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NOMENCLATURE

- Stress

s.. - Deviatoric stress ( S i j = o.. - ± 5^ o^, S|<k = 0)

e i j - Strain

e f j - Deviatoric stress (e,., = ^ - J ^ ^ k k , ekk = 0)

p - Elastic shear modulus, one of Lame's constants

k - Elastic bulk modulus

Gi - Relaxation funct ion f o r shear

G2
 : - Relaxation function for dilatation

3\ - Creep function for shear

J2 - Creep function for d i latat ion

t - Time

t - In t r ins ic time

F - Force

A - Cross-sectional area

E - Young's modulus (elast ic)

v - Poisson's rat io

V - Volume

S - Surface area

\ . A = ZV } o n e Of Lame's constants
3

Repeated Latin indices indicate summation 1-3 in Sees. I I and IV.
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ENDOCHRONIC VISCOPLASTICITY MODEL

by

W i l l i a m A. Cook

ABSTRACT

The endochronic viscoplasticity model is presented,
and the criteria for general problem analyses are
discussed. Two approaches are then developed for inclusion
of this model in nonlinear finite element codes. One
approach includes reformulating the stiffness matrix for
solution by iteration, and the other approach does not.
Also, the uniaxial tension problem is studied, and the
problems encountered with the use of this model are
stated. Finally, recommendations are presented to check
the basic postulates used to develop this model.

I. INTRODUCTION

The US Department of Energy, Assistant Secretary for Environment, Division

of Environmental Control Technology is directing computer coda development for

analyzing nuclear material shipping containers that have been subjected to

severe impact conditions. The endochronic viscoplasticity model was chosen as

a possible model for the materials used in shipping containers. Argonne

National Laboratory (ANL) was charged with the responsibility of developing

this model for finite element codes. Los Alamos Scientific Laboratory (LASL)

was charged with adding this model to a finite element code being developed for

shipping container analysis.

The endochronic viscoplasticity model was introduced by Professor

K. C. Valamis in 1971 with Ref. 1. The purpose of this model was to avoid the

use of yield surfaces and thus simplify viscoplasticity analysis.

This report describes the work done at LASL with this model. In Sec. II,

the model is described and discussed and in Sec. Ill, two approaches are
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presented for using this model in a finite element code. In Sec. IV, the

uniaxial test problem is discussed along with the difficulties that are

encountered in its use; and in Sec. V, recommendations are described for

testing this model.

II. ENDOCHRONIC MODEL

In this section, the endochronic viscoplasticity model is developed. This

development is extended from that presented in Ref. 1 to include a variable

bulk modulus. We start with the basic viscoelastic constitutive relations and

four basic definitions and produce an endochronic viscoplasticity model that

may be used in theoretical analysis or included in a finite element analysis.

This section is concluded with a discussion of the information that is required

on a particular material for use in the model and on the tests that might be

performed to obtain this information.
p

The shear viscoelastic constitutive relations are

Sij(x,t) = / Gx(t - T) — ^ dT , and (1)

eij(x,t) = f ^ ( t - T ) — ! J - dr . (2)

The shear elastic relation is

s i : j(x,t) = 2pe i j(x,t) . (3)

2
The dilatation viscoelastic constitutive relations are

akk(x,t) = / G2(t - T) - ^ — dx , and (4)

,t)= /



The dilatation elastic relation is

° k k ( x , t ) = 3kEkk(x,t) . (6)

An endochronic viscoplasticity model can be defined as follows.

(1) Replace the time (t) in the viscoeiastic constitutive relation with a

new variable, intrinsic time (t).
(2) Define the intrinsic time (!) as

dt " 1 + BC '

where 3 is a constant and

where (3d?)2 = Kj de^. de.j + K2 d e ^ de... and

K, and K? are either constants or functions of strain invariants.

If K, and K? are functions of strains and not strain invariants, a

change in coordinate definition would alter the calculated behavior of

the material.

(3) Assume a relaxation function for shear of

e " a t , (8)

where a is a constant.

(4) Assume a creep function for dilatation of

J?(t) = i- e"
Yt , (9)

1 3k

where Y is a constant.



From endochronic viscop'lasticity definitions (1) and (3),

t -aft-r) 3e,,(x,T)
s,.-(x,t) = / 2y e — 4 dt . (10)

Differentiating this equation with respect to t (see Ref. 3, page 312, 313),

3s..(x,t) 2jj3e..(x,t)
— S i = -as..(x,t) + ^ . (11)

3t J 3t

This equation can be written in incremental form as

From endochronic viscoplasticity definition (2), the intrinsic time can be

written incrementally as

'7 -

Thus Eq. (12) can be written as

AS,. = - a s., AC + 2p Ae.. . (14)

When the definitions for deviatoric stress and strain are substituted into

Eq. (14),

3 IJ KK . {IS)



From endochronic viscoplasticity definition (1) and (4),

f e-Y(t-i) 3akk(x,T)

Differentiating this equation with respect to t (see Ref. 3, p. 312, 313),

at KK 3k at

This equation may be written in incremental form as

= -Y £ k k A t + y

Equation (13) can be used to eliminate the intrinsic time in Eq. (18) and give

% k = 3k A \ k +

Using Eq. (19), Aa may be eliminated in Eq. (15) to give the endochronic

viscoplasticity relation

ffkffk (S

For a and y defined as

« = 3 [otj + S... (a2 - a ^ ] 3 and Y = 3Y^ , (21)
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Eq. (20) can be written as

Aa. . = _ 3 [ CL + 6 . . ( a o - a . ) ] 3 A g ( a . . _ I 6 . . a ) + 2 y A e .

S A?
The term is obtained from the incremental equation (see

1 + Sc

endochronic v i s c o p l a s t i c d e f i n i t i o n (2) or Eq. ( 7 ) )

(B A?) = Ki (A e | (k) + K2 A S ' i A E " i " ^2 3^

Equat ion (19) can be w r i t t e n i n terms of y, as

Aa . 3 k AG + 9 k Y ( 3 A ?

kk kk

To solve any particular problem, we need to know the following material

properties for Eqs. (22), (23), and (24): elastic properties k andy, and

endochronic viscoplasticity properties OL, OU, Y I , K,, and K?.

For this endochronic viscoplasticity model to be a general viscoplasticity

model, these endochronic viscoplasticity properties must be independent of any

problem, dependent only on material. An inspection of Eqs. (22), (23), and

(24) suggests the following:

(1) a hydrostatic compression test,

(2) a tensile test,

(3) a shear test, and

(4) a triaxial test.

The hydrostatic test would determine Y., the tensile test would determine

cij, the shear test would determine o^, the tensile and shear tests would

determine K, and K^, and the triaxial test would be a check to determine

whether the endochronic viscoplasticity model is a general model.



III. IMPLEMENTING THE ENDOCHRONIC MODEL IN A FINITE ELEMENT CODE

In this section I develop two possible approaches for using the endochronic

viscoplasticity model in a finite element code. Both approaches use iteration

for the solution of the nonlinearity caused by this nonlinear material model.

Model 1 does not reform the master stiffness, whereas Model 2 reforms the

stiffness but probably converges more rapidly in the iteration scheme.

The endochronic model, Eq. (22) of Sec. II, can be written in matrix

notation as

{ACT} = [D] {Ac} - f(?) [GJ{a} + f(?) [H]{e} (25)

where

{Aa} = (Aa n ) ,

[D] =

T
{Ae} = (/

T

T

A+2u

A

A

0

0

0

i E l l A £22 A £3

r l l °22 a 33 C

11 £ 22 E33 £

A

A+2y

A

0

0

0

3 *

'12

U

A

A

A+

0

0

0

E12

CT23

E23

0

0

0

0

0

0

0

0

0

0

0

0

0

0



[G] = <*

2

-1

-1

0

0

0

[H] = 3kY
1

-1

2

-1

0

0

0

1

1

1

0

0

0

-1

-1

2

0

0

0

1

1

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

, and

Let the index j indicate the jth time, and let k indicate the finite

element increment (repeated indices do not indicate summation in this

section). Then the virtual work relation for finite element analysis may be

written as

/ {Aa} 6{Ae} dV - / {AF} <5{Au} dV
X, J k J k w J k Jk
V l : Vk

(26)

7 {AT} 6 {AU} dSJ = 0 ,
jk. jk

where {AF} are the body and or inertia loads, {AT} are the incremental traction

loads, and {Au} are the incremental displacements.



Equation (1) can be written as

K = [D] {Adj - f(?j) [G]{a}j. + f(?j) [H]{e}j _ (27)

Two methods were investigated for including the endochronic model in the

NONSAP code.4

Method 1: Substitute Eq. (27) into Eq. (26)

E (jAu}jk / [B]T [D] [B] dV - J {a}jk [G] f(?j|<) [B]dVJ

+ j te>jk [H] f(?jk) [B] dV - f {AF}jk [N] dV (28)

Vk \

- y {AT}jk [N] dV ) 6{Au}Jk = 0 ,

Sk

where [N] is the shape function. Thus

{e}-k = [B]{AiJ}.k , and

The first term in Eq. (28) is the stiffness matrix; note that it is independent

of j, whereas the next four terms that compose the force vector are dependent

on j. However, the last two terms are independent of stress {a},, strain
J

{e} ., or intrinsic time ?.. Thus Eq. (28) can be written as
J J

{F l j ( { e } j ' { a } j ' ? j } +AF2j} = 0O{AU>j ' (29)

where {AU} i s the mat r i x of a l l nodal va lues , <AF . ( { e } {ay ? . ) +
" ' J J J »J

AC2,-|is the matrix of all incremental forces, and [K] is the master stiffness



matrix. Equation (29) can be solved by iteration. Iteration is the same as

incrementing, only the incremental loads are zero. The main virtue of this

method is that the stiffness needs to be formulated and reduced only once.

Method 2: The stress and strain can be written as

{a}. = {a}. + {Aa}. > and

J J"" i. J

(30)
{el. = {e}. , + {Ae}. ,

J J-l J '

where ^-_i and ̂ - i are known from the last iteration. Substituting

these equations into Eq. (27),

{Aa} = [ D ] {Ae} - [G]. {a} + [H].{£>. , , (31)
J J J J J -̂  J J •*•

where

]. = ( [ ! ] + f(?j) [G])"1 ([D] + f(^) [H]) ,

[G]j = ( [ I ] + f(Cj) [G])"1 f ( ? j ) [G] ,

[ H ] . = ( [ I ] + f ( C j . ) [G])"1 f (? j ) [H] , and

[ I ] is 6 x 6 identity matrix.

Substituting Eq. (31) into the virtual work Eq. (26),

] [5L [B] dV - f M [G ] , [B] dV

k

w J r T

+ / { e } , , , CHl [B j dV . / {AF},, [N] dV (32)
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f {AT} [N] dS] <5{AUL. = 0 .
•I j k / JK

This equation can be written as

{ A U } (33)

Not.ce with this method that both the force vector and stiffness matrix must be

reformulated with each increment or iteration. Again, Eq. (33) can be solved

for each increment by iteration. The virtue of this method is that it would

probably be more stable. A method similar to this was used in Ref. 5 for creep

analysis.

Because of its simplicity, Model 1 was coded into the NONSAP code for

axisymmetric continuum elements. To check this Model, I analyzed a cylinder in

tension. The stress-strain results from this analysis were quite different

from those expected, so I decided to study the behavior of the endochronic

viscoplasticity model with the uniaxial problem.

IV. UNIAXIAL PROBLEM

For the uniaxial problem shown in Fig. 1, the following assumptions apply.

(1) Normal stress

(2) Shearing stresses

(3) Shearing strains

and a
a n d °

33

31
£ „ - = 0., and £,.. = 0.

Fig. 1.
Uniaxial problem.
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From these assumptions for the uniaxial problem and Eqs. (22), (23), and (24)

in Sec. II, the endochronic viscoplasticity relation can be derived as

(34)

where

22 '"33

+ (1 + v) Y.

, and (35)

11 - 3k (36)

A computer code has been written to solve Eqs. (34) and (35) and is included in

the report as the Appendix.
Consider the aluminum alloy

material discussed in Ref. 6, page

173. A stress strain relation for

this material is shown in Fig. 2.

Reference 7, page 16, states

"that the yielding of a metal is, to

a first approximation unaffected by a

hydrostatic pressure or tension."

Thus, let y. be zero. Also, assume

Kp equal to zero, and then Eq. (35)

can be written as

oo

Poisson's ra1to*.33
Elastic modulus--10 5«IO5psi
Plastic modulus3.770x10^psi

0.0 I 0 2.0 3 0 4.0 5.0 6.0 7.0 8.0 9.0

10'r3

Fig. 2.
Stress (o"]-|) strain (e^) relation for

aluminum alloy uniaxial problem.

Vi<7
3 A? = — Aa

3k
11 (37)
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This equation can be integrated to give

SC = U o . (38)
3k n

Substituting Eqs. (37) and (38) into Eq. (34) gives

(VT/3K) Aan a n
A £n " 2(1 + v) a. *—± '- i l n ' (39)

' 1 + (VKJ/3K) a
n )

a i i = E A £ n ( v)11 iX ' 1 + (VKJ/3K) a
n )

For a = 40 500 psi in Fig. 2,

A allplastic modulus = . (40)
A

Also, for a,, = 40 500 psi, and K, = 15 555,

1 + W an = 3T °ii an(^ Eq. 39 reduces such that Eq. 40 becomes

plastic modulus = . (41)
1 + 2(1 + v) Cj

From the values in Fig. 2,

a j = 4.74 . (42)

Using the following data for the code in the Appendix, I generated Fig. 3.

NINC = 30
NIT = 5

EMOD = 10.5 x 106 psi

BETA1 = 15555

ALPHA1 = 4.74

DELP = 4190 lbs

13



1 5 0

4 0 0

350

3 0 0

r 250
n

o= 2 0 °
150

100

5 0

flfl0 0 c

1 I

-

-

-

y
' 1 1

5 .0

Endochronic

1 1 1

/

1 1 1
15 20 25

Fig . 3.
model for

i

y

i
30

alum

! 1

/

i i
35 40

inum a l

i

-

-

-

-

-

-

-

1
45 5C

loy .

EL = 10 in.

AREA = 3.0 i n /

ECV6E = .00001

ENU = .333

GAM1 =0.0

BETA2 = 0.0

Figures 3 and 2 do not agree. An

examination of the calculation

revealed that AL.. was constant and

did not allow the model to react as

expected. Note that if one example

can be found that can not be solved

with the endochronic model presented,

then the model is not a general

viscoplasticity model. The fact that Fig. 3 does not model the aluminum alloy

in Fig. 2 does not imply that it is impossible. There are many other

possibilities. Thus many values of a. and B, were used with little

improvement in the results. Another approach used was to set 3j = 0 and use

many values for u, and 3?. These results were better; however, 3_ is
Yetneeded for shear data, so this approach is not entirely satisfactory.

another approach that might be tried is to let K^ and K2 be functions of

strain invariants in the code and see if better results can be calculated.

Another concern is that for the uniaxial problem, assumptions (1) and (2)

are stress boundary conditions while assumption (3) is a limiting condition on

the displacements. If assumption (3) were not used, would a more physical

solution be forthcoming? Would such a solution overcome the difficulties seen

with the present solution?

This uniaxial problem has not shown that the endochronic viscoplasticity is
rot a general model. However, the difficulty encountered in trying to use it

--.•• sjch a simple problem makes the model's generality questionable. If

-*„••*-•• *- J-vestJgation demonstrates that this model is not general, this will

'.'".- :•".•>• e :ke~- •'rt"insic time is not a material property.



V. RECOMMENDATIONS

My recommendations follow.

(1) Do the testing discussed in Sec. II. I believe that the triaxial test

would show that instrinsic time is not a material property and that

the endochronic viscoplasticity model is not a general viscoplasticity

model. If this is the case, perhaps intrinsic time could be changed

until it is a material property. Dr. B. J. Hsieh of ANL shows some

very impressive results when he modifies the intrinsic time definition

in Refs. 8 and 9. I think much more work is needed in this area of

correlation of the endochronic model with testing.

(2) Develop theoretical endochronic codes for tests specimen, like the

code presented in the Appendix. Also, develop a nonlinear

least-squares code to be used to fit the test data with the

theoretical model.
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APPENDIX

VARIABLES INPUT

NINC

NIT

EMOD

BETA1
ALPHA1

DELP

EL
AREA

ECVGE

ENU

GAM1

BETA2

Number of load increments

Maximum number of iterations allowed for convergence of endochronic

viscoplasticity relation

E (Young's Modulus)

1
Ap (load increment)

l (length of bar in Fig. 1)
A (cross sectional area of bar in Fig. 1)

Criterion for convergence of endochronic viscoplastiticy relation
v (Poisson's rat io)

- Y1
= (K2)

1/2
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PROGRAM ENDO

LASL Identif ication No.LP-2024.

1 ercoraa endo Unp,o«tl.tae*S*inp,t*pe€-ouU,output)
^ 5i«J««Jon «<500>,«<50«>,rr«ta<5»0>,k»ta{500),»<S00)
3 It1 ccitttitva
4 mi (5.10001 nine,mt,e«»d,Batal.alphsl,delp.el,area,ecugt
F 1000 fer*»t «8l6,7f1*.#>
6 read <S,10ie> enu.asal.bet«2
7 101P fora*t i8flO.9>
8 if «m»c.«q.9) call dona*I
9 if miiic.eq.0> call exit
10 -rite (6,aMt> »lac,nli,aawa',batal.alphal.tfalB.al.ar*a,acvaa
11 2491 for M l (ikl.Sineraoaiit Iteration a-«edulua aatal alphal dalta-p
IS Uraa ccnvarganc* crliart**/Sx.8ll*.?«18.5)
13 writ* (6,2*!e> aa«.|aal,aata2
14 2010 ( o m l (lxt n«*«lS.?,Sx,»faiwal««15.?,5>,<k*taaSal5.7>
IF fnnct*e.«
ie «kk-«.»
17 akkq>».«
18 funct«-«.a
19 do 2* l"l,ninc
26 i l l * l
21 u(i)-*.»
2S a( !>•«.«
23 2 < ) e 0
24 f««t«(»)••.»
25 B*»ta< »)••••
S6 26 continue
27 t>«dalp
28 do 50 n*2,nine
29 writa (G,2««2) p
30 2*02 format (lh01p-loadt,alS.7)
31 do 40 •-l.nit
32 dalifalS(dalp-p*funct)/(araa*a«od)
33 d»lu"da\u-al»f«inctatakk/a«od
34 dalap»-dalu/«(
35 dalapS--anu*dalap»+(1-8.Sanu)8 funettp/(8.taaedtaraa)
36 dalap8«dalap8-runctaSakkUl.»anu>'a«od
37 •kk-«(n)+delap»+3.*(a2<n)+dalap2)
38 b d l ( b i l * ( d l » 2 > ^ l 2 ) > S *« a l a m a 2 a ^ l a p > 2
39 bdalx-»qrt<bdalt+bata2Sbata2k(dalapatdalaps+8.Sdalap2Xdalap2>>
40 b*at-atata<nl)*Mala
41 funct—a.*(l.+*rm)*»lphal*bdaU/<l.+biaU
42 functa-a«>dSgiat*bdal«/tl.+biat)
43 c«nwga-ab><(akk-akka)/akk)
44 w i t a (6,2000) •,n>«alapa,dalap2<runct,conv<K:,a!<k.akkq>funct*
45 2000 foraat (lx*« n a a2 t cam «kk akkq fa*2i2,7all .4)
46 akkq-akk
47 i f CcoMvM.lt.acwga) ao to 44
48 40 continue
49 44 rtkq-0.0
50 45 continue
51 M(n)-u(n-l)*daU
52 a(n)-a(n-l>^alapa
53 •2!n)-a2(n-l>+daTep2
54 »(n)*p'araa
55 fsataCnl-funct
56 biata(n)-biata(n-lHbdalx
57 p-p*delp
58 writa <6.2003> aj,n,«i(n>.a(n>,a2(n).s(n>,fiata(»).biata(n )
59 2003 foraat (lhttiteratlon tncranant disptacaaent strain strains stress
60 1 f(sata> bata.*ete*/'10x,21S.6el5.7>
61 S0 continwa
62 go to 10
63 and
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