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NOMENCLATURE

9ij - Stress

Sij - Deviatoric stress (Sij = Oij - % Sij %kk® Skk ° 0)
€5 - Strain

e - Deviatoric stress (eij = Eij - % dij €k’ Ckk = 0)
p - Elastic shear modulus, one of Lame's constants

k - Elastic bulk modulus

G1 - Relaxation function for shear

Gp° - Relaxation function for dilatation

J1 - Creep function for shear

Jo - Creep function for dilatation

t - Time

t - Intrinsic time

F - Force

A - Cross-sectional area

E - Young's modulus (elastic)

Y - Poisson's ratio

v - Volume

S - Surface area

A - A= §5—§—g£ , one of Lame's constants

Repeated Latin indices indicate summation 1-3 in Secs. II and IV.
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ENDOCHRONIC VISCOPLASTICITY MODEL

by
William A. Cook

ABSTRACT

The endochronic viscoplasticity model 1is presented,
and the «criteria for general problem analyses are
discussed. Two approaches are then developed for inclusion
of this model in nonlinear finite element codes. One
approach includes reformulating the stiffness matrix for
solution by iteration, and the other approach does not.
Also, the uniaxial tension problem 1is studied, and the
problems encountered with the use of this model are
stated. Finally, recommendations are presented to check
the basic pestulates used to develop this model.

I. INTRODUCTION

The US Department of Energy, Assistant Secretary for Environment, Division
of Environmental Control Technology is directing computer code development for
analyzing nuclear material shipping containers that have been subjected to
severe impact conditions. The endochronic viscoplasticity model was chosen as
a possible model for the materials used in shipping containers. Argonne
National Laboratory (ANL) was charged with the responsibility of developing
this model for finite element codes. Los Alamos Scientific Laboratory (LASL)
was charged with adding this model to a finite element code being developed for
shipping container analysis.

The endochronic viscoplasticity model was introduced by Professor
K. C. Valamis in 1971 with Ref. 1. The purpose of this model was to avoid the
use of yield surfaces and thus simplify viscoplasticity analysis.

This report describes the work done at LASL with this model. In Sec. II,
the model is described and discussed and in Sec. III, two approaches are
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presented for using this model in a finite element code. In Sec. IV, the
uniaxial test problem is discussed along with the difficulties that are
encountered 1in its use; and in Sec. V, recommendations are described for

testing this model.

IT. ENDOCHRONIC MODEL

In this section, the endochronic viscoplasticity model is developed. This
development is extended from that presented in Ref. 1 to include a variable
bulk modulus. We start with the basic viscoelastic constitutive relations and
four basic definitions and produce an endochronic viscoplasticity model that
may be used in theoretical analysis or included in a finite element analysis.
This section is concluded with a discussion of the information that is required
on a particular material for use in the model and on the tests that might be

performed to obtain this information.
The shear viscoelastic constitutive re]ations2 are

t de. .(x,T)

= - 137
sij(x,t) of G (t - 1) - dv , and (1)

t 3s, .(x,T)
e..(x,t) = Jy(t - 1) ——— dr . (2)

iJ 1 oT
The shear elastic relation is

sjj(x,t) = 2“eij(x’t) . (3)

The dilatation viscoelastic constitutive re]ations2 are

; e, (%,
okk(x,t) = J. G2(t - 1) kkaj—zl dr , and (4)
0
3Gy, (X5 T)
ekk(x’t) = 6’§ Jz(t - T) kk 5t At (5)
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(1)

(2)

where 8 i

where (Bd

(3)

ation elastic relation is
st) = 3ke, (x,t) . (6)

dochronic viscoplasticity model can be defined as follows.

Replace the time (t) in the viscoelastic constitutive relation with a
new variable, intrinsic time (t).

Define the intrinsic time (t) as

s a constant and

2 _
E) = Kl dE.i.i dEJ-j + K2 dE.ij dE.ij and dcz O

K1 and K2 are either constants or functions of strain invariants.
If K1 and K2 are functions of strains and not strain invariants, a

change in coordinate definition would alter the calculated behavior of

the material.
Assume a relaxation function for shear of

6 () = 2u et (8)

where o is a constant.

(4)

Assume a creep function for dilatation of

1 -yt (9)

where v is a constant.



From endochronic viscoplasticity definitions (1) and (3),

_ t -o(t-T) ode..(x,T)
s13(6T) 6[ ——dr . (10)

Differentiating this equation with respect to t (see Ref. 3, page 312, 313),

9s. . (x,t 213
Eighet) )=—ctsJ(x t)+——J—-——” bl : (11)

at ot
This equation can be written in incremental form as
"§,. = - .. \_+ ..
5845 o« S55 At + 2u AeU . (12)

From endochronic viscoplasticity definition (2), the intrinsic time can be

written incrementally as

Thus Eg. (12) can be written as

Ag
.. .. + 2 R 4
i 543 - u Ae]J (14)

When the definitions for deviatoric stress and strain are substituted into
Eq. (14),

o Az 1 1
L. = - .o~ = 8. Ae,, - = 68.. A
AO]J (1 + BC)(OH 3 61‘] 0kk> " 2w ( E]J 3 Y ekk)




From endochronic viscoplasticity definition (1) and (4),

- -y(t-1) 80, (x,1)
ekk(x,t)= df :—k —kg,[———d'r . (16)

Differentiating this equation with respect to t (see Ref. 3, p. 312, 313),

Bekk(x,_f) o _ 1 Bokk(x,?)
o et (17)
ot 3k at ‘

This equation may be written in incremental form as

_ve el
Aekk = Y €1k At + = Aokk . (18)

Equation (13) can be used to eliminate the intrinsic time in Eq. (18) and give

Ao, = Y At
Oy = 3K Aekk + 3k(; : Bc)ekk . (19)

Using Egq. (19), Aokk may be eliminated in Eq. (15) to give the endochronic

viscoplasticity relation

bo, = .28 (6 _Llg + 4. [k
ij 1+ BC (;13 3 1d Ok | * 2u Beji * 84y 3 Beyy
Y Ag
+ 8§,, k|———1]¢ (20
i (1 N Bt,) kk . )

For o and y defined as

o =3 [0 + 61j (@, - )] B and v =38 (21)




Eq. (20) can be written as

- B 4c 1s
Aoij = - 3[@1 + Gij(az_- al)] = (Oij - 3 i Okk) + 2qu Aeij

s [3k =~ 2u\s s B Ac
* %5 ( 3 ) et Y kM (1 o)k (22)

is obtained from the incremental equation (see

The term
1 + BC

endochronic viscoplastic definition (2) or Eg. (7))

Y 2
(g ac)e = Ky (Aekk) *+ Ky Asij Aeij . (23)

X

Equation (19) can be written in terms of Y as

B At :
Ao = Ae —_ )
= kbR ok (1 - ec)'kk . (24)

To solve any particular problem, we need to know the following material
properties for Egs. (22), (23), and (24): elastic properties k and ¥, and
endochronic viscoplasticity properties G415 %oy Y15 Kl’ and KZ'

For this endochrenic viscoplasticity model to be a general viscoplasticity
model, these endochronic viscoplasticity properties must be independent of any
prchblem, dependent only on material. An inspection of Egs. (22), (23), and
(24) suggests the following:

(1) a hydrostatic compression test,

(2) a tensile test,

{3) a shear test, and

(4) a triaxial test.

The hydrostatic test would determine Yy, the tensile test would determine

G1, the shear test would determine oy, the tensile and shear tests would
determine K1 and K2, and the triaxial test would be a check to determine
whether the endochronic viscoplasticity model is a general model.



IIT. IMPLEMENTING THE ENDOCHRONIC MODEL IN A FINITE ELEMENT CODE

In this section I develop two possible approaches for using the endochronic
viscoplasticity model in a finite element code. Both approaches use iteration
for the solution of the non11néarity caused by this nonlinear material model.
Model 1 does not reform the master stiffness, whereas Model 2 reforms the

stiffness but probably converges more rapidly in the iteration scheme.
The endochronic model, Eq. (22) of Sec. II, can be written in matrix

notation as

{ac} = [D] {ae} - f(z) [G6]{oc} + f(r) [H]{e} , (25)

where

tacl = (boy, bo,, Adys boj, By dog))

T
{ A}

A A A A A A
(Reqy 88y, Be3q Bepy BEy3 Bey)

tod = (9 9y 933 95 3 %31)

;
tel = (51 90 %33 12 %3 B31)
Mwau A A 0 0 0
A 2y A 0 0 0
A A A+2u 0 0 0
[D] = ’
0 0 0 2u 0 0
0 0 0 0 2u 0
0 0 0 0 0 20 |




2 -1 -1 0 0 0
-1 2 -1 0 0 0
-1 -1 2 0 0 0
[G] = o , and
1 0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 1 1 0 0 0]
1 1 1 0 0 0
1 1 1 0 0 0
[H] = 3ky
T 1o 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
{ -

Let the index j indicate the jth time, and Tlet k indicate the finite
element increment (repeated indices do not indicate summation 1in this
section). Then the virtual work relation for finite element analysis may be

written as

K T T
3 f (o) slae) V- f{AF} stau)
. i i ik i
k=1 Vk Vk
(26)

;
_d/” {AT} s{aw dS)=o0 |,
jk. Jk

Sk

where {AF} are the body and or inertia loads, {AT} are the incremental traction
loads, and {Au} are the incremental displacements.



Equation (1) can be written as

{Ag}j = [D] {AE}J. - f(z_;j) [G]{o}j + f(cj) [H]{e}j . (27)

Two methods were investigated for including the endochronic model in the

NONSAP code.?
Method 1: Substitute Eg. (27) into Eq. (26)

K/ _T T
- T
kz=:1 ({Au}jk f [B]" [p] [B] dv - V/ G [6] f(cjk) [B] dV

Ve )
T T
1 -
+f {E"jk [H] f\cjk) [B] dv - f {AF}J.k [N] dV (28)
Vi v,

I
- sf {AT}jk [N] dV) a{AU}J.k =0 ,
k

where [N] is the shape function. Thus
{e}jk = [B]{Au}jk . and

{Au}jk = [N] {A_u'}‘].k

The first term in Eq. (28) is the stiffness matrix; note that it is independent
of j, whereas the next Tour terms that compose the force vector are dependent
on j. However, the Tlast two terms are independent of stress {o}j, strain
{E}j, or intrinsic time tj- Thus Eq. (28) can be written as

{Flj ( {e}j,{cr}j, cj) + AFZJ.} = [K] {Au}j R (29)

where {AU} is the matrix of all nodal values, {AF]\].({E}J., {g}j, c:) o+

Asz}is the matrix of all incremental forces, and [K] is the master stiffness

9



matrix. Equation (29) camn be solved by iteration. Iteration is the same as
incrementing, only the incremental loads are zero. The main virtue of this
method is that the stiffness needs to be formulated and reduced only once.
Method 2: The stress and strain can be written as

{o}, = {0},  * fAOJj , and

J J- (30)

i

{e}, {e}, . + {ae}, |
J J

j-1
where {O}j_l and {€}j_1 are known from the last iteration. Substituting
these equations into Eq. (27),

{Ao% = [D]the% - [G]j {0%—1 + [H]j{e%-l . (31)

where

[D); = (O] + flzy) (617 ([0] + F(z,) [HD)
(8] = ({11 + f(z;) [6D)7" #(z;) (6]
[ = ([1]+ £z;) (€)™ £(z,) [H] , and

[I] is 6 x 6 identity matrix.

Substituting Eg. (31) into the virtual work Eg. (26),

K T T T
3 ({Aﬁ}jk vf[B] (37, 81 ov - f {0}, [&); 8] av
k=1 k Vk
LA T
" 'v/'e sk (AL (BT 0V - 'v[ (0F )y, IN] av (32)
K K

10



-
- f (T} [N dS) 8{aT}y = 0
.k J
S, J

This equation can be written as

{Fl‘](g\]) + FZJJ = [K(CJ)] {aU} . (33)
Not.ce with this method that both the force vector and stiffness matrix must be
reformulated with each increment or iteration. Again, Eq. (33) can be solved
for each increment by iteration. The virtue of this method is that it would
probably be more stable. A method similar to this was used in Ref. 5 for creep
analysis.

Because of its simplicity, Model 1 was coded into the NONSAP code for
axisymmetric continuum elements. To check this Model, I analyzed a cylinder in
tension. The stress-strain results from this analysis were quite different
from those expected, so 1 decided to study the behavior of the endochronic

viscoplasticity model with the uniaxial problem.
IV. UNIAXIAL PROBLEM
For the uniaxial problem shown in Fig. 1, the following assumptions apply.

{1) Normal stress Oil = F/A, Oy = 0., and Oy = 0.
i o = o =
(2) Shearing stresses 12 0., 23 0., and 031 0.

)

(3) Shearing strains €12 = 0., €93 = 0., and €49 = 0.

vl

T ol
bl

OW Uy

AENRR

Fig. 1.
Uniaxial problem.

11



From these assumptions for the uniaxial problem and Egs. (22), (23), and (24)
in Sec. I1I, the endochronic viscoplasticity relation can be derived as

g Ag B ¢
o = E /. - 2(] + \))\'ft ( )0 + EY <_—-—> ? (34)
11 11 1L 8 11 1 1+ BC kk
where
' (1-2v)(1 +v) B Az
o + = 2290 + )
22 "33 ;J“L 11 e I\ + g/t
2 AL
+ (1 + )0 =} g .
(e
2 2 2 2 2
(2 1) = Kl(mkk) + KZ(AE“ + be,, + LEg) , and (35)
Ae B AT
Ao, = 3k e+ 9k Y (-————-)E (36)
11 Kk 107+ g/ k-

A computer code has been written to solve Egs. (34) and (35) and is included in

the report as the Appendix.
Consider the aluminum  alloy

material discussed in Ref. 6, page
450 T T T T T 173. A stress strain relation for

Bilinear
plasticity
curve

400 this material is shown in Fig. 2.

350 - -1 Reference 7, page 16, states

- "that the yielding of a metal is, to

00 |
3 Aluminum alloy

test dato

= 250 — a first approximation unaffected by a
200 possons o33 | hydrostatic pressure or tension.”
150 Pemc moduee- Fiowoew | Thus, Tet ¥, be zero. Also, assume
100 - K, equal to zero, and then Eq. (35)
50 ~ can be written as
00 S S TR A B B B
00 10 20 e 40 50 60 70 80 90
cll
. 1073 VK
Fig. 2. B Ap = == Aoy . (37)
Stress (011) strain (s]]) relation for 3k

aluminum alloy uniaxial problem,

12



This equation can be integrated to give

K
Bs = Vi (38)

6] .
3k 11
Substituting Eqs. (37) and (38) into Eq. (34) gives

6¢EI/3K) 011 911

bo,, = E AE L 2 2(1 +v) @ (39)
1 1 U1 e (K /3K) )
1 11
For 9 ° 40 500 psi in Fig. 2,
Ao11
plastic modulus = e (490)
£
11
Also, for o ° 40 500 psi, and K1 = 15 555,
1+ ‘ﬁ{i o, = \ﬂzi o,, and Eq. 39 reduces such that Eq. 40 becomes
3k ‘11 3k 11 q 9
plastic modulus = E . (41)
1+ 2{1 +v) %4
From the values in Fig. 2,
@, = 48,74 . (42)

1

Using the following data for the code in the Appendix, I generated Fig. 3.

NINC = 30
NIT =5

EMOD = 10.5 x 10% psi
BETAL = 15555

ALPHAL = 4.74

DELP = 4190 Tbs

13



B e S AN B B B e S EL =10 in.
s00 - - AREA = 3.0 in.?
350 - - ECVGE = .00001
300 [~ ~ ENU = .333
= 2s0f- ~ GAM1 = 0.0
‘2: 200 -4 BETAZ = 0.0
150 —
100 - ~ Figures 3 and 2 do not agree. An
50 examination of the calculation
% é :Io |Is 2lo 2|5 i? 315 4Lo 415 50 revealed that ALkk was constant and
Eu did not allow the model to react as
Fig. 3. expected. Note that if one example
Endochronic model for aluminum alloy. can be found that can not be solved

with the endochronic model presented,
then the model is not a general
viscoplasticity model. The fact that Fig. 3 does not model the aluminum alloy
in Fig. 2 does not imply that it is impossible. There are many other

possibilities. Thus many values of oy and 61 were used with Tlittle
improvement in the results. Another approach used was to set 81 = 0 and use
many values for o and 82. These results were better; however, 82 is

needed for shear data, so this approach is not entirely satisfactory. Yet
another approach that might be tried is to let K1 and K2 be functions of
strain invariants in the code and see if better results can be calculated.

Another concern is that for the uniaxial problem, assumptions (1) and (2)
are stress boundary conditions while assumption (3) is a limiting condition on
the displacements. If assumption (3) were not used, would a more physical
solution be forthcoming? Would such a solution overcome the difficulties seen
with the present solution?

This uniaxial problem has not shown that the endochronic viscoplasticity is
»2% 2 general model. However, the difficulty encountered in trying to use it
.r s4ch 3 simple problem makes the model's generality questionable. If
f_rirze ‘rysctigation demonstrates that this model is not general, this will
~uve Trzt ‘rieinsic time is not a material property.



V. RECOMMENDATIONS
My recommendations follow.

(1) Do the testing discussed in Sec. II. I believe that the triaxial test
would show that instrinsic time is not a material property and that
the endochronic viscoplasticity model is not a general viscoplasticity
model. If this is the case, perhaps intrinsic time could be changed
until it is a material property. Dr. B. J. Hsieh of ANL shows some
very impressive results when he modifies the intrinsic time definition
in Refs. 8 and 9. I think much more work is needed in this area of
correlation of the endochronic model with testing.

(2) Develop theoretical endochronic codes for tests specimen, like the
code presented in the Appendix. Also, develop a nonlinear
least-squares code to be used to fit the test data with the
theoretical model.
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APPENDIX
VARIABLES INPUT

Number of load increments
Maximum number of iterations allowed for convergence of endochronic
viscoplasticity relation
E (Young's Modulus)
= 172
5y = (Ky)

*

4ap {load increment)

2 (length of bar in Fig. 1)

A {cross sectional area of bar in Fig. 1)

Criterion for convergence of endochronic viscoplastiticy relation

v (Poisson's ratio)
y

1
B, = (K

1/2
2 )

2



PROGRAM ENDO

LASL Identification No.LP-2024.

-0 s 2ut b 2
NEWR = DWW 10N & ufyr
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rogram endo (inp,oull,tapeSeinp,tapebecutl,cutput)
Etzll:on .lm)?ulm).f;:ilﬂ;&), .h(S“)_.?S")..BCS”)
10 continne
resd (5,1000) ainc,nit,omod,betai,alphat,delp,ol,ares, ecuge
1000 forwad 1246,7110.08)
resd (5,1010) enu,gani, beta2
1010 formst (8f10.0
if (ninc.eq.9) call donepl
3f tninc.eq.08) call exab
write (6,2001) atnc,nit,emod,betal,alphal,del .ol..rﬂa..cv?.
2001 format (ih1,.Sincresent iteration e~modulus betai alphsl delta-p 1
larsa convergence criterins/5x,2110,712.5)
write (6,2010) env.gasl,be
2010 formel (1x% nutelS.7,5x,igamesltel5.7,5x, thetalzels.?)
funct~0.®
ekk=0.¢
skkqe$.8
functe-0.9Q
do 20 jei,nanc
3(1):0.0
u(i)e, 0
eli)=®,0
e2(1)+0.0
fzeta(s)=0.9
bzets(2)=0.0
20 continue
pedelp
do 50 ns2,ninc
write (6,2002) p
2002 formsd (1h@Xp-loadk,e15.7)
do 40 w=i,ni
dolu-ollldolg—p!tunct)/(.r..l.-od)
delvsdelu-elXfunctetekk- enod
deleps~delu/sl
delep2=~enutdeleps+(1-2.%enu )il unctip/ (2. XemodRaras)
delep2rdelep2-functalekki(l.*anu) enod
ekk=#(n)+deleps+2.2(e2(n)+dalep2)
bdelz=(betaiX(delepss2.2delep2) )N22
bdelx=sqri(bdelz+batacibetadi(delepstdeleps+2.xdelep2ideiepd)!?
bzetebreta(n-1)+bdels
functe-2.%(1.+3nv)XalphalXbdelz/(1.+bzet)
funcierswodigamitbdels/(1.+bzet)
convgesabs( (akk-~skky)/ekk)
write (6,2000) m,n,delaps,delepd, funct,convge,ekk,akkq, funcie
2000 ::;-.tk:lx!- nae2 f cge okk ekkq feR2i2,.7011.4)
=g
if (convge.lb.ecvge} go Lo 44
40 continue $e e
44 okkq0.@
45 continue
win)euin-1)+delu
e(n)~ein-1)+deleps
o2{n)~a2(n-1 )+delep2
sini=p/area
fasetalnl=funct
bzetain)=bzetaln-1)+bdelz
prp* -lg
write (65,2003} m,n,ui(n),e(n),02(n),3(n),fzetain), betain)
2003 format (1hORilaration tncremeni displacewent sirain strasn2 siress
1 f(zsets) beta.zstal/10x,2i5,615.7)
50 conlinve
go to 10
end
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