunique projectors Pz, Pz which differ by an "isotro-
pic" element p€R(L)NR(L)- such a ¢ is also neutral, i.e., [¢.2]x= 0.




The proof of the following lemma (which is a collection of results concerning
the existence of projections) may be found in Bognar [1984].

LEMMA 1. Statements (i)-(iv) are equivalent:
(t) Aprojection P:K-+R(L) ezists.
(ii) R (L) is "orthocomplemented’ (i.e., span <R(L). R{L) > =K

(iii) The functional g;(y): = [2—y. Z—ylg considered for ycR(L) attains its
minimum for every z €K

() If R(L) is a positive dsfinite subspace of K md is "intrinsically complete”
(i.e.. a Hilbert space under the norm [Ly Lylg). for every z<K the functional
&:(y): = [z .1ly]x is "intrinsically continuous” (or, in Bognar’'s nomenclature,
R(L) is regular; see Bognar [1974:p. 71 and Theorem S.2. p. 73)).

(v) For every z K there exists yocD such that
[LyoLyolx = [Lyo.Flx = suptiesy) %Ly Iyl = 1.

WIUQ-.- ﬁ

LEMMA 2. For all yeD
tly] = miviE (2.3)

PROOF. By H2, (2.3) holds on C{;. Rewrite (2.3) restricted to Cf; in the equivalent
form:

,[poly'l' +pt |y|‘~'z[ D)y (2 (2.4)

Consider the differential expression
|M|[v]: = ~(@cv) + (P! +piv.

&nd the maximal and minimal operators ]L|.|Lg| which | M | generates in L2(/).
It is known [Kauffman Read, and Zettl, 1977: Theorem 2.1, p. 23} that |M] is
limit point at =. This in turn (see Brown [1984] or Kauffman [1979]) implies that
the “Dirichiet index” of {# |+/ — or the dimension of the space of solutions v
such that t{v] <= —is 1. However, the minimal Dirichlet index property is
equivalent (again see Brown [1984] or Kauffman [1977] for a proof) to Cf; being a
core of |t]: = |t*| + |[t”|. Since D|t| = D, we conclude that for every yeD and
6 > 0, there exists p€([, such that

,[lv-vl‘ <8, ,[pl* ly-pl2< 6

Jrilyv—»i* <. [poly'-p'i2<e. (2.5)
These inequalities and H2 establish (2.4) and hence (2.3) on D.

REMARK 1. Lemma 2 is a proof of the classical Dirichiet inequality on D which
consists of functions satisfying the minimal smoothness and integrability pro-
perties for the inequality to make sense (assumming [ |p;! |y ‘%<=). Since the
proof depends only on H2 and the fact that |#[y] a Dirichlet index 1. it
extends immediately to the case where #[y] is a quasi-derivative of order 2n




based on coefficients pg.p,....p, satisfying minimal conditions if H2 is satisfled
and |L |+/ has a minimal Dirichlet indexn. (Here J,.L | is the maxiimal operator
corresponding to the quasiderivative | |{y]: = y!®] based on the coefficients
Po.p! +P1.....Px +Ps}). The significance of the Dirichlet index concept in the

proof of Dirichlet inequalities seems first to have been pointed out in the paper
of Bradley, Hinton, and Kauffman [1981].

LEMMA 3. Hl is true forall yin D.

PrROOF. This follows at once from Hl and the approximation inequalities (2.5)
established in Lemma 2.

LEMMA 4. The Dirichlet form tis closed.

PROOF. Since t* majorizes t, the inequality
ty] = wllyl (2.6)
holds on D. We show first that t* is closed. If t*[y, -?,.,]-00 for sufficiently large

m and » {2.8) =><y,> is a Cauchy sequence in L*{(/). Let y be the limit of
<Ya>. Since the maximal operator K determined by pgy' is closed (see Brown
[1983: Lemma 1]), y€D(K) and fpoly'—y,.'lz=>0. Set : = p{ +1 and consider
the Hilbert space L%(/). Since t*[vn —ym] > [P (¥n—ym)? and by (2.6), <ya> is
a Cauchy sequence in ,2(/) with limit ¢, Since the norm in L2(/) dominates that
of L¥I), y =¢. Thus y€D and t*[{y—ya]~+0. so that t* is closed. Finally, t is
closed by Lemma 3 (see Kato [1980: Theorem 1.33, p. 320]).

LEMMA 5. Al the statements of Lemma 1 are frue.
PROOF. It is enough to show that any single statement of Lemma 1 is true. We
consider (iv). Statement (iv) asserts that

#2(y): = [p# V'Z) +pi¥ y2p —pit y2zy

is continuous in the Hilbert space norm [Ly.ly]J§ (That R(L) is a Hilbert space
with this definition of a norm follows from Lemmas 2 and 4.) We must show

therefore that L{y, )0 => ¢3(y,)+0. Now
yif = ty] = t*{y] - t{y].
Also from Lemma 3,
t-[y]= Kyl + vt*{y]. (2.7)

From (2.7) and Kato [1980: Problem 1.2 and (1.2), p. 190] we obtain the esti-
mates

t{y < (1-8) " (Klyli+SliLyl]).

(1-0)t* [y i< Kyl + Iyl (2.8)
Also by Cauchy's inequality
le5(un)| < t* (Y (12, 1B +]122]2)% + t(yn Hljzsll. {2.9)

It then L{yn) <0, ¢5{ya)~0 by (2.3) and {2.8), (2.9), and the lemma is proved.

REMARK. Inequality (2.3) of Lemma 2 assures us that projections upon R{L) are
unique, since R(L) has no neutral elements. Lemma 5 furthermore assures us of
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the existence of a projection and that K = R{L)(+)R(L)*.

DEFINITION 1. If T: L¥/)+Kis a densely defined ator, T° is the set of pairs
(a,T°a) such that [Ty.alg = [y.T a] for all y in D(T).

DEFINITION 2. We introduce the following additional operators: Lo'CLon
Dp : = }y<D: y has compact suppoert in L*(I)}.

L*: K+L2%(]) defined by
L'2): = —(pé z,)+pi¥ zo—pi®t 25

= {ZeKpé z,1is AC; L'(2)eL3(/)}.
IgcLt on
Df: = z<D*: pé z,(1*) = 0j.
The proof of the next lemma parallels similar arguments in Brown [1983. 1984].
Therefore we shall omit it.

LEMMA 6.
L’ =1g; Lg=Lg=L"

L3°=L L*" =lo=L.

COROLLARY 1. K= R(L)(+)N(Ig) = R{Io){(+)N(L").

LEMMA 7. L*Lg and L§L are selfadjoint eztensions of Ly. Their domains are cores
afh(mdl. thcthcsmlawbmmdsaslomtdhfw'thcr
DV(L

Dy and DVISL) =

PROOF. By inspection L*lg and LgL are exactly the operators i*ig and igi investi-
gated by Brown [1984: Lemma 5].
3. Dirichlet and Dual Dirichlet Inequalities

¥With the machinery developed in the previous section, our treatment of ine-
qualities is similar to the positive coefficient case studied in Brown [1983].
THEOREM 1 {The Dirichlet Inequality). For all y€D(Dy) the inequality

fPo]y'lz+P11y|2>-#1(ﬂe)f|yfz (3.1)

holds. Here u, and u, are, respectively, the least eiements in the spectrum of
IgL or L'l Equaht'y holds in (3.1) if eand only if y is an eigenfunction

corresponding to u, or up. Otherwise there is a sequence of functions <g,>
such that

JPol#a(® + Prlvn |2 = iuua) [ lon %0 (3.2)

PROOF. The inequality {3.1) follows from the First Representation Theorem and
Lemma 7. The equation (3.2) expresses the fact that the spectrum of a




selfadjoint closed operator is its approximate point spectrum.

REMARK 3. Recall that according to H2, u,{e) > 0. However, Theorem 1! is true
for any finite u, or u,. To see this, simply subtract what necessary from both

sides of (3.1) to get the original u, or 4. By the spectral mapping principle
these numbers are the infima of the spectra of the corresponding translates of
IgL or L*1,.
COROLLARY 2. For all y in D(14L) or D(L*Ly)

_]fl-(poy‘)' +pwy = #;(m)(,[poly' 12+ 21y 13).

THEOREM 2 (The Dual Inequality). For all 2€Dg(D*)
,Ifl-(P# 21) + pi¥ 22 - pi¥ 241° = pu(ue)supt | [F. Loy Jel®:

L)yl = 13. (3.3)

Equality holds in (3.3) if and only if Z = Lgmod N{L¢(L*")) where Lg is an eigen-
Junction corresponding to u,(ug) of Lig (LoL*). Otherwise there is o sequence
<z, > of elements in D(L13) or D(LoL') such that

lm| [|~(p¥ 21a) + pi* 220 ~pi¥ 2on [* ~ s (uedsup {1 [Fn LLo)y Ixl®

Lo}yl = 1§ = 0.

PROOF. Let P be a projection on R (L) which, in view of Lemma 5, exists and is
unique. Then for any z€K, z = P2 +(/—P)z where (/-D)ZeN(L¢) {Corollary 1).
By Corollary 2

=12 = L P21 = sl P22,
The equation (3.3) now can be obtained by applying {v) of Lemma 1. To prove
the second statement, observe that

NI’ = mllPEIR o (g PEIR = w [l P2
o Ig1g )% = u)lllg(f e [Liglg — ulg Lylg=0

o 115 (1g) = ulg.

Hence lg is an eigenfunction of K corresponding to x; and z = LymodN{Lg).
The last statement depends on the same principle of the indentity of the approx-
imate point spectrum and the spectrum of a selfadjoint operator that we used in
Theorem 1 to justify a similar statement.

Since the argument is the same for the ineguality involving 2 in D* and u,,
we omit it.

THEOREM 3. For all ZeD{L1g) or D(LL*)
,[pol(L*?)'!= +p} LR -pr LT )2

= m’(nz)’sgp $1{Z Loy Ix!% I Lo)yll = 13.



PROOF. By Theorem 1 ||L{L¢Z)|I? = uollldz|2. Now apply Theorem 2.

COROLLARY 3. For all v in D(LgL) or D(L'Lq)
(fl'Polv'Iz*'lev !z)fl'l(PoV')'I’2#1%)(4'?0}”'!2)2-

PROOF. In Theorem 2take zz=23=0,2;=v,andy = v|jlu] ™%

COROLLARY 4. For ally in D(I¢L) or L'{L'lc)
_[pullil[y]')2 +p, | My]12= uf(u—f)([poly'I“m ly 1.

4. Addendum: Inequalities without H1

In spite of the Krein space methods employed in this paper, our resuilts
have so far been a not-unexpected generalization cf the positive coefficient case.
In particular, the Friedrichs extensions LgL and L'y we have constructed have
been of a familiar type. Further, as should be clear from Section 2, the funda-
mental assumption behind our results is H1. Hl states that the form t~ is rela-
tively bounded with bound <1 with respect to t* on an appropriate subspace.
Together with H2 this implies that t is a positive definite intrinsic closed sub-
space of KX Furthermore, a unique orthogonal projection exists upon t con-
sidered as R(L). Once this point has been reached, the remaining arguments
are standard ones.

Suppose now that we assume only H2. Then Ly is bounded below on the
intersection of its domain with g, but t need not be closed. As we have seen, it
is still possible to prove the Dirichlet inequality in D {or Dy) (Lemma 2). How-
ever, the number u has no spectral significance. The difficulty lies in the fact
that although t is closablie, t itself need not be closed; furthermore, T need not
have the same structure as t. Thus the inequality not only may be defined on a
larger set than D but it may be a “different” inequality. To illustrate these ideas,
we app;;leto an example of Kalf [1978]. Let J = (0,»), po =1, p; = =1/ 42—y,
uz0. n

Yy] = _{ly'-'y/ZzIzkm 'f;lylz- (£.1)

where 4, is the least element of the spectrum of the Friedrichs extension having
domain fy€D(L): f |ly—y/ 2z |2 <=). Now (4.1) => inequality (2.3) on D, but D
is strictly contained in ;71).'

It would therefore be an interesting problem to determine necessary and
sufficient conditions that t be closed and when it is not, to determire the clo-
sure, especially when M[y] = ¥®®], n>1. We can also ask what the dual inequal-
ity corresponding to {4.1) is.

In the remainder of this section, we show how something can be salvaged
using H2 rather than H1, together with a technique that incorporates the nega-
tive part of the potential into the weight of a certain weighted symmetric
expression. Although our results do not cecincide with Kalf's, they do yield new
inequalities and some new properties of known inequalities, and thus may be of
independent interest.

¢ This examgie hes singuler point 0 and so does not 4 into owr setting. However, it is easy to
construct similar exawroles with singularity at ©o,



70

THEOREM 4. Assume H2; then for all y<IDy)
tiy] = pa(ue)liylP. (4.2)
Equality holds in (4.2) if and only if y is an eigenfunction of My ] in D with the

G) pay'(1) = 0 (poy (1) = 0).
(i) poy'is AC.
(i) f, (i + mlue)) ™ | =(poy')y +p 1y 12 < =.

Otherwise there ezists a seguence of functions <g,> in I(Dy) satisfying (i)-(iii)
such that

Um [Polen’|? + Prlenl® ~ ko) g |? = 0.

PROOF. (4.2) is (2.3) of Lemma 2. Rewrite the inequality in the form (2.4). Let
w: =r,‘ +u;, Then w>0 ae and well(l) Define M, [y]:
=sw [ ~(pay') + ply). Llet L,, Lo, be the associated maximal and minimal
operators in L2(). Since t* is closed on L%(/), it is closed on L2([).

We are now in the poaitive coeflicient case with respect to the weighted
expression M,,. We define L'y, Lo L LE(I)-+L¥(I)xL?(I)L*, 1 as in Brown [1983]
and repeat all the arguments of that paper. By Theorem 2 of Brown, we end up
with (2.4) — and therefore (4.2% —~ in D (the Friedrichs extension
LL LE(I)~LE(I) has lower bound 1) and discover that properties (i)-(iii))
express the fact that y€D(1JL).

The same reasoning may be used for the inequality on Dy.

Corresponding to Theorem 4 is a dual inequality that is a special case of
Theorem 3 in Brown [1683].

THEOREM 5. For all (z,,22)€Dg(D*) the inequality
,{(px' +i1(4e)) ™ | -(p¥ 2,)'+pi¥ 24]® = supt I{p# 2,5’

+p% 27 |2 LLo)y || = 1§ (4.3)
holds with conditions for inequality as in Theorem 2 above or in Brown [ 1983:
Theorem 3}.

REMARK 4. Since Theorems 4 and 5 are true a fortiori if H1 is assumed, (4.3) is a
new dual inequality that is valid in all circumstances. Moreover, an extremal ¥
for the ordinary Dirichlet inequality (Theorem 1) will aiways have the additional
weighted integrability property (iii) of Theorem 4.
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SPECTRAL PROPERTIES OF SELFADJOINT ORDINARY DIFFERENTIAL OPERATORS
' WITH AN INDEFINITE WEIGHT FUNCTION

B. burgus*
H. Langer **

Abstract

Spectral properties of the equation 1(f) ~Arf = 0 with an indefinite weight func-
tion r are studied in Lf,.‘ . The main tool is the theory of definitizable operators
in Krein spaces. Under special assumptions on the weight function, for the
operator associated with the problem, the regularity of the critical point infinity
is proved. Some relations to full- and half-range expansions are indicated.

1. Basic Properties
1.1. We consider the formal differential expression L{f) of order 2n on the
interval (a,b), ~»<a < b < 4+,

) = (0o ™)™ + (-1 Mo PNE D 4+ pof,
where the functions py.....p, are real, pg>0 ae. on {(a,d) and 1/pg.
P1.....Pn€LL(a,b). The exact meaning of {(f) under this general assumftion is

that of the quasi-derivative of order 2n (see Krein [1947] and Naimark |1968]):
ir)y=y¢ (2] we study the spectral properties of the equation

W) -€f =0, (1.1)

where the real weight function r€ll.(a.,b) is indefinite, that is, the sets
A, = $z:7{z)>0}, A_: = jz:r (x)<0] are both of positive Lebesgue measure. For
the sake of simplicity we assume that r # 0 a.e. on (2,b). The problem (1.1) is
called regular if —» <a <b <= and ;,1— Pie--Pn. TELYa,b); the boundary
0
point a (&) is called singular if @ = —= {b = =) or at least one of the functions
pl—o' P1. - - - .Pp.7 is Dot summable at a (b, respectively).
By L? we denote the Krein space [Bog%ar, 1974; Langer, 1982] of all measur-
able functions f on (a,b) such that flf |%|r |dx < =, equipped with the
-3

indefinite and definite inner products
i i
(f9)=frgrdz and (f.9) = fr7|r|dz. resp. (1.2)
[ ] [ )

Evidently, the operator J
(Jf)z): = (sgnr(z))f () (z(a.b))
is the fundamental symmetry connecting the scalar products in (1.2).

By D° we denote the set of all f€L? which vanish identically in neighbor-
hoods of 2 and b and have absolutely continuous quasi-derivatives up to order

*Department of Mathematics, University of Sarajevo, Yugoslavia. The author thanks Argonne Na-
tional Laboratory and, in particular, Hans Kaper for supporting his stay at the workshop.
**Department of Mathematics, Technical University, Dresden, German Democratic Republic.
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2n -1 such that .
rel=i(r)=Irlg

with some geL® On DP we deflne the operators BY, and
Afn: D(ADn): = D(Biy): =P

Blnf:=g it U{[f)=|rlg. geLf
and A%y: = JBSm. Evidently, ASinf =g if and only if for f €D, gcL® we have
L(f) =rg. Itis easy to see that the definition of these operators is correct. The
closure of A%, in L? exists; it is denoted by Amn and called the minimal opera-
tor associated with the problem (1.1). It is easy to see that A%, and A, are
Hermitian with respect to the inner product [-,-}. that is, they are Hermitian in
the Krein space L* (for the definition of Hermitian and selfadjoint operators in
Krein spaces, we refer to Bognar [1974] and Langer [1982]).

1.2. Recall that an inner product on a linear space L is said to have a finite
number x of negative squares, if it is negative definite on a x-dimensional sub-
space of L and there exists no (x+1)-dimensional subspace with this property. In
Ehis) paper we study the problem (1.1) under the following assumptions (A1) and
AZ).

(A1). The inner product § -, - }, defined on DP by
3
1 93 = (42 91 (= & [pn-is P504z)
has a finite number of negative squares.
PROPOSITION 1. The condition (A1) is satisfied in each of the following cases:

(a) The problem (1.1) is regular.

(b) For each singular boundary point a or b of the probiem (1.1), there
ezists a'€(a,b) or b'e(a.b) such that the inner product |- , -} is nonnega-
tive definite on the set of all functions f €DP which vanish outside of (a,a’)
or (b'.b), respectively.
To prove the first statement, we observe that [AS:.f.7]=(B8%.f.9)
(f .g €DP) and use M. G. Krein's results that P2, is bounded from below and that
an arbitrary selfadjoint extension of Bpy, in Lf,l has discrete spectrum (see
Krein [1947] and Naimark [1968]). The second statement follows if we use the
decomposition methed of 1. M. Glazman [1987]. restricting A%y to all functions
f €D with the property f (b') = fl(b") = - - - "= gen-1}(p") = 0 (if, for example,
b is singular), and use statement (a).

1.3. The Hermitian operator Aq, in the Krein space L? has selfadjoint exten-
sions in L2 In fact, 4 is a selfadjoint extension of Ay, if and only if the operator
B: = JA is a selfadjoint extension of the Hermitian operator B, in the Hilbert
space Lf,|. Therefore the selfadjoint extensions A of Amn are completely
described by boundary conditions at @ and 3 which are the same for 4 and
B = JA and which can be found, for example, in Naimark [1968]. Now we formu-
late the second assumption.

(A2). For some (and hence for all) selfadjoint extensions A of AS;, in L2 the
resolyent set is nonempty.
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We mention (cf. Daho and Langer [1977]) that this condition is equivalent to
each of the following:

(A2') For some (and hence for all) AeC, the range R{A, — NJ) is closed.

(A2"") For some selfadjoint extension A of Amn and for some AEC, the range
R{A — \J) is closed.

PROPOSITION 2. The condition (A2) is satisfied in each of the following cases:
(2a) The problem (1.1) is regular.

(b) For each singular boundary point a or b of the problem (1.1) there
ezists a'€(a.b) or b'e(a,b) such that the weight function r is of constant
signae. on (a,a’) or (b'.b), respectively.
Here the statement (a) is a classical result, and (b) follows again from an
application of Glazman's decomposition method [Glazman, 1967].

2. Definitizability of the Seifadjoint Extensions

2.1. Recall that a selfadjoint operator A in a Krein space K is said to be
definitizable [Langer, 1962] if p(4) # ¢ and there exists a polynomial p such
that [p(4)f.f]= O for all f €D(A*), where k is the degree of p.

THEOREM 1. Suppose that the operator A, in Section 1.1 satisfies the conditions
(A1) and (A2). Then every selfadjoint extension A of ASy, in LF is definitizable.

Indeed, it is easy to see that for such a selfadjoint extension A the inner
product [Af.g] (f .g€D(4)) has a finite number of negative squares. Hence we
can apply Langer [1982: 1.3(c)], and the statement follows.

Suppose, for example, that the problem {1.1) is regular. Then we have for
f.g €D(As

]
[4f 9] = jg[pn.,-fwy‘mdz +(.9). (2.1)

where b{f .g) ("the boundary form”) is an inner product, depending for a regular
{singular) boundary point only on the values of f,g and their first 2n~1 quasi-
derivatives at this point {in the neighborhood of this point, respectively). The
number of negative squares of the inner product, given by the first term on the
righthand side of {2.1), coincides with the number of negative squares of the
inner product [ASi:f.g] on D°. Thus, the number of negative squares of
[Af 9] (f.g€D(4)) is not greater than the sum of the negative squares of
ASif .9) (f .9 €DF) and of the boundary form b{f .g) (f .g €D(4)).

2.2. Here we suppose that the conditions of Theorem 1 are satisfied and A is an
arbitrary selfadjoint extension of A3, in the Krein space L2 By r, we denote
the number of negative squares of the inner product [Af.g] (f .g<€D{4)). The
following spectral properties of A are immediate consequences of the
definitizability of A (see Langer [1982]).

(1) The operator A has at least «, eigenvalues A (counted according to their
algebraic multiplicities) in the closed upper half-plane with the following pro-
perty: If A\> 0 (A <0) there ezxists an eigenelement f of A corresponding to A
suchthat [f.f1<0(f.f]1=0)
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(%) The nonreal spectrum of A consists of pairs of isolated eigenvalues AA;
the linear span of the root spaces corresponding to these eigenvalues A in the
upper half-plane is neutral and hence of dimension < x,4.

We mention that for any selfadjoint operator A in a Krein space the root
spaces, corresponding to two eigenvalues A,u are orthogonal with respect to the
indefinite inner product if A # %, and skewly linked if u = A and A.u are isolated
points of o(A).

(3) The operator A has positive and negative spectrum, both of infinite multi-
plicity,. If. in particular, o(A) is discrete, it contains infinitely many positive
eigenvalues s;* and infinitely many negative eigenvalues s;7, j = 1,2...., and the
root spaces, corresponding to the real eigenvalues of A are nandegenerated with
respect to the indefinite inner product.

We denote the signature of the root space corresponding to the real eigen-
value A of A by («_(A), £.{A)); for an arbitrary eigenvalue A of A, its algebraic
multiplicity is denoted by v(A).

(4) If o(A) is discrete, we have
+(s; _(s5* A .
z’:x (si7) + ;:x (si*) +Ae§.;3 U(A) s x4

where the sign = holds if 01s not an eigenvalue of A
We mention that these statements imply some results of Mingarelli [1983a
and 1983b].

The spectral theory of definitizable operators in Krein spaces yields the
existence of a spectral function with critical points (see Langer [1982]) for 4. 1t
can also be rthown that there exists a scalar or matrix spectral measure that
has, possibly, certain singularities; in a special situation this spectral measure
was considered by Daho and Langer [1977]. Moreover, expansions of arbitrary
elements of L? with respect to eigenelements or generalized eigenelements of A
hold. However, they become more complicated than in the case of a positive
weight function as the integrals need a regularization at the sirgular critical
points of A (see Daho and Langer [1977] for the case of second-order operators).
In Section 3 we shall show that these expansions are "nice” if the spectrum of 4
is discrete, 7 has only finitely many turning points, and at these turning points
some condition ~g«ing back to Beals [1984] —is satisfied. Recall that the points
of A,NA_ are called the turning points of r.

2.3. The following result can also be proved by means of Glazman's decomposi-
tion method, using Theorem 1 of Jonas and Laager [1979].

PROPOSITION 3. Suppose that the condition (A1) is satisfied and that r has only a
finite number of turning points. If the set A_ has a positive distance from all
the singulor boundary points a or b, then g{A)n(—=,0) is discrete with the only
accumulation point —e,

For a special differential operator, this structure of o{4) was established in
Mikulina [1971].

Finally, we mention that in the special case k4 = 0 (that is, [Af.f]=0 for
J €D{A)) and 0£0(4) the eigenvalues s/ j = 1,2,..., can be characterized by
means of minimax principles (see Phillips [1970] and Textorius [1974]).
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3. Regularity of the Critical Point Infinity
3.1. The turning point zg of the weight function 7 is said to be n-simple if there
exists an interval /y around z, such that for z€/y {z,} representation
7(z) = sgn(z ~zo) - |z -zZo|%(z) (3.1)
holds with some a >~% and a function p: -
p(z): = p.(z), = >z,

p(z). =p-(z), z <z,
where p+?p_g is defined and of class C* on Ign[zg,=) (fgn(—=,zg], resp.).
0 # sgnp.(zo) = sgnp_(z) and for the one-sided derivatives at z; we have

pi(zo) = pilze) = .= pfrNzg) =0 ifn > 1.
THEOREM 2. Suppose that the following conditions are satisfied:

1. The problem (1.1) is regular.

2. The weight function r has only a finite number of turning points that
are all n-simple.

3. There exists a 6 > Q such that for each turning point zq of r we have

0 < 1o as Pol7) S | 0B Pol=) <=
sc(a,b) ze(a V)
Then infinily is not a singular critical point for every selfadjoint exten-
sion Aof A, in L2
We shall only sketch the proof. Propositions 1 and 2 and Theorem 1 imply
that A is definitizable. We show that for A there exists an operator ¥ with the
properties given by Curgus [1984: Remark 3.8], and an application of a proposi-
tion given in that paper fCurgus. 1984: Proposition 3.5] yields the desired result.
To simplify the construction of ¥, we suppose a <0 < b and that zg =0 is
the only turning point of . Let § > O be such that (-6,6)C (2,b) and /g in (3.1)

can be chosen to be (-6,5).

We choose 2n mutually distinct points £,, ..., ¢, €(1,2) and define the
functions
=1 _pl= 0 6
hj(z)' - tja p(__th) (ZE[ 2'2 ]' z# 0)

By D we denote the set of all functions f €2 which have an absolutely continu-
ous (n ~1)-st derivative and for which

b
JPols®3rjdz < .
G

Further, we choose geC™(a,b), which is constant in a neighborhood of zero,
#(0) = 1, and supptpc[-z—. é—]'
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Now we define linear operators X,, ¥, in L2 as follows:
(Xsu)(z): =u(z), ze€(0,b]

(X,u)(z): = p(z)gajt,u(—t,z). ze€[a,0).
(Yyu)(z): =0, z€[a,0),

u(z) + %aj(goh,u)(—ti). ze(0,b],
i=1 J

where a;, . . ., ag, are reals to be chosen below. It is not hard to see that X, Y,
are bounded in ,*>. Moreover, the numbers a,, . . . , agy can be chosen such that
X, Y, map D into itself. In order to see this with u €D, we form the first n
derivatives of X,u on [a,0) and on (0,b]. Then X,u will have n—1 absclutely
continuous derivatives on [a,b] if and only if for the first n~1 derivatives the
limits from the left and from the right at zero coincide, which is equivalent to
the equations

§a,t;~=” =(-1* (k=0.1,.n-1). (3.2)
=

A similar reasoning for Y, yields the equations

p.(0)
a; %8 = (1)1 ——— (k =0,1,..,.n-1). 3.3
,21” (-0 Sy ¢ ) (3.3)
The system (3.2), (3.3) determines the numbers a4, j = 1,2,....2n uniquely. 1t is
easy to check that the operators X,, Y, satisty the relation X, = Y/ where °
denotes the adjoint in L§,;.
In the same way, exchanging the roles of [a,0) and (0,b], operators X_, ¥_
with similar properties are defined. Finally, put

W= Y. X, + Y X_.

As in Curgus [1984: Remark 3.6}, it follows that W is positive, bounded, and
boundedly invertible in the Krein space 2. Moreover,

(Wu)(z) =u(z) i zeab] (-2 L.
We mention that X,, Y, here do not necessarily have the property (a) given in
Curgus [1984: Remark 3.8].

The set D[JA] (see Krein [1947] and Curgus [1984]) consists of those func-
tions of D that satisfy the essential boundary conditions. As the function Wu
coincides near & and b with u, it satisfies the same boundary conditions as «;
hence WD[JA] ¢ D[JA]. Thus ¥ has all the desired properties.

The construction of the operators X, Y, follows [Beals, 1984: Lemma 1].

3.2. Under the conditions of Theorem 2 we denote by P; , the orthogonal projec-
tion in the Krein space L? onto the root space of A corresponding to
s#, 7 = 1.2,.... and by Py the orthogonal projection onto the (finite dimensional)
span of the root spaces corresponding to the (possible) eigenvalue zero and to
the nonreal eigenvalues of A.

COROLLARY. Under the conditions of Theorem 2we have for arbitrary f €L,
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F=Ps + 2P+ YRS
’:1 Jj=1

where both sums converge in the norm of Lf,|.

We mention that for all the points s;* with the property «.(s;*) = &, (si-‘) =0
there can be chosen an orthogonal basis of eigenvectors eff; in
P;sL? k = 1,..vf, § = 1,2..... such that

g [-.efel
P j.t = # .
=1 [efe, efs]
The corollary contains, for example, the full-range expansions of the "regular”
examples in Kaper, Kwong, Lekkerkerker, and Zettl [1984]. We mention that the
above construction of ¥ and hence the statement of Theorem 2 can also be
extended to some singular operators. This extension will be considered else-

where.

3.3. Suppose now for a moment that (under the conditions of Theorem 2) we
have k4 =0 and 0f£0,(A). Then o(A) consists of the two sequences (s;*), (s;7).
and we have k_(s4*) = «.(s;)) = 0, j = 1.2..... Moreover, the subspace

cls (P LR j=12..]

is a maximal nonnegative subspace of the Krein space L? (see Bognar [1974] and
Langer [19B2]). If we denote by K, the subspace

Ko:={fel f(z)=0 ifzelA]

and by P, the orthogonal projection onto K, in L2, it follows that for arbitrary
J +€K; we have -

J+= 21P+Pj.+f + (3.4)
’=
where the series converges again in the norm of L. This is an abstract form of
the half-range expansion considered, for example, in Beals [1984] and Kaper,
Kwong, Lekkerkerker, and Zettl [1984].

If x4 = 0 we consider for arbitrary f .€K, the sum

2 P 4-Pj,+f +
jz_(a,*):ﬂ

It converges in the norm of Lf,|; however, it equals f . only for f.€K,, where K,
is a subspace of K, such that dimK,/ K,’ < =. To expand arbitrary elernents of
K,, we have to add to the elements of P, P; (L2, x_(s;*) = 0, finitely many ele-
ments k' that are the projections onto X, of root vectors h; of A corresponding
to the possible eigenvalue zero, the eigenvalues si* with x_(sz‘*) >0, k.(s;)>0
and to nonreal eigenvalues. A minimal set of such elements A which have to be
added can easily be found from the condition that the linear span of these root
vectors and of c.l.s. {F; . L% k_(s;*) =0, j =1,2,...{ is a maximal nonnegative sub-

space of the Krein space L2
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LINEAR RELATIONS IN INDEFINITE INNER PRODUCT SPACES

A Digksma*
H. S. V. de Snoot

Abstract

The spectral theory of selfadjoint operators in Pontryagin spaces is well
developed; see Bognar [1874], iohvidov, Krein, and Langer [19882], and Krein and
Langer [1971/72]. Even in Krein spaces there is a spectral theory for a class of
selfadjoint operators, namely, the definitizable operators; cf. Langer [1982].
However, ir & number of problems it is not sufficient to consider aperators; in-
siead one has to consider relations (multi-valued operators). The spectral
theory of such relations has been studied by Coddington, Dijksma, and de Snoo
(arnong others). in the case of Hilbert spaces. In the more general case of Pon-
tryagin spaces or Krein spaces, recent work has been done by Ricner [1982] and
Sorjonen [1878/79 and 1980]. Here we report on some results for relations in
such spaces. Details will appear in Dijksma and de Snoo [1884]. Also, we report
on some results of our joint work with Langer [Dijksma, Langer, and de Snoo,
1984]. This last paper contains applications to boundary value problems. Other
applications can be found in the area of "left-definite" eigenvalue problems; see
[Coddifgton and de Snoo [1981] for the Hilbert space cese, and aiso Langer
1972].

1. Some General Results

Let K be a Banach spa-e and provide K? with the usual topology. Let ACK?
be a linear relation or linear manifold. We define the set of poinis of regular

type by
7(A) = {AeC | (A-A)"! is a bounded operator},
and the resolvent set p(A) by
p(A) = {Aey(4) | R(A-A) is dense in K3.

It can be shown that ¥(A4) and p(4) are open sets. In addition, we assume that 4
is a subspace, i.e., a closed linear manifold, such that p{4) # ¢. We define the
resolvent operator R :0(A)-+{K] by

Ra(N) = (A-N7". Aep(4).

where [K] is the set of all bounded linear operators from all of K into K. We
have the resolvent equation

Rp(N) — Ra(p) = A=p)Ra(N) R (), A u€p(4),
which implies that %,:0(4)~[K] is analytic. Note that

v(R4(A)) = A(0), Aep(4),

. *Mathematisch Institut, Rijksuniversiteit Groningen, Postbus B0O, 700 AV Groningen, the Neth-
erlands.

1The presentation of this note at the Workshop on Spectral Theory of Sturm-Liocuville Differential
Operators at Argonne National Laboratory, May-June 1884, was supported by the Netheriands Organi-
zeation far the Advancement of Pure Research {Z.W.0.).



where v{R,(\)) indicates the null-space of R {A) and
Ao) = {gekK | fo.gle4].

REMARK. If ¢ # cC and R:01+[K] is a pseudo-resolvent, i.e.,
R(A) ~ Ru) = A-w)R(NR(1), Apuci,
then there exists a unique subspace 4<K? such that
Qcp(4), R =Ryln

Let p:C+C be a complex-valued polynomial p(A) = 2 ce(A~a)*, acC, c, # 0.
£=0
Then we define for the linear manifold A CK®
p(4) = Y cr(4-a).

If ACK? is a subspace with p(4) # ¢, we have the following results which we state
for later reference:

(i) (p(4) is a subspace (closed linear manifold),
(ii) RyWp (AR ()™€[K]. Apucp(A).

We define the semi-Fredholm sets &,(4) by
$,(A) = {AeC | R(A-)\) is closed, dimv{4—A) < =},

and
$_(A) = fAeC | R(4-2) is closed, dimK/R{A—\) < =].

THEOREM 1. Let ACK® be a subspace. Then

() 9.(A)is open,
(i) dimv(A-A) ~ dimK/ R(A—~\) is constant on components of $,(A), and

(iii) dimv{4-)\) and dimK/ R(A-\) are constant on components of $,.(A) except
at isolated points, where they are strictly larger than the said constants.
REMARK. Let U be a component of $,(4). Then for all A\eU
3 — -—)
dim({v(A-)\) n oy R(A-A)")
is equal to the constant value that dimv(A—A) assumes on U, except at isolated
points. Hence it is clear that u€U is not an exceptional point if and only if
v(A—u)cR(A-u)™, neN.
A similar remark applies to dimK/ R{4—A).
COROLLARY (Constancy of Deficiency Index). Let ACK® be a subspace. Then
dimK/ R(A-A),
is constant on componenis of y(A), the set of points of regular type.
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As to the proof of the theorem, it is possible to reduce the given result to a
corresponding result for a pair of bounded linear operators, as given by Gohberg
and Krein [1960] and by Kato [1966].

For a subspace ACK?, we define F(A) to be the set of all complex-valued
functions which are analytic in some neighborhood of dg(A). the extended spec-
trumn of A. Note 6(4) = a(A)ul=}, when A£[K]; here 0(A) denotes the spectrum
of A: 6{A) = C\o{A). If ACK® is a subspace with p(4) # ¢ and A£[X, then we
define for f €F(4)

F(A) = f (=) - -2-;-_-; (AR (A)GA,

where [" Is a suitable contour, surrounding the extended spectrum o{A). Then
f (A)€ K] and has the usual properties. In particular, if 0Co(4) is a bounded
spectral set of A, and

S
Ep(0) = - 5~ { R4(A)dh,

where T 1s a closed contour in p(A), such that o is inside I" and o(A)\s is outsida
I'. then E4{0) is a projection, the so-called Riesz-projection.

If ACK®1s a linear manifold and M = g g] is a 2x2 complex-valued matrix,
we define the linear manifold MA by

MA = {taf +Bg. vf +6g3 | If .gicAl.

The Cayley and inverse Cayley transforms are defined by the matrices

~u i -1 1
) - ]
respectively.

If ACK? is a subspace with p(4) # ¢ and if M = |% Bl is such that 8 # 0 and
y 0

—;—Ep(A), then
(/] det M .o
MA = =—] — ——R,(~ .
8 g 4l g
In addition, if AZ[K] and
= SAty _a
T YR A# g

then f €F(A) and f (4) = MA.

2. Krein Spaces and Pontryagin Spaces
Let K be a linear space over C, and let [ , : XxK »C be a sesquilinear form:

{*ﬂef(, f ~1f.g]is linear,
¥ geK.[f.g]l=T19.7].
which is non-degenerate:

[f5]=0 wek=>f =0.

Then {(K.,[.]) is called a Krein space if K = K, + K., where K_CK are linear
manifolds, such that
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(K:o £[.) |xx,) are Hilbert spaces,

and
[K.,.K.]=0.

In a Krein space the decomposition K = K, + K_ is a direct sum. Let P,:K-X,
be the corresponding projections and put J =P, - P_. Then (,):KxK-C
defined by

(r.9)=10Jr.9]

is an inner product on X and (X.(.)) is a Hilbert space. In general, there are
many decompositions. If X = K, + K'_ with P’, and J' is another such decom-
position, then the norms corresponding to (.) and (.), defined by
{(f.9) = [J'f .p] are equivalent and dim K, = dim K',. We shall use the topologi-
cal notions with respect to one of these norms, and hence with respect to all of
them.

(K.[.]) is called a Pontryagin space if dimK, < = or dimK_< =. In the
sequel we shall always assume for Pontryagin spaces that £ = dim K_ < = and
denote such spaces by H;.

Orthogonality with respect to | , ] is denoted by [ L]; for LcK we define
tW=irek | r14L3

A linear manifold LCK is called non-negative if [f.f]=0, f€L, non-
positive if [f.7]<0, f€L, and neutral if [f.f] =0, fe€L. Maximality with
respect to each of these notions is defined in the usual way. A linear manifold L
is maximal neutral if and only if L is non-negative and non-positive and maximal
for one of these notions. A linear manifold L is hypermaximal neutral if L is
maximal non-negative and maximal non-positive.

Example. In CP we consider a symmetric, non-degenerate form [ ., ]. given by
[r9l=9°Qr. r.geCP,

where @ is a symmetric, invertible operator. Let (o,,0-) be the signature of [ , ];
then o, + o- =p. For a linear manifold L cC” we have

L maximal non-negative <» L non-negative, dim L = o,,

L maximal non-positive = <> L non-positive, dim L =0_,

L maximal neutral <> [ neutral, dim L = min(o,.0_),

L hypermaximal neutral <» . neutral, dmL=0,=0.
Note that

L neutral e Lcil8

L hypermaximal neutral < L = LM,
We have the following result. Let LcCF be a linear manifold. If
(i) L is maximal non-negative,
(ii) L is maximal non-positive,
(iii) L is maximal neutral,
(iv) L is hypermaximal neutral,
then there exists a oXp matrix M such that

(+) rankM =g,
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with the following properties, respectively,

si’) oc=o0. MQ M’ < 07,
ity o=o0,, MQ™M’ = 07,
(iii') ¢ = max(o,.0.). IQ"I. = 08,
() e=o0, =0 MQ M’ = 0.
such that

(++) L=1ireCP | Mf =0"

The matrix M is unique, up to multiplication on the left by an invertible oxo
matrix. Tonversely, if we are given a oxp matrix M such that (+) holds, and
which satisfies (i'), {ii’), {iii'), or (iv'), and the linear manifold L is defined by

(++). then L has the property (i), (ii). (iii). or (iv), respectively. These results
can be applied to boundary value problems; cf. Coddington and de Snoo [198:]

and Langer and Textorius [1982].

3. Linear Relations in Krein Spaces
Let K be a Krein space with inner product [.] Let ACK® be a linear mani-
fold. Then its adjoint A” 1s defined by

A* = {if .glek® | [g.h] = [f k] for all {h.k]cA].
Note that
At = JAJ,
vhere A°® is the adjoint in the Hilbert space (K.[J - .- ]).
If ACK® is a subspace, then we have
R{A — \) closed « R(A* — A) closed;

cf. Coddington and Dijksma [1978].
A linear manifold ACK® is called

dissipative if Iml[g.f]=0, {f.gl€A.

symmetric if Ilm[g.f]=0, {f.g]€A. or equivalently if ACA*,
selfadjoint if A = A*,

A linear manifold ACK? is called

contractive if [g.9]l< f.f] {f.9i€A4,

isometric  if [g.g]=[f.f] S .gi€A, or equivalently if A~1c4*,

unitary if A7'=4*
We have introduced the Cayley transform C,(A) of a linear manifold ACk®,
Cu(A) = Hg—uf.g~Rf} | tf .g}cA]. ucC.
Note that for u€C\R, we have
—A is dissipative <> C,(A) is contractive,

A is symmetric < C,(A) is isometric,
A is selfadjoint <> C,{A) is unitary.



REMARK. We may provide X® with a new inner product, given by ~i <, >, where
<. >is given by

<if.9}.thk}>=[gr]-[r k) tf.glthkijck®

We denote orthogonality with respect to this inner product by < L.>. For a linear
manifold ACX®?, we then have

A* = A%

We observe that the notions dissipative, symmetric, and selfadjoint are
equivalent to the notions non-negative, neutral, and hypermaximal neutral,
respectively. .

A similar remark may be applied to the notions contractive, isometric, and
unitary if we provide K® with the inner product

[f.h]-[9.k) {f.g) thklek>

Example. The above remark in connection with the example in Section 2 may be
used to cheracterize maximal dissipative, selfadjoint, maxirnal contractive, and
unitary linear manifolds in finite dimensional spaces. Consider the inner pro-
duct space LCP [.)). where [f.9] =9°@Qf. f.9C” as in the example of Section
2. Let Ac(C”)? be a linear manifold. If :

Ei) A is maximal dissipative (selfadjoint),
ii) 4 is maximal contractive (unitary),

then there exist pxp matrices ¥ N, such that
(+) rank (M:N) =p,
with the following properties, respectively,

i') Im H@IN°’ < \m HQ~IN° = 0f) .
(i e ay - Nagf SO e g = 0p),

such that
(++) A = §i5.93<(CP® | Mf + Ng = OB}

The matrices M. N are unique, up to simultaneous multiplication on the left by
an invertible pxp matrix. Conversely, if we are given pxp matrices ¥, N such
that (+) holds and which satisfy (i’) or (ii’), and the linear manifold A is defined
by (++), then 4 has the property {i) or (ii), respectively.

In the rest of the paper we shall concentrate on symmetric and selfadjoint
linear manifolds in Krein spaces (and in Pontryagin spaces). If 4 is a symmetric
subspace in X% with p(A) # ¢, then we may choose ucp(4)R, and C,(4) is an
isometric operator belonging to [KX]. Conversely, if Uc[K] is isometric and
#€CR, then the inverse Cayley transform F,(U) is a symmetric subspace, such
that u€p(F,(U)). These and similar observations can be used to trauslate pro-
perties from one situation to another. We shall not state further results in this
direction, but we refer to Dijksma cnd de Snoo [1984].

A selfadjoint subspace ACK? is called definitizable if p(4) # ¢ and if there
exists a real polynomial p such that » (4) = 0, meaning that

[g.f]=0 forall {f .giep(4).
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THEOREM 2. Let ACK? be selfadjoint with p(A) #» ¢, and acp(A). Let p be a real
paolynomial of degree n. Then

P(A)20 & Ry(a)"p(A)R4()" 2 0.
As a consequence we can prove, by means of the operational calculus, the follow-
ing corollary.

COROLLARY. If the selfadjoint subspace ACK? is definitizable, then A~! is also
definitizable.

It turns out that for definitizable subspaces a spectral theory can be
developed; for the case of definitizable operators we refer, for instance, to
Langer [1982]. We shall not present the details here, but conclude with the fol-
lowing observation.

PROPOSITION. Let K be a Pontryagin space and let ACK? be selfadjoint with
p(A) # 0. Then Ais definitizable,

4. Symmetric Felations in Pontryagin Spaces

We now consider relations in Pontryagin spaces. We shall use the notation
H, for a Pontryagin space with & negative squares (k < =). First we note that if
ACH is a linear manifold with R(A—)\) closed, then we have

dim H,/ R(A-A) = dim v(A*-X);
see Iohvidov, Krein, and Langer [1982: Theorem 3.4)] or Bognar [1974]. Hence we
observe ‘
®,(4) = 9_(4%),

and the index
dim v(A-2) — dim v{4*-X)
is constant on components of $,(4). A special case of this situation for non-

densely defined multi-valued differential relations may be found in Coddington
and de Snoo [1981: Theorem 7.3].

Let ACHZ be a symmetric subspace. Then we may prove
C\op (4) € (A4),
and
R(A-A) is closed for AcCq,

where Co denotes C*UC™, and o, (4) denotes the point spectrum of A: the set of
all A€C for which therz exists a non-trivial S such that {f ,Af {€A4.

If ACHE is symmetric, then it is not difficult to see that v(A—A), for AcCp, is
a neutral subspace of H;. and hence

dim v(4-A) <k, AeCy;
see Iohvidov, Krein, and Langer [1982: Lemma 1.2]. This implies
Crcd,(A), Ccd,.(A4).

THEOREM 3. Let ACHE be a symmetric linear manifold. Then dimv(A-A) is con-
stant on C* (or C), say dimv(A~\) = n, with the exception of at most k-n points
in C* (or C°). Hence also dimv(A*—A) is constant on C*(orC) outside the sume
ezceptional set.



A proof of this theorem may be given using the remark following Theorem 1
and the fact that

v(A-A)c'rE\' R(A—u)™®., A ueC, A#u

In particular, if in Theorem 3 we have n =0, then the defect index
dim(A*-A) is constant in C* (or C7), say dimv(4A*—A) = m, with the exception of
at most k& points in C* (or FC ), where

dimv(A*-X) = m + dimv(4-N);

cf. Iohvidou, Krein, and Langer [1982: Theorem 6.1].
}f in Theorem 3 n > 0, then we can show 0,(4) = C, and hence we have the
following alternative. Let ACHE be a symmetric linear manifold. Then either
|op(A)NC* | s k and | 0,(A)NC | <k, or g,(4) = C.
An eigenvalue A€oy(A) is called critical if there exists an element gpcH;,
¢ # 0, such that w.}\;ofeA and [¢.¢] < 0. Similarly = is called a critical eigen-
value if there exists an element g€H,, ¢ # 0, such that §0,p]€4 and [¢,9¢] < 0.

THEOREM 4. Let ACHE be a symmetric linear manifold with g,(A) # C. Then Ahas
at most k critical eigenvalues in CHURVi=], and at most k critical eigenvalues in
C URU}=],

We shall not give further properties concerning eigenvalues and root mani-
folds here, but state a result concerning maximal symmetric linear manifolds.

THEOREM 5. Let ACH_® be a symmetric subspace. Then p(A) # ¢ if and only if Ais
mazimal and o,(4) # C. I particuler, if A is o selfadjoint subspace, then
p(A) # ¢ if and only if o5 (A) # C.

We close this section with the remark that in the case of symnmetric rela-
tions the situation with regard to the degeneracy of the spaces v{4*—2) is more
complicated than in the case of densely symmetric operators; cf. Krein and
Langer [1971/72].

5. Compressed Resolvents

This section contains some results of our work with Langer [Dijksma,
Langer, and de Snoo '1984]. Let K be a Hilbert space, and let H, be a Pon-
tryagin space with £ negative squares. We use the notation HC,H; to indicate
that H is a subspace of H, and that the indefinite inner product of H, restricted
to H coincides with the Hilbert space scalar product of H Let 4 be a subspace
in H? with p(4) # ¢. On p(A4) we study the locally holomorphic [H}-valued func-
tion K defined by

R(A) = PR4(N) | & Aep(4),

where P denotes the orthugonal projection from He onto H. This function R is
called the compressed resolvent of A in H It is possible to characterize the

compressed resolvents of various subspaces in Hf. We shall give the result for
the situation where ACA*, p(4)# ¢. First we introduce the following notions.

If ACHE is a symmetric subspace with p(4)nC* # ¢, and HEH,,, where His a

Hilbert space, then A and H are said to be closely upper—connected, if the closed
linear span of H and all ranges {4~A)"'H, Acp(A)NC* is the space H,.

Let DcC*, D # ¢ and let X:DxD-[H] be a mapping. We say K has k negative
squares it




(i) it is Hermitian, i.e., K(L.A) = K(AL)°, 1. A€D,
(i) for all choices of n€N, LeD, fy€H. i = 1,...,n, the matrix

((K(G4) 0. Ff i Dij=1..m.
has at most & and for at least one such choice it has exactly £ negative squares.
Let R be a function defined on some set DCC*, D # ¢, and with values in [H]. By
Ry we denote the kernel

Re(l.\) = ﬂé—%{ﬂ&.——ﬁ()\)'}?(l). L AeD.

The set of all functions R, which are defined and meromorphic in C* with values
in [H], such that the kernel Rg has k negative squares on the domain of holo-
morphy of R, will be denoted by R} (H).

THEOREM 6.

(i) Let H, be a Pontryagin space, and let ACHE be a symmetric subspace with
p(AINC* # ¢. If HC,H, is a Hilbert space and R:p(A)-+[W] is the compressed
resolvent in H associated with A then RcR}(H) for some k'.0<sk’'<k. If Aand
H are closely upperconnected, then k' = k.

(i) If R<R}(H) is given, then there exists a Pontryagin space H, . HC,H, . and a
symmetric subspace ACHE with p(A)NC* # ¢, such that R is the compressed
resolvent in H associated with A Here H, and A can be chosen such that A and
B, are closely upper-connected, in which case A and H; are uniguely deter-
mined up to isomorphisms, which restricted to H are equal to the identity opera-
toron H

Similar results are valid fcr the case where 4 is selfadjoint in Hf with
p{A) # ¢. Also these results can be translated into results for the associated
SJamily of Strous subspaces, defined by

TA)=R(i) 7+, lep(A).

Assume we are given a symmetric subspace SCH? where H is a Hilbert
space. Let A be a selfadjoint subspace in H? with p(4) # ¢. such ths* HEH,, and
A extends S, i.e., SCA. Then we have

ScT()cS®, lep{A).

Now 7(1)/ S can be completely determined in the boundary space S°/ S, analo-
gous to the above theorem. 1In this way it is possible to associate subspaces in
Pontryagin spaces with concrete boundary value problems. For details, we refer
the reader to Dijksma, Langer, and de Snoo [19B4].
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SPECTRUM OF SELFADJOINT AND POSITIVF, OPERATORS WITH COMPACT INVERSE

J. Fleckinger

Abstract

This paper is a rough English translatior of a semipar held in Orsay several years
ago. It surveys different methods for studying the spectrum of elliptic opera-
tors. In particular, two methods for estimating N(A) are given: 1) the transform
of the spectral function, and 2) the "max-min” formula. An appendix is devaoted
to the variational formulation of elliptic problems.

Notations and Main Results on Sobolov Spaces
We introduce some notations used throughout the paper:

let m and n be integers greater than or equal to 1.

Let ) be an open set in R* with boundary 80. For a = (a,;, ... .an)EN", we
denote by D° the derivative of order |a| = a,+ - - - +a,: D® = D;! - - - Do with
D, =08/8z;.

H™(Q)) denotes the usual Sobolev space of order m; ie., H™({))

= fuel?(0) | D™ el?Q). (a]l sm]. A™((1) equipped with the norm

e | gy ={f( Y |D%(z)|®dz}¥ is a Hilbert space. Recall that if 30 is
0

"smooth enougl;.l""f}"‘(ﬂ) is the restriction to {2 of elements of /™ (R").

HP(Q) is the completion of Cg () with respect to the norm of A™(Q); here Cg(0)
—or D{Q) —is the space of infinitely differentiable functions with compact sup-

port in (2.
REMARK. When 8{) is 'smooth enough,”

HE () = fuc ™ (Q) | suppucy.
The following results are well known:

» When (1 is bounded, the imbedding of A5 ((1) into L3() is compact.

s When Q) is bounded, there exists c ({}) > 0 such that
lhl”fg‘n) < C(Q)‘ '2 ”D“'U'”Egﬂ-.) for all 'u.€H'"(Q)
®|=m

1. Introduction

Let H be a separable Hilbert space, and let A be a selfadjoint and
unbounded linear operator in A with domain D(A). We suppose that the imbed-
ding of D{A), equipped with the graph norm, into H is compact.

Moreover, we suppose that A is positive; this is always possible by consider-
ing A + t/ or A% in place of A.




When these assumptions are satisfied, the operator B =A~! from H into H is
compact, and it is possible to apply the classical results of the spectral theory of
selfadjoint operators with compact inverse; see, e.g., Akhiezer and Glazman
[1967], Yosida [1968], and Goulaouic [1973].

PROPERTIES.
1.1. The spectrum of A, denoted by 6{4). consists only of eigenvalues.
1.2. The eigenvalues of A are real and positive.

1.3. The set of eigenvalues is a countable sequence
OKANSho€ - SA < - -
and A, tends to +«= as k tends to +o,

1.4. The eigenvectors associated respectively with two distinct eigenvalues are
orthogonal.

1.5. The e‘censpaces Ly are of finite dimension.
1.6. The Hilbert space H is the (Hilbertian) direct sum of the eigenspaces .

2. Spectral Decomposition of ar: Operator
For further information on spectral decomposition, the reader is referred
to Akhiezer and Glazman [1987] and Yosida [1968].

DEFINITION 2.1. Let L be a subspuce in H, and let M be such that LOM = H. One
says that L "reduces” A if

(i) L and M are invariant undzr A, and

(ii) For all z€D(A). Pr(z) is in D{(A); here P; denotes the orthagonal projection
onl.

REMARK. It follows that Py(z) is also in D{4).

We now have the following results.

PROPERTIES.

2.1. The subspace L reduces 4 if and only if P; and A commute.

2.2. Let £, E,,... E.... be a sequence of orthogonal subspaces such that each
E, reduces A; then £ = @E; reduces 4 too.

2.3. If A is an eigenvalue of A, then L,, the associated eigenspace, reduces 4.

Let us denote by O0<Ar<Ap< -+ <Ag < --- the (strictly) increasing
sequence of eigenvalues of A, by Ly the associated eigenspaces, and by Py the
projections on Ly. We then have the following property.

2.4. BEachz€D(A) can be written as
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z = zz]( with zxely
K=1

and
Az = K= i::kng.
DEFINITION 2.2. A "resolution of the identity” is a family of projections E, which
depend on the real parameter A, such that
(D Ifu<sA then E\E, = E E,\= E,,
(ii) E is right continuous in A, and

(ii) Ex~] as A++e= and £,+0 as A+—= in the strong topology.
Let us now introduce, like a Stieljes integral, the quantity

+=
(Sz.y) =f)\d(E'Az.y). z€H,yeH,

which defines the operator S.
Coming back to the operator A, we consider

Ex= ) Py
Y
E, is a resolution of the identity which is ~alled the "spectral family” of A.

THEOREM 2.1. It is possible to associate with each selfadjoint operator T in a Hil-
bert space a unique spectral family E, such that

(i) F, is a resolution of the identity, and

(i) D(T) = fzeH !j/l"Azd(EAz.z) < =)

+=

Then Tz = f AdE,z (this is a semiconvergent integral) Conversely, every
operator deﬁ-:r.ed by such an integral is selfadjoint.
REMARKS. When T is positive, all eigenvalues are positive and
Tz = [AdE\z  with D(T) = {zeH | [Nd(Ez.z) < =).
° 0

If we consider the positive operator 7# = VT (such that V72 = T), we have in
the same way

VTz = [VXdE\z with D(VT) = {zeH | [(VRPd(Exz .z) < =.
° ()
More generally, when f is a continuous function on R*, it is possible to define

ST{z) = {f (NdEAx with D{fT) = rzem{ [F NPA(Exz x) < ).
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If A is a regular value for T, it is possible to define the resolvent &) = {T-AJ)™!
by
= [ 952
R;z { L .

THEOREM 2.2. The regular values A\ of T are such that there ezists an interval
(A—¢. A+¢) in R on which E), is constant.

THEOREM 2.3. The eigenvalues A of T are the real nurnbers where E) has a jump;
E).p — E)-g is the projection on the associated eigenspace.

3. Transforims of the Spectrum
For further information on spectral transforms. the reader is directed to
Boutet de Monvel [ 1970] and Hérmander [1968].

Let 2 be a bounded open set in R*; let A be a differential operator in D(Q2).
We suppose that A is elliptic of order 2m, formally selfadjoint, and positive on {}.
We consider a boundary value problem in {} associated with A, and we denote by
A its "realization in L%().”* We suppose that 4 is a positive selfadjoint and
unbounded operator in L%(2).

E), is defined by a kernel e(z,y,A) which is called the “spectral function” of
A:

Ex (z) = _{ e(z.y.A)f (y)dy.

If we denote by N(A) the number of eigenvalues of A less than or equal to A
(each eigenvalue counted according to its multiplicity), N(A) is the trace of £).
Therefore, it is possible to use transforms of the spectral function in the study
of N(A). Estimates of N(A) can be deduced from estimates of the transform by

means of (primarily) Tauberian theorems.

i) The Stieljes transform: It leads to the resolvent; for z£R*, we consider
Gi(z) = { (A—-2)71dE) = (A-2])"); an asymptotlic estimate for G,(z) can be
obtained outside an angle |argz | < ¢ (see, e.g., Agmon-Kannai [1987]).

ii) The Laplace transform: It leads to the fundamental solution of the diffusion
equation associated with 4: Gy(t) = { e *\E), satisfles (-aqt—+ A)Ga(t) = 0 with
Gz(0) = I, t 20 (see, e.g.. Hormander | 1968] and Minakshisunderam [1953]).

iii) The Riemann transform: Gs(s) = fA“dE’A when Res > n/2m,; Gs(s) is an
0
operator with a kernel gs(z.y.5). Let us define {{s) = TrGs(s); then

¢(s) = [gslz.z.8)dz = A
3] k=1

where A, denotes the kth eigenvalue (each eigenvalue counted according to its
multiplicity); see, e.g., Minakshisundaram [1943] and Minakshisundaram and

Pleijel [1949].

*Throughout this paper we write “realization” instead of “realization in L¥Q)”, i.e.
D(A) = }u:i'(n)lh = Au€ELN)].



iv) The Fourier transform: Gs{t) = f e®?”™ 4L, has been introduced by
()

Hérmander [1968]. G, satisfies (i BaT—A"”‘)G_-,(t) =0 with G4(0)=/. The
spectral function can be deduced from G; by the inverse Fourier transform,
which 1s easier to use than a Tauberian theorem as in the previous cases. But
this method requires the use of Fourier integral operators: AY?m  which is
defined by its spectral function, is no longer a differential! operator. In his paper
Hormander shows that there exists a Fourier integral operator Ly,{(u) which

describes all the singularities of Gj:
L'q (u) - G.-,(‘u.)€(."

Then he proves the following theorem.

THEOREM 3.1. e{z.z A} = A*®c(z) + o (AP-V/2n) with c(z) = (27)™ f d¢;
&{z £)<1

A'{z .t) 1s the symbol of the leading part of A

4. Example: Elliptic Degenerate Operators
[ Fior further information, the reader is directed to Baouendi-Goulaouic
1069).

Let (1 be a smooth bounded open set in R*. We suppcese, as above, that Ais a
differential operator in D'((?), which is properly elliptic of order 2m > n, with
coeflicients in C({)). Let us denote by A the realization of a boundary value
problem which satisfies the hypothesis of Section 3 and such that
HE™(D)C D(A)C H™(N). A is an isomorphism from D(4) into L3(D).

4.1. Local Estimate
Let us associate with (4+t/) the Green operator (A+¢/)"! = G, which is an
operator with a kernel G (z.y) = G, (y). such that

f&)={&@yXAﬂnf@My (4.1)
for all z€() and for all f €0(A). It follows that
- FAC)
WGiellpxn = /2880) TCA+E1)] ey («2)

Therefore, there exists a positive constant £ such that ”G‘;,”ng, =<=C Aisan
isomorphism from D(4) continuously imbedded in H™(f)) into L 80); hence, the
eigenvalues of A form a nondecreasing sequence (A;);en. tending to +~ at
infinity:

D<K\ sXp< - - <)\ - -
(each eigenvalue repeated according to its multiplicity). Let (p;);en be an ortho-

normal and Hilbertian basis in L%{Q)) of eigenfunctions associated respectively
with the eigenvalues A;. For z and y in ? and for £ = O we have

G, = io (A +) ()P in LED). (2.3)

Let us now consider the operator (4+¢/)% which is selfadjoint also. If we denote
by g:-(v) its Green's kernel, we have for all z€f) and f €D({A+t/)¥):

A AT A e e e -+



J(z)= { Pes(2 A+t (2)dz, (4.4)
= £ (z)1
"’b"l,l(n) !wf(“lg‘m (A +tf)uf ”L'(ﬂ) : (4.5)
(Obviously, these equalities are analogous to 4.1 and 4.2.)
It follows from 4.1 and 4.4 that
Ge(®) = [1s(2)gua(z)dz. (4.6)
Moreover, g (Z) = g (2). Hence
ql(z) = lblt”fl‘nr
and, by 4.5,
- [f(=)|2
&(z) - :en?(‘.:gml) ((A"'tf)f -f )L.(ﬂ) ' (47)
Let us now write 4.4 for the eigenfunction g;:
(n+t) Hp(z) = {Fu (z)pi(z)de.
By Parseval's equality we obtain
Gute) = 5 LELEW) (4.8)

i=0

A local estimate of the Green's kernel is obtained in Baouendi-Gaoulouic by prov-
ing the following results:

a. Bebavior of the Green's kernel outside the diagonal. For each compact
Kcx0) that does not intersect the diagonal, the function t-’(’suﬁx 1G(z.y)].
which is defined for ¢ large enough, decreases rapidly when ¢ tend"s' to +e.

b. Compearison of Green's kerneis of two operators having the same symbol.
Let 0, be a smooth open set such tuat zeQ,cl}, cl. Let us denote by GL the
Green's kernel in z of the rcahzation in L%(();) of the Dirichlet boundary value

problem in {}, defined by A
In each open set 0, such that {};c{},, the function t-gg‘g |G (y) - GE(y)|

decreases rapidly when ¢ tends to +.
c. Asymptotic estimate of the Green's kernel on the diagonal.
THEOREM 4.1. For all z€f), ‘l_i.r&t"“’z"‘q,(z) = i (z) with
U(z) = (2m)™ £ (1+A(z .£))d¢,
where A(z .£) is the symbol of the leading purt of A
This theorem is known for operators with constant coeflicients. The general

result is established by comparison of A with A(zq.D), which has constant
coefficients: the coefficients of A that are "frozen" in zp.

From 4.8 and Theorem 4.1, we deduce the following.
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THEOREM 4.2. Ffor all z<(),
lime /3 5 (0 +£) 7 py(2) 12 = L),

¢x0
Moreover, for z # y, z€0), y€Q. the function t ) (A +t) ¢, (z)p:(y) decreases
1=0
rapidiy as t tends to +o=.
We then apply to Theorem 4.2 the following Tauberian theorem.

THEOREM 4.3. Let ¢ be an increasing function from R' into R, a a real number in
(0.1). and c a positive number. If

]()\+t ) 'do(A) = ct?t + o(£27)), ast++m,
()

then

A% + 0(A%) as A=+,

U(A) =r SILM_
&

If we choose a{A) = 2 |gi(z) |2 we obtain the following theorem.
A=A

THEOREM 4.4. Forall zef), yell, z # y.
LmA~(n/2m) S o () (y) = 0.

Avte AjEA

4.2. Global Estimates
We now suppose that D(A4) is continuously imbedded in #°™({1). It is possi-
ble to obtain the asymptotic behavior of f G(z.z)dz.
0

THEOREM 4.5. There erists ¢ > 0 such that for all z€Q), t = 0, f €D(A%),
|f ()12 ctin/2m=t ([ akp |2, 0+ 1] [1Zeg))
It follows that
{n/2m)-1
s:%ng |G(z.z)| s ct ) (4.9)

Integrating and using Theorems 4.1 and 4.2, we have
l[rnt"(“’z"‘)fﬁ (z ,z)dz = ‘hr*ntl—(nIZvn)Z()\”,t)—l = fl.(z)dz.
0 e i=0 0

f ot
Applying again the Tauberian theorem, we find
LmA /22 N(A) = h(m,'n.)fl(z)dz as A-++wm,
0

Avtew

with

This is equivalent to
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Aj~ci®™/® with ¢ = [h(m.n) [I(z)dz]"?™/" as jo+w.
0

5. The Max-ilin Principle

5.1. The Classical Formulze
We suppose that the hypotheses of Section 1 arz satisfled. Let
My, pp.. ... denote the nonincreasing sequence of the eigenvalues of & = 47!
(which is selfadjomt positive, and compact). We suppose that each eigenvalue is
repeated according to its multiplicity. Let ¢,.¢2, . . .. . be an orthonormal
system of associated eigenfunctions. Let us denote by WP the subspace spanned
by the first p eigenfunctions {¢,.....¢,}. and by F, the set of all p-dimensional

subspaces in H.

THEOREM 5.1. The eigenvalues af B are characterized by
Buu) = Bu,u) = su inf (Bu,u
Hp = S0P (Bu.u) = (Buu) = sup u "&( ).

' e

This theorem implies an analogous theorem for A which is an unbounded opera-
tor. The eigenvalues of A are A, = p;".

3;-19' -1 ueé

THEOREM 5.2. The eigenvalues of A are characterized by
Ap = in! (Auu)= snzxg inf (Auu)= suP(Au ) = E, sug(.&u ).

(4 2.3 - -
uluf'll p 1 1 u;' .11 '““_! P

PROOF. Let weD(4). Then (Av.w)= z.:)\‘(v @) When weWi,,
()= EM(‘U ¢ )%= A,E(u @¢)® (because the (A\p).-y are nondecreasing).

When H'ull- 1,i.e., 2(0 vt)z- 1, we obtain
i=1
inf (Avv)=2A,.

vEl__l
Hvifs1

By choosing v = ¢, . the infimum A, is reached and the first equality is proved.
In the same way, veW, implies (4vv)= 2)\‘(1;,%) < )\, (-u ¥:)° and
Sup (Av.v) < A\p. The third equality is then obtamed by taking v = ¢p

il
To prove the second equality, we notice that for all E,_,€F,_,, there exists

ug€ Wp such that uerp"..l and Jhugll = 1. Let cp = (uo.pp). We have up = 2::‘-;9,

i=]
and ici" = 1. Therefore

i=]

3 inf (Auou) < (Auug) = Phcds )y,
ix]

u(tp_,

and




su inf (Auu)s ;.
Ey ¥y, "“”""( )%
uct"‘_i
If we choose £, = W,_,. we obtain the equality
The fourth equality 1s proved analogously. For all £, €F,. there exists
ugE Wi, liugll=1; hence ug = 3 c;¢; and
txp
Sup (Auu) = {(Augug) = L A2 2 Ay
113 » i=p
buii=l
Therefore
irg{_ﬂ usnﬁ.x (Auu) =2,
fuli=1
The equality 1s obtained by choosing £, = ¥,

5.2. Other Formulations of the Same Theorem
DEFINITION. Let X be a compact set 1n H. The "p-wdth of K 1n H.,” which is
denoted by d,(X.H). is defined by
dp(K.H) = E:g;’ sup ;gg;ﬂu—fn-
This defirution has been introduced by Koimogorov {see, e.g., Boutet de Monvel

and Grisvard [1971] and Singer {1970]).

If X is an ellipsoid with diameters 6, (we suppose that §; 2 6z2 - - - ) and if
(#p )pen is an orthonormal basis in H. wnt%

K= !‘u = Za,:p,/zaf 6;25 1;.
then the following theorem holds.

THEOREM 5.3. dp(K.H) = 6541
PROOF. Observe that inf [ju~f|i=u—-FPgu.
sek, »

Pl
For all E,€F,, there exists u,cEfH,,, such that u,= 3 aj¢; and
i=1

p+l 2 2
Y afé;? = 1. Hence
i=1

sup jinf e =f 112 ipf Jus=f I = el = 6pen.

As above, the theorem follows from

6p+1 = SUP !lg,fr,liu f..zzig;p su ,lgxg’llu Jii20p..

by taking E, = Wp and u = 6p.419p41-
It is possible to characterize the eigenvalues of the cperator B = A~! by
means of this definition. Let

Kp =1Bflliflls 1) = ju'lldul' < 1}
Kpg is an ellipsoid:
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Kg-!u-Zaprp, Ea, 1< 1.

The diameters of Kp are the elgenvalues #p of B. The fellowing theorem is the
usual max-min formula written in a different way.

THEOREM 5.4. up = A" = dp_((Kp. H) with Kp = {Bf |{if I s 1§.

PROOF. If we write Theorem 5.1 for B2, we have
2 - - -
M1 = E’Utl‘ uE (Bfu,u) = suP (Bfu u) = stl.‘l? || Bu

ﬂull
uc" \ot"
Moreover, u is in Wgif and only if BueWg. Hence
= = nf Bu -
Hp +1 '2"2 [|Bull = "u,g 1 H Sl

)

< sup flg |Bu-f | = sg£ !'lg’llv-f I

=Z% sup oISl =dp(Kp.H).

The equality can be proved as above. Of course the eigenvalues of 4 can be
characterized in the same way: A;! = dp (L, . H) with L, = K, = fu |||Au|| < 1.

5.3. Consequences

COROLLARY 5.1. Suppose that the eigenvalues v, of a posilive and selfadjoint
operator T in H are ezplicitly known and that (PTu ) < (Av.u) for all ucD(A4).
Then vy < A,.
COROLLARY 5.2. Let EcD(B)and B = B|p. Let i1, be the eigenvalues of 5. Then
My < lp.
8. Application to Variational Probiems

Let (V.H.a) be a variational triple with V compactly imbedded in H. The
operator A associated mth this triple is positive, selfadjoint, and invertible, with
compact inverse; V = D{4%). Therefore we have the following theorem.
THEOREM 6.1. {Ap, )% = oy (L5 H) with

Ly=tucVijigbuls 1] = fueV|a(u.u) < 1)

8.1. Boundery Value Problems

Let us now copsider a variational boundary value problem: H = L3();
H(Q) C vC H™{(). Therefore

s XvcL oy iy,

where ¥ and 6 are positive constants of continuity and coerciveness for 2 and
where 1 denotes the unit ball of ¥ Hence
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S HHR (D coHVCL yoy RVCy ™ (D).

An estimate of the widths of HR()) and H™(0) gives a lower bound and an upper
bound for the eigenvalues of A. These widths have been computed by El Kolli

[1971].

THEOREM 6.2. Let [} be a bounded open set in R*, and let s be a positive real
number. Then

0 < lim inf p*/"d, (H3(Q), L3(D)) spllr&sup d, (H*(Q), LE(0)).

P ->d-

This theorem can be proved by means of the isomorphism between L%(T™)
and %, where T denotes the torus in R*, which, in turn, implies an isomorphism
between H™(T™) and lf_(a,,,n). where !Z@m/n) = {(2;)EN*/ Y52/ maf < 1}. We
have an ellipsoid whose widths in I? are known. Using the isomorphism, we
deduce the result for the torus. Moreover, there exists a continuous linear
extension P from H™(Q) into A™(T") such that RP = /| gm(y Where R is the

restriction to Q. Therefore, Ag* ~ cp™™/*,

THEOREM 6.3.
0 < lim inf p~®™/®))\, < lim sup p ®#™/ "), < =.

D 4o Pt

6.2. Consequences

Let us consider a variational triple (V,H,a), and let us denote by N(A,V.a)
the number of eigenvalues A, (defined by Theorem 6.1) less than or equal to A.

Under the same hypotheses as above, we have
N(A V.a+t) = N(A—t,V.a) forall teR

N(AVita) = N(t7IA,V,a) for all tcR,.

COROLLARY 6.1. If (V.H.a,) and (V.H.az are two wvariational triples such that
a,{u.u)<ay(uu)for all ucV, then

N(\V.az) = N\ V.a,).
COROLLARY 6.2. Let (V;.H;.a;);c;cn be a sequence of variational triples for which
there erists c >0 such that a;(u; w;) = c |hy||f, for alliel, eV, Let
H=fu = (w)ierlweH: fullf = Yhhwllg, <=
i

V=ju = (whealwel: aluu)= ;aa-(ui.ui) < e},

The triple (V.H,a) is a "variational triple” and
N(Av.a) = Y N(\v;,a;) forall A>0.
T

Let 1 be an open set in R* ({? is not necessarily bounded), and consider a
“variational tripie” (V(2), L% ),a) where V() is a “weighted Sobolev space.” Let
us denote by V¥({)) the completion of C5°({2) with respect to the norm of V(Q).
When wc), V() is the set of the restrictions to w of clements of V().
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COROLLARY 6.3. Let 0, and (), be two disjoint open sets in Q such that {J,;U{l, = 0.
If Vo(0)@V(Qz)c V(Q) and VH{Q,) + VH(Qz)2VX(N), then

NOLR(Q).2) + NALTO(Qg).a) < N(A, V(D).a)
< N(AV1(Q).a) € NAVHD,).a) + N(A, VH{D).a).

7. Example: Eigenvalues of Operators of Schrodinger Type

For further information on Schrédinger-type operators, see Reed and Simon
[1978], Rozenbljum [1975]. and Fleckinger [1981].

Let Q = R* (n = 1), and let a be an integrodifferential form on A!(R*) which
is Hermitian and continuous:

a(uw)= fb(z)(VuVi + uv)dz
[¢]

with b uniformly continuous and positive and bounded away from zero. Let g be
a positive and continuous function on R* tending to += at infinity and such that
for all £ >0 there exists 6 >0 such that |g{zx)-g(y)| <¢cg(z) whenever
z—y | < 0. When QcR®, let V() be the completion of C5' () with respect to the

norm
lligo = 13 125202 + g (@) lue) Flaz

i=]
The space V,°(R") equippe< with this norm is a Hilbert space, and the imbedding
of V7(R*) into L?(R*) is compact.
Moreover, when wCR®, we can define ¥ (w) as in Section 6, and Corollary 6.3
can be applied.
Let 4, be the realization of the variational problem (V(R"), L3(R"). a+g).

REMARK. When b(z)=1, Ag=-A+/+g =-A+YV is the usual Schrddinger
operator.

We deduce from the compactness of the imbedding of VP(R®) into L3*R")
that the spectrum of 4; is discrete.

THEOREM 7.1. If [b(z)*/?dz = +w, then
i

NOAARMED ™o [ b(E)3(A-q(z))*/%dz as A+,
{zeR [g(x)<A]

where wy, is the volume af the unit ball in R™.

ProOF. We consider a partition of R® into nonoverlapping cubes ( Qt)gsm with
centers z; and sides 7. By Corollary 6.3 we have

Y NAVAQ)a+g) s N(AA R <. Y NAKHR).e+g). . (7.1)

e (e )
Let Oy = {zeR* g (x) <A}, J = {¢€Z* | @) # ¢} and ] = {¢€Z" | §,ch). We sup-
pose that g is such that [), is a "Jordan contented set” with meas (8(},) = 0 and
{b (z)*/2%dz <7, f b(z)*/ %z for some ¥, > 0.

q
A

¥4 ¥

It follows immediately from the max-min principle that N(A, V@), a+g) = 0
when ¢£J. Therefore 7.1 can be written as follows:
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(ZIN(A. VHQ)a+g)s NAA R =< (EEJN(A. V@) a+q). (7.2)

On each cube we compare a +g with an integral form with constant coeflicients:
((ae+gpu ) = {(b (z)VuVE + (g(z¢)+1)uv)dz.
¢

We deduce from the hypothesis on & and g that, for all € > 0, there exists n > 0
such that [((a+g)u.u) — ((@a;+g)u.u)| < e((a+g)u.x). Hence, by Corollaries
6.1 and 6.2, we have

(e
N(A g.) is the number of exgenvalues less than A of the operator
zfs - +I$ + g(z;) defined on the cube @, with Dirichlet or Neumann
boundary conditions, and it is easy to prove that

[IN(LVE(Qo)aptge) = (2m) T 0, b (2 )™ ™ (A—q ()72 < yo(14AP-1/2)(7.4)
By choosing 7 = A"4" and by letting £ tend to 0, we obtain Theorem 7.1.
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Appendix: Variational Boundary Value Problems
A1 Definition
A "variational triple" (V.H.a) is defined by
i) Two Hilbert spaces V and A such that
» V is continuously imbedded in A.

Vs dense in H.

ii) A sesquilinear form a(, ) which is continuous and coercive on V; i.e., there
exist two positive contants ¥ and § such that

a(u,v) < dlhlyijvlyfor all (uw,v)eVxV
le(uw.u)| = yllulf for all ueV.

We have V € HC V. By the Lax-Milgram Theorem, it is possible to define an iso-
morphism 4 from V onto V' by

<AL, T>pxy = a(u,v) for all (u,v)eVxV
Thus, A€l{V.V"). A can be considered as an unbounded operator in H with
D(A) = fucsViAueH].
A2 Examples: Boundary Value Problems

Let [ be an open set in R* (n = 1) and set # = L2(). The following varia-
tional problems will be studied.

1. V= Hi(Q): o (uv) = f(ub+ —a-u——'?i)dz. By Green's formula ({or
n i=1 0% ox
integration by parts), it is easy to see that

a,(uv) = [(ur - (bu)p)dz = (J-B)u.v) = (4u,v)
n
for all veHd (D) = V, and for all ucH3(Q)nHE(Q) = D(A4,). Therefore we have
associated the differential operator A; = /—A with Dirchlet boundary conditions
and D{A,) = H¥Q)nH{ (Q) with the "variational triple” (F4 {Q). L¥ Q). a,).

2. 0 1s bounded, and ¢ is a function that 1s equivalent to the distance at the
boundary. (For example, when {1 is the unit ball in R*, ¢{z) = 1-|z |2)

Vo= fueH |VgDueH, i = 1...n|.

ax{u.v) = f(quvVﬁ + uv)dr.
0

The associated differential operator is 4; = / ~div(p grad), which is an extension
of the Legendre operator.

3. 0 is unbounded, and g is a positive function tending to +e at infinity.

Va{(1) is the completion of C5(Q) with respect to the norm
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Iy, = ({(2 |D |2 + g(z) |u(z)|Ddz ¥

i=1
as(u.u) = [ulif,

As = —A + q is the Dirichlet Schridinger operator.

A3 Properties
1t is obvious that if the imbedding «f V into H is compact, then the imbed-

ding of D(A) into H is compact too.

PROPOSITION 1. The operator A is selfadjoint (resp., positive and selfadjoint) if
and only if a is Hermitiar. (resp., positive and Hermitian).

The proposition follows from the fact that D(4°) = jueV]jv-+(4 ,u) is con-
tinuous on D{4) for the norm of H}.

REMARK. When 4 is a linear operator in the Hilbert space H with D(4) continu-
ously imbedded in A and dense range, we can define the variational triple
(Vi H.a,) where V, = D(A), and a,{u.v) = (Av,Ar). The operator associated with
this “triple” is A%.
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ASYMPTOTICS OF EIGENVALUES OF VARIATIONAL ELLIPTIC PROBLEMS
WITH INDEFINITE WEIGHT FUNCTION

J. Fleckinger®
H. El Fetnassi

Abstract

This paper is concerned with spectral theory of "right non-definite” elliptic boun-
dary value praoblems, i.e., Au =Agu on OcR®, with Dirichlet homogeneous boun-
dary conditions, when g changes sign. Asymptotics are obtaired for the eigen-
values in two cases: 1) when @ is bounded, and 2) when Q] is unbounded. In case 1,
the usua] Weyl-Courant estimate is generalized; in case 2, the de Wett-Mandl for-
mule is extended for operators of "Schrbdinger type.”

1. Introduction

Since the beginning of the century, a vast amount of research has been car-
ried out on elliptic problems with indefinite weight function in the one-
dimensional case. Until recently, however, the multidimensional case has
attracted less attention. The first paper we know of on the subject is by
Holmgrem [1904]; it is concerned with the Dirichlet problem on (), a bounded
domain in R% : Au + Ag(z.y)u = 0. In this case there are an infinite number of
positive and negative eigenvalues. Holmgren proved that these eigenvalues can
be defined as the solutions of a problem in the calculus of variations, exactly like
the well-known Courant-Fisher result when g is positive.

In 1942, Pleijel [1942] gave an estimate for these eigenvalues; he improved
the Weyl-Courant estimate on the asymptotics of the number of eigenvalues less
than A [Courant and Hilbert, 1953; Weyl, 1911]. Two years later Pleijel studied
the nature of the spectrum for a Schriodinger problem: +Au —qu + Agu =0
when g is positive and when (] is not necessarily bounded [Pleijel, 1944].

More recently, Weinberge.r [1974] established the variational characteriza-
tion of eigenvalues for abstra:t problems whose right member is not necessarily
definite. Also, Manes and Micheletti [1973] applied Weinberger's results for the
homogeneous Dirichlet boundary value problem

(1.0) Au=Agu on}; u/g=0

When g changes sign, [ is bounded, and A is an elliptic operator of order 2,
Manes and Micheletti prove the “max min" (“"min max") principle for the positive
(negative) eigenvalues. Similar results were given in the de Figueiredo [1982]
survey paper. Recently, Lapidus [1984] improved Pleijel’s results on the asymp-
totics of the number of eigenvalues of the Laplacian when the weight is not
necessarily smooth.

In the last decade, the eigenvalue problem (1.0) with an indefinite weight
function has been intensively studied, primarily as a result of its connection with
the theory of semilinear elliptic boundary value problems (see de Figueiredo
[1982] and the references there). Nevertheless, most of this work has focused

¢ Permanent address: Labaratoire Analyse Num. VER MIG., Univ. P. Sabatier, 118 rte. de Nar-

bomme, 31082 Toulouse-Cedex, France. The euthor wishes o thank Argonme National Laboratary for

int: hrpiul;‘uf{ during the Workshop on Spectral! Theory of Sturm-Liouville Differential Operators,
y-June 1964,
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on establishing the existence of a positive principal eigenvalue.

Our goal here is very different. This paper is devoted to the asymptotics of
the number of eigenvalues of the variational problem associated with (1.0) in two
cases:

1. When Q is bounded and A is of order 2m (we generalize the earlier
papers of Pleijel and Lapidus).

2. When () is unbounded and when A = L + g is an operator of "Schrodinger
type."

In the one-dimensional case, when A is degenerate, asymptotics are given in
Kaper, Lekkerkerker, Kwong, and Zettl [19847.

Notation. The following notation is used throughout the paper:
» H™(Q) denotes the usual Sobolev space of order m.
» When a = (a,,....a, )EN™, D% is the derivative of order |a| = a;+...+ay:

pe = glal
ozt - - - 8z

» The norm in A™(0) will be
ellgmy = (T 1D*u(z)[2dz )
0 jalsm
«(,) is the usual inner product in L3(Q)) .
We will now give more precise results.

(1.1). Let 0 be an open set in R* and A a formally selfadjoint elliptic operator of
order 2m, defined on O A= Y, D%asD"). where a.5 = &5,EL%(Q) when

|a+B]<2m and a,scC%{l) when lcl:-'f»’?l‘ =2m.

Let us denote by D{4) = fueL?(0)/ AreL?();u/ on = 0} and by A, the posi-
tive selfadjoint and unbounded realization in L%{Q) of the homogeneous Dirichlet
boundary value preblem associated with A

(1.2). We suppose that the embedding of D{A) (equipped with the norm graph)
into L3(N) is compact.

(1.3). Let g be a continuous function on {), which changes sign. Let us denote by
0, ={zel/g(z) >0} and Q_= fze/g(z) < 0]. We suppose that Q.| >0 and
|Q_] > 0 where |- | denotes the Lebesgue measure.

We study the spectrum of the boundary value problem
= on{), ueD(4
(P) foy o 0y “w
We first prove that this spectrum is discrete. It consists of two countable
sequences (one positive and one negative) of eigenvalues, tending to infinity:
LENHSAN S SASA<O0sAfSM s =AM <Af s
We write the "max min” and "min max" formulae and then estimate the
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asymptotics of N*(A\A,9.00) where N*(AA4,9.00) [N-(A.Ag.0)] denotes the
number of positive (negative) eigenvalues less (greater) than A.

Under suitable assumptions on the regularity, we prove the following esti-
mates:

1. When [} is bounded and A is an eliiptic operator of order 2m such that
HZ™Q) D(A) H?*™). then

(1.49) N*(\Ag.0) '-[(Ay(z))"—"" falz)dz, A-+w,

where u'4(z) is the usual "Browder-Garding" density:
#a(z) = (2n)™ meas {{ER*/ A(z.£) < 1}.
A(z .¢) denotes the symbol of the leading part of A

(L5) N-(\Ag.0)~ [ (Ag ()2 p(z)dz, As—w.

REMARKS
1. We notice that in {1.5), A and g(z) are negative; hence Ag(z) is positive.

2. It is very easy to deduce (1.5) from (1.4) because Au = Agu can be written
as Au = (=A)(=g)u. This remark will be used throughout the paper. All results
proved for positive eigenvalues imply analogous results for negative eigenvalues.

3. Both (1.4) and {1.5) can also be written
2
N*AAg.0) ~ [ (g ()™ palz)dz, Ao

where g.(z) = max(g(z),0). and g _(z) = min(g (z).0).

Of course, when g is positive {i.e., |R_] = 0), we have no negative eigen-
values, and we find the usual ''‘Browder-Garding'' estimate where N*(A A.g9.Q) is
usually denoted by N(AA.9.0). When g(z)=1, we write N(A.A4.0) instead of
N(AA 1D or N*(AA,1.07). Hence, (14) and (1.5) extend earlier estimates
[Browder, 1953; Courant and Hilbert, 1953; Fleckinger and Métivier, 1973;
Garding. 1953; Lapidus, 1984; Manes and Micheletti, 1973; Métivier, 1977, Pleijel.
1942; Reed and Simon, 1978, and Weyl, 1911].

2. When [? is unbounded, we assume that 4 1s an operator of "Schridinger type,”
i.e., A =L + g, where L satisfies (1.1) and (1.2).

(1.8). g is a positive and continuous function defined on (). tending to += at
infinity.

B
Then, under suitable hypothesis, a) when fng 2m < =, (1.4) holds; and when
fg"’a"‘ is infinite:
0

.
(17 AL+ 39D~ foc qm e HLEN(E) -iz))*dz, Avsm
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. I
(1'8) N-(A-L + 9.9.0) ~ J;,‘n_,'(,) < Mg (®)j 753 (z)(M (:)ﬂ(z))hdz- A+—w,
Again, we notice that (1.7) and (1.8) can be written as

B
NOL+9.9.0~ foenqm crpuen HLEIAL(2) —(z))™dz, Asze.

Both these formulae generalize de Wett-Mandl asymptotics of N(A,—-A + ¢ F*)
[Courant and Hilbert, 1853; Reed and Simosn, 1978; and Titchmarsh, 1958) and its
later extensions for N(A,—A + g.0) [Rozenbljum, 1975] or N(ALA=L + g.0)
[Fleckinger, 1981]. (Of course, we write as above N(,A.(1) instead of N(A.A4,1.0).

2. An Abstract ** Max Min Principle **

To prove the above estimates, we first write a variational characterization of
eigenvalues for an abstract problem. Our proofs in this part are almost the
same as in Pleijel [1942], Weinberger [1974], Manes and Micheletti [1973], and de
Figueiredo [1982].

{2.1). Let H be a separable Hilbert space with inner product ( , ) and norm || [[5.

(2.2). Let us now consider a "variational triple” (V.H.a) where V is dense in H
with compact embedding and a is a Hermitian continuous and coercive form

defined on V:
da>0 |a(uv)] <alullyivily v(uv)evxy

38>0 a(uwu)=fullp vucV

We associate to (V,H,a) the operator A which is linear, positive, selfadjoint, and
unbounded in H, with compact inverse: V = D(A%) and

vuecD(A} YveV af(uv)= (Auv).

(2.3). C is alinear and selfadjoint operator in H which is "4 bounded,” i.e.,
y>0, |(Cuu) <yaluu) YueV

In this part we are concerned with the abstract variational eigenvalue problem
to find (A u)eCxH st.

(2.4) Au=ACu wucV

It follows immediately from the assumptions (2.3) that 0 cannot be an eigenvalue
of (2.4) and that a defines an inner product on V; hence, using the Frechet-Riesz
representation, we prove the following proposition.

PROPOSITION 1. The operator T definedon V by
(25) (Cuv)=a(Tuv) Y(uuv)eVxV

is linear and continuous in V.
This is a simple consequence of {2.2) and (2.3):
BliTullf< a{Tu,Tu) = (CTuu) < ya(u,Tu) < ayl|Tuviu|ly
and then
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| Puily = %Iu”v YueV
(2.6). We suppose that 7T is compact.

Indeed, we note that formally 7 = A”'C and hypothesis (2.6) will be
satisfied, for example, when C is bounded. Moreover, T is "a-selfadjoint,” i.e.,
selfadjoint on V equipped with the inner product a( . ):

a{Tuv)=a(u.Tv) Yiuv)eVxV
Now we introduce the eigenvzliue problem.

(27) Tu =puu wucV We can apply to T the usual spectral theory of selfadjoint
compact operators in Hilbert spaces.

PROPOSITION 2.
i) T has no continuous spectrum ezcept, possibly, at 0.
) The eigenvalues of T are real.

i) If u, and u; are two distinct eigenvalues of (2 7) with ¢, and ¢; the associ-
ated eigenfunctions, then a(y;.p;) = 0 (¢; and ¢; are "a-orth.oganal"}.

i) The spectrum of T (except, possibly, 0) consicts of two countable sequences
of eigenvalues (one positive and one negative) tending to 0:
WSy <pu, < <0s  sw<sus sut<syt
The a-selfadjointedness of T implies i) and ii1): If 7u = yu, e{Tu.u) = a(u, Tu)
implies that u 1s real and if Tv = vv, we obtain {u—v)a(uv) = 0.
To prove 1) and 1v), we use the following lemma. which is a consequence of
the T compactness

LEMMA 1| There ezists a non-zero function ¢ €V for which
+
My = sup (Cu,u).

o(u.u)=]

Then T¢i = plel

Let us take the restriction of T to the orthogonal complement (for the
inner product defined by a) of the linear subspace generated by ¢;. We obtain a
selfadjoint and compact oper:tor and hence

u3 = su Cuu).. .
UE
a(u.pyl=0
a(u,u)=1
(2.8) u,f = sup (Cu.u).
a{u.p})=0.1€h1.. -4
a(u u)=]

In the same way we can prove that

(28) pi= f  {(uu)
s(u.u)=+1
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Let us denote by pf the associated eigenfunctions such that a{gf.¢f) = 1.

PROPOSITION 3. The eigenvalues of (2.7) are characterized by the variational
incinle

(2.10) ut,, = inf su
> ‘J‘{’ ;‘f,?
where A; denates the set of all j dimensional subspaces in V:

- - , {Cuu)
”'Jn-g::‘ég ?é? a(u,u)

(Cuu)
a(u

)

+
Let E;€A; . and choose u = :gl Cj¢; such that u is orthogonal to E; for the

+1
inner product associated to a. We suppose that a{u u) = ,Z: CF=1.
k=1
i +1 +1
() =Y w Fsutn B =uin

k=] 'T3]
and
(Cu.,u) +
2‘{.'2 a(uwu) = His1-
We obtain the equality by taking E; the linear subspace generated by g;.....¢,
and u = ¢y,
We notice that the eigenfunctions of (2.4) are eigenfunctions of {2.7) with
A= 4—1‘- the associated eigenvalues.
Let us denote by wf(V.a), in place of 4. the "min max” of (Cu,u)/a(u.u)

introduced in 2.10. We deduce from Proposition 2.3 the following corollaries
which we will use throughout this paper.

COROLLARY 1. If (V,.H.c) end (Vp.H.a) are two "variational triples” with V,CV;,
then
ut(Vie) s uf(Vpa).

COROLLARY 2. If (V.H.a,) and (V. H.ap) are tws "variational triples” such that
a,(uu)<az(uu) YucV, then

4 (V.ap) = uit(V.ap).

3. Application to Boundary Value Problems Defined on Bounded Domeins

(3.1). Let ) be a bounded domain in R®. We consider on (0 the variational eigen-
value problem:

(P) Au =A\gu on ), u/ =0,
where A and g are satisfving assumptions {1.1) to {1.3).

We will apply the previous results with A = L3%)), C defined by
Cu(z) =g(z)u(z) and V= HE(()), where HJ'(Q1) denotes the completion of
C5(Q) for the norm of H™. We will denote by a(, ) the integrodifferential form
defined by a(u.v) = (Awv) YucD(4) YveV= HP{Q) and problem (P) is
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studied in its variational formulation:

(3.2) a(uw)=Afglz)uz)T(Z)dz YveHR Q)
Q

THEOREM 1. We suppose that hypotheses (1.1) to (1.3) and (3.1) are satisfied.
Under these hypotheses, (P) has a purely point spectrum. It consists of two
segquences gf eigenvalues, one positive and one negative, tending to infinity:

: Skj‘i.lSAj_S SA{SA;(D
<A sM=s - sAN=Aags LA 0 tejag.e.

Moreover,
. U
A‘J":H = 7-'2{ d
Eeh wempin alu.u)
uLEj

where ( , ) denotes the usual 12(Q) inner product and A; ine set of j dimensional

subspaces of HF (1)

SU inf A ,

E',fg seHPO) a(u .u)
'uLE,

ANy =

and estimates (1.4) and (1.5) hold.

Proor. The first part of Theorem i follows immediately from the former abstract
theory. Hence we have only to prove the estimate on N*(A,4,9.0).

. When g is positive, this estimate is well known [Weyl, 1911]. We deduce
(exactly as in the positive case) from Corollaries 1 and 2

(3.3) A (g.0)sAf(9.2) if QcO
(3.4) A{g.)=At{g,.0) if g,=g

where Af{g.Q) denotes the jth positive eigenvalue of (3.2). These inequalities
are equivalent to the following:

(3.5) N{AA.g9.0) < N(AAg.Q) when QO

(36) N(AA g, M=<NAAg.Q) when g,<g.
Let us denote by g, = max(g.0): g. 1s non-negative on {Q, and it follows from
(3.5) and {(3.6) that

Ye>0 NAAG.Q)<N'AAg.D)<sNAAg.+e0).
Let us denote by

e(g .QA) = g(A) = AB™ nf (g(x))%™ w,(z)dz.

+

The function g being positive on Q,, we have N*{A\ 4.9.0,) = N{A.4.9.0,). and
(3.7) Aln;n ¢ HAN(AAG.D) =1,

The same limit holds for ¢ ~!(g.+£.QA)N{A.4.9,+£.0). Hence,
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Ye> 0, p '(AN(AAgG.NL) S e (ANH(AAG.Q)

< (¢ (A)p(g + +£.0A))p g 4 +2. QANN(MA g . +£.0).

By letting £ tend to 0 and using Lebesgue's theorem, we prove that
¢ 1{A)e(g . +£.00)) tends to 1. We notice that ¢(g,.Q.A) = p(g .0, A). By letting A
tend to +=, we have (3.7).

4. Application to Operators of Schrodinger Type
We now suppose that {) is unbounded in R*.

(4.1). Let g be a positive and continuous function defined on R*, tending to +=
at infinity.

(4.2). Let L be a differential operator of order 2m defined on Q satisfying
hypothesis (1.1).

(4.3). Let g be a continuous function defined on {2, such that g(z)q~!(x) tends
to 0 at infinity.
We consider the variational eigenvalue problem

= (L = [94
@ /m(=0+9)‘u Agu on .

To obtain estimates (1.7) and (1.8), we will apply again the results of the second
part and work exactly as above. First, however, we trite the estimate
N(AL + q.9..0). This study is divided in three parts. To begin, we discuss the
right definite case and the right non-definite case when f g"/® = . Then we
give the estimate when f g™/ P < . We now suppose that the following assump-
tions are satisfied:

(4.4). There exist two positive numbers £ and A’ such that for all 6 > 0,
g.g9.+6 and a,e (with la + 8] =2m) can be extended to
7 = j[zeR*/ dist(z.0),) < go} and

weeloto[. YAZ A I vns g,
|z—y |<Vnr'n. Then
lg(z) —9(y)| = eq(z)

lg{z) —g.(¥)| =](g(z)+5)]

[2ap(Z) — aap(y) | < £lags(z)].

(4.5). For any positive number A, O = {zefi/g(z) <Ag(z) is a Lebesgue
measurable set and A" 2 A’ 2y, > 0 such that %Q < 7[Q, 2] for all A= A"

where
[fn] = ‘[ g (z)dz.

A

(4.8). We consider a partition of R® into non-overlapping cubes ( Qt);ezn with side
7 and centers ;. We suppose that
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EEJI g?/zm
¢ "
2 9?/&; *0pe VAZ A",
ted

where g, = g(z,) . [ = €T/ Q] and J = {£(cZt/ Q,nDh = $3.
(4.7). We suppose that there exists ¥, > 0 such that, for all

ocf, (Lu.u) > ylulfn,, Yued™(w).
where L 1s the leading part of L. We note that (because of 4.1) when A > D,

Qs = (€0 = {20,/ g(z) < Ag{z);. We first give two results when fg"’z”‘
is infinite.
A The Right Definite Case
(4.8). We suppose that g{z)=6 > 0. Let us denote by ¥ () the completion of
Co(Q2) with respect to the norm

“7‘”:'(0) = Uiu“}'zfm(n) + (‘I'Uv-u)]”
W {Q) 1s a Hilbert space, and we deduce from {4.1) the following proposition.
PROPOSITION 5. The embedding ¥(Q) into L3((?) is compact.

This proposition is a consequence of the usual criterion of compactness for
unbounded domains. We have

2 __1__ 2 0
helifeoe) <522 702 n/,; qu? (z)dz < e(R)Ihe iy -

where 0'p = {z€)/ |z |>R| and £(R) tends to 0 when & tends to +oo.
We now prove the following theorem.

THEOREM 2. When the hypotheses (4.1) to (4.8) are satisfied, and if fg"’z'" is
[$]
infinite, then

n
N(\L+g.9.0) ~ S Ki(z) (\g(z) - (@) dz A+ie
O\ =lzelly g(z)<Arg (z)]
This estimate hold, for example, for
(A + (1+1z]9)u = A(i+'2!H)*u on R
Theorem 2 will be proved in Section C.

B. The Right Non-definite Case

We do not further assume that g is positive. We will obtain estimates (1.7)
and {1.B) as in the third part. Ve apply the results of the second part with
A=L*); V=W({). The Hermitian form a is defined on WF(Q) by
a(eu)={Lluu)+(quu) The operator C is defined as previously by
Cu(z) = g(z)ul{z). We note that (2.3) follows from (4.3).

THEOREM 3. We suppose that hypotheses (4.1) to (4.7) are satisfied. When
[g™/?™ is infinite. estimates (1.7) and (1.8) holc:
n

ey nre e
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N*(\.L+g.9.0) ~ b{ u'(Ag = @)™, At
'+

PROOF OF THEOREM 3. The estimate (1.7) holds when g(z) = §>0. We deduce from
Corollaries 1 and 2

NAL+g.9.N<NAL+g,9.0)< N(AL+g.9.+6.Q)
and the estimate follows as in Section 3 by letting 6-+0.

C. Proof of Theorem 2
The proof of Theorem 2 will be almost th2 same as that given by Fleckinger

[1981]. We will use the two following resuits:
PROPOSITION 5. There exists two positive numbers C' and C" such that
C’)\"’e"‘[ﬂ;\] < ¢(A) < C"An,m[QA]
where
p(A) = Jur(Ag—-g)™/*™.

PROOF OF PROPOSITION 5. The upper bound is obvious by use of (4.7). It follows
from (1.1) that w';(z) = C > 0 and

AN=C n/2m,
#(\) fmw A, reiepo D

By use of (4.5) we have the result. :

When c?! ({} has been introduced in (4.4)), let us denote by #'(w) the res
triction to w of elements of ¥(}), and by N*(A\.A.g.0) [ N (A\.A.g.w)] the number
of positive eigenvalues less than A of the variational probiem:

Av =(L+g)u = \gu inw, ueW(w) [ueh(w)]
PROPOSITION 8. [f w, and w; are two disjoint open sets in w such that ©, UG, = B,
then
N*(AA.g.w) + N \A.g.o2) s N*(A\Ag.0)

< N{ (MNA.g.w)s N (AA.g.0,) + N (MA.g.w2).
This is a simple consequence of
W ()W (w2)C F(w) and WH{w)CH (w))BW (w2).
¥hen ¢(£J., Ni(AAg.@) =0 because Ar—g <0 on &, It follows from this
remark and from Proposition 6 that

(4.8) chN*(A.A.g Q) s N*(\Ag.D) s c%zv: (NA.9.Qp).

On each zube we compare A with A, = Ly + g, and g with g,, where r, = r(z,) and
= +8 A - ¢ ¢
= ) au{z,)D**P. It follows from interpolation inegualities and from

lal=|g|=
(4.4) ?.hat fg;‘ all £ small enough, there exist 7 > 0 and C > 0 such that, for all
e€eJ

(4.9) |(Auu)-(Aw.u)| s e(Aw.u) + -C-ES-:;—”"— e
(1
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We know that there exist a positive constant C; such that for all ¢

n-1

(4.10) |N(AA.9..Q) — p(AMO | s CAge) ™
with

P
(411) oA = | @ | (Age — g0 %™,
where pu; = p,'L‘.
D S,
The same holds with N,( - ). Choosing £ =X 2™-1) prove that

(4.12) sup ¢‘1(A)§I¢((l—s)f\ - C—z;—;m—.c)al: A-soo.

We have an analogous result for the upper bound.

D. The Casefgl"z'“ < e,
]
THEOREM 4. We suppose that hypotheses (4.1) to (4.7) are satisfied and that
fg?’z"‘ < =, then
NAL+q.g. 0~ (Ag )™/ 2™, A+,
()

The proof is almost the same as that of Theorem 3. The lower bound is obvious.

For example,
(~A + (1+2%)*u = Az (1+2%)'u on Q = §(z.¥)ER?/ |y ] < 1].
If t =0, we apply Theorem 3. If ¢ <0, we apply Theorem 4.

Note: We have recently been told that some estimates can be found in Birman
and Solomjak [1973].
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A NONOSCILLATION THEOREM FOR SECOND-ORDER LINEAR EQUATIONS

S. G Halvorsen®
Man. Kam Kwong **
A B. Mingarelli}

Abstract

Let ¢:[0,=)+R ¢ not a.e. zero be a locally Lebesgue integrable function. We are
interested in the existence of real constants ¢ » 0 such that the equation
z” +cg(t)r =0 is nonoscillatory on [0,=). Applications to Bohr and Stepanof!
almost-periodic functions g are included.

1. Introduction
Let g: [0,=)~R be a locally Lebesgue integrable function and ¢ a real con-
stant. We consider the oscillatory behavior of the second-order linear

differentiel equation
z"(t) + cg{t)={t)=0, ¢t=0. (1.1)

Equation (1.1) is said to be oscillatory if any nontrivial solution vanishes an
infinite number of times. Otherwise (1.1) is said to be nonoscillatory.

For some potentials g(¢) it may turn out that (1.1) is oscillatory for every
c # 0. For example, g(t) = sint is such a potential. In fact (see Markus and
Moore [1956]) such potentials actually include the class of all nontrivial (Bohr)
almost-periodic functions having mean-value equal to zero (for definitions see,
for example, Besicovitch [1954]). An interesting problem is to discover classes
of functions that either have (cf. Halvorsen and Mingarelli [1984]) or fail to have
this property. Below, we give an example of the latter.

2. A Nonoscillation Theorem
THEOREM. et there exist positive constants M, T, € such that

[
tfrq (s)ds| < M (2.1)

Jorall te[nT,(n+1)T}andn = 1,2.3,...,
(rn+1)T ¢

S« jT g (s)ds)?dt < M2 (2.2)

nT n

Joreachn 2 1, and
mn+1)T

j;' g(s)ds < —¢ (2.8)

*Department of Mathematics, University of Trondheim, N.T.H., Trondheim, Norway.
*¢*Department of Mathemstics, Northern lllinois University, DeKalb, llinois.
1Department of Mathematics, University of Ottawa, Ottawa, Ontario, Canade KIN 8B4, The au-
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Jor all sufficiently large infegers n.
Then there exists a constant ¢ > 0 such that (1. 1) is nonoscillatory on [0,=).

REMARK. It is well known that if (1.1) is nonoscillatory for ¢ = ¢; > 0, then (1.1)
fe;nsgij:;s nonoscillatory for all c€[0.,c,] (see, for example, Markus and Moore
1 .

PROOF. It is well known that the nonoscillation of (1.1) is equivalent to the
existence, for some a = 0, on [a,=) of a continuous solution of the Riccati equa-

tion
r'(t) = —cq(t) —7(t), tefa.) (2.4)
which results from the change of variable r(t) = z'(t)/z(t) in {1.1). We will
exhibit such an r(¢) by choosing a suitable initial condition r(a) and then show
that the solution can be continued to one that is defined in [@,=). The continua-
bility is established by showing that r(t) is always positive.
Without loss of generality we may assume that T = 1. We choose

¢ = min§(0.01)& !, (0.01)cM~%. (2.5)
Let [a,8] denote the interval [n,n+1]. We first show that if
r(a) = 3cM, (2.6)

then r(¢) can be continued up to g and, furthermore, r(t) remains positive and
r(B) = 3cM. As usual, from (2.4), one easily derives the equation

r(t) =7(c) - ]cq (s)ds — }r'(s)ds. (2.7)

Use of (2.1) and (2.6) readily yields the inequalities
¢ ¢
2cM - [r%(s)ds <7(t) < 3cM — [cq(s)ds. (2.8)
a

Now suppose that r(£) = 0 somewhere in [a.8]. Let #; be the first zero. Then
:lg; ) > 0 for tefa, tg) and r(ty) = 0. Now the second inequality in (2.8) implies
t .

¢ to
jp' r8(s)ds < f [3cM ~ ]cq (s)ds )J2at

¢y t
<2 f[9c2M? + c?®( fq(s)ds)?]at.
a a
It follows from (2.2) and the fact that £g —a < 1 that

4]
Jr¥(s)ds < 20c2H2. (2.9)

The first inequality in (2.8) and (2.5) now imply that

r(to) = 2cM—20c2§2 > 0,

contradicting the definition of tp. Thus 7{¢) > 0 in [a,8]. The same arguments
as above easily lead to the following refinement of (2.9):
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}rz(s Yds = 20c2M2. (2.10)

a
Using (2.7), (2.5), and (2.3), we have
r(B) = 3cM + ce — 20c2M?

=3cH

as claimed earlier.
If, instead of (2.6), we have
r{a) = 3cM, (2.11)

using Sturm's comparison theorem or results in the theory of differential ine-
qualities (use of differential inequalities in the theory of oscillation can be found,
for example, in Man Kam Kwong and A. Zettl [1982]), we see that the solution of
the Riccati equation must lie above that which satisfles (2.6). In particular, if
(2.11) is satisfied, then r(¢) > 0 in [a,f] and 7{f) = 3cM. The possibility that
T(t) may blow up to infinity in [a,8] is excluded by the inequality

¢
r(t) <r(a) -fcq(s)ds <7r{o) + cM.

We can now complete the proof of the theorem by choosing 7(0) = 3cH so that
7(t)>0 in [0,1] and r(t) = 3cH. Induction shows that r(Z) can be continued

indefinitely on [n,n+1] and 7(¢) remains positive.

COROLLARY 1. If g is uniformly bounded on R and (2 3) holds, then (1.1)is nonos-
cillatory for some c > 0.

COROLLARY 2. If q is the restriction on [0,=) of a (real) Bohr almost-periodic
Junction on (—w,) with non-zero mean-value, then (1.1) is nonoscillatory for
somec # 0.

PROOF. Suppose that the mean-value of g(¢£) is » < 0 (If & > 0, we choose a nega-
tive ¢ .) One of Bohr's fundamental theorems states that [Besicovitch, 1954]

a+7

lim 3 [ g(s)ds = <0 (2.12)
Te= T %

exists uniformly in a. Thus there exists a 7 large enough so that
a+T
1

1
T .[q(s)dsszy.<0

for each a. This yields (2.3) for £ = (|| 7)/ 2. Since Bohr almost-periodic func-
tions are uniformly bounded on (—=,=) [Besicovitch, 1954], the conditions (2.1)
and {2.2) are certainly satisfied for suitable M.

REMARK. In fact, the nonoscillation of (1.1) with a Bohr almost-periodic potential
g implies that (1.1) is disconjugate on [0,=) (see Markus and Moore [1958]).

There is an extension of the class of Bohr almost-pericdic functions to a
class that inciudes functions that are not necessarily continuous. The generali-
zation we refer to is due to Stepanoff (see Besicovitch [1954] for definitions,
etc.). It is known that functions in the Stepanoff class S} are uniformly bounded
in the Stepanoff metric, i.e., for some L > Q.
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s+l

lalls = sup 7~ J la(s)las <= (213)

As in the case of Bohr almost-periodic functions, these almost-periodic functions
of Stepanoff admit a mean-value, as in (2.12), that is uniform with respect to a.
Since this is the case, it is clear from above considerations that (2.3) will be

satisfied for such functions. In fact the following corollary holds.

COROLLARY 3. If g€S7 is the restriction on [0,=) of a (real) Stepanaoff almost-
periodic function on (—e,=) with a non-zero mean-value, then (1.1) is non-
oscillatory (in fact, disconjugate — see Halvorsen end Mingarelli [1984] —on
[0,) for some c # 0.

PROOF. Let T =L > 0. It now follows immediately from (2.13) that there holds
(2.1) and (2.2) with # = maxi|igils 7. liglls 7%. The result follows.

Note: The techniques used abovve yield a different proof of Corollary 2 and
Corollary 3, both of which are to be found in Halvorsen and Mingarelli [1984].
Indeed, it is shown therein that the above corollaries remain valid even for cer-
tain classes of Weyl and Besicovitch almost-periodic functions.

Besicovitch, A. 1954, Almost Periodic Functions. Dover, New York.

Halvorsen, S. G., and Mingarelli, A. B. 1984. “The large-scale structure of the
domains of non-oscillation of second order differential equations with two

parameters” (preprint).

Kwong, Man Kam, and Zettl, A. 1982. “Integral inequalities and second order
linear oscillation.” J. Differential Equations 45:16-33.

Markus, L., and Moore, R. A. 1958. "Oscillation and disconjugacy for linear
differential equations with almost periodic coefficients.” Acta Math. 96:99-
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SOME PROBLEMS OF TRANSPORT THEORY
R. J. Hangslbroek *

Abstract

In this paper we discuss the linear transport equation and a rather abstract
operator V that occurs in the study of an associated eigenvalue problem. The
eigenvalue problem is or is comparable to an indefinite Sturm-Licuville problem.

1. Introduction
Many of the discussions during the Argonne workshop on Sturm-Liouville
operators considered the Sturm-Liouville eigenvalue problem

A = AT, (1)

where A is a selfadjoint Sturm-Liouville operator and 7 a real-valued function of
varying sign. In linear transport theory a similar eigenvalue problem is con-
sidered, and the questions studied are essentially the same. The operator 4 is,
however, of considerably simpler structure in the latter case, and the physical
problems that lead to the study of (1) are rather transparent. In discussing
indefinite Sturm-Liouville probiems, some acquaintance with the underlying phy-
sical problems seems as desirable as in the case of definite Sturm-Liouville prob-
lems, where one assumes some knowledge of the relation with standard physical
problems like heat transfer. For these reasons we think it appropriate to spend
some time on the transport equation and its physical background.

The following are two examples of transport equations:

1. Neutron transport in a homogeneous slab:
' +)
b oo (e = Vo) + TS (e Wiz u)an, (@

where u€[—1,+1], z€J (an open real interval), c €{0,1). The function f is nonne-
gative, symmetric in the pair (u.u'), and satisfies

+]
%‘f S (ap)dy = 1.
-1

II. Electron transport in a homogeneous metal plate:
oy =2 (1. 2%
K 5o (z.4) o (1-4?) 9% (z.p). (3)

where 4 and z range over the same intervals as in 1. The function ¥ is required
to remain bounded for u-+1.

Both equations describe time-independent problems. For this reason we
prefer the use of the variable z instead of ¢ in the derivatives occurring in the
left-hand members of (2) and (3). Actually, the variable z stands for a position
coordinate (see Section 2). Equations (2) and (3) are of the type Ty = A%.

*Department of Msthematics, Western [linois University, Hacomb, [llincis 61455.
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An application of the two-sided Laplace transform or separation of variables
(or just plain experience) could lead one to study the associated eigenvalue
problems (1).

There do exist many more examples than the two given here. In particular,
Beals and Protopopeacu [1984] and Kaper [1979] discuss situations where u
ranges over the whole real line instead of over {-1,+1].

2. Physical Meaning of the Transport Equation

Let us give a brief description of the physical meaning of equation (2). We
consider a plane-parallel homogeneous slab of width & through which inert parti-
cles (neutrons) move along straight lines. These particles may collide with
nuclei of the medium within the slab. In principle, we need six independent vari-
ables to represent the position and velocity of a particle. We use three Cartesian
coordinates for the position and three spherical coordinates for the velocity. A
line perpendicular to the slab is taken as the z-axis. The positive z-direction is
also taken as the direction of the polar axis for the spherical coordinates of the
velocity. We assume a situation in which the particle density ¥ actually depends
only on the position coordinate z and on the polar velocity angle g, i.e., the
angle between velocity direction and the positive £-direction. In other words, we
assume translational invariance lateral to the slab, rotational invariance about
the z-direction, and all particles to have the same speed. In this way the phase
space is reduced to a two-dimensional space in which points are represented by
coordinate pairs {z,u), where z<[0,a] and u = cospe[~-1,+1].

The particle density ¥ is then defined as a nonnegative function of the pair
(z 44) such that ¥{z,u)dzdu equals the number of particles in a region of volume
dzdu at the point (z .u).

The derivation of equation (2) is similar to the derivation of the heat equa-
tion with convection term. One sets up a balance equation for a region in phase
space by counting the number of particles that enter and leave the region
through its boundaries, taking into account the losses and gains resulting from
collisions with nuclei of the medium. In this way we can interpret the terms

oceurring in (2) as follows:

* First term on right-hand side: convecticn term due to the fact that the parti-
cles move.

» First term on left-hand side: loss of particles due to collisions with nuclei of the
medium. The coeflicient equals —1 because of an appropriate choice of the unit
in which z is measured.

» Second term on right-hand side: gain of particles because not all collisions with
nuclei lead to a complete ioss. The particle may be scattered into another direc-
tion, or the collision may lead to the emission of one or more new particles. The
constant ¢ is the mean number of particles released per collision. The function
J (u.p2) is a probability density giving the probability that a secondary particle
has velocity direction x4 when it is the result of the collision of a primary particle
with velocity direction u'.

The physical meaning of equation (3) is similar, with the different right-
hand side resulting from a different behavior of electrons as compared to neu-
trons.

Typical boundary conditions for each of the two equations are the following:

Pinite slab (i.e., J = (0,2)):



125

iiﬂ,p.) =g.(u). 0 <u<1: incoming density at z = 0;
¥(a.u) =g_(u). -1 < u <0 incoming density atz = a.

Half space (i.e., J = (0,=)):

Y(0.u) = g.(u). 0 < u < 1: incoming density at z = 0;

"hg_v(z.uy= 0,-1lsus<l.
Anticipating the Hilbert space formalism which we introduce in the next section,
we write these boundary conditions as follows. Let H = H,®H_., where
H, = L[(0,1); du] and H_ = Ly[(—1.0): du], and let P, P_ denote the projections
associated with this direct sum. The above boundary conditions are then inter-
preted as follows:

Finite slab: P,y(0) = g.€H,, P_y{a) = g_cH_;
Half space: P,y(0) =g.€H,, EE_"P("') =0inH.

3. Hilbert Space Formalism
Let H = Lp[(-1.+1); du]. Then we may interpret equations (2) and (3) as
ordinary differential equations in A of the form

T %zt(z) = -Ay¥(z), zeJ. (4)

In both cases 7 and A are selfadjoint relative to the usual inner product in
H. Of importance here are the spectral properties of 4:

e For equation (2): Y (4)c[1-c,14c]. There are three cases:
¢ < 1 (absorbing medium): }}(4) is positive and bounded away from 0.

¢ = 1 (scattering medium): 4 has 0 as an eigenvalue. Z(A)\IO} is bounded
away from O. g

¢ > 1 (multiplying medium): }}(4) has a negative part.

« For equation (3): ) (4)CR,. 4 has 0 as an eigenvalue. Z(A}\mi is bounded away
from 0.

One should note the correspondence between the cases of equation (2),
¢ =1, and equation (3). The case of equation (2), ¢ < 1, is by now well under-
stood, up to the point that some people call it the trivial case. The case of equa-
tion (2), ¢ = 1, was (within the bounds of the Hilbert space formalism) first
attacked by C. G. Lekkerkerker [1976] for isotropic scattering (i.e., f =1 in
(2)). This same case was resolved by C. van der Mee [1961] for very general
functions f. The case of equation (3} (and also equation (2), ¢ =1, but in a

more general setting than van der Mee's contribution) was solved by R. Beals

[1984]. The case of equetion (2), ¢ > 1, remains quite hazardous and poorly
understood, notwithstanding some well-intended attempts.

In the remainder of this paper, we restrict ourselves to equation (2), ¢ < 1.
We do not include equation (2), ¢ = 1, and equation (3) because these cases are
marred by (apparently unavoidable) technical complications.

In the caze of equation (2), ¢ < 1, the operator 4 has a bounded inverse. We
rewrite {4) as
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%zi(z) = -S~iyY(z), zeJ, (5)

where S = A™!T and the existence of S~! is implied by the existence of T~'. The
associated eigenvalue problem (1) takes the form

S~ = . (8)

One may attempt to soive (5) subject to specific boundary conditions by expand-
ing () in a series of eigenvectors of S~! (in this case, eigenfunctionals since
S-! has not a discrete spectrum). Following this route, one has to prove, as a
first step, the completeness of the system of eigenfunctionals. Though he did
pot use the Hilbert space formalism expounded here, it is exactly this route that
K. M. Case }1960] followed for isotropic scattering. Somewhat later [Hangel-
broek, 1978] we avoided the hardships of having to prove this completeness pro-
perty (also for f = 1) by introducing a new inner product,
(v.w), = (v w), vweH.

This inner product is equivalent to the original (, ). Since S is selfadjoint rela-
tive to {, )4. we were able ‘o invoke the Spectral Theorem. We do not have the
time here to discuss the details of Case’'s contribution, but we must mention his
half-range completeness proof. Our endeavors to avoid this latter proof ulti-
mately led to the introduction of the operator V [Hangelbroek and Lekker-
kerker, 1977].

The spectrum of S~! contains the intervals (—=,—1] and [1,=). Hence, S!
does not generate a semigroup of operators by which (5) can be solved. Using
the Spectral Theorem, however, we can decompose H in a direct sum

H = Hy®Hn (7
of closed subspaces such that H, (H,.%)is the maximal invariant subspace in

which S is positive (negative). Solving (5) separately in H, and Hy,,. we obtain as
the general solution in the case of a finite slab,

Y(z) = (5B, + ¢ 5P ), O<z<a, (8)
where P, and F,, denote the projections associated with (7) and 4 is some ele-
ment of H to be determined from the boundary conditions.

In the case of a half space we obtain
y(z) = e”'s"h.,_ z>0, (9)

where h; must be in A, in order that lim;..¥(z) = 0. Substitution of {9) in the
boundary conditicn stated at the end of Section 2 yields that ky has to be a solu-

tion of the equation (P, P, + P_Pm)k, =g.. ie.,

Wy=g,, (10)
where we defined V= P,F, + P_P,_. In the same way we find by substitution of
(8) in the boundary conditions for the finite slab that 2~ must be a solution of the
equation

Veh=g,+g9-. (11)
wnere V; = V + (1=V)e™*!57!|, |S1| = (P,—Pp)S™L
We conclude that in order to be able to solve the half space and finite slab
problems, we need to prove the existence of V! and V.
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4. Properties of the Operator V
In the following observations. we assume the existence of V! for the time
being.
Since V = P,F, + P_Ppy. we have V: Hy+H, and Hw+H_. Then V' H,+Hp
and H_-+H,. Actually, V-1P, is a projection onto Hy, along H_ and V-'P_is a
projection onto H,, along H,. The latter statements fgllow from the properties
P VP, =P VWP, =P, (12)

and similarly,
P VP _=pP_

One may call V! an extension operator. It extends each element g,€H, to an
element Vg ,€H, by adding an element 1n H_,

Vig,=g,+P. Vg,

Let 7 = f dE, be the resolution of the identity for the operator S. If g,€H,,
then

Vg, = [dEAV“‘g,,
"+

since V"'g,€H, Hence, because of (12), :
g.= P, [dE’xV"L = [d(mEm‘)yh

which proves the so-called half-range completeness of the system of eigenfunc-
tionals associated with the operator S.

We have left to discuss the existence of V~! and ¥;!. There are two different
approaches:

(i) We use the fact that the integral term in (2) defines a compact operator, C
say, in H. Thus, 4 = 1-C is a compact perturbation of the identity. Assuming
that C is a trace class operator [Hangelbroek, 1980] or, more generally, that
C=|T|*D for some 0 <z <1 with D compact [van der Mee, 1981], one can
prove that 1-V is compact. It is not difficult to show that V is injective, either
by a direct argument or by inference from the classical result that the half
space problem has a unique solution. Using Fredholm’s Alternative, we then
conclude that V! exists in H. The same argument yields that ¥, exists since

Vo = V(1+(V1-1)ee!I57') (13)
with V"'~1 compact.

(ii) We follow the approach initiated by R. Beals [1884], in which the compact-
ness of C = 1—A is not used. We introduce two new inner products,

(v.w)r = (| T|v.w) and (v.w), = (|S|v.aw)a.

where |T| = (P,—P_)T and |S| = (F,—F)S. The equivalence of the inner pro-
ducts (,) and (.), implies the equivalence of (,31 and (,)s [Beals, 1984;
Hangelbroek, 19841‘. The completion of H relative to (,)r (or (,)s) is
B = Lg[(—1,+1);|u|)du]. We present a proof that ¥-! exists in A using an argu-
ment that is simpler than the one used by Beals.

The relation between {, )y and ( , )s is
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(vw)s = ((RV-1)v,w)7.

Hence, in terms of the partial ordering of selfadjoint operators in a Hilbert
space,

£ <2V-1 <! relative to (,)r

for some £ > 0. Then

2e 1
1+e Vi< 1+e

We conclude that V™! exists with |[V"}{|r < 2. Since

relative to (,)r.

-1 < ¥'1~1 < 1relativeto(, )y and (. )g.

we obtain froqa (13) that ¥, also exists as a bounded operator in A since
(Vv 1-1)e 157 < 1.
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important or informative within the context of this paper. Such a selection may
hurt many feelings. Especially, we feel that (unavoidable) injustice 1s done to
the many serious and very able scientists and mathematicians who are not men-
tioned but whose studies have had censiderable influence on our investigations.

Below, we give four additional references that are important to the under-
standing of equations (2) and (3).
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ASYMPTOTIC BEHAVIOR OF SENIGROUPS
J. Hejtmanek *

Abstract

A motivation is given for the study of the spectral mapping thecrem for the ex-
ponential function. Alsc, some results of this study are summaerized.

1. Semigroups

Let X be a Banach space. Usually we have in mind an L2-Hilbert space or an
L'-Banach space. Both types of spaces have an ordering structure’through the
cone of positive functions X, Both types of spaces are Banach lattices. An
operator T: X-+X is called positive iff X, C X,.

Let W =[W(t):tcR,] be a strongly continuous one-parameter semigroup
with generator A; W(t) = exp(At). It follows from the Feller-Mijadera-Phillips
Theorem that the spectrum o(4) of the generator is contained in some left half-
plane. We define the spectral bound of the generator 4

s: = sup{Re A\:A€0(4)],
and the type of the semigroup ¥
wg: = inf{w€R: there exists an M = 1 such that ||W(¢)|| = Mexp(wt) for all t = 0].
1t follows from the Laplace transform that s < &y, but in general we do not have
equality.
THEOREM. [F(t)zq t €R,] is the solution of the Cauchy problem
£(t) = Az(t), z(0) = zocdom A.

A semigroup is called a semigroup of positive operators iff #(t)X, € X, for all
t=0.

We assume that the reader is familiar with the standard theory of linear

semigroups; references are the texts by Hille and Phillips [1957], Davies [1980],
Goldstein [1983], and Pazy [1983].

2. The Time-Dependent Neutron Transport Equation
Let the physical domain of a neutron transport system be a convex subset 2
of F®, and let the velocity domain be a sphere or spherical shell
S={tcB:0<vp<|f| v, < ).

Then f (z.£,t)dzd¢ is the expected number of neutrons in the volume element
dzdf at (z.6)eOxS at time t. We assume that the particle density function
S (-.-.t) is an element of LY(QxS) or L*((1xS). The linear transport equation is a
balance equation which has the following form:

8= 5t (B4 ~R(=OF (.4) + [k(z 4e6)] (2428

The operator defined by the right-hand side is a sum of a partial differential

*Institut fir Mathematik, Universitdt Wien, Strudlhofgasse 4, A-10080, Wien, Austrie.
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operator of order one, a muitiplication operator, and a partial identity.

In addition, boundary conditions are prescribed: (i) in the reactor problem
0 is a bounded subset of R®, and the incoming flux on the boundary 8{) vanishes;
(ii) in the multiple scattering problem, we have Q = B3, and a bounded and con-
vex target D is embedded in {}. In both cases, we can write the linear transport

equation in functional form,
F(t) = (-T-A;+42)f (t). f(0) =focdom T.
We assume that the linear operators A; and 4; are bounded.

The solution of the differential equation f (t) = (~T—A4,)f (t) has the expli-
cit form

s
Wi(t)f ofz .£) = exp(—{ h(z—¢s.£)ds)folz ~t£.£). if z—tEeN,

and zero otherwise.

The solution of the differential equation f(t) = (~T—A4; + 42)f (¢) can be
written as a Dyson-Phillips expansion of the corresponding perturbation prob-
lem:

4
W(t)fo=W\(t)fo+ { Wy(t—s)AWy(S)f ods + ...

We refer to the monograph by Kaper, Lekkerkerker, and Hejtmanek [1982] for
details. There sufficient conditions on the functions 2 and £ can be found such
that the linear transport operator —7'—A,+4; has a strictly dominant eigenvalue.
The existence of such an eigenvaiue, which had been tacitly assumed since
Fermi's famous criticality experiment with the CP-1 reactor at the University of
Chicago on December 12, 1942, implies that the solution of the linear transport
equation, for large ¢, is determined by a decay constant Ap and a fundamental

mode ¢(z.£):

W(£)S ofz £)~e™ p(z £).
The problem of predicting such asymptotic behavior from the knowledge of the
spectrum of —7T—A4,+4; is, however, still msolv?d. It requires the decomposition
of the semigroup ¥ into an asymptotic part e’ Py and a transient part Zy(t)

W(t) = ' Po + Zo(t)(I=Py).

where wo(Zy) < wo(#) = Ag. We remark that the equality wo(W) = Ap is not true
for general semigroups, but it is true for semigroups of positive operators in an
L!-Banach lattice (Theorem of Derndinger).

8. Spectral Mepping Theorem

The validity of the spectral mapping theorem for the exponential function
would enable us to predict the desired asymptotic behavior for linear transport

processes,

THEOREM. If [W(t): t>tp] is continuous in the uniform operafor topology jfor
some to > 0, then exp(o(A)t) = o(exp(A)\{0} for all t = 0. /n particular, if the
semigroup is holomorphic, then the spectral mapping theorem is true.

THEOREM. If W is a semigroup of positive operators in an L!- or L2-Banach lat-
tce, then s = wy. See Nagel [1984f
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Several examples have been given of semigroups for which s < wy See
Hille-Phillips {1957], Fojas [1973], Greiner, Voigt, and Wolff [1981], Wolﬁofmal].
and Nagel fmsz],

We remark that the semigroup generated by the linear transport operator
is not holomorphic, but that it can happen that [¥{¢): ¢ > tp] is continuous in
the uniform operator topology for some £ > 0.

Furthermore, we remark that there are semigroups for which
exp(o{A)t) # o{exp(At))\{0] for all t >0 (e.g.. if s <cy). and that there are
semigroups for which equality holds for rational £, but inequality for irrational .

4. Additional Examples
4.1. Schr'(;dinger Semigroups

In general, it is not true that the rotation of the generator of a semigroup,
especially by 90°, results in the generator of another semigroup. If the genera-
tor of the Schrodinger equation —iH is rotated by 90°, then —H is generator of a
holomorphic semigroup [exp(—Ht): t = 0], which is called the Schrodinger semi-
group; see B. Simon [1982]. In this case the spectral mapping theorem is true,
and a fortiori s = wy.

4.2. Stability Theory

We refer to the articles of Pritchard and Zabczyk [1981], Wolff [1981], and
Nagel [1984]. Let us assume that s < wp <0.

THEOREM. If s = wy, and if s < 0, then the semigroup is exponentially asymptoti-
cally stable in the uniform operator topology, i.e., there exist constents u > 0
and M = 1 such that ||W(t)||< M exp(—ut) forall t = 0.
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SOME EXTENSIONS OF RESULTS OF TITCHMARSH ON DIRAC SYSTEMS

D. B. Hinton*
J. K. Shaw}

Abstract

Spectral properties are considered for a one-dimensional Dirac system with
singularities at zero and infinity. Of primary concern is the asymptotic behavior
of solutions near zero. From the form of these solutions, criteria are given for
the singular point zero to be in the limit point or limit circle case. The
Titchmarsh-Weyl m -coefficient at zero is shown to be meromorphic. This result,
when combined with known behavior at inflnity, is used to establish the location
and class C‘l‘[“) nature of the essential spectrum.

1. Introduction
The system considered is
c+V,iz)

==L ¢ we - Lf;;,, AL ]g(z)z

=AM(Z).0<ZT <o, f = b;] (1.1)

where ¥, is real and locally Lebesgue integrable on (0,=), and k, A, and ¢ are
constants with ¢ > 0 and k,A possibly complex. Denote by H(/) the Hilpert

space of all equivalence classes of complex vector-valued functions f = ; on

an interval /7 such that j}(l],]z + |f2]%dzx < =. The operator L determines
(for &£ real) in H(0,=) certain selfadjoint operators (cf. Weidmann [1971]) by
suitably restricting it to functions in H(0,=) satisfying certain boundary condi-
tions. The number of such boundary conditions at each singular endpoint may
be determined by the method of Weyl (cf. Levitan and Sargsjan [1975]); thus, fol-
lowing the terminology of this method, we say L is limit-point (LP) at O (limit-
circle (LC) at 0) if the number of linearly independent soluticns of L§ = Af in
H(0,1) for ImA # 0 is exactly 1 (2). Similar definitions apply at z = =, although
in the setting here L is always LP at = [Levitan and Sargsjan, 1975: p. 492].
When L is LP at a singular point, no boundary conditions are required there; and
when L is LC at a singular point, one boundary condition is required.
Another problem of interest in connection with L is the location of the
essential spectrum of the selfadjoint operators determined by L. Under fairly
eneral conditions for V;, Vo "small’ at e, this essential spectrum is
—o,~¢ JU[c ,»); when V, V; are “large” at =, this essential spectrum is {~o,e).
Results of this nature may be found in Behncke [1980], Hinton and Shaw [1984a],
Titchmarsh [1961 and 1962], and Weidmann [1971 and 1982].
For V) = V,, the system (2.2) was investigated by Titchmarsh [1961 and
1962]. For the singular endpoint z = 0, we extend Titchmarsh’'s LP-LC criteria
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to allow for highly oscillatory potentials as well as having V; # V,. In Section 3
we show how these criteria, derived by asymptotic methods, also allow exten-
sions of criteria for essential spectra to be C}—m.—c]u[c .¢) or (—e =), Actually,
we show the essential spectrum is of class (! in its interior. Finally, in Section
4 we prove that the essential spectrum is simple in its interior. Other exten-
sions of Titchmarsh's LP-LC criteria, which are compiementary to those given
here, have been given by Kalf [ 1972] and Behncke [1980].

The operator (1.1) arises from the 3-dimensional Dirac operator by a
separation of variables, and its spectral properties can be related tu those of the
3-dimensional Dirac operator (cf. Behnke [1980] and Rejto [1971a and 1971b]).
Considerable literature exists on spectral properties of the 3-dimensional case;
we refer to Barut and Kraus [1976]; Burnap, Brysk, and Zweifel [1981{; Kalf,
Schmincke, Walter, and Wiist [1975]; Klaus [1980]; Klaus and Wist [1979];
Schmincke [1972 and 1973]; and Wiist [1977] for a partial listing of such proper-
ties.

2. Asymplotics at 0
We use here a theorem from Hinton [1984] for the system

n'(t) = [(e)(t) + B(t) + C(t)In(t)).a <t <o, (2.1)

where (] is a diagonal matrix each with {); nonvanishing and essentially increas-
ing or essentially decreasing on [a,=) (cf. Hinton [1984: p. 294]).

THEOREM 2.1 [Hinton, 18B4]. Suppose in (2.1) that Q, B, and C are locally Lebes-
gue infegrable end that

i Bo(t): = }B(é)ds ezists.
[
& Jlci)at <.

3. ]'uc:(t)ndt < ©, where G = -’07 By + B! + ByB.

Then there is a fundamental matmrof(.al)suchthat
giEI‘(t)ﬂ“(t) =1

To apply Theorem 2.1 to (1.1) the singular point is transformed to « by

J(z) = "‘5’" 29,,] 2(t).t =1/z.0<z <1. (2.2)
Then 2 satisfies (- = d/dt)
em-2
£(t) = [(_,\_ P e MO 2 0, (2.3)

where V:(t) = V;(1/#). We state three theorems that distinguish the cases: i)
k/z dominates V, Vg ii) k/z and V,,V, are of comparable size; and iii) V;, Vs
dominate k/z.

THEOREM 2.2. Suppose in (1.1) that fori = 1,2,
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i V(z) = j'V,-(G)dg eTists,
°
. ].z“lvt(z)ldz < o,
o

1
i, ,of {IVi(z) Ve(z) | + |Ve(z) Vi(z) | }dz < =.

Then there is a fundamental matriz Y(z A) of (1.1) such that

lim Y(z.N)|= _" 23,] =1 (2.4)
0%

Moreover, for kreal, Lis LCat OYf k| < 1/2.

PROOF. We write (2.3) form =0 as

2 (t) = {3 -’= o+ V(‘) M, + V( £) M2+ C(t)} 2(2), (2.5)

where

= 1 -0 0 =¢-2] O A+c
=080 cor=e2 2, 2
To apply Theorem 2.1 to (2.4), we set

o =t ,9,).30)-‘7‘” o+ B8y,

By defining V;(¢) = V;(1/£) = f s 27 (s)ds, the matrix G in (iii) of Theorem 2.1
is computed to be

_ V(¢ - t)Vu(t
G(t) = 2kt l{‘i;[()t) l(() )] -t 2[‘m )02( ) ‘Vz(t)oﬂ(t)]'

It is readily computed that Theorem 2.1 applies and there is a fundamental
matrix Z(t A) of (2.5) such that

LmZ(¢ \) {'; t?,,] =1 (2.6)

The transformations (2.2) and (2.6) yield (2.4). The asymptotics (2.4) yield
immediately the "moreover" part.

A prototype example for Theorem 2.1 is
Vi(z) = Vo(z) =a/z™ + bx®sinzf, 0< z < 1,
where a.b ,n,0,8 are real constants withn < 1, § <0, and a > (8/ 2)-1.

THEOREM 2.3. Suppose in (1.1) that fori = 1,2,
i Vi(z) = a;/z + q;(z), a; constant.
= Vk?-a,a; # 0.

i Q(z): = { gi(£)dt exists.
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1
v, {z“l@.-(z)]dz < e,

1
v. { 11Qi(Z)g2(z)] + [ Q2(z)g1(z)()jdz < =.

Then there is a fundamental matriz Y(z A) of (1.1) such that

~Ho -, —

im S-1 D}~ - |~ —(k+puo)
,‘5‘,‘.5 Y(z.)\)[’o zﬂn} 1. § L-i-yo a, |-
Moreover, if a,, ay, and k are real, then Lis LCat 0iff |Reyg| < 1/2.

The proof of this theorem is siinilar to that of Theorem 2.2. It is first neces-
sary to diagonalize the leading matrix in (2.5) by the transformation
B(t) = S-12 ?tg)

Results in case (iii), i.e., when V,,V, dominate k/z may be found in Hinton
and Shaw [1984a]. For example, the following theorem is a corollary of the
asymptotics in Hinton and Shaw [1984a].

THEOREM 2.4. Supposein (1.1) fori = 1,2 and some a > 0,

6) Vi(z).Ve(z)+w as 20, [[z2K ()] dz <=,
0

&) { [(Ve@)—c)/ (Vi(z)+c )] %z < =.

,{[(Vx(z)w)/ (Ve(z)-c)]V?dz < =,
- =[(V, 1/4p %
I S v

satisfy A(z)-0 as z-+0 and fulb'(z)ldz <, Then there is a fundamental
matriz Y(z ,A) of (1.1) such that as z +0*, ‘

T{_z-kgn(z) n(xo)x"] Y(z.\) [E(ﬁ)" Eg:)] -7,
where for some b > 0,

b
E(z): = exp!fiuo(z)z'zdzl
polz): = V1-A(z)?

=1 f 1
=Tk -1]'
Moreover, (1.1)is LCat 0.

Note that for V,(z) = Vo(z) = k/z™, these hypotheses are satisfied for & > 0
andn > 1.
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3. Essential Spectrum Criteria

For the computation of essential spectra, it is sufficient to consider each
endpoint separately since: the essential spectrum for a two-singular endpoint
problem is the union of two separate one-singular endpoint problems (cf. Weid-
mann [1871]). However, it is also convenient to consider the two-singular end-
point problem from the viewpoint of the Titchmarsh-Weyl m-coefficient which

may be defined as follows.
Define solutions 4, of (1.1) by the initial values

(ii(‘l.x)@(l.x)) = {&83 9‘:;&;3 =1

Then the one-singular endpoint m-coeflicients are given for ImA # 0 by

me) = pm SEN o) = g (3.1)

Where z = 0 is in the limit circle case, the limit for m~ in (3.1) is a sequential
limit as m ™~ is not unique; different sequential limits correspond to different
boundary conditions at 0. The m-coeflicient (cf. Hinton and Shaw [1984b]) for a
selfadjoint operator associated with (1.1) is given by

HO) =m0 = m O gm0 2 e 2] . (32)

For the Sturm-Liouville operator, fundamental relations between the singu-
lar structure of the ra-coeflicient and the spectrum have been derived by Chau-
dhuri and Everitt [1968]. These results were extended to systems by Hinton and
Shaw [1982 and 1984b]. We describe now the relations that we utilize here. let
T be a selfadjoint operator associated with (1.1) whose m-coefficient is M. We
say M is analytic (has a simple pole) at a real Ay if # has an extension that is
analytic (has a simple pole) at Ag. Let p(7) be the resolvent set of T, ¢(T) be the
spectrum of T, and P(T) be the isolated points of o(7T). Define
E(T) = o(T) — P(T) as the essential spectrum of 7. The set PC(T)CE(T) con-
sisting of eigenvalues in E(T) is called the point-continuous spectrum and
C(T) = E(T) — PC(T) is called the continuous spectrum. The following relations
are established in Hinton and Shaw [1984b]:

(i) Ac€p(T)e>HM (M) is analytic at Ag. . (3.3)
(ii) A€ P(T)e>HM(\) has a simple pole at Aq.
(iii) AgeC(T)e>M () is not analytic at Ag and li.toriuM (Ag+iv) = 0.

(iv) NeEPC( T)elir.&vll (Ao+iv) = S # 0, and M(A)—iS(A=X)! is not analytic at

Ag.

An examination of the proof of Theorem 2.1 shows that the matrix ¥{z.A) in
Theorems 2.2 and 23 is entire in A for each fixed z. Since
(B(z.A), @(z.\) = Y(zA)Y(1,A)"! we may then conclude that under the
hypotheses of Theorem 2.2 or 2.3, m~(A) is meromorphic on C. Under the
hypotheses of Theorem 2.4, m~(\) is meromorphic on C since (1.1) is LC at 0.
We assume for the remainder of this section that m ~(A) is meromorphic on C,

Under rather generel conditions for V;,Vz "small” at =, m*(A) satisfies the
following:
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(i) m*(\) is meromorphic on {\: ~c < ReA < c}. (3.4}

(ii) m*S)\) has a continuous extension to {\: ReAg[~c,c], ImA = 0} such that
Imm*{\) > O for A real and Ag[-c,c].

For example, if V; = ¥, + V2 with V,;(z)-+0 as z-+o and ¥’ V2€L{1,»), m*
satisfies (3.4) [Hinton and Shaw, 1984a]. We now note some consequences of m*
satistying (3.4).

If we write m*(A) = o*(\) + iy*(A) on {A:ImA > 0} with o, ¥* real, then we
compute that (with A suppressed),

= 1 7"—7" 7+ eyt
ImM = (y*=r )R + (¢t =0 ) Lﬂ;’—r,’-a& 7*(0"+7_)2+7'(0‘++7*)2] . (3.5)
From (3.2), (3.4), and (3.5) we have the following:

(a) M is meromorphic on {A: ~¢ < ReA < ci; hence the spectrum of 7T purely
discrete on (~c.c).

(B) For Ag in (-ew=,—c)u{c,») a regular point of m~, there is an interval
(Ao—06.Aot+6) on which 9~ = 0 and

- 1 + b
ikt = G bome o )

(7) For Ag in (~o=,~c)u(c,=) a pole of m~,

. .v_| O 1/2
UmM (o +12) = 125 piiny|

(6) If p is the spectral matrix of T, then by the Titchmarsh-Kodaira formula, i.e.,
A
pPAA) —p(u) = ;lr—hm flm!l(s +ie)ds,
c-0* »

we have on (—=,—c )U(c,=) that p is of class C{! and p'(A) has a rank 1.

For V., Vp "large” at = and of like sign, we have under general conditions,
e.g., Hinton and Shaw [19B4a: Theorem 2], that m*(A) has a continuous exten-
sion to {A: ImA = 0} with Imm.(A) > 0 on (~=,=). Under these circumstances, the
spectral matrix of p of T is of class C{!) on (—=,=) with rank p'(A) = 1 on (—=,).

Theorems of the above type for the one-dimensional and three-dimensional
Dirac operator have suggested the following problems. However, results seem to
be scarce; one may be found in Glazman [1965: p. 207].

(i) Find conditions on the coefficients of (1.1) that ensure that o(T)n(~¢c,c) is
finite.

(it) Find conditins on the coeflicients of (1.1) that ensure that c(-c) is a limit
point of P(T).

For the three-dimensional Dirac operator, sufficient conditions for there to
exist [—d.dﬂ so that o(T)n[-d.d] =¢ are given in Klaus and Wast [1979].
Schmincke [1973], and Wist [1977]. Bounds on the eigenvalues in the one-
dimensional case are given in Evans and Harris [1981].
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4. Simpie Spectrum
The expansion formula for (1.1) may be written for f = E;] €H(0,) as (cf.
Levitan and Sargsjan [1979])

7(@) = [FaNBENdon() + 3z Ndorz(N)]

+ [F,(13(z Ndozs(A) + 3(z AN}, (a.1)
where
Fo(\) = Z 1@ Nz, F M) = [£7()p(z Nz

For simplicity we will say an interval /<C(T) is simple (see Naimark [1988] for
the definition of simple spectrum) provided the contribution to {4.1) over / can
be expressed in the form

[ F)¥(z Adu(r), F(\) = { 7 T(z)¥(z M)z, (a.2)

where 'J is a solution of (1.1) and u is a monotone nondecreasing scalar function
on/.

To see that these conditions hold for /c(~e,~¢)u(c, =) for V¥;, Vo "small” or
Ic(—e,x=) for V,,V, “large,” first suppose / contains no pole of m (‘)\). Then from
(B) above, (pz:'(A). p22'(N) = 67(A).(e1)'(N).p12'(A)) and since p is symmetric,
P12 = P21’ = 6 py,'. Thus the contribution to (4.1) on / can be written as

,[ EFa(A) + 6~ (MF,(ANB(z A) + 67 (A\)@(z A)p1r'(A)dA, (2.3)
which is of the form of (4.2). At a pole Ag of m™(A), we have in a neighborhood of

N, P12 = P21’ = pe2'/ 6~ and pyy' = pgz'/ (67)%, and a formula similar to (4.3) can be
derived.
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SEMIGROUPS GENERATED BY ORDINARY DIFFERENTIAL OPERATORS

Mark A. Kon*

Abstract

Certain regularity properties of semigroups generated by ordinary differential
operators are considered. It is shown that semigrcups generated by a general
class of such operators (which allows for singular coefficients) are continuous,
both pointwise and in LX. The semigroups are infinitely smoothing in the scale of
L¥ spaces, but only partially so in the scale of Sobolev spaces.

1. Introduction

This paper will address some questions in the study of expansions in eigen-
functions of ordinary differential operators. Some of the results in Section 2 are
essentially generalizations to higher order operators of results proved by Kon
and Raphael [1983] for Sturm-Liouville expansions on the half-line. Our initial
motivation arises from the heat equation —= <z < co:

- g:; = ~k -aaltl'—; w{z.0) = ug(z); (0<t < ). (1)

This of course describes heat flow on an infinite rod. The equation on a finite or
semi-infinite interval with homogeneous boundary conditions can be treated
using simiiar techniques to those presented here. Our development will be
directed by the following questions.

QUESfI'ION 1: In what sense does
w(z.£) 2 uolz)? (®)

The answer will be the best possible in a much wider context; namely, (2)
will be shown to hold for a large class of differential operators replacing
(8%)/ (8z2), in all LP-spaces as well as almost everywhere. Related results for
the heat equation and eigenfunction expansions in general have been studied by
Benzinger f?197(.’), 1979]. This problem can, of course, be viewed as one of conver-
gence to boundary values in partial differential equations, and our techniques
can in fact be adapted to study certain elliptic boundary value problems. There
has been recent interest in this type of result, for example, in the study of the
Laplace and heat equations on domains with C* boundary; see Fabes and Riviére
(1979] and Jodeit [1979].

1t is well known that forward time translation in (1) is infinitely smoothing,
i.e., that if ug(z)eLP, then u(z .t)elf inz for £ >0 and any m > 0. Here, LE is
the LP-Sobolev space of order m, i.e., functions with m derivatives in L”. How-

ever, if (1) is replaced by, say,

(-Zs g = - 2, (3)

or a more general even-order operator with singular coefficients is used, then
such smoothing fails to occur. An eguation such as (3), incidentally, describes
heat flow, with a position-dependent rate g of heat loss; a physically interesting

*Department of Mathematics, Boston University, Bostor. Massachusetts 02215,
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"drift term" a{z) %'-;— relevant to heat diffusion in a fluid, can be added as well.
Thus, we will also address a general version of

QUESTION 2: How does the smoothness (in =) of solutions in (2) depend on that of
q?

The question of smoothing has been studied in Schrédinger semugroup
theory (see Simon [1982] and Carmona [1979]), as well as for hyperbolic equa-
tions, where extremely precise results have been obtained (see Marshall,
Strauss, and Wainger [1980] and Peral [1980]). It divides neatly into a simple
and a difficult problem, namely, that of smoothing in the scale of L* spaces, and
that in the scaie of Sobolev spaces.

The solution of (3) is, of course,

u(z,t) = e uy(z). (4)
Alternatively, if A is selfadjoint (for exarple),
u(z.t) = fe ™ (z.Np(N)dp(X), (5)

where ¥(z,A) is an eigenfunction of 4, Up is a generalized Fourier transform of
u«, and p(A) is the spectral function. Equation (5) shows that Question 1 is actu-
ally one in summability theory. The integration is over the spectrum of A, which
in the case of the full line contains a twofold copy of R*; it may equivalently be
considered a sum of two integrals over the real line (see Levitan and Sargsjan

[1875)).
For brevity we will concentrate here on results, and sketch some proofs.

2. Convergence to Initial Values
Consider the semigroup generated by

A= (-1)m/2 d + b,y (z) gn-t + ...+ bp(x) (6a)
dz™ m -1\ dz™ ! ) : 2

where m > 0 is even and
b (z)el™+ L (d = ,Sup ™ +1<m). (6b)

The sum in (Sb;means that b, must be expressible as a sum of two functions in
the indicated L" -classes.

Let u(z,t) = e *upy(x), and define the kernel K; (z,y) by
e Mug = K (z,yhuoly)dy.

Our approach to studying A; (as well as other analytic functions of 4) first leads
to analysis of the resolvent R, = ({~A4)~, for {€C.

THEOREM 1 (cf. Gurarie and Kon [1984]). The Lf (1 < p < min 7;) spectrum o(A)
of Ais contained in a complex domain

P 1,
Q= =pet?. Cp™ < ]Sinz—!zf.

where d is given by (6b). Outside (), the resolvent R, = ({(-A)~! has a kernel
bounded by
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C
|Re(zy)| = —==—h(z—y).
where
- 1, =
h(z) = {,z BRSNS (8)
with t any number greater than 1.
We sketch the proof. Let
m
> 4am m-—1 d
={-1)%2 = ; t
AO ( 1) dzm s B ‘gobt(z)(dz)'

and RE = (¢—Ag)~!. If appropriate convergence occurs, we have the standard
representation

Ry = R?RZ':,O(BR? )il (9)

Under Fourier transformation R? is multiplication by (¢+#™) ', where ¢ is the
dual variable of . If we insert the definition of B into £§ zBR? )*. and multiply
out, then a typical term in the product will be

Rb, D"ROb, DPRY - - - b, D*RE, (10)

where &; represents multiplication, D* = (-di—)". and %,,...4; are chosen from

(0,1....m~1). If K;(z) is the convolution kernel of D'R (i <m), then (4) has
kernel

Ly 4(2y) = RE(E)b, (2K, (2) b (2)Eiy(2) * - - - * by () (= 1), (11)

The factors by, can be removed from the integral implied in (11) through itera-

tion of Hélder's inequality. The remaining convolution of functions, each
bounded by multiples of (8), can be shown again to be bounded by a multiple of
(8). Summation of the resulting bound on (11) over all collections %,, - - - ,% and
finally over all k leads to a geometric series whose sum bounds the kernel of (9)
and is bounded by the right side of (7). This constitutes the proof of the
theorem, since the spectrum of A clearly lies in the complement of the domain
of convergence of the above sum; this domain of convergence is precisely ~(}.
Some consequences of Theorem 1 are discussed below.

THEOREM 2. [f Ais formally selfadjoint’h and min r; = 2, then it is essentially self-
adjoint on any essential domain of

dz™’

Theorem 2 is proved by first using the bounds of Theorem 1 to show that the
lower order terms in A are a relatively bounded perturbation of the leading
term, and then applying the Kato-Rellich theorem (see Kato [1980]).

We can also construct and find appropriate bounds on the semigroup gen-
erated by A.

THEOREM 3 (cf. Curarie and Kon [1984]). The operator A generates an L*-
continuous semigroup e *4 (1 <p <minr,) analytic in the right half t-plane,
and strongly conlinuous in L” at t = 0.
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To prove pointwise as well as strong continuity, we construct e~ explicitly
in terms of the resolvent; this will bound the semigroup kernel. Let D, be the
disk of radius r centered at 0, and Q4 = {{: arg{<¥,}. Choose r >0 and

0<¥ < g— so that 0cB.uUlly,. Thus the positively oriented contour
I' = 8(DrUQly,) contains the spectrum of 4, as shown below:

We use the Cauchy representation

-t¢
et = 2 (12)

By Theorem 1, the integral converges in the uniform operator topology on LF
(1<p<min ;) and the kernel K; of e~*4 is bounded by

K (zy)| = g [e Rz )1,

1, 1
sc_[lé"“’l (1™ R I™{(z—y)) |d¢], (13)
where h is given by (8). Essentially a change of variables shows that

-4 -1
|Ke(zy)l<clt] ™h(lE] ™(z~y))

uniformly in £ for |argt|<+¥, < This indicates that X; behaves like an
approximate identity as ¢ +0, and a modification of some standard results in har-
monic analysis (see Stein and Weiss [1971: Theorem 1.25]) gives Theorem 4.

THEOREM 4. If Ais given by (6), and u(z,t) solves



149

—Au(z.t) = -:% u(z.0) = ug(z)eL®, (14)
then
u(z.t) = e ug(z) > uolz) (15)

in L” (1 <p < min~;) and almost everywhere in z.
If @ is an analytic function defined on I" and its interior, with ¢{0) = 1, then
1 p(td)
tA) = —— da¢.
if the integration converges absolutely in the uniform operator topology. The
question of the convergence @(tA4) f‘-o is one of summability of eigenfunction

expansions, since, in the notation of (5).
p(tA)f ~ fe(tNF (N (z.Ndp(A).

A statement exactly paraliel to (15) holds here, with some minor algebraic decay
conditions on ¢.
3. Smoothing Properties

We first briefly consider smoothing of the semigroup in the scale of L?

spaces on R To this end, note that by a simple application of the Dunford opera-
tor calculus,

= L _etCr) k=012

° 2m -{ C-ANC+AF ¥ (k =0.12..). (18)
That is, the semigroup is e;;pres'sible in terms of high power of the resolvent.
Some investigation of the L -smoothing properties of the convolution kernel in
(7). and iteration of these through (18), shows that e~* s infinitely smoothing.
i.e., that e"“L'cl 0 LP (1 =g <w=).

The answer to the corresponding question for the scale of Sobolev spaces
depends strongly on the smoothness of A. This is indicated by (16), since a high
power of the resolvent is itself the inverse of a differential operator only if the
coeflicients are sufficiently smooth. We have only a sufficient condition for
smoothing. Let LE be the Sobolev space of order m, i.e., the functions with m
derivatives in L*.

THEOREM 5. If A satisfies (6) and has sufficiently smooth coefficients, i.e., if
b;(z)Elg,, then
e LP(R)-LE+ym (R) (17)

is bounded forall t > 0.

We note that one cannot hope that a statement much stronger than {17) will

bold, since, for example, the operator
2
A=—d—1-,—-|z|" (0<e<)

bas eigenfunctions v(z) ~¢,|z |®® + ¢,z + ¢35 (z-0), so that e*4u, in general,
is not in L%, if u€L? tor £ > ¥ A precise statement of necessary and sufficient
conditions for Theorem 5 would be very interesting; it would presumably be inti-
mately connected with smoothness of the eigenfunctions of A.
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PROBLEMS CONCERNING ORTHOGONAL POLYNOMIALS AND
SINGULAR STURM-LIOUVILLE SYSTEMS

Allan M Krall*

Abstract

As singular Sturm-Liouville theory progresses, its application to the boundary
value problems describing various classical orthogonal polynomial sets is also be-
ginning to be known. This article outlines what has been done and what remains.

1. Introduction

Anyone who has taught a course in Fourier series or intermediate
differential equations has encountered such classic problems as the calculation
of the Legendre polynomials, eigenvalues, and eigenfunctions. Most such people,
however, fail to recognize that many of these problems (such as the Legendre
polynomial problerm) are singular and hence do not fit into the context of the
regular Sturm-Liouville problem, which is usually discussed at the intermediate
level. The reason for the failure is easy to understand. Quite simply, until fairly
recently, the singular problem was not fully recognized, and indeed, even today,
there are many aspects of the singular problem that remain to be solved.

The purpose of this article is to describe briefly what has been done and to
list some still unsolved problems. We shall begin with the classical orthogonal
polynomials of mathematical physics, which satisfy second-order ordinary
differential equations and for which the theory is well developed. We also list
some polynomial problems that satisfy higher order differential equations for
which the theory is less well understood. We conclude with some problems that

are wide open.

2. Second Order Problems
The Legendre polynomials satisfy the differential equation
((1-£3)u’) + Au = 0.
Traditionally defined on the interval [—1,1], they form a complete orthogonal set
for L"'(-l.l]}.' By so doing, they bécome part of the blocks forming the solutions
of a number of problems in mathematical physics. On Lz[—l.?f, the minimal
operator associated with the expression Iu = ((1-£3)u')’ is symmetric, with
equal deficiency indices (2,2), and so possesses a self-adjoint extension. This
extension has a domain that is in part characterized by boundary conditions at
+1. It is these that have caused considerable confusion over the years. We shall
show how they are derived.
Likewise, the Laguerre polynomials satisfy the differential equation
—ef(efu) + Au =0.
Traditionally defined on the interval [0,=], they form a complete ort.hogonal set

for L*[0,=); e*). The minimal operator associated with Iu = (—e~*u')’ has
equal deficiency indices (1,1), and so again it possesses a self-adjoint extension,

*The Pernsylvania State University, University Park, Pennsylvania 16802,
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whose domain satisfies a boundary condition at 0. It also is not well known. We
shall exhibit it as well. There is also a boundary condition at =, but since it is
automatically satisfied, we shall not need it.

Finally, the Hermite polynomials satisfy the differential equation
—et(e~t"u') + Au = 0.

Here the interval is (~,). On L3((—=,=); e~**) the minimal operator associated
with Lu = (e"t"")’ has deficiency indices (0,0), and is therefore already seh -
adjoint. Elements in the domain of the operator satisfy automatically a boun-
dary condition at both +«, much as in the Laguerre case at =. Since these con-
ditions are automatic, we need not concern ourselves with their exact nature.

How are these facts derived? Let us outline the method. Any symmetric
second-order differential equation

(pu') +pou + Aru =0
can be put in a symmetric system format:

0 -1 1) - 0 o O 1

[1 o] {52] = ["[5 a) + P% 1/‘P1] ][::z] '
Writing /,A4,B for the matrix coeflicients, and y for the vector, we see that J is
skew Hermitian J° = =J = J7!, and 4 and B are real and Hermitian. Over an

interval [a,b], therefore, we may consider the Hilbert space Lf[a,b] generated
by the inner product

)
<y.z>= fz'Aydf..
[ 3

and on L§[a,b]. we may consider the differential expression defined by
Ly = Jy' - By. The minimal operator is symmetric and has equal deficiency
indices. To extend the domain, we need to define appropriate boundary condi-
tions in the sense of Dunford and Schwartz [1964].

Let ¢ be an arbitrary but fixed point in (a,b), and let ¥ = [;’1 ;’J be a fun-

damental matrix for the differential equation above. Assume without loss of gen-
erality that ¥(c) = J, the identity. The Weyl limit-point limit-circle theory has
established that for complex A, there exists a solution

9= o)
WEHEAEY

in L?¥[a.c]. The coefficients # and m are the much-studied Weyl coefficients.
We can use p and ¥ to derive new fundamental matrices that are more suitable

for our calculations. Let
= ?|=1% ¢([1 O
=t o)=B 29

in L§[c,b]. and a solution

and
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z.,=[;7l ;’l]={§’, é’,][%?] '
=g 9-f g9

If we compute Green's formula, we find after setting Jy' — By = Af.
Jz’' — Bz = Ag, that

b b
<lyz>-<y.lz>= [z°(Jy' — By)dt — [(Jz' - Bz)’ydt = (z°Jy)¢.
a o

Then

In order for the operator generated by the expression L to be self-adjoint, the
term (z *Jy )& must be made to vanish in such a way that constraints on  and z
are the same and at the same time minimal.

LEMMA 2.1. Let Y, Z,,2, have conjugate transpose matrices, with A replaced by X,
denoted by ¥, Z,, 2;' , respectively. Then
Yoy=v, 202, =7.2,72, =J.

The proof is quite simple. The derivatives of these expressions are 0; hence they
are constant. Atf = c, they all equal J.

LEMMA 2.2.
—IYIVT = J, =JZ, 02,0 = J, =J2,JZJ = J.

PROOF. Note —(JY)(JY) =7. So (JY)!is —J¥. Hence these may be permuted.
Multiplication by J completes the proof. The proofs for Z; Z, are the same.

Note that
%
z=p

where ¢ = ¢¥(t.A), ¢ = ¢(t,A), the same A as in Z,, and not its conjugate. Let us
now consider the term (z°Jy)(b). Replacing J by (-JZ,)J(Z,J). we find it
becomes

2°(=JZ) I (Ze )y = (25J2) T (Zy y).

Let us examine the expressions in parentheses. Since JZ,' = (AM+B)Z,. Z,
satisfies

-2y J = Zy(AA+B).
Recalling J¥' = By + Af . we find
(ZoJy) = (Zy' Ty + Zy(Jy"))
= ~Zy(M + B)y + Z(By + Af)

= ZyA(f = \y).

In component form this becomes



154

W ~ve¥|, _ ¥ (f1-\y)

19" ~Y29]  pr{Fz=Ay1)]
Certainly the top component on the right is integrable. If ¢ is likewise in
L¥([a,b J:r), then the second component on the right is integrable as well.

THEOREM 2.3. Let ¥ be a solution of (T,u')' + pou + Aru = 0, ImA\ # 0, whichis in
L¥([a,b]ir); let y and [(py') + Py /T =1 be in LZ%([a.b]ir). Then l‘i_ilgl’[y.'w]
ezxists,

Conversely, if y and [(p,y")) + poy)/ 7 are in L¥([a.b]ir) and I‘igl’[y.qa]
exists for all such y's, the ¢ is in L%*([a.b]iT).

We have essentially proved the first part. The proof of the second may be
found in Krali [1984].

The conclusion is that the expressions in

(2°Fy)b) = (Z575) T (2o y)

are Wronskians and have limits at b if and only if the solutions ¥.¢ generating
them are square integrable. These Wronskians are the generalized boundary
conditions. In any case, regardless of what happens to the components, the
expression (z *Jy){b) exists.

Likewise at f = a,
(z°Fy)(a) = (Z572) T (Z,Jy).

Again the various components have individual limits if and only if the solutions
7.¢ are square integrable.

THEOREM 2.4 (Green's Formula).
<Iy.z>—<y.Lz> = (Z,J0z) T (ZpJy)(b)

- (2372) T (Zy0y) (a).

The situations at @ and & depend on how many solutions 7,90 and ¥.,¢,
respectively, are square integrable. We cite Littlejohn [1984] and Krall [1984].
At t = b , if both ¥,¢ are square integrable, then the simplest requirement is to
set W[y 4](b) = 0. Since the Green's formula term at b is

Wiz.olW[y.¥] - Wiz ¥]1¥[y.¢].

if Wronskians of both ¥y and z with ¥ vanish, then the entire term disappears.
Actually, this can be generalized considerably [Krall 1984]. In particular, we
note that the equation #[y,y] = 0 is independent of the eigenvalue parameter A.

At t = b, if only ¥ is square integrable, then ¥[z ¥](b) and W[y ¥](b) van-
ish so rapidly that the entire term vanishes, even though F[z,p] and P[y.¢]
may become infinite. Again see Krall [1984].

The same occurs at £ =a. BSo, for simplicity, we require that
W[y ¥])b) =0, W[ym](a) =0 in either case. The actual proof then that the
extension of the operators L with domain so constrained is self-adjoint is still
quite complicated. The statements of the previous paragraph as well as self-
adjointedness require the use of a Green's function. Again we cite Krall [1984].
Nonetheless, at least the nature of the boundary conditions has been exhibited.

The boundary conditions for the orthogonal polynomials are as follows. For
the Legendre polynomials, require

P R
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l‘if?(l—tz)u'(t) =0, ‘l'irpl(l—tz)u‘(t) =0.

For the Laguerre polynomials, require
l‘igolt (Ru'{t)-u(t)) = 0.

At =, the constraint is automatic. For the Hermite polynomials, the constraints
at += are both automatic.

We invite the reader to find the constraints for the Bessel operator at £ = 0.

3. Fourth Order Problems

Each of the operators associated with the polynomials of the previous sec-
tion can be squared to generate a fourth order problem. Only the Legendre
squared operator has actually been considered [Krall and Fulton, 1982}, and it
needs to be revised. In addition to these, three other sets of orthogonal polyno-
mials satisfy fourth order differential equations. Found by Krall [1940], they
have been named the Legendre type, the Laguerre type, and the Jacobi type
polynomials. They are of special interest since their boundary constraints are

A-dependent.
The proper way to discuss these is also in a system format. Since every
symmet: .2 fourth-order differential equation

(P2y™) + (') + (Poy) + Ay =0
is equivalent to

0 0 o -1)fu 0o0) o © o0 o [:n
0 010 z._[)\o 00,10 =P» O I]z
-10 0 s| "j000O0O 0 0 -1/p2 O s|’

0 0O " 000 0 1 o © "
the theory outlined in the previous section holds fairly well, with only a few com-
plications. However, none of these complications have been explicitly worked

out. As a consequence, our description of the boundary value problems associ-
ated with these polynomials is less than satisfactory.

The Legendre type polynomials satisfy the differential equation
((¢3-1)=")” + 4({a{t?-1)-2)y") ++ A,y = 0.
The boundary conditions can be expressed as
Bau'(1) = Au(1)

000

—Bou'(—1) = A (-1).

The Hilbert space setting is 23(—1,1)®R®R, required because of the A-dependent
boundary conditions. These conditions really should be rewritten as indicated
earlier.

The Laguerre type polynomials satisfy the differential equation
(t2e~tu")" - (([2R+2]t+R2)e~ty") + et\, ¥ = 0.
The boundary condition required is
—2FRu'(0) = Axu(0).

This should be recharacterized as well. Since A again appears in the boundary
condition, the setting required is L?[[0,=);e” J®R.
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Finally, the Jacobi type polynomials satisfy the differential equation
([( 1=t )au - 2( 1—¢ )a+a + (1 -t )a+2]un)n

+([(Ba+2+2H)(1-t)8*2 — (Ra+a+2M)(1-t)** ' Jy')

+(1-t)" N,y = 0. '
The boundary constraints are more complicated.

1. ~2Mu'(0) = Au(0).

2 If [-,-] is the Laguerre bilinear concomitant associated with the
differential equation, then

(a) 951[“'1] =0, %ilzll[u,t] =0, —1<a<l.

(b) %iui'l[u.l] =0,1<a<3.

(c) no requirement, 3< a < =.
For those who are familiar with the language, we say that 0 is in the limit-3 case.
The poil(at)l is in the limit-4 case in (a), in the limit-3 case in (b), in the limit-2
case in {c).

All of these need to be recharacterized in a singular format. We cite Krall
[1981] for turther information concerning these polynomials.

4. Sixth Order Problems

Littlejohn [1982, 1984] and Littlejohn and Krall [1982] have come up with
two sete of orthogonal polynomials that satisfy sixth-order differential equations.
The first of these, the H. L. Krall pclyncmials, satisfies the differential equation

((ta—l)su"')"_' + 3(AC+BC)((t3-1)u")"
+8((t2-1)(t2=-3)u)" + 12ABC3((t3-1)u’)
+BAC((£2-1)(t2-3)u)' + 6BC((t%-1)(t%+3)u’)"

+24u" + A u = 0.
The boundary constraints are
24BCu"(1) + (R4ABC?+24BCYu'(1) = Au(1),

R4AC "(—1) + (—24ABC%-24ACYu'(-1) = Au(~1).
The setting for these is L%[[~1,1];,c JOR®R.
The second set satisfies the differential equation
(tte tu)"~B((t2+t)e~u")"

+ ((6t2+12t +1R)e~*u') + BR(t%e~*u')' + A,u = 0.
One boundary condition is required:
12Ru’(0) = Au(0).

The setting is L?[[0,);e* J®R.The boundary conditions here need further work
in a system context. The sixth-order differential equations can be written in the
Jy' = (AMM+B)y system format. We cite Walker [1974].
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5. Remarks
There are many problems suggested by the outline presented here.

1. What are the singular boundary conditions in the system format for the
problems described in Sections 3 and 4?

2. Can one develop a simple theory of singular Sturm-Liouville boundary value
problems? Niessen [1971, 1972] has paved the way, but his papers are for-
midable.

3. How far can one go in classifying such polynomial boundary value problems?
In particular, are there other sixth order problems unrelated to the second
and fourth order problems?

4. Kaper, Kwong, and Zettl [1984] have come up with a way of regularizing
singular points. How does this apply to these problems?

These questions shold keep us busy for some time to come!
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SPECTRAL THEORY OF ELLIPTIC PROBLEMS WITH INDEFINITE WEIGHTS
Michel L. Lapidus*

Abstract

Consider the homogeneous Dirichlet boundary value problem -Au = M(z)u on a
bounded open set 0 in R* (k = 1), where the weight function p changes sign in Q.
Let A, (A, ) be the nth positive {negative) eigenvalue, and let N (A) (N_(3)) be the
number of positive (negative) eigenvalues larger than A (smaller than -A).

In this note we give the leading terms of the asymptotic expansions of A, 8s n-+m
and N,()) as A+=, as well as estimates for their remainders. We also give lower
bounds for |A,, | and N_.(A) which hold for all n.

1. Introduction
Let p be a real-valued lunction defined on a bounded open set Q of R*
(k = 1). We consider the linear eigenvalue problem

(P) —Au = Np(z)u, zEeQ,

with (homogeneous) Dirichlet boundary conditions: © = 0 on 81}, in the varia-

k
tional sense, where 2{} denotes the boundary of {} and A = Ej=162/ 0zf. We shall
assume that p changes sign in ], in a sense to be made precise below; for this
reason, p is often called an indefinite weight function in the literature. Such an
eigenvalue problem is typically obtained by linearization of a semilinear elliptic
problem; for instance, once linearized about the origin, the nonlinear eigenvalue
problem

Au = Af(z,u), ze,

with f(z,0) = 0 and Dirichiet boundary conditions, yields the above linear prob-
lem with p{z) = 8f / 8z (z.0): and, clearly, p(z) need not keep a constant sign in
this case.

These linear and nonlinear problems have recently been the object of much
attention. (See, for example, the review article of de Figueiredo [1982] and the
references therein, or the paper by Hess and Kato EIQBO]; a survey of early
results on related linear Sturm-Liouville problems (k = 1) can be found in
Bocher [1913]. They are of current interest in applied mathematics, physics,
and engineering (see, for example, Dee, Grube, and Harper [1972], Kaper,
Kwong, Lekkerkerker, and Zettl [1984], Ludford and Robertson [1974], and Lud-
ford and Wilson [1974].)** From a mathematical point of view, they lead to some
rather interesting questions in the theory of partial differential equations and
operator theory.

*University of Southern California, Department of Mathematics, DRB 306, Los Angeles, California
90089-1113, and Mathematical Sciences Research Institute, 2223 Fulton St., Room 603, Berkeley, Cali-
fornie 94720. This work wes partially supported by & grant from the USC Faculty Research and Inno-
vation Fund and by Argonne Netional Laboratory; it was completed while the eutnor wes & member of
tne Mathematical Sciences Research Institute at Berkeley.

*¢] am grateful to Hans G. Kaper for providing me with these references on the applied litera-

ture.
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We shall now focus our attention on the linear problem (P). Partly because
of the potential applications to nonlinear problems, we want to consider weights
that may be discontinuous. Precisely, unless otherwise specified, we assume
that pc/P() with p>k/2 it k>3 and p =1 if k = 1. Moreover, we suppose
that Q, = jz€: p(z) > 0} and Q- = {z €l p(x) < 0} have positive Lebesgue meas-
ure in R*. The scalar A is said to be an eigenvalue of the Dirichlet problem (P) if
there exists a nonzero « in H¢ ((?) satisfying the equation —Au = Apu, in the dis-
tributional sense;* accordingly, « is then called an eigenfunction of (P) belong-
ing to A. Under the above assumptions, it is known [Manes and Micheletti, 1973;
de Figueiredo, 1982: Chap. I] that (P) has a countable set of positive and nega-
tive eigenvalues, written in increasing order according to multiplicity:

SR ae)SAnS - SAPSAH < ()< SA2S - SA S Ay S

In addition A, is given bv the “max-min principle’:
1 o i 2. -
N "< min t S, pu? llgrad ©lipe, = 13, (1.1)
where F, runs through the farnily of all n-dimensional subspaces of Hg ({1). Note
that, by the obvious symmetry of the problem,

Anlp) = =M (-p). (1.2)

Many authors have been studying almost exclusively the positive eigenfunc-
tions of (P); this is entirely justified in the case when an eigenfunction must
represent a population density, for example. (See, e.g., Brown [1983].) Recall
that a positive eigenfunction of the Dirichlet problem must necessarily belong to
the first eigenvalues A; or A_;, as can be seen by use of the Krein-Rutman
theorem (see Manes and Micheletti [1973] and Hess and Kato [1880]). For cer-
tain applications, however, the eigenfunctions of interest do change sign —since
they represent, for instance, somz component of a velocity field; hence, it seems
woz'tt)mhjle to pursue the investigation of higher eigenvalues and eigenfunctions
of (P).

In this paper, we determine the asymptotic behavior of the eigenvalues A;,,
of (P) and, under more stringent hypotheses, obtain corresponding remainder
estimates. We also give lower bounds for |A,, | valid for all n. In addition, we
try to indicate some of the many problems that remain to be solved. For exposi-
tory purposes, we present here the case of the Laplacian with Dirichlet boundary
conditions; under appropriate assumptions, however, most results hold for
second-order elliptic operators with mixed homogeneous Dirichlet-Neumann
boundary conditions. Because of space limitations, the preliminary findings
about the eigenfunctions of (P) which were reported at the Argonne workshop
will be presented elsewhere. Mathematically, our long-term objective is to
extend to the case of indefinite weights some of the main results of the classical
spectral theory of linear second-order elliptic operators with weight p=1 in
bounded as well as unbounded dornains of R*. For the “classical theory," the
interested reader might consult Agmon [1965], Gilbarg and Trudinger [1977].
Courant and Hilbert [1953: Chaps. IV-VI], Reed and Simon [1978], Osserman and
Weinstein [1980], and Yau [1982].

*The notation H(()) stands for the Sobolev space of functions uweL®()) with distributional
derivatives grad uw€L%(Q); roughly speaking, the subspace H{ () is the set of functions in H!(Q) thet
venish on 8. (See Lions and Magenes [1968] and Adams [1875].) If one wants to consider Neumann
instead of Dirichlet homogenecus boundary conditions, one must replace H§ (Q) by H(Q).
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2. Asymptotic Behavior of the Figenvalues

For A > 0, let N.{)\) be the number of positive eigenvalues of (P) less than or
equal to A; similarly, N_(A) denotes the number of negative eigenvalues A_,
larger than or equal to —~A. In the following, |B| (resp., IntB) stands for the
Lebesgue measure (resp., the interior) of BCR*. Here and thereafter, we adopt
the convention according to which e, = b, means that a, =b, and a_=5b_;
also, n will alivays be a positive integer.

Our first theorem - which extends a famous result of Hermann Weyl [Weyl,
1911; Courani and Hilbert, 1953: Theorem 14, p. 435; Reed and Simon, 1978:
Theorem XII1.78, p. 271] — gives the leading term of the asymptotics of A, as
n -+, or, equivalently, of N, (A) as A+, )

THEOREM 2.1. Assume that |Q\/nt (0,)] >0 and {QN\mE(Q)]| > 0. Then we
have

By,
(Rr)*

N ()~ N2 [(p,)e/?], as A-+e (2.1)
n

and
I}‘tnl"‘cknz,kup‘:”fkl/qm , a5 M-+, (2.2)

where B, is the volume of the unit ball in R* and G, denotes Weyl's constant;
recall that Bg = ﬂklz/ F(l"l‘k/ 2) ond Ck = (217)2(.8‘,)- k

REMARK. Note that when p is continuous and changes sign in 2, Theorem 1.1
implies that (2.1) and (2.2) hold for any nonempty open subset ) of R®; for, in
this case, (0, and ()_ are open and the conditions |Q,] > 0 and |{Q\Int{Q,)| =0
are automatically satisfied.

Before giving the proof of Theorem 1.1, we need to recall two simple com-
parison principles; when necessary, we use the notation A, {p:Q2) or N(A;p.0) to
emphasize the dependence on the weight function p and the open set ().

LEMMA 2.1 (Monotonicity with respect to the weight). If p, < pz @.e. in () end if
A (02:Q) ezists, then A, (p,0) exists and A(p;:(0) = )\,(pg;f)f

LEMMA 2.2 (Monotonicity with respect to the open set). If ,CQz and if A, (p:0;)
exist for j = 1,2, then X\, (0:0)) = A, (0:00).

These principles are "physically obvious"” and well known in the case of posi-
tive weights [Courant and Hilbert, 1853: Theorem 3, p. 403 and Theorem 7, p.
411; Reed and Simon, 1978, Proposition 4, p. 270]. Mathematically, they follow
immediately from the max-min formula {1.1); since the latter still holds, their
proof remains unchanged in this context. (See also Weyl [1911, pp. 58-62].)

PROOF OF THEOREM 2.1. The idea of the proof is rather simple and can be put to
use in similar situations. Assume that we know the result for positive weights;
we then reduce the problem to this case by means of the above monotonicity
principles. Indeed, we "trap" N.(A) between two expressions having the same
asymptotic behavior.

In view of (1.2), it suffices to establish (2.1) for N.(}) since (=p), = p_; the
estimate (2.2) will then follow since N, (A,) = n.

Fix € > 0. Since p <p; + £, we have by Lemma 2.1
N.p )< No(Aip, + £,0). (2.3)
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Set D = Int(0),). Since DcQ and |D,| > 0, it follows from Lemma 2.2 that

No(Mp,.D)CN (N0, 0). (2.4)
Combining (2.3) and (2.4), we obtain
N, (\p.D)< N, (A) < N, (xp, + e.0). (2.5)

Note that p (resp., p, + £) is positive in D (resp., ). By the "classical resuit” for
positive weights, essentially due to Weyl (see Lemma 2.3 below), we have
N.,(ApD) B
rie NE/T (2n)F 'z’.: /e (2.6)

and

. NNpe+e0) _ B ks2
A, Ak/2 ~ (en) '{ (s + €% &

Consequently, the equations (2.5) through (2.7) imply
Be po”’ 2< lim inf -———N+O‘)

(zﬂ.)k A=in Aks2
. N.A) By
< lim sup =37 s G {0 + 12 (28)

It follows from Lebesgue’'s dominated convergence theorem that
S (o, + )72 [(p,)¥/? as £-+0; recall that, in particular, (|p] + 1)P€L}(0) with
0

4]
p >k/2tk22andp=1itk =1.

Now observe that
{pk/z = r{“pk/z = l{(m)uz.

for |0, D| = 0 and the zero set of p does not contribute to the latter integral.

We thus obtain (2.1) by letting £-+0 in (2.8). /77
In the course of the proof of Theorem 2.1, we have used the following
lemma.

LEMMA 2.3. Theorem 2.1 holds for positive weights.

PROOF. Since this is essentially known, we only outline the main steps. One may
argue as follows:

1. Theorem 2.1 holds for any positive continuous function p on {. Indeed,
when p = 1, this follows from Metivier [1977: Theorem 5.12, p. 188]* and, for posi-
tive o in C(Q), this is obtained by substituting the operator —A/p for —A.

2. Theorem 2.1 holds for any positive p€LP({}). One proceeds much as in
Reed and Simon [1878: Proof of Theorem XII1.80, p. 274]; one approximates p in
L*/2(Q) [and possibly L!(?)], by continuous functions with compact suppert in Q.
To do just this, one makes use of an a priori estimate of the type

N.(\) s a2 || o

*In his memoir Métivier [1677], by refining the method of Courani-Weyl, extended Weyl's
theorem to more general open sets (and operatars).
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where ¢ is a constant depending only on k&, as well as of the following inequality,
which results easily from (1.1) and Lemma 2.1: ‘

Ne(hipy + p2) s No(Ailpy + p2]) S No(Aip1]) + No(X:lp2]).

Actually, Lemma 2.3 could be obtained directly by combining Theorem
XII1.80 of Reed and Simon [1977: p. 274] and Step (iv) of Li and Yau [1983: pp.
317-318).  ///

Since, in particular, A, = O(n**), we derive from Theorem 2.1 the follow-
ing.
COROLLARY 2.1. Under the assumptions of Theorem 2. 1, the "zeta ﬁimtion"
()= X M)+ Y (An)™ and the ‘eta function' nla) = Y (M)
n=l n=l

n=1

- i (A—p)™® are well defined for all complex numbers a with Rea sufficiently

=1
la:ge,' here z7° is defined by cutting the complex plane along the negative ima-

REMARKS.

2.1. Theorem 2.1 was announced by Lapidus {1984]. From that paper we
recover Theorem 1 (p. 266) by recalling that the boundary of a (Jordan) con-
tented set (see, for example, Loomis and Sternberg [1968: Chap. 8, §§ 6-7]: and
Reed and Simon [1978: p. 271]) has Lebesgue measure zero [Loomis and Stern-

berg, 1968: Proposition 6.1, p. 332].

2.2. Note that no assumption has been made about the zero set of p in ). More-
over, {1, 0,, and ()_ need not be connected.

2.3. We deduce from Theorem 2.1 that the positive {resp., negative) eigenvalues
of (P) have the same asymptotic behavior as the eigenvalues of the elliptic
operator —A/ p in Int(Q,) {resp., —A/ p in Int(0}_)].

2.4. The physical intuition that led us to Theorem 2.1 is the following: as is well
known, for positive p the eigenvalues of (P) represent the fundamental frequen-
cies of a vibrating membrane with mass density p; in the present case, the mem-
brane has both positive and negative "frequencies,” the large values of which are
determined by its positive and negative "mass distributions.”

After this work was completed, the author learned of several references
where results related to Theorem 2.1 could be found: the article of Pleijel { :942]
(treating by variational methods the case of a continuous weight on (cR®) and
the paper of Birman and Solomyak [1979] (studying by techniques pertaining to
the theory of pseudodifferential operators and differential geometry 2 more
abstract problem which, when specialized to the present setting, corresponds to
a C™ weight in a smooth domain QCR¥). The work of Birman and Solomyak, like
that of the author, must have been conducted independently of Pleijel's since it
does not cite it. Indeed, its situation at the confluent of many mathematical
areas is what makes this subject very interesting.

We now give two instances of application of Theorem 2.1.

Example 2.1. Let (2 be a bounded open subset of R*. Let (1., {_ be two disjoint
measurable subsets of ? of positive measure such that |0}, Int(Q,)| =0. Set
plz) = +1 it zef),, -1 if z€Q)_, and O otherwise. We then obtain a natural exten-
sion of Weyl's formula:
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Ain~Ge( i",:l Y% as netw, (2.9)

Equation (2.9) shows that the spectrum [i.e., the set of eigenvalues of (P)]
determines the volume of [}, and (.. How much more information can be
obtained from the spectrum? (For the classical isospectral problem, see, for
example, Kac [1966] and Yau [1982: pp. 23-24].) More generally. this suggests
the following question.

Question. To what extent does the spectrum determine the sign of the weight?

e 22 Let Q=ircR: |z| < 1] and p(z) = |z | Psign(|z |—1), where |z |
denotes the Euclidean length of z and 8 < 1; note that p may be quite singular.
It then follows from Theorem 2.1 that, as A++e,

(Be)® 1

N T8

(Ba)® A*0-M—3
@nr 1-8 -

N_(A)~

3. Remainder Estimaslss

We now indicate how, by the miethod developed in the proof of Theorem 2.1,
one can obtain further information about the asymptotic behavior of N,(A).
Depending on the assumption made on p and {}, one can arrive in this manner at
various kinds of error estimates. We give such an example below.

We make the following hypotheses:

(i) {0 Int{Q,)vint(0.))| =0 and lnt(Q,).- Int(Q,)uint(Q.), have "finite (k-1)-
dimensional boundary.”*

(ii) The restriction of p to Int(Q},)uint(Q).) is Hblder continuous of order A,
h€(0,1], and is bounded away from zero. Moreover,

|p(z)| = Cst.[dist(z . Int(Q_))}* . zelnt(Q,).
Note that p need not be continuous in (. We now state the following theorem.
THEOREM 3.1. If (i) and (ii) are satisfied, we have the remainder estimate
No) = @) * BN [(p.)/7] + ONETVE), as Ate, (3.1)
uh(er)e r = h/(h+1); with the obvious changes, a similer estimaie holds for
N_(N).

PROOF. In view of (i), we may assume that ( = Int(Q,)ulnt{(Q2.). let0 <z=< 1. Set
D = Int(Q,) and ¢(A) = (21) * By \*/2, We deduce from (2.5) that

N.(%ip.D) = oWl Bp) < Ne(A) = p(Nllo oy

A subset w of B* is said to have “finite (k—1)-dimensional boundary” if Jim supé Ly < 4o, where
wp=lzew: dist(z,8)<8l. (See Kétivier [1977: p. 194].) *
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< N+(A;P+ + C-Q) - ¢(A)”p+ + EHLklz(m (3.2)

+ eNllos + elERg — ool Rg)

Note that if a function is bounded away from zero and Hélder continuous of
order h, so is its inverse. It then follows from (ii) that 1/p [resp.. 1/ (p.+£)] is
Holder continuous of order h on D (resp., ). Hence Theorem 6.1 of Métivier

[1977: p.195] yields
|V, (6p.D) — g\l By | < ¥N).

IN:(Nps + £.0) = oM)lloe + ellfthqg) | < ¥V, (3.3)
for all sufficiently large A; here, ¥(\) = Cst. A\*"¥2, for some constant indepen-
dent of ¢ since [|1/ (p, + £)||;~ is uniformly bounded in &. We now obtain (3.1) by
fixing A large enough, inserting (3.3) into (3.2). and letting £-+0. /77

REMARK. Under a different set of assumptions, one could deduce error estimates
of the form O(A*-1V/2) or O(A(k‘lelog}S. :

4. Lower Bounds for the Eigenvalues

Whereas the last two sections gave results concerning the large eigenvalues
of (P). the following theorem — announced by Lapidus [1984] — provides lower
estimates for A, which hold for all .

THEOREM 4.1. Assume that () is a bounded domein of R* with C® boundary and
that k = 3. Set vy, = (k{k—2)/ 4e)(kB;)¥* with e = exp(1). Then, we have for
aln>1andA >0

Iktn l = 7kn2/k“pt”£kl/l(m: (4.1)

and

kB, (k (k—2)/ 42 F/2N ,(X) < A¥/2 [ (p, )72, (4.2)
[1]

PROOF. As before, it is enough to establish (3.1) for A,. Fixn =1 and £> 0. By
Lemma 2.1, A (0) 2 M (04 + £).
Moreover, by Li and Yau [1983: Theorem 2, p. 314] applied to the positive

Moy +E)29n? o, + all,}‘/zm). (4.3)

To obtain (4.1) we now let £+0 in (4.3) and apply the dominated conver-
gence theorem. 77/

REMARK 4.1. An immediate consequence of Theorem 4.1 is that if |{).| > O, then
|Ain | exists for all n and tends to += as m++e; for £ = 3, we then obtain an
alternative proof of this fact recalled in the introduction. (Compare, for exam-
ple, the proof of Manes and Micheletti [1973: Proposition 3, p. 290] or de
Figueiredo [1982: Proposition 1.11, p. 43].)

The result quoted in the proof of Theorem 4.1 is a beautiful estimate of Li
and Yau established for positive weights; in the same paper [Li and Yau, 1983], it
was used by these authors to improve the so-called "Cwikel-Lieb-Rozenbljum
bound” for the number of "bound states” (that is, negative eigenvalues) of the
Schrédinger operator in R* (k = 3). (See also Lieb [1980] and Reed and Simon
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[1978: pp. 101-106].)

In the first part of their paper, Li and Yau attempted to solve Polya's con-
jecture. In the present context, and for Dirichlet boundary conditions, the
latter would state that

A ctnzlk"ot"[,b/l(ur for alln. (4.4)

From Theorem 2.1 we know that the ratio of the left- and right-hand sides of
(4.4) tends to 1 as n gets larger and larger; of course, it can be checked that the
constant 9, occurring in the statement of Theorem 4.1 is smaller that ;. Even
in one dimension, (4.4) does not seem to be known, whereas Polya's conjecture
(p = 1) is easily verified in this case by explicit computation. Needless to say,
whoever wants to attempt solving this problem in higher dimensions must be
ready to face considerable difficulties. For literature on the classical problem,
see Polya [1961] where the analogue of (4.4) was established for "tilting
domains” and the recent works of Lieb [1980] and Li and Yau [1983], where par-
tial results were obtained on arbitrary domains.

Finally, we would like to point out a problem about which very little seems
to be known. Assume that  is unbounded, say, Q = R*; moreover, in the
definition of (P), replace —A by the "Schrodinger operator” —A + V, where Vis a
real-valued function defined on ) and satisfying appropriate regularity condi-
tions; suppose that V is unbounded from below. Consequently, (P) is now both
"left" and “right” nondefinite.

Problem. Obtain, in terms of the properties of the “potential” ¥V and the
"weight" p, a partial classification of the types of spectra that can occur in this
situation.

Of course, one must first define precisely what is meani by terms like
"essential spectrum” in this setting. This can be done, for instance, by using the
concept of approximate eigenfunctions or the language of indefinite inner pro-
duct spaces (Krein spaces). Naturally, the “spectrum” need not be discrete in
general. Actually, a try at a few examples will quickly convince the reader that
the "spectrum’ could be quite complicated in this case.
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J-SYMMETRIC DIFFERENTIAL SYSTEMS
Heinz-Dieter Niessen®

Abstract

For differential systems, the notion of formal J-symmetry is defined in such a
way that systems arising from formally J/-symmetric differential equations are
formally J-symmetric in this sense. It is indicated how J-symmetric diflerential
systems give rise to a J/-symmetric operator in some suitable Hilbert space. The
general theory of J-symmetric operators in Hilbert spaces can then be applied
to this operator to obtain analogous results for J-symmetric systems as they are
known for J-symmetric differential equations.

1. Introduction

Let T be a linear operator in a Hilbert space H with inner product (, ), and
let J be a conjugation operator on H. (For the problems considered here. H
can be assumed to be a function-space and J the operator of complex conjuga-
tion.) Then 7 is called J-symmetric if for all ¥,z in the domain of T

(Ty.Jz) = (y.JTz),
ie.,if
TcJTY, (1.1)
where 7* denotes the ordinary adjcint of 7. If equality holds in (1.1), then T is
said to be J-selfadjoint.

The theory of J-symmetric operators in Hilbert space has been developed
mainly by Glazman [1957], Zhikhar [1959], Galindo [1963], and Knowles [1980
and 1981). Two of the main results are given below.

THEOREM 1.2 (Extension Theorem). 7o every J-symwmetric operator T there exists
a J-selfadjoint extension T. If A belongs to the regularity field of T, then T can
be chosen in such a way that A belongs to the resolvent set of T.

Here the regularity field — denoted by II(T) —is defined to be the set of all
complex A, for which T-A is boundedly invertible (but not necessarily surjec-
tive). The regularity field of a J-symmetric operator may be empty.

THEOREM 1.3 (Modified von Neumann Formula). Let T be a J-symmetric operator
with non-empty regularity field and — according to (1.2) — let T be a J-
selfadjoint extension of T with non-empty resolvent set. Then for all A in the

resolvent set of T
Dyge; = Dp + (T=N)TIN((T-A)") + IN((T-))*).
Here D, and N(A) denote the domain and the null space of 4, respectively.
Now let T be the (in general) quasi-differential operator defined by

*Universitit Essen, Gesemthochschule, Postfach 1037684, 4300 Essen 1, West Germany.
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m= g (=1)* (P <), (L9)

where the coeflicients p; are complex-valued functions defined on some real
interval /. For sufficiently smooth 7,{ with compact support in the interior of /
the equation
(mJ¢) = (n.J7¢) (1.5)

holds true, where J denotes complex conjugation. Therefore, the minimal
operator T in L%*(/) induced by 7 is J-symmetric. Thus, the theory of J-
symmetric operators can be applied to 7. For example, by applying the exten-
sion theorem and the modified von Neumann formula, all J-selfadjoint exten-
sions can be described by boundary conditions, and their resolvents can be con-
structed. This application of the general theory of J-symmetric operators has
been achieved, for instance, by Glazman [1957], Zhikhar [1959], Knowles [1981].
and Race [1980].

The aim of this paper is to generalize the theory of "formally J/-symmetric”
differential operators to differential systems. As an example we consider the
system arising from (1.4) or, more generally, from the equation

™ = Awn, (1.8)

where w denotes a (for the moment) complex-valued function. Let
y = (nl%, ... nl®*-10) where the n*] are the quasi-derivatives of #. Then (1.6)
is equivalent to the system

~y'+ Ay = ABy (1.7)
with (2m ,2m )-matrices 4 and B defined by

fﬂ I\ h g j
\\\\\\
N 1
A:= A—QT;’ - , B:= O
P AT
, NN
2’ N\ N\
/’ NN
I’ \\-
pm 0 ¥ _

Thus the aim is to define —in a most general way —the concept of "formally
J-symmetric” differential systems such that (1.7) in particular becomes a for-
mally J-symmetric system and such that there exists a suitable Hilbert space
and a J-symmetric operator in it describing the differential system. Then the
general theory of J-symmetric operators can be applied to this operator in
order to get results analagous to those for differential equations.

For simplicity we assume all coefficient functions to be continuous, e.g., the
p; and w above.
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2. Definition and Algebraic Structure

Let / be an arbitrary real interval with endpoints a and b (~w<a<b<w), and
let n be a positive integer. Then the set of all locally absolutely continuous
functions from / into C* will be denoted by A and A, denotes the set of all
Eiecewise locally absolutely continuous functions defined on / with values in C".

ere a function ¥ is called piecewise locally absolutely continuous if there exists

a finite set 4,CJ such that ¥ is locally absolutely continuous on N4y. Further-
more, the set of all measurable functions defined almost everywhere on I with
values in C" will be denoted by M. Obviously, Ap, A and M are linear spaces, the
last one with equality almost everywhere.

Now for i = 1,2 let F;, G;, S; be continuous mappings from / into the set of
all complex (n,n)-matrices. Then by

Fy:=Fy' + Fay, Qy: = Giy' + Gey. Sy: = 51y' + Sy,

we define differential operators F', &, and S mapping A, linearly into M. Furth-
ermore, for A€C, denote by () the mapping from / into the set of all (2n.2n)-

matrices defined by
c R 1—AGI 1‘ 2"‘%62
A B Sz |-

We consider the system Fy = AGy, i.e.,

(F1=AGY" + (F2=AGg)y = 0 (2.1)
and define it or —more correctly —the pair (F,G) to be formally J-symmetric in
the following sense.

DEFINITION 2.2. (F, G ) is "formally J-symmetric with respect to S if

Jor all AeC, and there erists a continuously differentiable function H:/+@,(C)
such that for all A\eC-
0 —El. _[0 H
A2 Fla-l3 ) 2o

Then H is called "concomitant” of (F,G) with respect to S.

Here ¢ denotes transposition and E, is the (n,n)-unit matrix. Condition
(2.3) ensures that the Cauchy problem for (2.1) is uniquely solvable; equation
(2.4) reflects a commutation property (see Eq. 2.6 below).

Equation 2.4 shows that /A is uniquely determined by F, &, and S —but not
by F and G alone —and that A(z) is skew-symmetric for each z€/. Since H{z
is supposed to be nonsingular, and since each odd-order skew-symmetric matrix
is singular, the order n of the system (2.1) must be even

The system (1.7) can be shown to be formally J-symmetric with respect to a
suitably deflned S':

Llet n =2m. Then F; = =E,, Fp= A, G, = 0, G = B. Defining
0 —Em)
= .= m
Sl' 0. Sa. Em o Jo
where £, denotes the (m ,m)-matrix with 1's in the second diagonal and 0's
elsewhere, the pair (F,G) is formally J-symmetric with respect to this S, and

the concomitant equals S;. Thus, the concept of formally J-symmetric systems
generalizes that of formally J-symmetric differential operators.



172

We use the notation

ve) = [z (= (z)dz
for all y.z €M for which the integral exists —not only for square-integrable y and
z,

Then the following characterization of formally J-symmetric systems can
be proved.

THEOREM 2.5. (F,G) is formally J-symwmetric with respect to S ijf the following
condifions are fulfilled:

2. For -lizel

a. F\(z) is nonsingular.

b. F}" z)G,(z) is nilpotent.

c. S! éngz(z) = G4 (z)S(z). .

d. Si(z)Fe(z)-F(x)S(z) is nonsingular.

2. For all A\eC end for all continuously differentiable v,z €A with compact sup-
port in the interior of | the equation
[{(F-AG)y, JSz] = [Sy. J(F-\G)z] (2.8)
holds true.
(M H= S‘IFz-ﬁSg).
Conditions {a) and (b) are a restatement of (2.3); equation (2.6) is

equivalent to (2.4) with some H, possibly A-depending and singular valued. Then
(3 guarantees that H is independent of A, and condition (d) ensures that H(z)

is nonsingular everywhere.

Comparing the commutation property (2.6) for A = 0 with {1.5) indicates
once more that we have defined a generalization of the concept of formally J-
symmetric differential operators. In (2.6) the differential operator S occurs
instead of the identity in (1.5).

Another characterization of formally J-symmetric systems, which gives
even more insight into the algebraic structure of the operators F', G, and S is

the following.

THEOREK 2.7. (F.,G) is formally Jsymmetric with respect to S and with concomi-
tant H if the following conditions hold:

1. Fy(z)is nonsingular forall z€/.

2 H is a continuously differantiable solution of H' = HT + T*H with
T: = F{1F, such that H(z) is nonsinguler and skew-symmetric for all z</.

3. There ezist continuous functions W, L from [ into the set of all (complez)
symmetric (n,n)matrices such that K/, is nilpotent everywhere and such that

G =Ws; (i=1,2) and (2.8)
Sy = LF,, Sg=LFg-(Frl)‘H. (29)

Equation 2.9 and Condition 1 show that L is uniquely determined; Equation
2.8 implies the following corollary.
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COROLLARY 2.10. G = WS.

We shall use the same symbol for a matrix-valued function and for the
operator (in M) of multiplication by this function. So in Corollary 2.10, ¥
denotes this operator of multiplication.

Let z¢ be a fixed point of / and let Y, be the fundamental matrix of solu-
tions of (2.1) such that Y,(z¢) = E,. Then we have the following theorem.

THEOREM 2.11. If (F,G)is formally J-symmetric with respect to S and with con-
comitant H, then for all AcC :

1. YiHYA = H(xo).
2. (ST (F1=AG)Yx = H(zo). .
The first equation follows by multiplication of (2.4) from the left by [}}’,’;}

and from the right by [}}’,'; ] ; the second equation can be proved by multiplying

(2.4) from the left by {}}’,'; , from the right by [};"] and by using Eq. 1.

The second equation especially implies that (SY,)(z) is nonsingular for all
z€/. In connection with (2.10) this shows that
F = (GY)(SY))™
is uniquely determined by (2.8). For example, in the problem arising from the
system (1.7),
¥ = diag(0,....0.w), L = 0.

Another consequence of Theorem 2.7 is that (2.1), solved for ¥', is a polynomial
in A of degree n at most. This follows from (2.8), (2.9), and the fact that WL is
nilpotent:

(Fy=AGy) ™t = (Fy—AWS,) ) = (F\—-AWLFy)!

-1
= F7Y(E,-AWL)™ = F{TS (AWL).
=0

Suppose from now on that (¥,G) is formally J-symmetric with respect to S
with concomitant A and ¥ .L as in Theorem 2.7.

In order to obtain a suitable Hilbert space and a /-symmetric operator in it
which reflects the properties of the system (2.1), some further restrictions have
to be imposed.

3. Right-definite Systems

DEFINITION 3.1. (F.G) is called "right-semidefinite (with respect to S)' if W(z) is
positive semidefinite forallz /.

From now on (F,G) will be assumed to be right-semidefinite. Then there
exists a uniquely defined continuous function K on / with values in the set of
Hermitian (n,n)-matrices such that for all z€/

K(z)=0 and K3%(z) = W{z). (3.2)
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COROLLARY 3.3. For all z€J W(z) and K(z) are real matrices.

For W this follows, since W(z) is Hermitian and symmetric by Definition 3.1
and Theorem 2.7, respectively. By the symmetry of ¥(z), K* is a solution of
(3.2), too. Since this solution is unique, K(z) is symmetric. Being Hermitian,
K(z) is real.

In the case of Example (1.7), right-semidefiniteness means that the "weight”
function w is real and nonnegative. Then K = diag(0,...,0,,Vw ).

In the general case we define a linear operator I/ from A, into M by
U: = KS. (3.4)
Then (2.10), (3.2), and (3.4) imply the following corollary.

COROLLARY 3.5. G = KU.
We use the following notations.

DEFINITION 3.6.
L% = fyeM/ |y(-)|?is integrable on I},
E = U2 =jyeA, / Uyely,
D = ANEnF1KL2,
Fp: = {YycAnE/ (F-AG)y = 0} for all A€C,
(y.2): =[Uy,Uz] forally,zcE

REMARKS.

a. The space E, of continuous solutions of (#~AG)y = 0 belonging to E is
contained in ¥,C*ND, since Fy = AGy = K(A\Uy) and ycL?

b. (y.2) =[Gy.Sz] =[Sy.Gz] for all y,2€E by (3.4) and (3.5), since K{(z)
is Hermitian. This shows that the positive-semidefinite inner product {,) on Eis
nothing artificial but that it is given by the problem itself. In the case of (1.7),
for example, (¥.2) = j;n(wdz. where 1 and ¢ are the first components of ¥ and

2, respectively.

c. Obviously, U is a linear isometry from the semi-prehilbert space (E,(, ))
into the Hilbert space (L], ]).

d. The space D plays a role similar to that of the domain of the maximal
operator induced by T in L*(/}.

GREEN'S FORMULA 3.7. Let y.z€D. Then
1. [Py JSz] and [Sy.JFz] exist;
2 <y.z> = {z'Ay)(b-0) - (2! Hy)(a +0) exists; and

3. [Fy.JSz] - [Sy.JFz]= <y.z>.
The integrals in (1) exist by the deﬁnit.irin' of D. Then (2) and (8) folljow by

(1) on multiplying (2.4) from the left by [2] , from the right by Y, and
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integrating over JI.
We now assume that (F,G) is right definite:

DEFINITION 3.8. (F,G) is "right-definite (with respect to S)' if for some AeC the
positive-semidefinite inner product ( , ) is definite on E,.

It can be shown that {y€Ey\/ (y,y) = 0} is independent of A. Therefore, if the
condition of Definition 3.8 holds for one A, it holds for all A. Especially one may
assume ( , ) to be definite on E;. Then a compactness argument gives the follow-
ing lemma.

LEMMA 3.9. (F,G) is right definite iff for some compact interval M in the interior
of I the integral [(UY;)® UY, is positive definite.
N

This lemma can be used to show that for every y €D there exists a u €D
which coincides with ¥ to the left of ¥ and vanishes to the right of M. This gives
a decomposition ¥ =u+v of ¥ into elements of D which vanish in a neighbor-
hood of the right and left endpoint of /, respectively. This decomposition is fre-
quently used in the proofs of the following resuits.

In the case of Example 1.7 it can be shown that the problem is right definite
iff, apart from being nonnegative, the weight function w is not identically zero.

4. An Appropriate Hilbert Space
Since (E.(,)) is a semi-prehilbert space, there exists a completion {G.(, ))
of (E.(,)) and a unique continuous extension of U, from all of G into L. This

extension will be denoted by the same symbol U. Then U is a linear isometry
from (G.(, )) into (Z%[, ]). In view of (3.5{%,’ can be extended to all of G by

G: = KU, (4.1)

where again the same symbol G is used for this continuation.
Then the followifig theorem can be proved.

THEOREM 4.2. L2 = UG® N(K).

Here N(K) denotes the nuil space (in L?) of the operator of multiplication
by K.

COROLLARY 4.3.
1. UG= N(K)
2. KI? = GG,

3. D = ANEnFTIGG,

4. J(UG) = UG

The first — obvious — part of the corollary shows that one knows UG if K is
known; in particular, no completion process is needed in calculating UG. The
second equation follows by applying X to the decomposition of Theorem 4.2 and
by {4.1). This equation then implies (3). L? and —since X is real valued — N(X)
are invariant with respect to J. Therefore, (4) follows from Theorem 4.2.

DEFINITION 4.4. B = UG, K: = K,

e ez G s e
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Then (H.[ . ]) is a sub-Hilbert space of (L%, , ]); by Corollary 4.3 (4), J is a
conjugation on H; U is a linear isometry from (G.(. )) onto (H.[ , ]); and k maps
H bijectively onto GG since HnN (1%": {0} by Theorem 4.2. Furthermore,
G = KU (compare the right-hand part of the commutative diagram 5.9).

5. The /-Symmetric Operator
By Corollary 4.3 (3), F maps D into GG. Therefore, the following definition
makes sense {compare the upper left-hand part of Diagram 5.9):

DEFINITION 5.1. T: = X-1F,,
Then F, = KT = KT, and since / and K commute, Green's Formula 3.7
implies the following theorem.

THEOREM 5.2. [I'y. /2] - [Uy./Tz] = <y,z> forall y.z€D.
Let Dy denote the orthogonal complement of D in itself with respect to the
bilinear form <, >:

Dy = {y €D/ <y,z> = D for all z€D)], (5.3)
and denote by Dy’ the set of all y <€D with compact support contained in the inte-
rior of /. Then Dy'CDyCD, and (5.3) and Theorem 5.2 imply the following corol-
lary.

COROLLARY 5.3. [Ty.JUz] = [Uy./Tz] for all y€Dy and all z€D.
A converse of this corollary is the following.

THEOREM 5.4. Let f.g €H and assume that
[Ty.Jf]=[Uy.Jg]torall yeDy.
Then there exists a uniquely defined z€Dsuchthat f = Uz and g =Tz,
As a consequence of Corollary 5.3 and Theorem 5.4, we get the following.

COROLLARY 5.5. (UDg)-= JT(DAN(U)).
Here |denotes the orthogonal complement in H, and the null space N(U)
contains all elements of G with norm zero.

We now make an additional assumption.

ASSUMPTION 5.6. DnN(U) = {04.

In terms of U, right-definiteness means that EonN(U) = §0J. Since by
Remark (a) following Definition 3.6 Ey is contained in D, Assumption 5.8 slightly
strengthens the assumption of right-definiteness. In most cases this additional
hypothesis is fulfilled, especially in the case of the system (1.7) arising from the
differential equation (1.6) or in the case of systems arising from differential
equations ™ = Ao, where o is another formally J-symmetric differential opera-
tor. :

Assumption 5.8 and Corollary 5.5 immediately imply the following corollary.
COROLLARY 5.7.
1. U,yD-+UDis bijective.

2 Dy isdensein G
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Now it is possible to define an appropriate linear operator A from D,: = UD
into H by the following definition.

DEFINITION §.8. A: =T(U, ).
The following commutative diagram elucidates the situation:

F
. / G surj
D " ’ 6
% yd
U ~
/p | bij K| bij
U surj
'
" > UD"DA ”H

From this diagram the following remark arises.

REMARK 5.10.
A=U(GF ) (U, )N
that is, apart from the isometries U and U, 4 is the relation G'F,  This

shows that the operator 4 reflects the properties of the differential system (2.1).
Now let

Ao': = A/ umy; * Ao = A/ yDy

Then 4¢g'CAoCA and by Corollary 5.7, (2). these operators are densely defined.
The bilinear form <, > can be transferred to O, by the definition

<t.9> =<(U,p )Y . (U, ) "g> for £ .geDy.
Then Theorem 5.2 and Corollary 5.3 can be formulated as follows.

THEOREM 5.11.
1. [AfJg)—{f JAg)=<f.g>forall f geD,.

2. [AcSf Jg] =[S .JAg] for all f €Dy and ail gD,
The last assertion shows that Ay is /-symmetric and that

JAJ CA, (5.12)

In the same way Thecrem 5.4 can be reformulated as follows.

THEOREM 5.13. Let f.g €H, and assume that

i st s e s e o
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[Ach.Jf]1=[h.Jg] for all heD,,.

Then f €Dy ond g = Af . In particular, this implies
(Ag) *CJAJ. (5.14)

Since AgC(Ag)°, (5.12) and (5.14) imply the following theorem.

THEOREM 5.15. JAJ = Ag = (4g)°.

Consequently, 4 is closed and 4 = 4y. Since by Theorem 5.11 (1), <, > Is
continuous with respect to the graph norm on D, Ap; can easily be shown to be
closed, too. Therefore, we have the following corollary.

COROLLARY 5.16. Ais closed, and Ag = Ag'.
Theorem 5.15 also implies that every J-symmetric extension 5 of A; is a
restriction of 4:

BcJBJCJAg] = A

Therefore the domain of B equals UC for some linear space C with D,CCcD.
Define for such a space the space Cp by the following definiticn.

DEFINTTION 5.17. Cp: = {y €D/ <y.z> = 0 for all 2 €C}.
(Dy in the sense of this definilion is the same as the old Dy.)

Then Theorem 5.11 gives the following characterization of J-symmetric and
J-selfadjoint extensions of Ay, respectively.

THEOREM 5.18. Let B be a linear operator with A,CBCA, and let C: = (U,, ) 'Dp.
Then B is J-symmetric iff CcC,, and B is J-selfadjoint iff C= G,

Since Ag is J-symmetric, the general theory of J-symmetric operators can
now be applied to 4;. Together with the special structure of the operators 4,
and 4 this application yields a lot of new results for our problem. We will sketch

only a few of these results.

First of all, the extension theorem (1.2) shows that there exist J -selfadjoint

extensions of Ag. Another result of the general theory gives that the "deficiency
index in A", i.e.. m(A): = dimRj ., is constant in the regularity field I1{(4;). Now

an easy calculation shows that
Ff\ = N((46-X)") = JN(A-)) = JUE,. (5.19)
Therefore, m(A) = dimkE, is constant in II{4g). In particular, 0<sm(A)<=n. It
can be proved that m(A) = 12"- if @ or b belongs to I.
For A€ll(Ap) the modified von Neumann formula gives in connection with
(5.19) and Theorem 5.15
Dy = D‘o + (BA-A)-IJUR + UK,
where B, is a J-selfadjoint extension of 4g with A in its resolvent set. Applying
(Uyp )" to this equation gives
D=1y + RJUE, + B (5.20)
Here Ry = (U, )" (Ba—-A)~": H-+D.

I TI(4g) ¢, then (5.20) holds for some A€C. Therefore,
dimD/ Dy = 2m (\) = : 2m, and for every linear space C with DycC<D there exist
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W, ... Wae €D linearly independent modDy, such that for some ! <2m
C=D + [wy.... w]. D= C+ [wyeg,... Wam ]
Then C = G is equivalent to
l=m, <wyw;>=0(ijsm), C=fyel/ <y.w> =0 (ism)].
This is the description of J-selfadjoint extensions of Ag by boundary conditions:

THEOREM 5.21. Let TI(Ao) # ¢, and let m: =} dimD/ Dy. Then Dg = U, C is the
domain of e J-selfadjoint extension B of Ap iff there ezxist w,, ..., Wy €D
linearly independent modDy such that
<wyw;> = 0 (i,jsm)
and
C = fyeD/ <y.w> = 0 (ism)i.

In contrast to the situation here, in the case of formally symmetric systems
there do not always exist selfadjoint extensions; and even if there exist such self-
adjoint extensions, it may happen that none of these extensions is generated by
separated boundary conditions. In the case of formally J-symmetric systems,
the situation is quite different. If II(4;) # ¢. then there always exist J-
selfadjoint extensions which can be described by separated boundary condi-
tions. We cannot go into details here.

Let us finally consider the “resolvent” Rx: =(U,p)'(B-A)"' of the J-
selfadjoint extension B with A in its resolvent set. It can be shown that R, is an

integral operator from H into D, elthough {(B-A)~! in general is not an integral
operator. For simplicity, let a€f and define m: = m (),

o=l g =B 52

Then there exists a constant regular (n,n)-matrix P such that the first m solu-
tions of Z,: = Y,P span K. Let Hg = Z§(xo)H(xp)Zx(zp). With these assump-
tions and definitions, the following theorem holds true.

THEOREM 5.22. @:Hp@: = 0 and there exists an (n,n)-matriz T such that for all
JeEHandall zc/

(Raf Xz) = [ G(z .s)f (s)ds,

where

-1
G(z.s): = Zx(z){_iﬁgqu :g‘;&l}([}z’o‘(s) {Eg; :izc: :

The matrix 7 can be determined by the boundary conditions describing 5.
Theorem 5.22 gives the following necessary condition for A to be in the regularity
field of Ag.

COROLLARY 5.28. If A€II{Ag), then @:Ho@ = 0.

This also shows that in the case ac/, m(A) =m = 2.

2
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POINTWISE EQUISUMMABILITY OF ELLIPTIC OPERATORS
Louise A Raphael*®

Abstract

We present criteria for determining pointwise equisummability of expansions ir
eigenfunctions of certain pairs of elliptic operators on general domeains of B*.
Applications are given for Sturm-Liouville systems and the heat equation.

In this paper we give criteria for L™-equisummability of eigenfunction
expansions for certain pairs of elliptic operators on K'. Namely, L*-
equisummability of two elliptic operators, or the pointwise convergence of the
difference of two summability means, is reduced to showing that the difference
of the modified resolvent operators is uniformly bounded. The class of elliptic
operators is a generalization of the class of Sturm-Liouville operators. Our ellip-
tic operators have leading terms that are positive and lower-order terms whose
coeflicients are singular on nowhere dense sets. Our work is motivated by the
fact that it is easier to study expansions in eigenfunctions of erturbed opera-
tors, say, Laplacian = —A on R®, than of perturbed ones, ~A + g(z).

The prototypical case for equisummability is found in the study of equicon-
vergence for differential operators; see Haar [1910), Walsh [1922-23], Birkhoff
[1908], and Tamarkin [1912]. That is, the difference between expansions with
respect to eigenfunctions of a Sturm-Liouville operator and the ordinary Fourier
series tends to zero uniformly in every finite interval. In some one-dimensional
cases where equiconvergence fails, one can show (see Stone [1926]; Levitan and
Sargsjan {1075); and Benzinger [1970]) equisummability for Riesz typical means
of eigenfunction expansions of differential operators. For equisummability in
higher dimensions, Gurarie and Kon [1983] give conditions under which the
expansion of an [P function in eigenfunctions of an elliptic operator is
equisummable with the corresponding expansion obtained from its leading term.

We will illustrate our theory with two examples. The first shows that for
J €L3(R), the generalized Fourier transform of f associated with certain classes
of Sturm-Liouville problems is analytic surnmable to f (z) pointwise if and only if

the Fourier transform of f is analytic summable to f (z) pointwise. The second
application is to convergence of solutions of the heat and perturbed heat equa-

tions to their common initial value.

1. Equisummability for Differential Operators in IP(R®), 1<p< =

We begin with basic definitions. Let A be a differential operator on
LP(R*), 1< p <. Let {u(z.A)} be the set of generalized eigenfunctions associ-
ated with the eigenvalue A belonging to the spectrum o{4). let f <ZP(R"*), and
assume that the eigenfunction expansion

f(z)~a{; )F(A)u(z.h)dp(h) (1)

*Howard University, Department of Mathematics, Washington, D.C. 20059. Research partially
supported by the Army Research Office under grant number DAAG-29-84-G-0004.
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and its generalized Fourier coefficient
F(\)~ { 7 (z)u(z A)dz

exist. Here ~ denotes [P convergence as the limits of integration become
infinite, and p is a combination of spectral functions. Let ¢(A be continuous and
#(0) = 1. We say that the eigenfunction ezpansion (1) is g-summable in an
appropriate topology if the summability means

plcA)f = J)F(A)w(sx)u(z.x)dp(xw

as |£|-+0, £ again belonging to some domain ?'in C. When the summator func-
. - - - _F R x oo i
tion p(e) = 7= 1A E-A for £ = —C5 and ST S+f as |z |s=, 2 in
£
D =z |~1/2zeD]}, the eigenfunction expansion is resoluvent summable to f .
Two differential operators A and B on LP(R*), 1<p <, are ¢-
egquisummable from LP (R*) into L=(R") if

lp(eA)S —(eB)f |- = sup | (24} (z)—o(eB)f (=) || *0 as |£| +0

for all £ in L? (R*).

It summability does not occur with respect to the LP(R*) norm, 1<sp <,
then equisummability from LP(R*) to L=(R") becomes interesting. Our first
theorem states conditions under which equisummability from P (R*) to L™(R")

holds for 1 <p < w,

THEOREM 1. Let A F be closed differenticl operators on LP(R*) into L™(R"),
1<p <m. Assume z(z—A4)"! —z(e-B)"! is uniformly bounded from LP(R*) to

L=(R*) for z in DcC. If 2(z—A)"! and z(z-B)~! are uniformly bounded from
L*(R*) to L"(R"), then A aend B are rssolvent eguisummable from
LP(R*)-+L™(R*) in D~

Our proof depends on the fact that the space of infinitely differentiable
functions with compact support, Cg {R*), is dense in IP{R"), p # =; the alge-
braic identity

2(z—A)"f —& = 2(z-A)[=7'AS ];
and a Banach space theorem.

The setting for our principal theroems follows. Let X be a set in C. Here 8K
denotes the boundary of K, while X* denotes the complement of K in C. The
regions K;, (i=1,2,) defined in Theorem 2 can be informally thought of as con-
centric keyholes, the intersection of one of which with the exterior of the other
contains the contour I'. These regions will be used also in Theorem 3.

THEOREM 2 (Kon). Let A, B be closed di.q*erential operators [P (R") for 1 <p < w.
Assume Ryf =z(z-4)7'f —z(z—B)"{ i ; y bounded from
LP(R*)-+L=(R*). Let D, ={z€C| |z [sr), and ?rl: ={z€C | |arg 2| < ¥;},
and K; = D Uldy fori=12 be such that Kp,CK),.

Let A and B be resolvent equisummable on the complement of K, If ¢ is
analytic on K, such that ¢(0) = 1, p(z) = 0(z%), (6>0) £ in K,nKE, then 4 and
B are y-equisummable in &, ¢ in D = [z|largz | < 8,2} from [P (R*)-+L"(R")
Jor 1< p <o
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The proof uses the Dunford operator calculus and the Dominated Conver-
gence Theorem.

2 Equisummability of Elliptic Operators on R*

We now present some notation. Let a = {(a;, . . . ,a,) be a multi-index, and
1 9™ o g
D® = - lal =Y a.
ilel az;'l az‘n ?

Consider the differential operator
A= Y by(z)De=Ay+C,
o |
where 4, contains the leading terms and C is the remainder. We assume that 4,
is constant coefficient positive elliptic [i.e.. Ag= ), b,0%and ), b4z® >0 for

|= lal
z = (2;,....2,)#0]. We assume that the coeﬁi'giegts of 'C' can‘bemexpressed as
sums of functions in certain IP{R*) spaces, i.e., bg(z)eL =+ L™, |a|<m, where
d= ‘:'all.? iri—d- |a|}<m. We choose for the domain the LP Sobolev space If,.
il a

(It p is outside 1<p<minr, then A may not be densely defined.) The next
theorem is an application of the theory in Section 1.

THEOREM 3 (Gurarie-Kon). Let A = Ay+C and B = Ay+D be closed elliptic opera-
tors defined as above on the Soboiev space L{,, 1<sp<minr,, where Agis constant
coefficient positive elliptic containing the leading terms of order m. Assume
the coeffiicients b,(z) of A.B are singular on a nowhere dense sef. let K, and
Kz be as in Theorem 2 and ¢ be analytic on
K. 9(0) = 1, ¢(2) = 0(z %), 6>0, z in K1NKE. Then A and B are p-equisummable
Jrom LP(R*) info L*(R*) forp >n/(m~d), andein D = {z | |arg z| < 82-8,4.

The key technique of the procf is to analyze kernels of the resolvents end
use .ﬁ,‘-radial bounds of the resolvents developed in Gurarie and Kon [1984 and
1983].

We observe that when A is a differential operator, (z—A4)™? is LP-smoothing,
80 we expect equisummability from LP(R") into L*(R*). For pointwise equisum-
mability when A,B are y-equisummable, then ¢(eA)f +f at exactly the set of
points where @(eB)f -»f, since (p(c4)—¢(eF))f converges uniformly to 0. Thus
we state the following corollary.

COROLLARY. If A.B are as in Theorem 3, then ¢(cA)f +f at zcR" if and only if
¢(¢B)f +f atz.
3. Applications

It follows immediately that under the conditions of Theorem 3, the general-

ized Fourier expansion associated with certain classes of Sturm-Liouville prob-
lems and the ordinary Fourier transform are analytic equisummable.

For example (see Levitan and Sargsjan [1975]). consider the equation
=E2E) s gepute) = Mulz) ze(-=)

and g(z)e(L}(R*) + L=(R®) is real and continuous. Let u,(z,A) denote the solu-
tion of this equation which satisfies the initial conditions
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%,(0) =0, a—“;u,(o.x) = -1,

and by ug(z,A) the solution under the initial conditions

u,(O.A) =1, a—i—ug(o.k) =0

Let f €L¥KR) and F;(A) be the generalized Fourier coefficients of f with respect
to iy (z.A), £=1,2. Let p((z), i=1,2 and n(z) be the standard limits of step func-
tions where the jumps occur at the eigenvalues of the boundary value problems
on a finite interval [a.b]. Here, p; are monotone and bounded, while 7 is of
bounded variation in every finite interval. Then we can write

12~ [ FyNua(z Aoy + J Fa(Auslz Adn(x)

& [FaNus( Ndn(N) + [ Fa(Aue(z Adpg(). (@)

where ~ is L2?-convergence as the limits of integration become infinite.

It is well known that in the case g(z) =0, (2) is the Fourier transform,
namely,

7 (@)~ & (sin VE2(£ (VR) - £ (~VR)av

+ [eos VRz(f (V) + £ (~VE)aVK, A= 0,

where f denotes the Fourier coefficient of f.

Now when the summator function ¢(A) is analytic and satisfies the condi-
tions of Theorem 3, and the summability means with respect to ¢ of each of the
integrals is absolutely convergent, then the g-equisummability of the general-
ized Fourier expansion and Fourier transform foliows, that is,

_f_ FiA)e(eNu,(z Ndpi(A) + [ Fi(A)e(eNua(z N)dn(A)

+ JFaNg(enyus(z Ndn() + [ Fo(Np(eNrua(z Neog(N)f (z)
pointwise if and onl; if -
jv(tk)f(k)e“"'dk-af (z), k2=X, ase-0
pointwise. -

For our flnal example, consider the heat equation Agu = -Au = -;—ta—u. with

the initial condition »(z,0) = f (z)eLP(*),p = n, and an associated perturbed
heat equation

Au’ = (=A+glz))u’ = -;f?—(u’). u’(z.0) = f(z)ciP(R"),p=n.

Here g(z) is the sum of_‘L"‘(R") and L*(R*) functions. So by Theorem 3, when
pled)=e™4 (e f —e ™ °f |l.~0 as £ +0. In other words, the solutions u(z.t)
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and u°(z.£) converge to f (z) as ¢ -0 at the same set of points z in R*.
Proofs of the theorems will appear elsewhere.
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THE ESSENTIAL SPECTRUM Of A CLASS OF ORDINARY DIFFERENTIAL OPERATORS
Bernd Schultze®

Abstract

The essential spectrum of ordinary differential operatars is investigated using
the theory of relatively compact perturbations. For several classes of ordinary
differential expressions, the essentizl spectrum can be determined exactly,
results that seem to be new even for the even-order symmetric case.

In this paper, we will consider the (in general) non-symmetric differential
expression

My = oy (1)
on / =[1,) and determine the shape of the essential spectrum of closed
differential operators T(M) generated by ¥ in L¥(/), i.e., of the set

0, (T(M)) = {A€C | R(T(M)-)) is not closed].

There are a large number of important resulis concerning the essential spec-
trum of differential operators generated by symmetric expressions M. However,
there are only few examples where this set is not empty and entirely known: if n
is even, in the case that & is some perturbaticn of the Euler differential expres-
sion or of an expression with constant coeflicients, as in Muller-Pleiffer [1977]
and Evans, Kwong, and Zett]l [1983], and if » is odd, the limit-point criteria [Hin-
ton, 1878; Schultze, 1984] imply that the essential spectrum must be the whole
real line.

In the more general case of expressions of the form (1), the basic theory for
the essential spectrum has been developed by Evans, Lewis, and Zettl [1984] and
by Rota [1958]. It turns out that as in the symmetric case, the decomposition
principle holds and that the essential spectrum is invariant under finite dimen-
sional extensions of the operator. For this reason, we can confine our considera-
tions to o,(7o(M)). where To(M) is the minimal operator generated by #, and
define o,(M) = 0,(7o{M)). In Rota [1958], the following spectral mapping
theorem is proven: If p is a polynomial with constant complex coeflicients and
p(o, (#)) # C, then p(a, (H)) = o, (P(H))

The most frequently used method to get information on the essential spec-
trum consists in determining the numerical range, since it contains the essen-
tial spectrum. Sometimes this numerical range coincides with the essential
spectrum, but it can al.c happen that there is a large gap between these two
sets. Thus if, for instance, M is a symmetric odd-order expression, then its
numerical range is R, but a subclass of such expressions is known having empty
essential spectrum.

The method applied here is more direct. Up till pow, it has been restricted
to have real powers of the variable { as dominating functions for some sub-
scripts i. But with this method the essential spectrum of several classes of
expressions can be exactly determined. These results seem to be new, even for

¢ Universitit Essen, Fachbereich, 6 Mathematik, D-43 Essen 1, Germany.
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the even-order symmetric case.

We shall ase the theory of relatively compact perturbations developed by
Kauffman {1977] for differential operators (slightly generzlized in Schuiize
{1964 and also use the information on the structure of X*J' given by fezd

1982).
To be more precise, we first consider special real expressions
Mo‘y = i;’pt;y“"). (2)
o
where s€Np (o...¢, integers with 0s¢p<.<¢ =n, p,(f) =t with
o,€R (o = 0,...,8) satisfying for s = 1 the condition

o) Qg
Tito < (3)

endfors > 1

Pot1%0 o ZeThel gorp=1,..8-1 (4)

tcﬂ =0 Co—{o

For the coeflicients a,€R we make the following restrictions:

gn(-l)k'a, =const for ¢, even

gn(-l)”“'“)a, = const for {so0dd ° ()
We want to mention that the conditions (4) and (5) may be weekened withcut
affecting the results. Thus we can admit the "<" relation in (4), and {5) can be
replaced by a condition of the following form: The “sign” of these even-crder
(odd-order) coeflicients must be constant as long as they lie between two con-
secutive odd {even) kink points. {In this context {p and ¢, are defined to be even
and odd.) But from now on we always assume that M, satisfies conditions (8), (4),
and (5). Conditions (3) and (5) mean that the points {¢,.a,) in R*(6=0,...,s) form
a polynomial path with decreasing silopes smaller than 1.
For such expressions Mp we are able to determine Md M, which is a real
symmetric expression of the form

MiHgy = 3 (—1)(qy®)®.

k=ty
The form of the coeflicients g, is given in the next lemma.

LEMMA 1. For¢,<k < ¢gy (0=0,..,5-1), we have

2 —
Qg(t) =(cg +0 (1))t Cor17$o [t ~Lo)agsy + (Lou1~k)eg!

withcy 20 (k = {q....n)andcy =af fors=0,..5.
This representation will be used to give lower estimates of

| Mof IE = (MeMor 2)= 3 [ar] 1F® |2

b‘fn

0
for test functions f €Cg (/). Since not all c; are positive, the idea is to blur the
growth rates between the kink-points {, and to the left of {;. To do this, we use
the following inequalities.
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0
LEMMA 2. IstnEN, 0s1i <n, acR Then we have for all £ €C§ (/):
- :
ft" | f(n) 12> [2"""‘“1'[ (2a—2l +1)? fi.z(a-nﬂ) U»(t) |2
Besides this known inequality, we need the follcwing lemma (cf. Kwong and Zettl
[1881: Theorem 9].

LEMMA 3. Let neN, n = 2,a,8€R. Then for every £ > 0 there ezist K(¢) >0 and
€l such that for all f €Cg ((..a)) we have

'Eft“(tu(a-t)ﬁ) |F® |2 sftz" @) 2+ K(e)ftzﬁ 7 2
im17
With these tools we are able to prove the following crucial lower estimation

LEMMA 4. There are nef, b, > 0 (k = 0,....,n), K = 0 such that for all f €Cq ((1.=))
we hove

Tk ~{gag, 1 +{{gsy K )yl
"ﬂd"§2 El E‘H fb fﬂrf ~{olags1H{{gs1 lf(k)lz
v [ot® 110K 111118

(cg~¢o+k) forag> égorég=10
b = agk &gt forag<0and {o> 0"

In cddition, we can choose K = C if ag = {p.

This result enables us to apply perturbation theory in order to get informa-
tion for more general expressions. As admissible perturbations of My we can
take expressions

My = kaym (6)

A =0
with complex-valued r, €C*(/) (k=0,....,n) satistying

ek (k€ ) Ay HL a1 ) o]
(gfesrte  ° ) if 0€{0,...,s§ ezists with ¢e<kS¢ga, (7)

Te(t) = (£%%) for k=0,....¢

Then we have for 7 eca'(ol)
M7 1= (2 It 12< (na)) T ln s ® P
k=0 k=0

D R et s L & BT (L ¢
Tt o * ¢
< £ i1 %0 o(1 *) 124 kol (&) 12 .
%, @1r® 12+ 3 [1%(1) 1@ |

First we consider the case ap > ¢o. Here we can take K = 0 in Lemma 4, and
we have the following lemma.

1EMMA 5. If M is given as in (6) with coefficients satisfying (7), then there is
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0 <a < 1 end €] such that for all f €CF ((n,=)) we have || Mf ||z < o ||Mof l2-

REMARK. Condition (7) implies that M is even relatively compact with respect to
M, in this case ag > {g if 7, = 0. But using information that the proof of Lemma
4 gives for the constants b,, the assertion of Lemma 5 can be obtained under
weaker conditions than (11).

The main result in this case holds for every bounded perturbation of My
with bound smaller than 1.

THEOREM 1. Let ag > {; and & be given as in (6) such that thereis 0 < a < 1 and
nel with ||Hf |z < ol|Mof |2 for all f €CF((n.=)). Ther. g, (Mo+ M) = ¢.

Next we consider the case og < {,. Here we have to make the further
assumptions that all {g(¢=0,...,0) are odd or all are even. Let us first assume
that all {, are odd. Then M has the form

Myy = 2 aot“ly(fc) = 2(_1)U,Ecta,y(zv,+l)
o=0 o=0

with w, = %(¢;—1), @, = (~1)“*a,. By reason of (5) we have sgn &, = const, so we
can assume a, > 0. Defining now the symmetric odd-order expression

Ny = 35 (-0t ) + eyt

it can be shown that iMp — Ny is relatively compact with respect to Ng—i. There-
fore Ng and ildy have the same essential spectrum. But it is shown by Schultze
[1984] that Ny is in the limit point case for ag< ¢p therefore o, (Np) = R since
Np is of odd order. So we have the following theorem.

THEOREM 2. Let g < ¢ and all ¢(,(0=0.....s) be add. If M is given aos in (6) with
Ta = 0 and the other cosfficients satisfy (7), then o,(Mg+M) = iR

‘Similar arguments hold in the case that all {f{0=0,...,s) are even. But here
we have only the information o, (Mo)c[0.=) it (~1)"*a, >0 (¢=0,....s); and in this
generality, more precise results cannot be obtained, as examples will show.

THEOREM 3. Let og < ¢o. all ¢, be sven, and (—1)¥%, > 0 (0=0,....n). If Mgy is
given as in (6) with r, =0 and the other coefficients satisfy (7). then
0,(Mo+M)c[0,>).

If we again specialize this case to s = 0, {g > 0, then we can write ¥; in the
form

Moy = (~1)™toy®m), (8)
where m = ¥, & = ag. Denoting the corresponding symmetric expression by
Boy = (—1)™(tay(mn)im), (9)
the spectral mapping theorem and perturbation theory give for perturbations
-1
My = .t r.y®) with n.(t) = o(t&) (k=0,...2m-1) (10)
k=0

the following result (if M is symmetric, given in the symmetric form with
coeficients 7, , differentiation carries it over in the form (10) with analagous con-
ditions on r;, and some of their derivatives).

THEOREM 4. Let Mo be given as in (8), My as in (9) M as in (10) with
a<2m (meN). Then
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Ou (Mot M) = 0y (Mo+H) = [0,m).

For more involved expressions Mo the essential spectrum may be different
from the whole non-negative real line. If we take for M, (#;) the two-term
expressions with ¢ & 0:

Moy = t2y™) + (—1)™ctoy®™), (11)
resp.,

Roy = (edy@mnEm) 4 (—1)mc (t4y =), (12)
then again the spectral mapping theorem (for the polynomial p(z) = z%+c) and
perturbation theory give for perturbations

-1 -
Ky =¥ ry™ withr, (F)=0(t™) (k=0....4m-1), (13)
k=0
the following generalization of Theorem 4.
THEOREM 5. If My is given as in (11). B, as in (12), and M as in (13) with
a < 2m (me€N), c=0, then
Oo (Mo+ M) = 0 (Ho+H) = [c o).

Taking other polynomials, we can generate expressions with more and more
complicated essential spectrum in the complex plane. This also seems to hap-
pen in the case singled out till now: ag = ¢{.

If N is "some” perturbation of the Euler-expression Ngy= = )zb,,t"y(*’,
E=0
then its essential spectrum is shown to be
k-1
0y (N) = {bg + 38, 1 (z~(j+}f)) | Rez=0};
k=) j=o

see Goldberg [1966:"V].7 and V1.8]. For one-term expressions Noy = i{t{y() this
gives pictures for the essential spectrum, which are only qualitative (see Fig. 1).

For expressions M, given as in (2) satistying (3), (4), and (5) with ag = ¢, and
perturbations i given as in (8) with coeflicients satisfying (7), similar methods
of proof as for Theorem 1 show the following resuit:

€o—1
If AeCwith |A | < |a°|2“°‘r_l°(zz+1). then A€o, (Mo+M).
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Fig. 1. Essential Spectrum for One-term Expressions
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DIRAC SYSTEMS WITH OSCILLATING POTENTIALS AND
ABSOLUTELY CONTINUOUS SPECTRA

J. K Shaw?*
D. B. Hintont

Abstract

A Dirac system Y’ = [A(z) + P(z)]y is considered or. ar: interval {a.b) of reg-
ular points, the equation being singular at £ = 6. Theorems that locate the con-
tinuous spectrum are proved, and suflicient conditions that the continuocus spec-
trum be absolutely continuous are given. Then externsions are given for two

singular endpoint problems.

1. Introduction
A Dirac system s a first-order system of the type

1 . - Aa( . ‘
Ez] = a2 (2) 23?3)2(’)] [52] asz<bse, (1.1)

where the real-valued coeflicients p, &, ., and p, are locally integrable over [a.b),
ax(z) > 0. and A is a complex parameter. Initially, we regard {1.1) as regular at
z = a and singular at z = b, but see Section 4 for extensions of our results to

two singular endpoint problems.

It is well known that the Weyl! limit point-limit circle classification holds for
systems (1.1) (see Kogan and Rofe-Beketov [1974] and levitan and Sargsjan
(1875]); i.e. the dimension of the space of solutions of (1.1) belonging to

2a.b) = f(a)ly,|?+azlyz!Ddz <=, P= ; } is either exactly 1 for all non-

real A or exact.'l'y 2 for all nonreal >. In this paper we will consider only the limit
point case (dimension = 1).

For systems of limit point type, we affiliate an operator on Lfga.b) with

(1.1) by introducing a boundary condition B(¥%)=sinfy,(a)+cosfys{a)=0 and
then letting 7:D, p+LZ2[a.b) be the operator defined by

r@) = %5 2|10 ‘ol]g'-f;’,' 2ley. (1.2)

x)
0
the domain D,g consists of all locally absolutely continuous J€L2[a.b) with
B(g) = 0 and T(ﬂ)eLE[a.b). Then 7 is selfadjoint and thus has a real spectrum
o(7T) (see Levitan and Sargsjan [1975]).
One of the central problems in differential operator theory is to determine
the spectrum and, in particular, to determine where it is discrete and where it
is continuous. The present paper takes up this question, together with the prob-

lem of finding sufficient conditions that the continuous spectrum be absolutely
confinuous (defined below). The absolutely continuous spectrum is important

Department of Mathematics, Virginia Tech, Blacksburg. Virginia 24061-4097.
{Department of Mathematics, University of Tennessee, Knoxville, Tenmessee 37996-1300.
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for its applications to scattering theory.

One of our objectives will be to extend the work of Titchmarsh [1961 and
1962], Erdelyi [1963], and Weidmann [1971 and 1982] on Dirac systems with
Coulomb potential,

- —k/z A+V(z)+c

ﬂ - [_A_V(/z).'_c _k(/)z ] ﬂ. 0<z <, (13)

where £ and ¢ are constants and V(z) is locally integrable on (0,=). I
V(z) = Z/z, Z constant, then (1.3) is the radial wave equation in relativistic
tun mechanics for a particle in a fleld of potential Z/x. In Titchmarsh
ilQBl and 1962] and Erdelyi [1963], the spectrum of the two singular endpoint
problem (1.3) is considered under assumptions that V(z) — (7/ z) be absolutely
integrable toward z = 0, for some constant 7, and that ¥{z) should be, in a cer-
tain technical sense, either “small” at z = = or “large” at = =; included in the
technical assumptions are V(z)-0 or V(z)-=, respectively, as z-+w. In the
small potential case, the spectrum is continuous in (~=,~c Ju[c,=) and discrete
in (—c.,c); in the large potential case the spectrum continuously covers the
whole real line. It is implicit in Titchmarsh and Erdelyi that the continuous
trum is absoluteiy continuous, in fact continuously differentiable. Weid-
mann [1971 and 1982] discusses various subjects concerning oscillation proper-
ties and the spectrum gf (1.1) ]or b = =, In the case where a,(z) = as(z) = 1,

the potential term P = "1},’: f;, is broken up into long- and short-range terms
0 M

P = P,+Py, where P, is of bounded variation, P,-b{_p_ OJ (z-»m,, <u,). and

Pgell(zg,»), 2o>a. Under these assumptions, the spectrum is absolutely con-
tinuous in (—e, - JU[4.%).

In the sections that follow, we give generalizations of the results of Titch-
marsh and Weidmann by applying a general asymptotic technique and a change
of variable developed by Hinton and Shaw [1984]. We allow weight functions, on
the one hand, and we permit a decomposition of the potential into long-range,
short-rang=, and oscillatory parts. Specific hypotheses and statements are
given in the next section. In Section 3 we outline proofs, and we close the paper
with some remarks in Section 4.

2 Statements of Reszlis

The resolvent set of the operator T in (1.22 consists of all complex A for
which (7-AJ)"! is a bounded operator from Li[e.b) into itself [Levitan and
Sargsjan, 1975; Hinton and Shaw, 1982]. The spesctrum of 7 is the complement
of the resolvent set.

Let 3(z ) and #{z.\) be the unique solutions of (1.1) which satisfy for all
complex A the initial conditions

[3(a).3(a)) = [:“o;ﬁ ',‘i;ﬂ : (2.1)
Then the limit (in the limit point case)
m) = -l SHE (2.2)

exists and defines an analytic function for Im()A) # O [Levitan and Sargsjan, 1975;
Hinton and Shaw, 1881]; m(A) is known as the Titchmarsh-Weyl m-coefficient.
The spectral function for T is a nondecreasing and right-continuous function
a(A) unlgly determined by p(0) = 0 [Levitan and Scrﬁsju:n. 1975; Hinton and
Shaw, 1682]. One has the Titchmarsh-Kodaira formula {Hinton and Shaw, 1982)
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~

bg
Plue)—p(:) = lim 71 [ Im m (utie)du (2.3)
sy

at points of continuity x4, and uz of p. The spectrum of 7 consists of the points
of increase of p [Levitan and Sargsjan, 1975]: jump discontinuities occur at
eigenvalues (both isolated and nonisolated), the continuous spectrurn consists of
points where p is continuous and nonconstant, and an open interval belongs to
the absolutely continuous (resp., C! ) spectrum if and only if p is absolutely con-
tinuous (resp., continuously differentiable) there

We now state the two theorems to be discussed here. More general results
are possible; see Hinton and Shaw [1984a)]. The following ones illustrate the
technique of mixing asymptotics, ¢ e of variable, and the Titchmarsh-Weyl
coeflicient to describe the spectrum of (1.1).

THEOREM 1. In (1.1), lst
= o, 0,(z) = ag(z) = 1.

pi{z) = A)(z)+8s(z). P1(Z) = P1i(T)+P12(Z)+p s(Z).

P2(z) = pei(z)+pae(z) +pes(z),
where A,, p,,. and pp, are differentiable and A,+0, p,;»=A;. Pz~*—Az(T +=)
whers A\ <X let pp,'. A, Pas. BDy€ll[zp.=), and suppose the integrals
Bio(z) = f Pr2(s)ds erist (conditionally) cnd define functions that belong to
LY zg,=).” Suppose further that all the functions

f: | Pea(s)p;y'(s) | ds.
S 1 Pual)ty (s)as

Pea(z)Pjel(z) Prmalz) [, | Pels)P;1'(s) lds.
and

Pnz(z)j; | Pez(s)Ay'(s) [ds
te in L'\[zg,«). Then (1.1) lies in the limit point case (and thus T is selfadjoint)
and the spectrum of T is continuously differentiable in (—w \;)U(Az. ) ond
discrete tn (A\;.22).

The potentials p,2(z) may be viewed as "oscillatory” terms which must cou-
ple with the long-rang: terms p;,(z)+A; and A,(z) in the way prescribed. An
example of functions satistying the hypotheses are 4, = z~! = p,,, ps, = -1+z7,
and pgo(z) = z%sin(z*), @ < 2. Thus we allow a wider range of potentials but draw
the same conclusion (see the remarks in Section 4) as Weidmann [1971].

THEOREM 2. /n (1.1)let b = w, p(z) = 0, L () = Pp)(Z)+Pea(z ). where the p.,(z)
arg differentiable, p,,ps, >0 and [ (p) P21)VE = w; suppose that either
f. a,(pey/py)Vi=w or f ag(P1)/ Pey)V? == and that the functions
n= (f 1/ 1)V 4 and A(z) = 0’72 0(P 11/ pe ) satisfy A = A, +Ay where A0 and A,',
Asel'[a,»). Suppose that a,/p;, and p,o/ p,, can be decomposed into long-
range, short-range, ond oscillating potentials as in Theorem 1. Then (1.1) lies
tn the limit point case (and thus T is selfadjoint) and the spectrum of T is con-
tinuously differentiable in (—, ).



198

We outline the proofs of the theorems in Section 3. More details and further
generalizations may be found in Hinton and Shaw [1884a].

We shall require a characterization of the spectrum in terms of m(A). Hin-
ton and Shaw [1682 and 1984b] extended the classification theorem of Chau-
dhuri and Everitt [1968] to the setting of Hamiltonian systems, which include
(1.1) as a special case. We are concerned here mainly with the fact that m(A)
continues analytically into e~ch interval of the resolvent set, and that the iso-
lated eigenvalues of T are (iso:ated) poles of m (A); see Hinton and Shaw [1882].

to the fact that m{A) = m(A) [Hinton and Shaw, 1882] for nonreal A,
it follows that m(A) continues analytically to a real interval if and only if it has a
real limit there as Im(A)-+0. In particular, if m{A) is real and meromorphic on
an interval, then the spectrum is discrete there, with the eigenvalues coinciding
with poles of m(A).
To illustrate the connection of m(A) with the theorems stated above, we
give two simple examples. First, consider the constant coeflicient equation
9= 0 2°]7. 0mz<e. (24)
which is a special case of (1.? and which is equivalent to the scalar equation
y"'+(A®~cf)y = 0. Computing 3 and @ of (2.1) and evaluating the limit (2.2) for
Im(\) > 0, we find for this example that m(A) = i[{A—c)/ {A+c)} This expres-
sion is real if and only if —¢ < A < ¢, so the spectrum consists of (~=,—c Ju[c =).
This is an instance of Theorem 1 with po{z} =c, p,(z) = —c. p(z) = 0. A nice
e of Theorem 2 is the one in which x,{z) = ap{z) = a(z), p(z) =0, and
pi(z) = pa(z) = b(z), for the zolutions of

9= [-wz[)’—b (z)

2
are available explicitly and have the form ¢ = L&J exp(i:ij; {(Aa+b)ds). The
ses of Theorem 2 are satisfied if we take pyp =0, o, = 1, and assume
that, say, b(z)~z~%, x+=. It is then an easy matter to compute m(A) =1 for
Im(A) > 0. Thus m(A) = —i in the lower half plane, and this means that m{}) is
apalytic nowhere on the real line; i.e., the spectrum is continuously
differentiable in (—e,=) with p(A) = A/ 7 (see Formula 2.3).

3. Outlines of Proofs

The systems of Theorems i and 2 can be put into.common form by a change
of variable in Theorem 2. Let f(z) and 7,(z) be differentiable functions on
[a,b). with f (z) monotone increasing and unbounded. Let ns(z) = 1/7,{z), and
introduce new independent and dependent variables ¢t = f (z) and

9(z) = [”‘é’) nelz)| 28). ta=F(@) St <

M(z)g—b (z)] 9

Then (1.1) becomes

-1 _ (-m'/m) (ne/ m)(Aae+pe)
(@) [(—=/m)Aa+py)  (—me/ M)

where dots represent differentiation with respect to £, and where the expres-
sions in the matrix are evaluated at z = f£~(¢). In Theorem 2, recall that we

have p, = p1;,+P12. Ps = P21 +Pee. We now make the special choices

2(t) = z(t), (3.1)
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J(z)= f[pu(s)pg,(s)]"zds. mix) = [pa(z)/ pulz)]V4

Then (3.1) becomes

2(t) = [ -m'/ (mS") 1+A(0e/ P21)+(P2/ P21)
T =i=Aay/ pu)—(P12/P1) N2’/ (n2f ")

Note that the diagonal members of (3.2) are negatives of each other because
72 = 1/7m,. Both (3.2) , under the assumptions of Theorem 2, and the system of
Theorem 1 (with x = ¢) have the general form

2(t) = [‘b(h%fr),(t,)‘) a(A)_Z'r('?()t.)\) 2(1). : 33

where a(A) and b(A) are entire functions of A which are real for real A,
A(t) = A (t)+As(t) decomposes into long- and short-range terms as in the
hypothesis on p(z in  Theorem 1, and where 7.(t.A)
=r“(t)+rk2(t)+r,3(t)+k Skl(t)'f'skz(t)*'Sga(t)] with the Te1 and Sk long-ra.nge
terms, r,3 and s,s short-range terms, and r,; and s;; oscillating terms.

Under hypotheses that include Theorems 1 and 2, we studied the asymp-
totic form of the solutions of (3.3). We state here the main conclusions as they
apply to the present paper, and refer to the earlier work [Hinton and Shaw,
1984a] for technical assumptions and proofs. Let us define

o' (¢ ) = [(@(N)+72,(8)+Asg,(¢)) (b (A)~r,(t)—As,, (2))-aF(e)]V2,

and let U be a compact subset of the complex A-plane such that a (A)b{A) # O for
A€U. Thus for Theorem 1 we have a(A) = A=)z, b{A) = A-A,, and U can be any
compact subset of the piane that omits A\; and Az. In Theorem 2, a(A) =b(A) = 1
from 83.2). so U is any compact subset of the plane. We prove [Hinton and Shaw,

2(¢). (3.2)

1984a] that for each soluticn £ of (3.3) there exists g function A(A), analytic on
the interior of U and continuous on U, such thatif /| Im ug = =,

¢ )
£(t) = A0verp(4 o FTEODEOOD) e o

for A€ U. In the cases considered here we have hné.:o(t A)>0itIm(A) >0and ¢ is
sufficiently large. Moreover, uo(t A)~[a(A)d (A)]V% hence the exponential term
dominates the asymptotic formula (3.4) for Im(A) > Q.

Let £, and £, denote the transformed solutions of (3.3) corresponding to
the solutions 3(z.A) and #(z A) with initial values (2.1). Let A4(A) and 4,(A) be
the A(A) coefficients appearing in (3.4) for £4 and 2, respectively. Since our
bm)c change of variables has first component ¥,(z) = 7,(z)z,(¢). then (2.2) and
(3.4) imply

- )i 9,(z A) - 1 (24):(2.A) - _ Ag(A)
mA) =g o EN T RGN - T A0
We now have to consider the behavior of the ASA) coefficient when A and

kol(t .\) are real, this case not being govered by (3.4). We proved [Hinton and
Shaw, 1984a] that if AcU is real and f Impg < =, then

ReA4(N)ImA,(A)—ReA,(A)ImAg(A) = [4a(A)(a(A)b (A))V2]L. (3.6)

Note that for the values of u,; determined by Theorems 1 and 2, ug(t.\) is
either purely real or purely imaginary for £ sufficiently large and for real Ae€ U.

Im(A) > 0. (3.5)



We are now ready to prove Theorem 1. Let A€(A;.\;), and pick U to be a
compact set omitting A, and Ay but containing A. Then uo(t.A) is purely ima-
ginary, and it follows (see Hinton and Shaw [1884]) that the solutions Z of (3.3)
are real. In particular, A4(A\) and A, (A) ere real for all A€(A;.A;). Hence
m(A) = —Ag(A)/ A,(\) continues analytically through (A, Az) save for zeros of
A4(A) which coincide with its poles. That is, m(A) is meromorphic in (A;,A;), and
so the spectrum of T is discrete there. If instead A > A, or A < A, then wo(t .A) is
real, and we are under case {3.6). Now by (3.8)

As(N) _ [4a(ab)VE(N)]! (3.7)
A,(\) | 4p(A) |2 ' '
which is also finite and nonzero by the right side of {3.6). Since m(A) has a non-

real value on the real line in (—w,),) and (Ap. =), then it cannot be analytic there.
Since (3.7) implies Nlit&zm()&ic) = 0, then the intervals (—=,A;) and (Az,=) lie in

the continuous spectrum; see Hinton and Shaw [1882]. Continuous
differentiability of the spectral function is a consequence of the Titchmarsh-
Kodaira formula (2.3). This proves Theorem 1.

The proof of Theorem 2 is identical to the second part of the above proof
because uq(t.A) is real for large ¢ and real A.

4. Ramarks and Extensions
1. The hypotheses regarding f‘ .nl(pg./p 1) or f. .ﬂg(Pu/ P21)/? are present

in Theorem 2 to ensure that the limit point case prevails. In the limit circle case
the spectrum is discrete.

Imm(A) = =Im

2. Turning to two singular endpoint problems, we indicate briefly here how
Theorem 1 may be extended to the case in which the endpoint = a is singular.
Analogous remarks apply to Theorem 2. Thus, suppose we have a system

ey = | PlZ)  Atpe(z) o
v{z) l“k"P:(z) —(z) g(z). e <z <o, (4.1)
which is singular at z = a. If the end z = @ is limit point, define the operator T
just as in (1.2) except that the condition B(g) = 0 is dropped. 1If £ = a is limit
circle, we take T to be a selfadjoint extension of the minimal operator associ-
ated with (4.1). Denote by mg(A) the Titchmarsh-Weyl coefficient for (4.1) at
z=a le,
e e BazA)

where 3 and § are the solutions of (4.1) taking values (2.1) at some basepoint
o @ < ag <=, instead of at z = a. The limit (4.2) exists and defines an analytic
function for Im({A) # 0 in the limit point case. If the limit-circle case prevails,
the limit in (4.2) must be taken through a subsegquence, and so for simplicity we
will consider only the limit point case at z = a. It is beneficial to consider "half-
line operators” T, and 7. associated with (4.1), as restricted to the intervals
(a.zp) and (ag,=). respectively. Here 7. is defined just az 7 in Theorem 1 except
that ap replaces a, and 7, is defined similarly. Then m(\) describes the spec-
trum of T.. and my{)) describes that of 7,, in the sense of the proof of Theorem
1.

The whole line operator 7 has Titchmarsh-Weyl coeflicient &2 2x2 matrix
function
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HO) = [ma-m O o om0z abomO0 | @9

see Hinton and Shaw [19B4a and 1984b] and Coddington and Levinson [1955].
The spectral function 7(\) is a 2x2 Hermitian, nondecreasing (in the positive
definite sense), right continuous function which bears the same relationship to
M(A) as p(A) does to m(A) from (2.3). When M(A) has a nonreal and finite limit
at the real axis, the spectrum of 7 is continuous there (see Hinton and Shaw
£198)4b]) and therefore continuously differentiable by the matrix analogy of
2.3).

1t is not difficult to prove {see Hinton and Shaw [19B4a]) that if either mg(A)
or m(A) has a nonreal and finite limit on some interval J, then so does M(A),
regardless of the behavior of the other m-coeflicient. In essence, this is
because Imm (A) > 0 and Immy(A) < 0 for Im(A) > 0, and if one of these inequali-
ties preserves its strictness as Im(A)~0, then M{)\) can be shown to have a non-
real limit. Therefore if A belongs to the continuous spectrum of either 7, or 7,
then it lies in the continuous spectrum of 7. Consequently the whole line opera-
tor T arising from Theorem 1 has continuously differentiable spectrum in
(==,A})U{Az.2). quite independently of the behavior at the singular end z = a.
To claim discreteness of the spectrum in (A;,A2), however, we would need
detailed knowledge of the singular behavior at = a; see Theorem 3 in Hinton
and Shaw [1964adf
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