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ABSTRACT
As discussed by Shafranov, Solov'ev, and others, two special constraints
allow the Grad-Shafranuv equation to yield simple analytic solutions. From

the simplest solution, formulae are derived for properties of cthe
corresponding toroidally symmetric plasma and ror the space profile of
poloidal magnectic flux density. These formulae constitute test criteria for
code perforinance once the code is made consistent with the two constraints.
Obtaining consistency with the first constraint is straightforward, but with
the second it is circumstantial. Moreover, the poloidal flux profile of the
analytic solution implies a certain artificial form for the resistivity, which
is also derived. These criteria have been used tc check a composite code
which had been assembled by linking a geometrically generalized 1-D BALDUR
transport code with a computaticnally efficient 2-D equilibrium code. A brief
description of the composite code is given as well as of its performance with

respect to the Grad-Shafranov test criteria.
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1. MOTIVATION

The Tokamak Modeling Group, under D. E. Post at Princeton Plasma Physics
Laboratory, is involved in. developing and using large computer codes which
simulate on a resistive time scale many aspects of tokamak experiments, There
are certainly four main areas of activity: (1) transport codes (e.g., BALDUR,
see Refs. 1 and 2); (2) neutral gas transport {e.g., DEGAS, Ref, 3); (3) a
divertor code (e.g., PLANET, Ref. 4); and, (4) impurity transport (e.g., MIST,
Ref. 5). Moreover, work in the main areas is enhanced by beam penetration
codes, an atomic physics data code, various simple divertor codes, beam orbit
codes, etc. ALl this is part of the general effort to improve both the
understanding of tokamak physics and the capability to predict future
experimental results. The considerations described here have to do with
contributing to the first category, i.e., transport code development.

As tokamak experiments evolve beyond exploiting toroidal plasmas of
circularly symmetric cross sections, there is a need to model plasmas of
noncircular cross sections, and perhaps, even to estimate effects which are
poloidally asymmetric. Some movement in this direction has been made by
linking an upgraded version of the BALDUR 1-D code with 2-D MHD equilibrium
subprograms. The work reported here stems from recognizing the need to check
performance accuragcy of 2-D MHD subprograms as well as associated aspects of
numerical simulafions, for example, the calculation of poloidal magnetric flux
density. More Immediately, it was important to check the first 1-1/2-D

extension of the BALDUR transport code.

2. OBJECTIVES
Our fundamental objectives have to do with modeling a toroidally

symmetric plasma confined by a magnetic field, where the geometry of the
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plasma is allowed to evolve in time and l:_he minor cross section can be
noncircular. We are interested in finding a4 way to test the numerical results
against analytically determined values with the unaerstanding that this is
feasible only under limited con;iitions. As a starcing point, it is recognized
that the Grad-Shafrancv equation yields analytic solutions when subject to
certain constraints (Refs. 6 and 7), which will be referred toc as the
"Shafranov-Solov'ev constraints." In particular, the first of aur objectives
is to derive tractable formulae for the geometric properties of the simplest
analytic solutions. The formulae (i.e., '"test criteria') would then be
available for checking the accuracy of certain code calculations and would
include cthe Shafranov shift, elongation, triangularity, volume enclosed by
constant~flux surface, etc. Initial applications would involve the first
BALDUR-MHD 1-1/2-D transport code (Ref, 8), also described under Sec. 8A.

The second objective is to make the test criteria relevant by finding
ways to match the Shafranov~Solev'ev constraints as closely as possible in the
algorithms of the program under test. Obviously, limitations must be imposed
on the choice of initial and boundary conditions for the numeriecal solution.
But, in addition, it is realized that certain physical realities are often
inconsistent with the implicacions of the constraints which allow analytic
solutiens. Same of the physical implications of these constraints are
considered in Sec. 6 of this paper.

The third of our objectives is to examine the physical implications of
the first Shafranov-Solov'ev constraint in order to derive one or more
analytic formulae describing the spatial variation of the poloidal magnetic
flux, and this should be feasible since poloidal flux is, of course, the
srincipal dependent variable of the Grad-Shafranov equation. Having an exact

farmula for poloidal flux, or more precisely poleidal flux density x', the



test procedure can be extended to include checking aumerical calculations of
x'. Such calculatians ar: normally carried out in the transport part of a
composite code and depend on solving a nonlinegr diffusion type equation.
This kind of test is significant but, since éiffusion-like equations for x'
inevitably involve plasma resistivity, a‘final objective is Lo discover just

how the resistivity must be modified so as to become consistent with the

physical implications of the Shafranov-Solov'ev constraints.,

3. COORDINATE GEOMETRY

Consider the representetion of an axially symmetric toroidal plasma.
Local properties of the plasma can be described in terms of a fixed

cyiindrical orthogonal coordinate system

x = (R,2,6) , (3.1)

in which R denaotes the major radius to a local point, 2 the height of this

A

point above a horizontal midplane, and ¢ is the toroidal angle where O ¢ =
-
27, The plasma is assumed to be confined by a magnetic field B under

conditions of quasistationary pressure balance:

te=2(3x8), (3.2)
icB=23, (3.3

V8=0, (3.6)

e e e S T A S e ST TS L B s m s 4 A AP T b e e o



where P denotes plasma pressure

P=P + ) B, * [fast-ion effects which are neglected], (3.5)
a =

-
and J is current density. Yhen P 'is reasonably smooth, a set of constanc=P

surfaces can exist in the plasmc; and, since from (3.2)
i-vp =0, (3.6)

each of these surfaces is a magnetic surface (or flux surface) in the sense
that it can be generated by the ergodic trace of a magnetic field line E [9]
which does not close on itself within a finite number of turns. In view of
toroidal symmetry and the conditions (3.2) through (3.4), it is assumed ([10]
that the flux surfaces form a family of nested toroids and that the innermost
such surface degenerates into a curved line called the magnetic axis which
does actually cleose on itself. Further remarks concerning the existence of
magnetic surfaces can be found in Ref. 9. In the case of the analytic
solutions subsequently desc¢ribed, it can be praoven that there are embedded in
these solutions families of nested toroids, each family converging onto a
common magnetic axis, and each toroid corresponding to a surface of constant
poloidal flux density.

Based on such nested flux surfaces, a flux—coordinate system can be set
up in which the principal variable is taken to be a generalized minor radius o
that, by definition, is constant for any flux surface, zero on the magnetic
£xis, and reaches its maximum value (max p = a) on what is taken to be the

outerascst flux surface, The domain of o is

I
¢



pe [0,a], (3.7)

Due to the one-to-one correspondence betwzen an arbitrary valuz of p and a
particular flux surface, p constitutes a flux-surface label. Since flux

surfaces are also surfaces of constant pressure P,

P = 32&2152 ap

%0 y (3.8)

and, consequently, from Eq. (3.2)
B-9p = 3-p = 0. (3.9)

The second variable in the flux~coordinate system is 8, which is allowed to

increase from 0 to 2r along the shortest path around the flux surface p, and

is made defiﬁite by prescribing the Jacobian /g for the transformation from

the fixed frame X = (R,Z,$) to the flux-coordinate frame (p,9,¢), where the

latter may be evolving with time. The toroidal angle ¢ is the same in both
> .

N
frames. Expressed in terms of the reciprocal basis vectors Vp, ¥8, and ¥4,

the Jacobian is given by

= [(To « %a)-%s|"

o)
]
]

1]

R(Rezp - Roze]. (3.:0)

The requiyement'that p be constant over a particular (generally noncircular)

-
flux surface while 6 varies from 0 to 2t in a couvenient way can prevent Up

and v8 from being orthogonal. Relationships between reciprocal basis vectors



thus become

VoY z0, v (3.11)

Ve-¥6 =0, (3.12)

Vs¥p =0, (3.13)
and also

o-Vo =R 2, (3.14)

where R is the local major radius, Equations (3.11) through (3.14) constituts
basic properties of the flux-coovdinate geometry.

By treating the principal flux-coordinate p as a parameter, equations in
{R,2,6) space for constant-flux surfaces (i.e., constant-p surfaces) can be

expressed as Fourier series (e.g., Ref. 11):

R(p,0,8) =] R (p,t) cos(ne), (3.15)
n
and
2(p,8,t) =] Z {p,t) sin(ne), (3.16)
n

where R and Z have units of length. Other forms for the principal flux
coordinate can, of course, be reinterpreted in terms of p, which here is taken

to be the plasma minor radius on the horizontal midplanej e.g.,

Z Rn(ﬂ,t) [l ~ cosfnr)], (3.17)
n

o
]
N

.,

e -
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where ¢ represents toroidal flux.

The physical affects to be represented tr terms of flux cuordinate;
evolve on the resistive time scale [I2-14)] in terms of which certain
interesting properties (e.g., parcicle densities &nd ion’ teniperatures)
approach uniformity over a flux surface [13-15]. Consequenrly, meaningful
results remain after the poloidal coordinate 8 is eliminsted by flux-surface
averaging, which Ffor an arbitrary scaler function F can be defined by the
operation

Ig“F /g do

<F> & —————— ’ (3-18)
£ Ig“ /g do

while the area of a toroidal flux surface ¢ is given by
1 -

flux-surface area = V(p,t} <|Vp|>f , (3.19)

where
! [ 2 -

v(p,t} = 2z Io /g do , (3.20)
and where the total volume encleosed by the flux sﬁrface ;i

Vie,t} = [2 Vo,t) do. (3.21)

To demonstrate the consistency of (3.19), note that an area element of a
- (1)

constant-p surface in a nmonorthogonal space is, in general, given by dA =

Yo /g do dé, where /g denotes the Jacobian. Evidently, the total surface

area S{p,t) is the accumulation of these surface elements:

N}
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§(o,e) = [37 127 |To| /& do 4o

_l'g'|\‘7p| /g de 2e —
= ——I—z-;/—_-—-d—e—— 2n IO /g de
-4
]

- ]
= <{¥p|>; ¥(o,t). (3.22)

For purposes of representiag in flux coordinates the equations for the
cross—field transport of flux-surface-averaged quantities, extensive use is
made of the following general theorem which expresses the flux-surface avarage
of the divergence of an arbitrary vector function &

>

<§-b>, = 12 <A-%o>_ ). (3.23)
v

Q)|
k]

Note, if it 1s assumed that as p approaches zero the toroidal flux
surface corresponding to p collapses orte a closed loop {the magnetic axis},
and if the coordinate p ir expressed in units of length, then it follows that

the Jacobian /g must satisfy the condition

Lim (3= 2" /g @) = 0. (3.24)
5 ‘o
pro
Finally, for easy reference, two metric quantities are set out below.
These are useful in reducing relations involving toroidal flux and poloidal
flux, respectively

6 (a0 = L g, (3.25)
R
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Go(pst) = J'z" (V”) /g de . (3.26)
&2 .

4. THE EQUILIBRIUM EQUATION {GRAD-SHAFRANOV) FOR POLOIDAL FLUX AND

CONSTRAINTS WHICH YIELD ANALYTIC SOLUTIONS

The Grad-Shafranov equilibrium gquation for poloidal flux x(g) follows
directly fram the pressure balance equation (3.2) once general expressions for
B and J are introduced. In terms of flux coordinates (p,0,¢) che
contravariant expression for the total magnetic field B in an environment
where ¥:B = 0 can be written as

1 ! - - +

B = 37 xCo,t) (Vo x Vo) + glo,t) Vo , (4.1)
where by Eq. (3.9) B-Vp = 0 and where

x(p,t) 27 (8-¥0) vg (4.2)

is the poloidal flux density and

g(p,r) = R2(B-Vs) (4.3

is the toroidal flux function, while /g denotes the Jacobian {see Eq.

(3.10)]. ©Note that a fundamental definition of poloidal flux x(p,t) is given

by
- 2 sy —
x(p,t) = I:=o I¢ID (B-¥8) vz dé dp, (4.4)

which corresponds to
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a 1
x{o,t) = IO‘O x(p,t) dpo , (4.5)
. - . [ - -
where in the casze of axisymmetric systems x(p,t) is defined by Eq. (4.2). Due
1]
.te Ea. (3.4), xf{e,t) is independent of 8} i.e., xép,t) is a surface
function. Moreover, the useful relarions set out immediately below can be

inferred from Ampere's law [i.e., Eq. {3.3)] and the tensor formula for the

curl:
3P =+ =L s,0) (4.6)
4
3.9 = = %? i: %; g(p,t) , (4.7
B

and, with the help of Egs. (3.12}) and (3.14) as well as certain vector

idenctities,
- jod - 1 ' -
3% = = V- (=5 x(o,t) ¥p). (4.8)
8n R

According to (3.9), (4.6) must wvanish, showing that g(p,t) is a surface
function. Equations (4.7) and (4,8) complement the following contravariant

formula for current density:
¥ =(3-%0) vg (Vo x ¥po) + (3-Vs) vz (Vo x Vs). (4.9)

The substitution of (4.1) for B and (4.9) for J into (3.2), combined with the
use of (3.8) and (3.11) through (3.14), yields the Grad-Shafranov equation

-+ > -
(Ampere's law giving J-V8 and J-V¢)

i
H
i
L
.
H
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2
A*x(p,c) + $2“) [lm R2 BPgn,r.) + glo,t) -a-s-gi’t—)} =40, (4.10)
x(p,t) ° o

where for an arbitrary scaler function F
o'F = 2% (=72 ¥r). (4.,11)

On reverting to the fixed coordinates (R,2,4), Eq. (4.10) becomes

2 2 2
Ax _lax, 3x__8n 2
2 R * 22 — [a00R® + BGO], (6.12)

[e.g., see Eq. (4.18), p. 116, Ref. 6] where

A(x) = 2mc %E = _TZEE_~ Egéﬂiil , (4.13)
X x(o,t) a :
and
BCy) = % o xot) agg);.t) =§ glo,t) agg:,t) . (4.14)
x(ﬂ!t)

A3 pointed out on p. 116 of Ref. & and also on p. 402 of Ref. 7, the simplest

family of analytic solutions of (4.12) becomes available by imposing the

constraints

Aly) = -Ao = gconstant , (4.15)
-and

B(x) = Q. (4.16)

Incidentally, while it is oftem true in the case of tokamak plasmas that

[B¢x)| << |a¢x)|R%, it is not necessarily correct from the physics standpoint



to neglect B{y). As described in Ref. 7, & hierarchy of analytic solutions is
actually available by assigning nontrivial values to B(x). Since all these
solucions are somewhat nonphysical anyway, only the simplest type is worked

with here.

Under the constraints (4.15) and (4.16), Eq. (4.12) reduces to

B _Llax, 2fx_, 8%, a2, (4.17)
aR2 R 3R 322 [ ) ! *

which yields particular solutions corresponding to comstant-x surfaces of the

form

(Rﬁ - r%)2 4 4 o27%2
x(p) = x(R,2) = ¥_ - , 4.18)

R
n

where R is the major radius out to the point R = R, Z = 0, namely out to the

magnetic axis. The parameters R_, az, and y_  are constants which can be

chosen to approach realistic conditions; e.g., R can be set equal te the

m

major radius out to the magnetic axis. Substitution of (4.18) into (4.17)

chows that

2
c 1 +a
A ====2_, . (4.19)
o 'IZ Ri o

Moreover, the form of (4.18) has, for convenience, been chosen s¢ that

lim x{p) = x(® ,0) = 0. (4.20)
p+0
- - " - | *
In actual toroidal plasmas, the polecidal field, Bp = y{p,c)|ve]/(2mR),

maintains its direction over the region ¢ < p € a, assuming that ¥X-points and
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N

such only occur where p > 4. Consequently, it is reasonable to assume that

Ko, ) 20 for p e (0,a] , (4.21)

which because of (4.5) implies that due to physical reasons
0= x{p - |ap]) 2 x(p) = x(a) for p e [|bp],al 3 {4.22)

and, this condition supports the view that in physical reality x{(s) = x(p)/y,
is a monotonic increasing functiom of p.
The association of Ry in Eq. {4.18) with the magnetic axis is almost

immediately obvious, while the significance of a2

and ¥ is worked out in the
following sections dealing with geometric and physical implications of the

constraints (4.15) and (4.16).

5. GEOMETRIC IMPLICATIONS OF THE ANALYTIC SOLUTIONS

For examining geometric properties of solutions of the Grad-Shafranov
equation (4.12) subject 'to the constraints (4.15) and (4.16), let the set of
particular solutions (4.18) be represented in the fized cylindrical frame

(R,Z,¢) by the constant-x(p) surfaces

(&2 - r%)? + & o%2%? = R: Ala) , (5.1)
where

aln) = x(o)/lb° . (5.2)

Moreover, so that the formulae derived from (5.1) give analytically determined
values readily comparable with numerically determined values, let all

expressions be parsmeterized with respect to the main flux coordinate p. In
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addition to being & flux~surface lgbel, p is, as used here (or else is
redefined to be), the half-width on the horizontal midplane of the vertical
cross section of the flux surface x(p); i.e., p is & measure of minor radius
and has the units of length (see Figs. 1 and 2).

The first property to be deduced from (5.1) is that the maximum real

value of R for the surface correspending to a given A{p} must de

max RZ(p) = ai(;:) = R:: [1+ a(p)2], (5.3a)
which corresponds to a point where ¢ =0, It is, of course, customary to
define major and minor vadii as lying on the horizontal midplane where z2 =

0. Accordingly, for the surface corresponding to A(p) the minimum value of R

for z2 = 0 is found to be
min Rz(p) =z Ri(p) = Rz [1- x(n)lle- (5.3b)

Because of the way p is.defined (i.e., the half-width of the flux surface on

the horizontal midpiane)
1 .
o =3 [Ry(0) - B ()], (5.4)

while the major radius Rn.(0) of the flux surface labeled p is naturally

defined to be
R.(p) = 3 [,(0) + R (). (5.5)

It immediately follows that
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Rg(n) + 02 = Bi ’ for p £ [0,a] (5.6)

and from (5.3a) and (5.3b)

2 0 R,(p) 2 2
Me) = (w2 = -2 (a2 - 5], (5.7)
R

R
m 'm

where, since in general Ré(p) + 02 -2 Rglp) 2 0,
0<ilp) €1 for pe (D,a]. . (5.8)

Moreover, for p ¢ (0,z]

%faﬁ) >0 ifR >/2a, (5.9}

so that for p ¢ {|8p],al
0 < alp - fae]) = ap) < a(a) (5.10)

which corresponds to (4.22) and can be used in proving that a set of x(p)

surfaces defined by (5.1) is nested for surfaces having the same values of By

and uz.

To prove the nested property, note that, in view of (5.3a) and (5.3b},

(5.1) can be reuwritten as

[82¢0) - &?] (8% - &2¢0)]

4 azﬂz

22 , (5.11)
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where from Eqs. (5.3a), (5.3b), and (5.10)11: can be geen that R%(p) is a .
monotonic increasing function of p, and R%(o) a monotoric decreasing function
of o. Consequently, due to the structure of (5.11), the surface corresponding
to p - |Ap| must be completely contained within the surface g, and this holds
for any p in the range [iApI,a]. Thus, the set of x{pl)-surfaces for given

2 gre nested with respect to p. Moreover, when the toroidal

values of R and a
(or ¢) direstion is included, these nested surfaces become nested toroids and,

since from Eqs., (5.3a}, (5.3b), and (5.7}

lim R2(p) = Lim Rf(o) =82, (5.12)

p+0 p+0
as p approaches zero these toroids converge onto a closed loop (magnetic axis)
of major radius R_.

An interesting geometric property associated with Lnese considerations is
the shift S{p) of the horizontal ceater of an arbitrary flux surfaze o
relative teo the magnetic axis (sometimes called the Shafranov shift):

2 241/2

c = - = - -

sto) =R, - R(p) =R - (R -0 ) R (5.13)

As a measure of departure from circular cross sections, consider the
maximum value of 22, This can be obtained from (5.1) by finding the value of
z? which mskes d(z2)/d(R?) vanish and the corresponding second derivative

negative. The result is
max 2% = 22 = [R2/(2 o?)][1 - (1 - a0) M2, (5.14)

at the radial location



R(0)? = R3[1 - ae) ]2 . (5.15)

"It is important to note that, if the geometric elongation is defined as E{p) =

]2(9}|/p, then it follows from (5.14), (5.15), and (5.7) that

£2¢0) [Ri/(z aZe?)][1 - (1 - a02)*?)

il

1102 for p ¢ (G,al , . (5.16)

which exhibits the nonphysical restriction that the elongation must be the

same for all nested analytic surfaces stemming from (5.1) and having the same

value for of.

A second measure of the departure from circularity is the geometric

triangularitcy:
plp) = [RG(D) - ﬁ(p)]/p. (5.17)

where B(p) [see (5.15)1 is the radial location of the maximum 22, Starting

from (5.17), the following alternative expressions for D(p)} can be derived:

Do) = % [% [Rz(p) + Rl(p)] - [Rz(p) Rl(a)]llz) - (5.18)
= L (rgto) - IRg(0) - 221172y (5.19)
= [Rm/(ZP)l[(l . 1(;:)'”2]1,2 + (1 - 1(9)1/2]1/2
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-2{1 - x(p)lll“] s (5.20)
and for small p
Dp) = = ——%»7 +0 o’ )e (5.21)
Z Rglo Rc(o)3

Note that in attempting to allow an arbicrary prescription of D(a)

difficulties can occur. As an example, suppose that
pla) =0 . (5.22)

It would then follow from (%.17), (5.15), (5.1), and (5.6) that either

2
a - K
—Ei + 0, RO = Rcla) » (5.23)
orT °
a’ = w?, _ (5.24)

which for a toroidally confined plasma is not physically reasonable.

The final geometric property to be considered here is the total volume
V{p) enclosed by the flux surface p: this can be calculated anaiytically.
Remembering to include the ¢ direction and employing the cylindrical

coordinates (R,Z,4),

R,{p)
V(o) = 4n [ 2

Z(R)
R=R, (p) R dR fz=o 4z  for p e (0,a], (5.25)

where Z(R) is given by the positive square root of (5.11), Thus, for an

arbitrary p
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(0}

R
27 2 2 231/2 o2 _ o2 1/2 4
o) = 137 ReR, (o) (3> - R%)M% (R® - RY(0))™% v , (5.26)

which can be evaluated in terms of complete elliptic integrals [e.g., see Eq.

(3.155-1), p. 248, Ref. 16]:
2a RZ(D) ripl 2 2
V(o) = 3= ToT 1[R2(o) + Rl(a)] E(s/2,q) ~ 2 R{(p) F(n/2,9)} , (5.27)

where

Rg(p) - afco)
e 21, (5.28)
Rz(n)

2

and where F{x/2,q) denotes the complete elliptic integral of the first kind
and E(x/2,q) the complete elliptic integral of the second kind.

In concluding this section on geometric properties note that, by
prescribing merely (1) the major radius of the outer surface, R, = Rplad; (2)
the minor radius {i.e., max p = a) along the horizontal midplanej and, {3) the
geometric elongation E(a) of the outer surface; it follows that the geometry

of the family of nested analytic flux surfaces is completely determined. A

review of the geometric quantities considered is set out below:

major radius of the outermost surface (prescribed) R, = Rgla)

minor radius of the outermost surface {prescribed) max p = a

major radius to the magnetic axis R, = (Rg + :.42)1/2
major radius of an arbitrary surface p RG(p) = (Ri - 02)1/2
minor radius of an arbitrary surface p p

(p is the principal parameter)
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maximum major radius of surface p Rz(n) = Rc(a) + 0
minimum majo; radius of surface,p Ri(0) = Rc(a) -0
lambda parameter of the arbitrary surface p Ao} = (20 Rc(n)lﬂg)z
Shafrancv shift fﬁr the arbitrary surface p ${o) = R, = Rglo)
geometric elongation of outermost surface E(a)

[ECa) is prescribed]

reciprocal elongation parameter a? a? = 1/E%(a)
geometric elongation of an arbitrary surface p E(p) = ll/u2
triangularity of an arbitrary surface g D(g) = llp(Rc(p)
[D{p) is a dependent quantity] - [Ré(p) - 92]1/2)
volume enclosed by an arbitrary surface p v(p) = Eq. (5.27)

6. PHYSICAL IMPLICATIONS OF THE ANALYTIC SOLUTIONS

Once again, the constraints on the Grad-Shafranov equation (4.12) that

yvield the simplest analytic solution are

_ aP(x,t) _ _ 27c__ 3P{p,t) _ _
A(y) = 2me i vy ey rranit Ao R (6.1)
and
-c 3gly,t) _ e _glp,t) 3glp,t)
Bx) = 7 8lx,t) =550 2 x0t) a0 2O (6.2)

where g(p,t) is the toroidal fluz function
- n2 5.8
glo,t) = R (B-Va), (6.3)

and where sometimes "t" is omitted from the argument for convenience.
Moreover, the relationship between the constant'A; and the lambda parameter of

the analytic flux surface [see (4.19) and (5.2)] is given by
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2 .
c 1+ a” x(p) .
- ] \6-4)
ﬁz R: Ao

Aoy = Kok .
o
In chis section consideration is given mainly ro the physical significance of

(6.1). 4s for (6.2), it implies that

aggzltl . 0 (€.5)

or through (4.7)

J-¥e + 0, (6.6)

The last conditiou [i.e., (6.5) and (6.6)] seems to make approximate sense in
tokamak plasmas with highly symmetric vertical cross sections, but is mnot
universal enough teo allow neglecting B(x) in the Grad-Shafranov equation. In
instances where the vertical cross section is a nearly perfect ellipse [e.g.,
n(a) < 0.01, see Eg. (5.17)], it is fourd from the MHD part of a composite

BALDUR~MHD code that

IB(x)l < 1074, (6.7)
|atxIre] ~
Otherwise, the above ratio may be < 1/50; hence, use of (6.2) introduces a
degree of uncertainty when trying to march the analyric solutions against
numerically determined solutions.
If (6.1) and (6.2) were both true, the Grad-Shafranov equation would

reduce to [see (4.17)]
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2
* 8n 2
Ay = - AOR , {(6.8)

and it would follow from (4.1l1) which defines 4°, and (4.8) which is an

expression for J-V¢, that

A = 3.9 , (6.9)

- >
where |J-98| = J°/R is a measure of toroidal current density. Incidentally,

the general relation is

-3, = A R+ BOO R (6.10)
But, since the toroidal current I(p) is fundamentally given by

o) = [0, ‘::o (3-%o) /g de do , | (6.11)

Eq. (6.9) implies that [see (5.25) for V(p) and transform to (p,8,¢)}}]

I
- I(e) _ )
AO = 2% m 2% vo for g e (D,a] y (6.12)

where I denotes the total toroidal current (statamperes) flowing in a plasma

of total volume Vo(cm3). When (6.12) is substituted into (4.19), the result .

is

[N
E ]
B &

IO
> - (6.13)

o
[z ]
—
+*
=
o

I ———- .
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However, in attempting to match a set of analytic solutions, the directness of
the atove equation does not imply thac I, can be prescribed arbitrarily., To
must sacisfy a relation obtained by integrating (6.1) with

be consistent, I,

respect to x subject to the condition that

Lim x{no) = O, (6.14)
p+0

Thus, with the help of (6.12), it is found that

‘I,—:-= TEET [po - p(p)] for p e (0,a], (6.15)
vhere P, [see Eq. (3.5)) denotes the plasma pressure (ergs/cm3) at the
magnetic axis and P{p) the pressure on an arbitrary flux surface p.
Evidently, (¢, - P(p)1/x(p) must be constant with respect to p in order to
satisfy the constraint (6.1); consequently, I, and P, cannot be prescribed
independently.

According to the amalytically determined expression for A(o) = x(n)/u,
[i.e., Eg. (5.7)], it can be shown that, due to the constancy of (e, -
P{o)]/x(p), the pressure profile corresponding to these simple analytic
golutions is given by

P - P(a)

-p - -0 2_ 2
Pa) = P_ 72 o (am ), {6.16)
=]

where P(p) is in units of ergs/cm3, and the negative pressure gradient is

given by

- P(a) 9 .

P
3P( o 2
- aaﬂ) =2 2p[gm - 2], (6.17)
SRO




both expressions, of course, stem from (6.1). Note that the negative pressure

gradient, =-3P/3p, exhibits its maximum value of

- P{a}
max [~ aP(p)] 3/2 P g3 , (6.18)

a2R2 m
o
at

R, . (6.19)

provided lela <
The restraint on toroidal current I, is made more obvious by combining

(6.13) and ...15) with x(p)} = A(p) ¥, and using the constancy of {p, -

0

P(p)}/x{p) to yield

(1°]2—L21*"‘2 fp - p(a)] : (6.20)
V) T2 Lo alis : .

o

which shows that Io is definitely determined once the central pressure Po and
surface pregsure P(a) are given along with three geometric properties of the
outer surface: R,, a, and ol = 1/E(a)2.

. Another important property of the constraint (6.1) is that it leads to a
simple analytic formula for xzp) which can be readily used to check
noncircular pumerical calculations of the poloidal flux density as they are
carried out in the transport part of the BALDUR-MHD code, In particular, from

(6.1)

x(p,t) = 208 (- 22Loyedy (6.21)

Ao ap
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This implies when (6.12) is substituted for A, and (6.17) for the pressure

gradient, that

P - P{a}

! - c 2_,2
x(o,t) = T 2 RE 20 [Rm 2p°). (6.22)
where xip,t) is in units of gauss-cm. Incidentally, (6.22) shows that, in the
neighborhoed of p = O, xia,t) is directly proportional to p which agrees with
physical inference.

Moreover, a second formula for xza,t) can be derived starting from (6.1),
but this involves a numerically determined geometric factor. To derive this
second formula consider Eq. (6.8), which results from the substitution of
(6.1) and (6.2) into the Grad-Shafranov equation. Then make use of a

: : , * .
standard generalized formula for the divergence in order to expr2ss A x in

terms of flux coordinates (p,8,4¢):

> 2 - -
- 1 3 (Cvp)” ° - 1 2 ((Vp-¥B) ! | —
a =5 [ x(pWg) + — = [5—== x(p)ve)]. (6.23)
LI e 3p ' g2 iz ae 2

Let this expression be multiplied by vg and integrated over 8 ¢ [0,2n]. The

procedure yields [see {3.20)]

s .2
2n = = ! _¢c 3 . 2x (Vp)~ -
A 2 _[o 7z do = A V(p,t) = = 3 (xCe) Io 2 /g de). (6.24)

Next, the above is integrated over p, noting that by (3.20) and (3.24) and by

{4.2)

1 t
lim ¥(p,t) = O and lim x{p,t)} = 0. {6.25)
p+0 p+0
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Using (3.21) and (6.12), the result obtained is

H G Io
X(b,t) = — ‘v— v(ﬂlt)fc (ﬂ’:)t (6.26)
c v, ]
where
G (o,t) = i Iz" iﬁﬁl& /e de (6 2;)
8 ’ “2n ‘o RZ g * “O.

Alternative expressions for (6.26) are [see (7.35c)]
' L 4m
x(p,e) = == 1{p,e)/C (p,t), (6.28)

where I(p,t) denotes the total toroidal current contained within the flux

surface p, and

I
) o 21 To Vp,r)
x{o,t) = x(a,t)/(ZwRo) =z ——Ro '--vo @':-t—) ’ (6.29)

where (c/2) i{p,t), expressed in "internal" code units, is the quantity
caleulated numerically in the BALDUR code. The significance of iip,t) is that
in the case of circ#lat cross sections it reverts back to the poloidal
magnetic field.

Note that these last formulae {(6.26) through (6.29)] are not pure
extensions of the basic constraint (6.1) because they contain the geometric
factor Ge(a,t) which at present is evaluated numerically in the course of
running the MHD subprogram, Also, there is another quantity involved: the
volume V{p,t) can either be handled analytically by means of Eq. (5.27) or
evaluated numerically in the MHD subprogram; the last procedure is employed

here. In fact, comparisons of results from (6.26) against {6.22) offer



furiher checks on the performance sccuracy of the MHD subprogram.

In summary, use of the constraints (6.1) and (6.2) lead to tractabla
analytic solutions of the Grad-Shafranov equation (4.12), and yield a set of
formulse that can be employed to check numerical methods for simulating
toroidal plasmas of noncircular cross sectiona. However, for plasmas with
highly distorted cross sections ({e.g., triangularity > 0.3), difficulties
arise -in attempting to match real physical behavior to the conditions [i.e.,
(6.5) and (6.6)] implied by the constraint (6.2). There are apparently no
other essential difficulties, only limitacions on the choice of initial and
boundary conditions needed to make the numerical model consistent with the
analytie solutions. By way of an example, although the plasma pressure both
o the magnetic axis and on the outer boundary can be prescribed largely
arbitrarily, the pressure profile in between must exhibit a radial dependence
which preserves the comstancy of [P, = B(p))/x(p); i.e., Eq. (6.16) is needed
for analytic consistency. Finally, two formulae for the poloidal magnetic
flux density pr,t) are presented: (1} one of these (6.22) is strictly
analytic; and (2) the other (6.26) is part analytic and part numerical, It is
“numerical” in the sense of involving the geometric quantity Gglp,t)
determined in the MHD part of the BALDUR-MMD code. Perhaps the most important
use of these two equations is to check the accuracy of the numerical method
used to advance the poloidal flux density in the course of any normal BALDUR-
MHD rin. The governing equation for this third method is discus'sed in the
next gection, where it is shown that an explicit modification of the parallel
resistivity [see (7.41)]) can make this governing equation consistent with the

analytic solutions which stem from (6.1) and (6.2).
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7. EQUATION FOR ADVANCING POLOIDAL FLUX DENSITY AND A MODIFICATION MAKING IT

CONSISTENT WITH THE ANALYTIC SOLUTIONS

The governing equation for advancing the poloidal magnetic f£flux
’ v
density ¥(po,t) = x(o,t}/(27R ) is set out below using the flux coordinates

(p,8,¢) [see (3.7) through (3.23)]:

- . 2 n '
ax{o,t) _ .+ .2 ax(p,t) _c” 2 K] PPPY IRT A
at <ug Vp>f do 47 3p [VT 3p (v* <o) >E X(D't)]]
3 R -
¢ 3 [<E;>E n”Ja(non chmic}]. (7.1

This equation applies on the region p ¢ (0,a), and is solved subject to the

boundary conditions

%(0,8) = x(0,0)/(2mR ) = 0, at  p=0 , (7.2)
and

~! _ - 21 _ifa,t) =

x{a,t) = x(a,t)/(ZnRo) =3 i; E;T;f?j s at  p=a (7.3)

where I(a,t) denotes the total toroidal current flowing in the plasma at a

time t, R_ is the major radius out to the center of the outermost flux surface

Q

as projected on the horizontal midplane, ﬁg represents the local velocity of a

*

point (p,0,4) relative to an inertial frame x = (R,Z,%), and

- 2
Ge(o,t) = %— Izw (9p) /g do for ¢ € [0,a]. (7.4)
<] RZ

m

1 ]
A2 normalized flux deasity x(p,t) = x(p,t)/(ZwRo) has been introduced to make
2z, (7.1) resemble the equation implemented earlier for advancing the poloidal

magrascic field Ep in the 1=D version of the BALDUR transport code. In fact,
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1
(limit of ¥(p,t) as the plasma ) = B_(a,c) (7.5)
cross section becomes circular ptor

while in general
1 ' - R )
Bp(o,e,t) = %—:ﬁ—l- x(o,t} = |¥o| R—° x{o,t) . (7.6)

Incidentally, if the major radius R, varies with time t, a term containing
d en(R,)/dt should be added to the left~hand side of (7.1).

The derivation of Eq. (7.1) begins with Faraday's law

aB| _ =
il = (¥ « E), (7.7)
x
where the partial time derivative is taken at a fixed point in an inertial
frame ¥ = (R,2,4). Prior to substitution into (7.7), the contravariant

formula for magnetic field B [see (4.1) through {4.3)] is rewritten:

i=- %; ¥ x (x(p,t)We) + glp,t)¥s. (7.8)

When the result of substituting (7.8) into (7.7) is subject to vector

-
multiplication by 94, it is found that

o « (¥« k) =0, (7.9)
where

I S 4

A=z TS Vo + cE . (7.10)
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Because of toroidal symmetry and the special geometry of the nonorthogonal

flux coordinates [i.e.,, Eas. (3.11) through (3.14)], Eq. (7.9) becomes

Fo x (¥ x &) = li [aang-$¢] o aRA(E.Tp) ]

Vp x |V Vp
R o ag
= L 9[e%(&Fe)] = 0, . (7.11)
R

which implies that the quantity r2 (A‘V¢] is globally uniform; i.e.,
23 =y _
R°(R-¥o) = ¢, (e, (7.12)

-+
where C;(t) is a function of t only and A is given by (7.10). On
differentiation with respect to the flux coordinate p, {(7.12) 1is found to

yield [see (3.14)]

_ 1 ax 3 [r%(E-F8)] =
5, +e g [r°(E-Fo)] = 0. (7.13)

-

To evaluate E-Y4 use is made of Ohm's law (Refs. 13, 15, 17, and

elsewhere)

= . - - . _i-o _ 1 >
£ = 7-(J - J(non-ohmic)) = (¥ x 8) TET—E; VP, (7.14)

>
where ¥ represents an effective flow velocity and VPe denctes the gradient of

the electron pressure. Due to prevalence of the pressure-balance condition
[i.e.;, (3.2)], the gradient of the total plasma pressure must be perpendicular

>
to B, and this supports the assumption that the same condition prevails for

the electron pressure:
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g.vp_ =z 0. (7.15)
In view of {(7.15) and the identity B-(% x B) = 0, Eq. (7.14) yields

B8 =28, (7.16)

where
Z = 7+(J - J(non-ohmic)). {7.17)

+ >
An expression for E-v¢ [i.e., Eq. (7.22)] is now worked out from
+
(7.16). First, introduction of the contravariant formula for B [i.e., (4.1)]

into (7.16) gives

B-To = 2.0 - X228 (8 _ £).(%e « )

T 21 gla,t)
=z.3¢+ﬁz.t_)_[i (¥ « B) + v, ]-[¥e x ¥p] (7.18)
27 glp,t) 'c e] n, ¢ YRl :

+ =+
Then it follows from (7.15) and B'¥p = 0 [i.e., (3.9)) that
1 ,+ Epe & + l (+ » + '
{-E (v x ﬁ] + -l;l-—n:]~[v¢ x Vp] = =- < [V'VQJ[E'V¢] . (7.19)
But, the toroidal flux function g(o,t) is given by [see (4.3)]

glo,t) = R2(8-Ts), (7.20)
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and, the magnitude of the poloidal magnetic field by
{a,t) ol ¢
t v
B (0,0,6) = X8 [4 « Fp| = 1ol 4,00, (7.21)

In view of Eqs. (7.19) through (7.21) and of the assumption |[J(non-ohmic)}| =
J¢(nan-ohmic), (7.18) can be rewritten as follows
1% G

- E 3 - }- - . -
E-Vo = n"[f 7o) " R JQ(non ohmic) - = = ol , (7.22)

in which use of the symbol "4 " in associlation with ¢—-components implies that
ym I P P

>> .
|B,1 >> |8,

The term in (7.22) involving v = (¥:90)/(|v0] is neglected because of
the following relations which are characteristic (e.g., see Hinton and
Hazeltine, Ref. 13) of the time scale being handled in transport

calculations. It is necessary for the validity of the basic equations being

used that

6 = p/en << 1, (7.23)

where for the moment p now represents a typical gyroradius and 2n denotes the

pressure scale length
P T T (7.24)

Moreover, as pointed out in Ref., 13, the following basic equatiors are only

correct to order 0(§):
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T -1 (3x8) = o), - Gase
B.-9p = o(s) , (7.25b)
n(p,8) = <n(o)>f (1 +0{(8)], {7.25¢)
rfp,e)_= <T{p)>p [1 + 0C8)], (7.254)
ul/u"= 0(8), etc., (7.25e)

where n{p,8) is a typical local particle density; p is the principal Elux
coordinate again; T(p,8) denotes a temperature; and, <....>; denotes a flux-

surface average. Under the condition that By >> B which is usually valid

P
for tokamaks,

up e, = R (a-¥s). {7.26)

Hence, by {(7.25e)

Py = a = R "’.'. = R -
2w =0(8) nuy = 0(8) TeT E eana[ua Vo) = o(s) Tel (3-%e), (7.27)

which shows that the error caused by neglecting the term involving (ul
(V'GD)IIGpI is the same order as the errors in the basic equations [e.g.,
(7.25a) through (7.25d)}. Consequently, the expression introduced into (7.13)
for E-;¢ ;educes to

E-Vp = y (3-%s) - ny % J¢(non-ohmic), (7.28)
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- - 1] .
in which J-V¢ is related to x{p,t) according to (4.8),
+ +>
Substitutien of (4.8) for J-V¢ inte (7.28) and, in turn, substitution of
the result into (7.13) yields

' __cza

2 =1 m oo B R
3t |y * % 3 [r " 5-[;5 x(pyt) ¥o)] - 2me Ty [r " J¢(non ohmic)}.

(7.29)
Simplification is possible by noting that
Rz'ﬁ-(iz- x'¥o) = ¥-(x'¥e) - 2 x' (Vo-Un), (7.30)
while due to the geometry of the crordinate systems (p,0,4) and (R,Z,9)
-5 =285 . (7.31)

The flux-surface averaging of (7.29) is now carried out, remembering that by

'
its nature x{p,t) is independent of 83 while, n, = ﬂu(p,t) and J¢(non-ohmic)

i
are taken to already represent flux~surface-averaged properties. Use is also
made of the following general theorem [see (3.18) through (3.23)]):
Wk, = i L (viek-Fo>,). (7.32)
f vV ap £ '
Moreover, the partial time derivative of x' is transformed from a point fixed
in the (R,Z,9) frame to the time derivative of x' at a point fixed in the

(p,8,6) frame, where ﬁg(n,8.¢,t) denotes the velocity of the point (p,8,4)

with respeet to the (R,Z,¢) frame:

i
|
|
i
!
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a
at

. a—l - &.(6,0,6,8)-1. (7.33)

4 at 0,0

The result of these relazionships is that, whca subjected to flux-surface

averaging, Eq. (7.29) becomes

4 ' 2 n ]
axlo,c) _ =, axCo,t) e 2 I3 ' 2
at <ug a°>f 30 4n ap [V' 3o (v <(¥0) >f X(o’t))]

- 2nc %; [<R>f n"Ja(non-ohwic)]. (7.34}
which when normalized by dividing through by 2mR, yields (7.1). Some slight
modification in the left-haad side of (7.1) is, of course, needed if Ro is a
function of time t.

Note that, once xép,t) is known as a function of p, the toroidal current
I(p,t) at time t enclosed by the toroidal flux surface corresponding to p is
implied. This can be seen by substituting Eq. (4.8) into the Ffundamental

expression for toroidal current:
- [P 27 & - .
1(p,t) Ip=o oz, (3-%8) 7% do do. (7.34b)

Equation (4.8) is set out agein here for convenience. In terms of the flux

coordinates [see Eqs. (3.9) through (3.14)], Ampere's law [i.e., (3.2)] yields

$ode = < ¥ 2n(B-Vo)E Vol, (7.34c)

T30 = == (% (p,t) Ta). (7.35)
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Equation (7.35) can be substituted into (7.34b) and simplificacions made using
the general theorem given in (7.32) as well as the Eollowing relation due to

(3.24); also see (6.25)

t
lim V(p,t) = O. (7.35b)
p=0

The result is a formula for the toroidal current I{(p,t) in terms of the

]
poloidal flux density x(p,t) and a geometrie factor Ge(p,t) defined in (7.4):
c 1
I(p,t) = o= x(p,t) Ge(p,:). (7.35¢)

The necessary modification of Eq. (7.1}, or of (7.34), in order to attain
consistency with the analytic solutions is now examined. Under stationary
conditions where 3y'/at]|_ = O and when J¢(non—ohmic) = 0, Eq. (7.34) reduces

, X

to

3 nl ) YT IRY : =

3 [V"a_p (v'<(¥e)®2, x(o,0))] = 0. (7.36)
On the other hand, the analytic solutions demand that [see (6.8), (6.9), etc.]

JTe =4, {(7.37)
which when combined with (7.35) gives (6.8); i.e.,

2
! -~
r? #- (A5 x(o,0) ¥p) = 8 4 2%, (7.38)
B < [¢]
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Before being compared one-to-one with (7.36), the above exbrelsion must be
subjected to flux-surface averaging; and, this involves making use again of

Eqs. (7.30) through (7.32) with the result that (7.38) becomes

2
3 ryrerd 2y o) 8 2
35 (V<@o)®>; xlo,t)) = AR . (7.39)

<_I»—-

which immediately implies that, in the case of the analytic solutions

Q

[ 1 %1- -g-; (V'<($p)2>f xép,t)]] = 0. : (7.40)

3 U3
£

<R“>

On comparing (7.40) with (7.36), where the latter is derived from physical
principles, it is seen that the poverning equation for advancing poloidal
magnetic flux density becomes consistent with the analytic solutions when the

following condition is imposed on plasma resistivity:

n .
2 (7.51)
2)

£

ﬂl E<R
where L is some convenient normalizing conscanc;

As a consequence of intreducing the modification shown in (7.41),
numerical results obtained using Eqs. (7.1} through (7.3}, which are the
equations programmed into the trsnsport part of the BALDUR-MHD code, can be
checked against Eq. {6.22), which is wholly analytic, and against Eq. (6.29),

which is part analytic and part numerical.



8. ANALYTIC CHECKS OF A 1-1/2-D BALDUR TRANSPORT CODE

A. Description of the 1-1/2-D Transport Code

A composife 1-1/2-D transport code (the 'BALDUR-VMOMS" code) for the
numerical modeling of noncircular, magnetically confined toroidal plasmas has
been assembled (Ref. 8) by linking a MHD-equilibrium program (Refs. 11 and 18)
to a geometrically generalized version of the BALDUR transport code {Refs. 1
and 2). Toroidal symmetry and reasonably well nested flux surfaces are
assumed to exist throughout the madel. The transport part of this composite
code ig 1-D; it simulates cross-field transport in multispeties plasmas on a
resistive time scale (Refs. 12-14, etc.), and executes numerical calculations
of the time evolution of flux-surface-averaged quantities as a function of a
principal flux-surface coordinate p (see Sec. 3). The MHD subprogram is 2-D
and includes the determination at successive times of the Jacobian and other
metrics of a flux-surface coordinate system (p,8) based on the Grad-Shafranov
equation (see Sec. 4). On the time scale being represented, most of the
interesting plasma properties approach uniformity over any flux surface p so
that it makes sense to eliminate the 6-dependence by flux-surface averaging
[see {3.18)]. Although the trénsport equations in the BALDUR part of the code
remain 1-D, they have been generalized so as to hold in nomorthogonal flux-—
coordinate space. The fundamental theorem used to carry out this
generalization is set out in Eq. (3.23).

Any continuous changés in the flux-surface geometry are approximated,
starting from time-zero, by stepwise changes implemented through successive
calls to the MHD package. Interactions between the MHD and transport parts
take place only while the MHD part is being called. Once the averall code is
initialized in a self-consistent manaer, MHD calls are only made every so many

prescribed transport time steps or whenever plasma properties display
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;ppreciable change. Between successive calls, changes in profiles of plasma
density, pressure;‘ poloidal-flux density, etc., due to transport are
calculated with respect to flux-surface coordinates which are momentarily held
fixed. This stepwise scheme removes from the transport equations convective=-
like terms associated with partial time derivatives. But, in this case of
course, the transport coefficiznts should be measured with respeect to the
laboratory frame. The treatment is made physically valid by renormalizing the
principal plasma properties after each flux-coordinate recalculation so as to
conse;ve particles, entropy, and rotational ctransform with respect to
toroidal-flux surfaces, where the rotational transform is given by 1 = 2=n
3x/3%, x being poloidal flux, 9 toroidal flux,

In the course of renormalization, the fundamental variations with respect

to toroidal flux @ are always preserved:

(particles) n V' = fl(@), (8.1)
(entropy) . »p [V'15l3 = fz(O) ’ . (8.2)
(rotational V= f3(¢) . - R (8.3)
transform)

However, MHD subprogram calls generally induce changes both in the spacewise
profile of toroidal flux ¢ with respect to, say, the dimensionless horizontal
minor radius x ¢ (0,1] and in the veolume gradient fo,t) [see (3.20)1.
Knowing the new spatial dependencies for ¢ and V', as well as :tha invariant
properties exhibited by (8.l1) through (8.3), new self-consistent radial

profiles for particle densities, plasma pressure, and poloidal-flux density,
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1 ] .
-3, 1 | 30
x(p,t) = 30 = 2% 1 3 * (8.4)

can be determined immediately. These redetermined profiles are then used as
new initial conditions from which to carry forward the transport calculations.

At time of writing, many of the original source and sink terms, although
approximately representative for mildly noncircular cross sections, remain te
be upgraded. However, the treatment of ohmic heating has been made more
explicit than in earlier versions of the BALDUR codsz, the basic piysical

exprzssion being

<Ohmic heating tate>f = <j-ﬁ'[3 - j(non—ohmic)}>f - % <Fo(v x §)>f . (8.5)

where the electrie field is given by (e.g., see Ref. 17}

vp
£ =513 - S(non-ohmic)] - % G« B) - =, (8.6)
e

P, denoting electron pressure {see (3.5)] and n_ electron density. In view of

e

the pressure-balance condition [see {3.2) and (3.8)], it makes sense to write

<J.p >_=+ -cl- < (3 x §)>f = <%-Fp>
e

14
€ 5 (8.7)

1 + 1
T <J-G = E)>f T En £

Moreover, assuming ambipolarity the last term can be approximated by

r
- > 3P _ e apP
<velp>, o= = 5 <[¥o|>; 3 (8.8)

|
|
:
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where I, denotes the surface-averaged cross-field electron particle flux in
the dirsction of‘;p and measured in the laboracory fiame. Another aspect that
has been fully upgraded, makos uze of Eqs. (7.1), (7.2), and (7.3) to advance
the poloidal magnetic-flux density, xéo,t) versus pn, where xio,t) of course
determines I(p,t}, which is the toroidal current enclosed by the flux surface
x{n,t) [see Eq. (7.35c}]. Incidentally, this toroidal current prefile
together with the plasma pressure profile and the definition of the outermost
boundary make up the timc dependent input for the present MHD subprogram.

Consider the nature of the MHD subprogram (i.e., "VMOMS" of Ref. 18): It
calculates +he geometric relationships between the meving flux—surface
coordinates (p,8,¢) and the fixed cylindrical space (R,Z,4); and, in the
process it tracks surfaces of constant toroidal flux ¢(p,t) and determines
poloidal current as a function of the priacipal flux-surface coordinate p. In
order to maximize computational speed, the transformation equations rnre

presently limited to three Fourier components which can be written

R(p,8) = no(p) - p cos(g) + R2(°) cos(2e) , (8.9)

and

Z(0,0) = Eo(p) [p sin(e) + nz(p) sin(28}] , (8.10)

where R(p,0) denotes the local major radius and Z(p,r) the vertical
displacement from the horizontal midplane. The validity of writing Eo(pJRn(o)
for what otherwise might be Zn(p) [see (3.15) and {3.16)] is discussed by H.
Weitzner in an appendix to Ref. 1l. Typical configurations represented by
(8.9) and (8,10) are shown in Figs., ! and 2. Note that the principal
coordinatz p is taken to be the horizontal half-width of the particular flux

surface corresponding to p [see Eq. (5.4)):
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p = 3 [RGe,m) - RG] , ' (8.11)

while the major radius of this surface is defined to be [see Eq. (5.5) and

(8.9)]
1 =
B.(p) = 5 [R{p,m) + R(p,00] = & (p) + Ry(p) , (8.12)
and the magnetic axis R is located at

R = ;i: Rc(o) . {8.13)
Although E (p) and R,{(0) are meassres of elongation and tri.ngularity,
respectively, they are not quite the same as the E{p) and D(p) given im Eqs.
(5.16) and (5.19) (see Ref. 18).

The present calculations of the Fourier coefficients [i.e., R (o), E (s),
and Ry(p)] are based on a variational principle, in which the variation of the
volume integral of a Lagrangian taken out to a prescriied boundary is assumed
to vanish, thereby determining a best global fit and vielding an Euler
equation which for the proper Lagrangian is equivalent to the Zrad-Shafranov
equation [e.g., (4.12}]. In practice, the variational principle is
reformulated in terms of the Fonr-ier components {e.g., Ro(p), E (o), and
Rz(p)] 30 28 to yield a separate Euvler equation for each component. These
equations are then averaged over the poloidal angle 8 and treated as a set of
coupled moment equations, which are soclved simultaneously for the Fourier
coefficients. In summary, the constraints imposed on the variational

principle are: (1) definition of the ourer boundary; (2) I(p) versus p; and
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&3) P{p) versus p. Of course, _Lhere are other ways of setting up flux~surface
coord%nates based on the Grad-Shafranov equation, but the approach used here
yields computationally fast algorithms.

Once the coefficients in Eqs. (8.9) and (8.10) are known, they are used
to calculate the flux-surface averages [see Eq. (3.18)] of certain quantities
needed to express the transport equations in terms of the flux-coordinate
space [these factors include: Vép,t) as in (3.20), <ﬁ;p|>f, <(;p)2>f, Gyln,t)
as in (7.4), <F/R°>f, <R2>£, etc.). Moreover, a modified form of the Grad-
Shafranov equation [see éq. (3.8) of Ref. 18] is used to calculate a special
surface function, £(p,t), which is a measure of poloidal current and which

yields the toroidal fiux function [see (4.3)] according to the formula

glp,t) = RoBT(Ko) £(a,t) , . (C.14)
as well as

l0.0) - g g ey Hieat) (8.15)
where BT(RO) denotes the vacuum toroidal field at the point R = R,s» 2=0, and

B, is the major radius [see (8.12)] of the outermost flux surface. Egquations

(8.14) and (8.15) constitute the origin of the code-calcularted values for the

second Grad-Shafranov source term in Eq. {4.12): .
B(x) = § {p,t) 33‘;-—:?3- . (8.16)
x(o,t)

Typical values for B(x) as determined by the MHD subprogram arz displayed in

Tables 1 and 2. Note that, in view of Eqs. (3.24) and (4.7), in the

el



46

neighborhoad of the magnetic axis

lim P-B%%r‘—’ =tn -2 ilo (3-%8) /g de]} = o, {8.17)
p=0 pro )

and this property has been built into the code, where g(p,t) is given by (4.3)

and /g denotes the Jaccbian.

The performance accuracy of the MHD part of this first BALDUR-MHD code,
as well as the accuracy of the ﬁumerical caleulations of xzo,t) versus p, has
been tested using the analytic formulae derived in Secs. 5-7. In these tests,
the operations of the code were made as consistent as possible with the
special Grad-Shafranov analytic solutions, the properties of which are

summarized below.

B. Summary of the Properties of the Analytic Test Criteria

First of all, there are the two constraints [i1.e., (6.1) and (6.2)}) which
yield the simplest postible nontrivial set of analytic solutions to the Grad-
Shafranov equation (see Refs, 6 and f). The remaining analytic p?operties are
classified into Massigaed" and "implied" categories.

Assigred properties of the analyric solutions: The special analytic

solutions described in the preceding sections permit a' limited range of
arbitrary adjustment which can be utilized by prescribing reasonable values
for the following quantities:
R, The major radius (cm) to the center of the outermost

flux surface as projected onto the horizontal midplane.
a The ‘minor radiu; {cm) of the outermost flux surface

projected onto the horizontal midplane.

E(a) The maximum vertical displazement of the outermost fiux
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a7

surface with respzet to the horizontal midplane divided
by the minor radius "a" [see Eq. (5.16}]; i.e., E(a) =

max [Z(a)zlllzla.

P The plasma pressure (ergs/cmj) on the magnetic axis
fi.e., at & = B, = (8% + a2)!/2 and 2 = 0],

P(a) The plasma pressure (ergs/cm>) on the outermost flux
surface, where p = a.

Bz The toroidal component of the vacusum magnetic field

(kilogauss) at the center of the outermost flux surface

(R =R, Z=0).

Note that by (6.15) P, and P(a) define I,/V,, which in turn defines v, and A,.

Implied properties of the analytic sclutions: After the "assigned"

properties have been prescribed, additional analytic properties necessarily
follow. The latter, largely defined by the formulae given in Secs. 5 and 6,
include:

(1) Geometric properties stemming from the Fourier coefficients
exhibited in (3.9} and (8.10), see Sec. 5. Note that the
triangularity given by Egs. (3,18) cthrough (5.20) is an
implied property.

(2) The shape of the plasma-pressure profile as represented by
(6.16).

(3) The total toroidal current as determined by (6.20),

{4) Profiles of poloidal msgnetic~flux density ([e.g., Eg.

{6.22)] anc of toroidal current [e.g., Eq. (7.35c)].

(5) The analytic self-consistent plasma resistivity as defined
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by Eq. (7.41).

C. Temporary Code Modifications which Yield Ceonsistency with the Analytic

Solutions

For purposes of implementing comparisons with the special analytic
solutions, two types of temporary modification. were made in the BALDUR-VMOMS
code First, so that the analytic results would be available for printouts,
certain formulae from Secs. 5 and 6 were programmed into the interface
subroutine (i.e., subroutine XVMOMS), which links the :iransport and MHD parts
of the cade. Second, in order ta approach consistency with the analytic
solutions, the following mincr changes were introduced: (1) the prescribed
boundary triangularity D{(a) was overridden so as to satisfy (5.19); (2) the
total toroidal current was reset according to I = VO(IOIVO), where V_ = v(a)
was calculated.from (5.27) and (I /V ) from (6.20); (3) the profile of plasma
pressure (ard, hence its gradient) between p = 0 and p = a was made to match
Eq. .C.16), where P and P{a) remained arbitrarily adjustable; (4) lastly, the
plasma parallel resistivity ny{o}, as used with Eq. (7.1), was redefined as
follows [see (7.41)]:

n

_ -]
TII £ 7 . (8.18)
£

<R“>

Note® that, in view of (5.2) and (5.7), Eq. (6.16) for the analytic

pressure prolile can be rewritten as

2,.2 2 4

40°(R” - ") R

P -pPlp) =[P - Pa)] L. -
o ° R:I 4 azkg

= _ anslytic x{p)
[Pa P(l)] mzt—lclxm . (8.19)

i
i
i
i
1
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.Conlequently, to the extent that the use of (8.19) with (7.1) results in
BALDUR x{o) = analytic x(o) for o ¢ [0,a], (8.20)

it follows that the code calculations must according to (8.19) and (8.20)

yield

- Egéxl = constant, (8.21)
which is consistent with the first analytic constraint (6.1) [also, sec (4,12}
through (4.16)]. However, the second analytic constraint {i.e., (6.2)]
apparently could not be built into the code calculations, but was found a
posteriori to be satisfied to a greater or lesser degree depending upon
geometric conditions. Examples of just how well thig second constraint was
satisfied are shown in Tables 1 and 2, which display the best and worse
results. Satisfaction is approached when for code-calculated values |A(y)! Ré
>> |8(x}].

In a search for the best agreement between code calculations and the
second analytic constraint, two different ways were tried for determining the
I(p) profile which is input to the MHD sybprogram. In the first, the toroidal
current profile [E(p) versus p] was obtained directly from the normalized
poloidal flux density iEp) = xép)l(ZwRQ), which was calculated by solving

numerically Eq., {(7.1) using Eq. {8,18) and subject to the conditions

;fo)

m
Q

for p = 0 , (8.22)

iia)

n
LYY
}ﬂ' =

Q |o

1
for g = 2 , (8.23)
Geilj .



as well as
_I
xle:e) . g for o € (0,a) , (8.24)
vhere
+ 2
1 2 v -
Cyle) = o j‘o“ %’-— /g d8  for p ¢ [0,a] . (8.25)

1
Once x{p) was determined, I(p) versus p followed from the relation [see Eq.

(7.35¢)]

)
Gy (o) x(p) . _
I(p) = —— 1 = 7 R Ge’p) x(p). (8.26)
Ga(a) x{a)
This first method had the =2dvantage of including the numerical treatment of
Eq. (7.1) in test comparisons of code calculatisns against the analytic
solution.
The second way of determining the I(p)} profile was completeiy analytic;

it made use of *1e formula [see (6.12)]
I
I{p) = [V—) vip) , {8.27)
o
in which (I /V_ ) was obtained from (6.20} and V{p) from (5.27). As it turned
out in practice, the firse way [involv -3 (7.1)] usually yielded somewhat

better agreement between code calculations and the analytic solutions.,

. Description of the Properties Checked Against Analytic Values

The particular quantities examined in the comparisons of code-calculated

againar analyctic values will now be described. To a large extent these are

'
i
i
H
{
i
!
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set out in Exhibits A and B, which display results from two typical test runs,

one showing good the other poor agreement.
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the following meanings:

ai

shift

elong

eleong(i)

triang

triang{i)

zghift

denotes the local horvizontal minor radius (cm),
where 0 < p < a.

denotes the local plasma pressure (eV/cmd),
represents I(p), the toroidal -current (amps)
contained within the flux surface labeled by r = p.
is the loc;l code-calculated Shafrancv shife, R, -
2:(p) in cms [see (8,12} and (3.13)].

is the local cude-calculated elongation; i.e ,
expressed as an cquation for an array element, this
is given by

= max [Z(pi)z/pglu2 tB.ZB)
where in the code "p + 0" is usually approximated
by a small value: min p = ey > 0.

is the local code-calculated triangularity which is
given by

= [Rglp;) - R(p;)1/pg (8.29)
where Rg{p;) is defined as in {8.12) and ;("i)
denotes the distance from toroidal center co the
point of maximum vertical displacement above the
horizontal midplane of the flux surface labeled 05«
is the local analytic Shafranov:shift {cm) defined
as equal to R - (Rg - 92)1/2, where R% = Eg + al

in which R, denotes the prescribed major radius to

The quantities set out there have



zelong

ztrang

zlambda

zvolmi

zradjs

zbpoli

ybpoli

bpoli
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the center of the outermost flux surface and "a" is
the prescribed horizontal minor radius of this

surface.

is E(p;), the 1local geometric elongation as
calculated from the analytic formula (5.16).

is D(p;), the 1local gecmetric triangularity
obtained from the analytic formula (5.19) using

% - DZ and R% = Rg + 32.

Rg(o) = R
is the local analytic poloidal-flux parameter
defined by (5.2) and calculated according ta (5.7).
is the code-calculated sum from zero out to p; of
the toroidal volume  elements  between the
consecutive flux surfaces which correspond one-to-
one with the spatial numerical grid‘ n;/a
XBOUNI(i+1) (the units are 10712 cms ).

is the local major radius (cm) corresponding to tﬁé
local minor radius p and defined by (8.12). |
is :he local analytically determined normalized
poloidal magnetic flux density, iip) z pr)/(ZﬂRo)
calculated according to Eq., (6.22) and expressed in
terms of BALDUR internal units (1 gauss = 0.l
internal units).

is the local normalized poloidal flux density

iip) in internal units, calculated from Eq. (6.29),
which is part analytic and part numerical.

is the local normalized poloidal £flux density
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;Ep) in internal units, calculated wholly
numerically in the cade using Eqs. (7.1}, (7.2),
and (7.3)  with (B.18) substituted for the
resistivity, |

beta-pol is the local poleidal betz} i.e., beta-pol = ﬂp H
P/(&ﬂag), where P is the plasma opressure in
ergs/cm3 and B, the poloidal magnetic field

in gauss [see (7.21)].

Incidentally, 4s regards their positioning on the BALDUR spatial grid,
all the above-mentioned quantities have been programmed to be evaluated at
"zone-boundary" points (see Ref. 1 or 2)3 i.e., at points defined by the array
elements XBOUNI(i+1) = p;/a, where "i = 1" corresponds to p/a = 0 and where on
the outer boundary XBOUNI(imax+l) = 1. In BALDUR imax+l = MZONES.

Besides the comparisons between quantities defined above, other checks
agéinst the analytic solutions were made by means of the NMFE Computer Center
debugging utility program "DDT."  Included in “DDT" read-outs were tLhe
following: (1) Comparigsons were made between the major radius R cut to the
magnetic axis as defined analytically by Ri = Rg + a? versus the value
determined numerically in the MHD subprogram and stored into the array element
PARAM(1) = R /a (see Ref. 18). (2) Differences were sought between the plasma
volumes calculated analytically from Eq. (5.27) and the volumes (i.e., zvolmi)
determined numerically by summing the Einite-difference valume elemenés. (&}
Values of the code-calculated ratie defined immediately berow!ﬁwere
investigated as a function of p, where this ratio [see Eqs. (4.12) through
(4.16)} is a measure of the departure of code calculacions from tge decond

analytic constraint (4.16) or (6.2):
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e(p) = Bl x = x(p). (8.30)

Because of its bearing on the validity of the special analytic solutions as
test criteria, the magnitudes of e(p) were examined in some detail as
exemplified by Tables 1 and 2, where Table 1 stems from the same test run as
Exhibit A and Table 2 corresponds to Exhibit B. Note that the values of e(p)}

were determined a posteriori.

E. Performance Resul:s of the BALDUR~VMOMS Code

The agreement levels between code—calculated and analytically deiermined
values for the properties defined above, as well as the magnitudes of e{p)
[see (8.30}], were checked over a range of assigned properties. Of particular
interest was the maximum distortion of a plasma cross section thot could be
handled by the present MHD subprogram, where the distortion was measﬁted by
the triangularity D(p) [see (8.29)}. Since D(a) (which is the rtriangzlarity
of the boundary) is set up to be an implied property of the analytic
solutions, it can be prescribed indirectly by assigning values to R, and

"a," For example, from Eg. (5.19)

_ 2 ROD(A)

a (8.31)

T 1ena)

Hence, if it is assumed that, say, R, = 140 cm and D(a) = 0.40, then

& = 96.55 cm.




On submitting test runs in which D(a) = 0.4, it immediately became

evident that the numerical model in the MHD subprogram failed to converge when

D(a) > critical D(a) = 0.4. (8.32)

A marginal run did execute in which the assigned parameters were: Ro = 1l40.

em; a = 6.6 cm; E(a) = 1.60; B, = 1.520e+18 eV/em’; P(a) = 4.615e+15 eV/cm?;
BZ = 5,0 T; as well as min p/a = 0.02 and error criteria = 107%, This yielded
Dfa) = 0.40 and, as shown in Exhibit B, gave poor agreement with analycically
determined values.

It was next discavered that use of the analytic formula (8.27) for
determining the taroidal current profile yielded some increase in the size of
e{p) [see (8.30)]) and worsened the agreement between code-calculated and
analytic values, except far the triangularity D(p) where, for some reason,
agreement became very slightly better. Incidentally, the flag used in the
code to select the method of determining I{(p) was: (1) "npdump(1)=0" for the
methed iovolving (7.1), (8.18), and (7.35c); and (2) "npdump(l}=1" for the
method using Eq. (8.27).

In the course of these studies a point was soon reached where it was

decided both to restrict the investigative range to
0 < D(a) < 0.4, (8.33)

1
and to determine I(p) versus p from x{p) as calculated according to Egs.
(7.1), (7.2), and (7.3) using (8.18) for the plasma resistivity. Except for
the use of (8.18), this is normal operation for the BALDUR-VMOMS code and also

L]
allows the normal transport calculation of x{(p)} to be tested.

t
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As illustrated by thg numbers displayed in Exhibits A and B, test ruas
under certain conditions yielded gaod agreement between code-calculated and
analytically determined quantities, while under other conditions '(notably
greater triéngular distortion) poor agreement was obtained. The former case
{Case A) was taken as indicating that some things were being handled properly
(e.g., the ;Zo) calculations showed good agreement between zbpoli, ybpoli, and
bpoli} whereas the latter case (Case B) led to some trial-and-error attempts
to optimize agreement. The results of these parameter studies are summarized
below.

First, it was found that reducing certain error-limit criteria increased

the level of agreement up to a point; the trend is indicated by the following

table:
] %*
xerror xparer Level of Agreement Remarks
1072 1073 poor the default values
1073 1073 better
1074 1074 marginally better used for Case B (i.e.,
than above Exhibit B, Table 2)

*Prescribed internal convergence tolerances.
**Corresponds to Exhibit A.

The prescribed quantities "xerrvor” and "xparer" are used to set error-limit
criteria that terminate iterations carried out in the subroutines DOlAG®,
which are located in the MHD subprogram and contain the algorithms that
determine the Fourier coefficients of Eqs. {8.9) and (8.10) (see Ref. 18).
Second, the number of discrete 8-grid points representing the poloidal-

angle range 6 € [0,2r] was increased from 1l to 21. This increase produced no
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appreciable change in the disagreement between code-calculated ard analytic
values.

Third, in certain of the code calculations, effects of & singularity at x
z pfa + D are avoidsd by setting the minimum value of x slightly greater than
zero [i.e., min x = xp(l) > O, whereas max x = xp(max i) = l.]l. In Case B
[i.e., D{a) = 0.34], the difference between using xp(l) = 0.0l and xp{l) =
0.02 was found to be almost negligible, while the use of xp(l) = 0.001
resulted in convergence difficulties. For Case A& [E(a) = 2.0, D(a) = 0.0085],
use of xp(l}) = 0.0l yielded slightly better agreement [e.g., between code-
calculated wvalues of D{p) and analy.ie D(p)} than did the very small value
xp{l) = 10'4, the larger value of =xp(l) being slightly better in overall
accuracy and much preferable from the standpoint of computational speed.

Fourth, regarding the spatial grid, in test runs where R, = 248 cm, a =
85 em, E(a) = 1.6, P, = 1.520e+18 eV/cm’, P(a) = 4.615e+15 eV/en’, B, = 52.0
kilogauss, D(a) = 0.1767, xp(l) = 0.0l, and xerror = xparer = 0.001, it was
found that using 20 radial zones in the MHD subprogram gave results very
little different than with 40 radial zones. The finer zoning yielded, in
comparisons against analytic values, glightly better agreeseant for the
elongation E(p) [see (8-2@)] and the total plasma volume, but slightly poorer
agreement than 20 zones for values of the Shgfranov shift $(p) = R, - Rc(p)
[see (8.12) and (8.13)] and triangularity D(p) [see (8.29)]. Note that the
results set out in Exhibits A and B were determined using 20 radial MHD zores
and 11 e-grid points.

Fifth, effects of enhancing plasma pressure P(p,t) (as well as the
pressure gradient) and/or the applied toroidal field B; = Bp(R,) were
examined. The thought was that, since the ratio e(p), as defined in (8.30),

can be written [see (4.12) through (4.14), and (4.3)]



58

_ 1 glo,t) aglo,e)/ap _ (B-¥o) 3g(o,t)/a0
elo) = 23 Y Ta“g“(p,:ﬁap = 3p(o,t)/30 (8.34)

perhaps some decrease in the size of e{p) would ensue if an increase in

|ak(p,t)/3o| were not offset by an increase in [3g{p,t)/3p|, where from (4.3)
glpo,t) = R2[5-3¢] . (8.35)

In the code, g{p,t) is normally determined by the poloidal-current function
f{p,t) [see {(8.14) and (8.,15)], while in the test runs -3P(p,t)/3p was
specially redefineri so as to fit the analytic furmula (6.17). However, when
the plasma pressure [particularly 3P{p,t)/3p] was everywhere enhanced by the
factor x100, the fnllowing changes were found to occur:
(1) All geometric properties remained the same.
(2) The calculated values of iip,:) z xzp,t)/(2wRD) increased
everywhere by =10; this included zbpoli, ybpeli, and bpoli
versus o, and- implies that A, changes [see (6.12) and
(6.21)].
(3) Tke toroidal-current profile I{p) increased by xl0 over the
region 0 < p £ a.
(4) The safety fgctor, q = ¢'/x', ¢ denoting toroidal flux
density, was down by very nearly a factor of x10.
(5) The gradient of the poloidal-current Ffunction, 3f{p,t)/ds
was found to increase in size by x100.
(6) The value of e{p) over the region 0 < p < a remained

essentiallf unchanged.

I et g — gt

ot g s
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As it tuens out, the above behavior can be directly 2xplained in terms of
the most Ffundamental equation of the MHD model; i.e., the pressure-ﬁalance

equation [see (3.2}]:
P = E (5« B) . (8.36)

The effects of enhancing the pressure gradient become apparent when Eg.
{(8.36) is rewritten as a formula for 3aP(p,t)/3p. Starting with Egq. (4.1) for
B and (4.9) for J, and using (3.8), (3.10), (3.13) as well as certain standard

vector identities, it follows from (8.36) that

aP;z,t) - _‘l:_ (/2 (3-%8)(B-s) - _;7 x(o, ) (3-%0)] (8.37)

where /g denotes the transformacion Jacobian [i.e., (3.10)] which is not the

same as the toroidal-flux function in (8.35). Furthermore, it follows Erom

Ampere's law [i.e., Eq. (3.3)] that

395 = - & L 3glepe) (8.38)
3 e 0
2-2

as well as [see (4.7) and (4.8)]

- L]
3.9 = < . (L x(o,t) T0). (8.39a)
2 2
8n R
In the strictly analycic case, Eq. (6.20) for (Iolvo)2 implies that, if P, -
P(a) is scaled as x100, then IO/Vo must scale as x10j and, hence, according to
’
{6.22) x(o,t) must also scale as xl0. By comparison, in the general algorithm

]
for x{p,t) [see Eqs. (7.1) - (7.3}], value levels are determined by the outer
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’

boundary condition (7;3), which in these tests had been programmed to always

match the analytic tctal toroidal current:

I, = ia,e) I:_o dp j'e_o (3-9s) vz do

xla,e) & Ie_o (v") /e 0, (8.39b)
where Io/Vo was always set according to (6.20), Since it makes sense to
assume that for a fixed outer flux surface the quantity Gg(a), see (8.25) or
(3.26), is insensitive to pressure, it JFollows from (8.39b) that, when I,
scales by x10, ;(p,t) versus p must scale by x10. All this is consistent with
Eq. (8.37). Thus, if 3P(p,t)/3p is everywhere enhanced by »100, then

n xip,t) must be enhanced by x10,

(2) 3~;¢, and hence tavoidal current I(p,t), must be enhanced by

=10, and

(3 (E-;¢) aglp,c)/3p must be enhanced by «100.
The last term forms the numerator in Eq. (8.34) for e{p) and offsets the
enhancement of the denominator, thereby leaving e(p) unchanged. Moreover, in
test cases in which the applied vacuum toroidal field By = Bq(R)) remains
fixed while 3P/3p is enhanced by x100, it follows from (8.37) on substituting
(8.38) for 3-56 and on using (8.15) to relate ag(p,t)/2p and 3f(p,t)/3p that
since the value E';t in the plasma is not very different than the vacuum value

Byp(R,)/R,, the term

af(p,t) _ 1 aglo,t)
30 RoBT(Ro) 3

T AT s e 4 m
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must be enhanced by approximstely x100. Obviously, according co first
principles, the code was doing precisely what it should. '

Finally, it can be noted that an increases in the applied toroidai field
from B, = 5.0 T to 10.4 T made no significant difference in code~calculated
and gnalyr.cally determined values other than, of course, in the safery factor
q = 39{p,t)/3x(p,t}, ¢(p,t) denoting the toroidal flux enclosed by the surface
Da

In conclusion, as illustrated by the numbers set out in Exhibit A and
Table 1, cases involving toroidal plasmas with vertically symmetric
noncircular cross sections are handied with good accuracy; e.g., < 0.5 percent
for geometric properties and < 0.002 percent ( or < 1/50,000) for the poloidal
magneiic flux density xip,:). As regards the latter, it is particularly
gratifying to find that the determination of xzp,t), based on Egs. (7.1),
(7.2), and (7.3), and using (8.18), has been checked to better than one part
in 50,000 against the exact formula (6.22) which stems only from the Grad-
Shafranov equation (4.12) and the first analytic constraint (4.15). Cases
with apfreciable triangular distortion D(a) do not fare so well, as
illustrated by Exhibit ? and Table 2, 1In fact, when D{a) > 0.4, where D{(a)
denotes the triangularity of the outermost surface, the VMOMS MHD subprogram
often fails to converge. It is likeliy that this deficiency can be corrected
by adding more Fourier components to the formulation of the_cransformacion

equations {8.9) and (8.10).

F. Evidence in Support of More Fourier Components
The failure of various adjustments {described above in Subsection E)} to
reduce appreciably observed discrepancies between code-calculated and

analytically determined values suggests the need for more Fourier components
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in the basic transformation equations (8.9) and (8,10). As further evidence
tor this notion, an argument will now be made that these discrepancies cannot
be accounted for by a depsrture of the code calculations from the second
analytic constraint [i.e., {4.16) or (6.2)}.

The particular case analyzed (Case B, corresponding to Exhibit B and
Table 2) is characterized by moderately high triangular distertion [i.e.,, D{a)
= 0.34] and yields poor agreement with analytic values. These values stem
from analytic solutions of the Grad-Shafranov equation and are exact only if

thi: equation is made subject to the constraints [see (4.12) through (4,17)]:

At = —22e Bletd . o, (8.40)
X(D,t)
and
B(y) = & Boat) 3alo,8) 4 (8.41)
x(o,c) 2°

When under test, the code was, of course, always modified so as to satisfy
(8.40), but no special changes were introduced to make it comply with
{8.41). However, the departure of the code from (8.41) was always examined a
posteriori and recorded as the ratio e(o) defined in (8.34).

Since the analytic solutions are highly tractable, the errors due to
neglecting B{x) are represented by perturbing the analytic solurions., In
particular, let B(y) be matched by an effectively equivalent variation of the
parametric constant A, {see (4.12) and (8.40})1:

8!2 2

2
- (40082 + 8GO} = + 2 (& + a7,

ar

sA = - 1—2 B(x) , ' (8.42)
R
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;here B{x) comes from code-calculated quantities by way of Eqs. (8.14) through
(8.16). The question to be answered is whether neglect of B(x) in formulating
the analytic solutions can account for the discrepancies between these and the
code calculations, Let the diécrepancies be exemplified by ccmparing code-
calculated and analytically determined values of the Shafranov shift [see

(8.12) and (8.13) as well as (5.13)],

2 231/2
s(o) =R - R,(p) =R - (Rm - 0%) / . (8.43)

and let the differences be measured by the ratio

‘ o "o ic ™ "
_ numerical "S(p) analytic “S(o)" (8.44)

(AS(D)]
S(p) e analytic "s{p)"

A variation in the parameter 4, accompanied by a variation in S(p) can,
of course, be induced by varying R, = Rc(a) while everything else is held
constant. However, without being any more explicit let R_, the magnetic axis,

be made subject to variation3 then

§8(0) _ _ Ry (8.45)
) Rczps ’ *

On the other hand, from Eqs. (5.7) and (6.4), it follows that [on assuming the

elongation given by (5.16) to be fixed]

2 Rm lSRm = 6(x(a)]/[x(a)] (8.46)
R: Ao Ao

Moreover, Eqs. (6.12) and (6.15) imply that



- P(a)
200) » gy 0 , : o (8.47)
-] Ao

vhere it makes sense to hold the central and outer values of plasma pressure

constant, i.e., P, - P(a) constant. Consequently,

5[x(a)]/(X(a)) = -2 9 (C.48)

and in view of (8.45), {8.46), and (§.48)

2
§5(p} _ Ro 5Ao (8.49)
5¢o) RmRG(D) Ao
The argument is now advanced that neglectimg B{yx} in the analytic

solutions is not sufficient to account for the ohserved discrepancies between

these and code calculations if for 0 < p < a

2
As(o) Ro B{x}
l—s(;‘) | LS R (8.50)
mG* AOR
where [AS(o)/S(o)]x represents the observed discrepancies ([see (8.44)] and
where B(x) is determined fror (8.16) using code-calculated values.
Note that R in (8.50) is a function of p and 8 as shown in (8.9)3 and,

this dependency can be approximated by introducing two special ratios:

eo) = —-—5(—’1)—3 . (8.51)
Alx) Rc(n)
and

;(p) = B(x) 7 (8.52)
Al (R (e) = p)

i
i
'
1
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vhere A(x) = -A, and vhere the minimum value of R{p,8) with respect to 9 is
given by
min R(p,08) = Rc(a) -0 . (8.53)
2]

Corresponding to e{p) and e(p), raspectively, are the following variationms,
expressing relative differences in the analytically determined Shafranov shift
when the analytic solutions are readjusted just enougl to compensate for the

nonzero code~determined values of B{y):
e(p) , (8.54)

(g—s); = W (o) . | (8.55)
The above quaﬁiities are estimates of the right-hand side of (8.50), and

were evaluated (see Table 3) from the same test run that was used to yield
Exhibit B and Table i‘[i.e., Erom Case B in which D{a) =~ 0.34]. The purpose
of Table 3, of course, is to display a comparison between the left-hand and
right~-hand side of the critical relation (8.50}. Column 2 of Table 3 sets up
the horizontal minor radii o. Column 3 shows the observed relative
" discrepancies between code-calculated and analytically determined values of
the Shafranov shift for Case B. Columns 5 and 6 contain the code-calculated
mean and maximum ratios for the relative importance of B(x} {see {4.12) and
(8.51)]. Corresponding to the values in columns 5 and 6, columns 7 and 8§
display the relative discrepancies in Shafranov shift estimated from the

failure co include B(x) in the amalytic solutions. The extent in Table 3 to
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vhich the inequaliity (B.50) is sacisfied obviously implies that the omission
of B(x) in formulating the analytic solutions cannot fully account for the
observed ' disagreement between code-calculated and analytic values. Thus,
there is evidence that more Fourier components are needed in che basic
transformation equgtions in order to handle cases of high triangular

distortion.

9. SUMMARY

The Grad-Shafranov test criteria introduced here consist of formulae for
the properties of a magnetically confined toroidal plasma, where these
formulae are derived from the simplest set of analytic solutions te the Grad-
Shafranov equation (a subset of the "Solov'ev solutions," Ref. 7). The plasma
is assumed to be toraidally symmetric and to contain nested flux su:faces. To
establish the framework, a flux-surface coordinate syscem (p,8,¢) is described
in which the principal coordinate p eorresponds one-to-cne with flux surfaces
that are movable with respect to fixed cylindrical coordinates (R,Z,¢); R
denotes the local majur radius, 2 the vertical displacement from the
horizontal midplane, and ¢ the toroidal angle. Using these (p,0,%)
coordinates, the source of the Grad-Shafranov equation is reviewed. This
equation governs the 2-D distribution of poloidal magnetic flux x{p) under
quasistationary conditions. Tractable analytic solutions exist if the

equation is made subject to the constraints:

25c_ 3P(p,t) s -A , (9.1)
x{p,t) a6 °
and
c glo,td 3glo,e) _ o (9.2}

z x(ayt) L

[
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vhere P{o,t) denotes plasma pressure, xEA,c) =z 3ax(p,c)/30 represents poloidal
magnetic-flux density, and g{o,t) = az(§-€¢) is the torcidal flux function.
These conatraints impose limitations on use of the test criteria derived from
the analyziec solutions. The latter can be parameterized with respeect to the
principal flux coordinate p and arranged into families of nested toroidal flux
surfaces having similar shape patterns, where each family converges uniformly
as o + 0 onto a commen circular loop of radius R (i.e., onto the "magnetic
axis"). The analytic formulae for propertie% of 2 given family constitute the
test criteria which include: (1) geometric properties assosiated with the
flux surfaces; (2) the total toroidal current; (3) the plasma-pressure
profile; and, (4) the poloidal flux density x&o,t) versus o.

As a first application of these test criteria, the performance of a 1-
1/2-D extension te the BALDUR transport cod2 has been checked. This code was
assembled by linking a MHD-equilibrium subprogram to a version of BALDUR which
had been upgraded to zn2aorthogonal flux coordinates (p,0,0). The MHD part is
based on the Grad-Shafranov equation and determines as a function of time the
2-D flux=-surface geometry as well as the poloidal current. The BALDUR part
simulates, on a resistive time scale, the evolution and 1-D cross-field
transport of flux-surface-averaged plasma properties; it also advances the
poleidal flux-density profile and includes a model for ohmic heating which is
more explicit than used before. Comparisons between code calculations and the
test criteria were made more meaningful by introducing certain temporary
modifications into the code.. These invelved algorithms which forced
consisteney with the analytic solutions through readjusting the following:
(1) geometric triangularicy; (2) rtotal koroidal current; (3} the plasma-
pressure profile; and‘(4) the variation of plasma resistivity with p. The

last two were sufficient to ensurz that che code calculations satisfied the
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first analytic constraint (9.1). No changes were introduced to guarantee
compliance with the second constraint (9.2) since it was not clear how to du
this; instead, the departure of code calculations from the second constraint
was always measured after the fact. In an attempt to optimize overall
consistency, two metheds were alternately employed for determining the
toroidal current profile, I{p) versus p. One was the method built into the
_code for general use (i.e., numerical solution of a nonlinear diffusion
equation for poloidal €lux density), the other involved a simple formula valid
only for the special analytic solutions. The first turned out to be superior
from the standpoint of overall consistency, and was always used thereafter.
Typical results of code—calculated versus analytically determined values are
set out for two cases! one displaying good agreement (i.e., Exhibit A and
Table 1), the other poor (i.e., Exhibit B and Table 2). Departure from the
second constraint is just one of the properties included in these comparisons
(see Tables 1 and 2). The results show that the MHD subprogram is capable of
representing cases of high ellipticity, but exhibits weakness ian cases of

appreciable triangular distortion D(a) as defined by
D(a) = {R - R(a)]/a, _ (9.3)

where R, denotes the major radius to the center of the outermost flux su-face,
"a" is the horizontal half-width {"minor radius") of this surface, and R(a) is
the major radius to the point on this surface furthest above the horizontal
midplane. Moreover, .t was found that, when D(a) > 0.4, the MHD numerical
model often failed to converge; and, this may have something to do with having
only three Fourier components.

In the course of testing the BALDUR-VMOMS code, a parameter study was
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made to determine the adjustments which yielded best agreement with analytic
values. The prescribed variations included: (1) varying the finite-
difference grid size with respect to both p and v; (2) adjusting the minimum
value of x = p/a (slightly above zero in order to avoid singularities); (3)

changing the error limits imposed on internal iterations; (4) enhancing the
level of plasma pressure, and hence the magnitude of aP(p,t)/dp in (9.1); and,
(5) mulriplying the prascribed vacuum toroidal field by a factor of 2, Once a
certain performance was r:ached, none of the above variations had any
appreciable effect on reducing the differences between code-calculated and
analytically determined values and, in particular, did not improve the case
set out in Exhibit B and Table 2 (i.e., Case B). This behavior suggested that
the source of the discrepancies was Fourier truncation. An alternative
explanation involving the second constraint (9.2) was not able to account
fully for the observed discrepancies {see Table 3). In another part of tlLe
parameter study, when the plasma pressure was increased by a factor of 100,
the MHD model behaved as it should by scaling the following quantities
precisely in agreement with pasic physical principlzst (1) the poloidal flux
density xzn,tJ » (2) the toroidal current profile, and (3) the gradient of
poloidal current. Incidentally, the gradient of poloidal current vanishes in
the case of the analytic solutions, due to imposing the second constraint
fi.e., (9.2) implies that J-V¢ = 0, see (£.5) and (6.6)].

One of the most ihteresting results concerns the numerical calculatien of
poloidal flux density xio,t). In cases where the code-calculations nearly
satisfied the second constraint (9.2) (e.g., see Table 1), agreement between
code-calculated and analytically determined values of xip,t), over 0 < p € a,
turned out better than one part in 50,000, even under elli;ticities of 2.0

(see Exhibit A), Of course, since plasma resistivity n, was being prescribed
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according to (8.18) or (7.41), the nonlinear effects in a more realistic
representation of.resistivity were not included. However, the results remain
a significant test of the algorithm for calculating poloidal flux density.
As a final result of performance tests reported here, a partial list of
suggested parameter walues is set out below for the first MHD subprogram

(i.e., Ref., 18) linked to the BALDUR transport code:

number of MHD spatial zones 20
number of poloidal-angle grid points il
minimum value of x = a/a 0.c?
error=-limit criteria ERROR :zxertor=l.e-03

PARERR=xparer=l.e-03

In view of weakness in the present code when handling cases of
appreciable triangular distortion, work is under way- on modifications which
will allow a mere accurate MHD treatment., However, it might be well to
remember that this first MHD subprogram does offer appreciable computationmal
efficiency. Typically, using 50 BALDUR grid points and 40 MHD zones (other
settings as shoun abovei, the VMOMS MHD subprogram (Ref. 18) when coupled to
the BALDUR transport :zode requites -~0.5 second to converge on the CRAY-1

machines.




71

ACKNOWLEDGMENTS

The author wishes to express his gratitude to both D. E. Post and D. R.

Mikkelsen of the Princeton Plasma Physics Laboratory (PPPL) who suggzsted

making the attempt to link the 1-D BALDUR transpcrt code with the VMOMS 2-D

equilibrium code, and then to check the consequences. Moreover,

it iz a

pleasure to thank G. Bateman (of PPPL) for his advice on certain aspects of

this 1-1/2-D BALDUR-VMOMS 1linkage, particularly on pceser ing
properties with respevt to toroidal flux. Considerable appreciation
due M. Reusch (of PPPL) for allowing his unpublished notes (1983) to

to check certain relations set out in Sec. 5. For the overall support

plasma
is also
be used

of this

investigation the author is very grateful to the U. S. Department of Energy

Contract No. DE~AC02~76~CHO-3073.



(1]

{2}

(3]

f4]

{s]

f6]

(7]

el

{91

{10]

{11]

f12]

12

 REFERENCES
C. E. Singer et al., "BALDUR: Cne-Dimensional Plasma Transport Code,”
Comput., Phys. Commun. (to be published).
A. Silverman, D, E, Post, C. E. Singer, D, R. Mikkelsen, et al.,
"BALDUR: One-Dimensional Plasma Transpert Code," Princeton Plasma
Physics Laboratory, Applied Physics Division Report No. 23 (1983),
D. Heifetz et al., "A Monte Carlo Model of Neutral Particle Transport in
Diverted Plasmas,” J. Comput. Phys. 46, 309 (19C.).
M. Petravic et al., "Gool, High-Density Regime for Poloidal Divertors,"
Phys. Rev. Lett. 48, 326 (1982).
R. A. Hulse, "Numerical Studies of Impurities in Fusion Plasmas,” Nucl.
Technol./Fus. 3, 259 (1983).
V. D. Shafranov, "Plasma Equilibrium in a Magnetic Field," Reviews of
Plzsma Physics, Vol. 2, edited by M. A. Leontovich, tranms. by &h.
Lashinsky (Consultants Bureau, NY, 1966).
L. S, Solov'ev, "The Theory of Hydromagnetic Stability of Tornidal Plasma
Configurations,” Sov. Phys. JETP 26, 400 (1968} trans. by D. ter Haar.
F. Seidl, D. Pust, D. Mikkelsen, and C. Boley, "Upgrade of the BALDUR
Transport Code to Include Non-Circular Flux Surfaces,” Bull. Am. Phys.

Soc. 28, 1209 (1983).

A. H. Boozer, "Evaluation of the Structure of Ergodic Fields,” Phys,

Fluids 26, 1288 (1983). )

4. D. Kruskal and R. M. Kulsrud, "Equilibrium of a Magnetically Confined
Plasma in a Toroid,” Phys. Fluids 1, 265 (1958).

L. L. Lao, S. P. Hirshman, and R. M. Wieland, "Variational Moment

Solutions to the Grad-Shafranov Equation," Phys. Fluids 24, 1431 (1981).

S. P. Hirshman and S. C. Jardin, "Two~Dimensional Transport of Tokamak




[13]

f14]

[13]

{16]

[17]

[18]

73

Plasmas,” Phys. Fluids 22, 731 (1979); S, C. Jardin, “Self-Consistent
Solutions of the Plasma Transport Equations in an Axisymmetric Toroidal
System,” J. Comput. Phys. 43, 31 (1981).

F. L. Hinton and R. D. Hazeltine, “Theory of Plasma Transport in Toroidal
Confinement Systems," Rev. Mod. Phys. 48, 239 (1976).

S. P, Hirshman and D. J. Sigmar, "Neoclassical Transport of Impurities in
Tokamak Plasmas,” Nuct. Fusion 21, 1079 (1981).

S. L. Hi?shman, "Neoclassical Current in a Toroidally-Confined
Multispecies Plasma,” Phys. Fluids 21, 1295 (1978).

I. 8. Gradshteyn, I. M. Ryzhik, Y. V. Geronimus, and M. Y. Tseytlin,
"Table of Integral, Series, and Products;” trans. and edited by A4,

Jeffrey (Academic Press, NY, 1580).

L. Spitzer, '"Physics of Fully Ionized Cases,” Interscience (second

revision edltion) (1967).

L. L. Lao, R. M. Wieland, W. A. Houlberg, and S. P. Hirshman, "VMOMS - a
Computer Code for Finding Moment Solutions to the Grad-Shafranov

Equaiion," Comput. Phys. Commun. 27, 129 (1982).



1A

NS NS S st o 0 G0 e et e g8
NerROBVANEWN~ WML T ML)

ExuIBIY

r
{cn)
s.A8

A

P
tav/cw®*3)

1.585e+18
1.498e+18
1.498e+18
1.481e+18
1.471e*18
1.45%e+18§
1.446e+18
i.433e+18
l1.417e+18
l.4#1e+18
+383&+18
.365e+18
.345e+18
.323e+18
«301e+18

h"-utﬂnh!ﬂvﬂ-hﬂﬂﬂ-QM
[
o
[
L)
*
-
o

1.918e+18
9.743e+17
9.373e+17
B8.991e+1?
8.597e+17
8.191a*17
+773a+17
7.342¢+17
6.908e+17
6.4450+17
5.979%+17

~

TARAAAANNARNARRARYANE popmantstaxtarnal) YRR rdkAdrERaRAARREReR

al
lamps)

|

1.405u+83
5.9408e¢843
1.336e+N4
2.376e+N4
3.712e+84
5.346ev44
7.276u+ 84
9.503a+44
1.283e+45
1.485e+45
1.797e+85
2.118e+85%
2.50%a+N5
2.910e+85
3.341e+085

7.186e+45
7.855¢+45
8.552e+85
9.288e* 85
1."400'6
I1.082e+86
atl

shift
tem)

2an-NA
98a-84
14a-83
57e-83
4

oo o s o w

N
[]
d
-
w

69e-42
63e-82

R EEEEEEER]

s bt D 00 00 U B e L) N A s s o g B R LD IR

6.9282-01
7.224e~01

along

2.
2.800e+08
2.000a+00
2. 058a+08
2.000e+00
2.000e+00
2. 580a+0N
2.000a+00
2.000e+88
2.500u+08
2.080e+ 48
2. 580e+R8
2.080a+88
2. 50008
2.000e+00
2.00Easnl
2.000e+88
Z.980a+08
2.000a+00
2. a8
2.lll|§ll
Z2.500e+98
2.800e+0N
2.500e+ 0
2. 080403
2. 500+ 0
2.0080e+00
2. 880e+00
2.848a+00
2.088ac4N
2.0808e+08

]
m
[
»
+
-»
-

Bdfat+88
¢ 88ve+gd
GoNa+BR
.9gda+g0
Hife+g0
BR2e+gl
BPerD
2.BBRe Bl
2.050e+00
2.92Ce+B9
2.BBBo+Q8
2.008e+00
2,880 2+08
2.000e+gq
2.000e+0

h)PDFWFOFOF-FQFO

triang

43e-83
93e-43

zshift

S8e-NL

Fle-03
23e-83
24e-03
APa-02
16e-82

o=
o
m
o
I
=
w

O
w0 -
L]
tt
wann
NN

4 e e e e s am

P AT TSN T A S XY
- {0 I D 3 W T O
Y- o
-3 4
L ) [ ]
|
L]
~n

2.95%e~#1
3.147e-01
3.348e-01
3.544e-01

zaleng

8.

2.880a+08
2.903e+p0
2.008e+98
2.908u+30
2.988e+00
2.800e+00
2.008e+9R
2.008n+04
2.08%e+88
2.B80e+8%

N%e+BE
.S88e+PB

JANe+BN
NI
2. 00000
2.000e+08
2.008e+88
2.800e+00
2. NS%e+0R
2.BV0e+BN
2.000e+98
2.000e+88
2.088a+08
2.0d0a+98
2.080e+28
2.00Fa+d8
2.080e+B8
2.808e+98
2.030e+88
2.080e+00

2.880e+08
2. B0Be+BR
2.088a+88
2.B80e+88
2.000e+p0
2.080e+08
2.080e+88
2.088e+00
2.000e+08
2.808e+80

ztrang

|

1.708e-84
3.408e-84
5.99% -84
6.799%s-34
B.49%e-84
1.828e-83
1.198e-83
1.368e-83
+530e-03
TB%e-53
.878a-83
N4ge-83
.210e-83
38Fe~83
2_.550e-83
2.720e-83
2.890e-83
3.568e-83
3.238e-83
3.408e~83
3.570«-13
3.7408e-83
3.918e-83
4.980e~83
4,258e-23
4,427a-03
4.590e-83
4.760e~-83
4.938e-83
S.140e~083
5.278=-43
S5.440e-83
5.618e-083
5.788e-83
5.958e-83
6.120a~#3
6.290e-83
6.4608-83
6.630e-03
6.88%e-83
6.970e-83
7.140e-903
7.310e-03
7.488e-93
7.650e-83
7.8208e-83
7.998e-83
8.160e-83
8.331e-03
8.581e-23

PO ) et s s

ExHiBIT A

2Tamba

23e-87
4946
efe-96

PR A R R

--IIﬂlﬂ\dﬂl‘::\nfvah-tﬂ'-ﬂ’m
>~
]
]
-
o

SNe-#5

b 40 N O 1 e G N3 NS ot et e W

zvolmi

-848e+28

NoNa+28
2.282e+28
2.5160+28
Z2.761e+28
3.518a+20
3.286w+28
3.5660+28
3.RE7a+20

A en e e e o L D Y (Y O G2 NI N 0= 0 1N GO AR
o
o0
-
a
+
-
Y-

7.810e+28
8.238a+28
8.677e+28
9.127e+28
9.590a+28
1 .886e+21
1.8556+21
1.184e+21
1.155a+21
1.207a+21
1.260a+2}
1.3142+21
1.378e+21
1.426a+21

—



B DD D S O U e L3 N e IS €3N TV AT B L)

N3 D TN s e bt et e et Bt e s

P
QUO~NMOIN

ExniBIT A

compar isons of normalized poloidal magnetic fiux densities (internal units).
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Exnipir B

compariscns of normalized poloida) magnetic Flux densitias (internal units).

“bpoli(j}" results from using the baldur-mhd code
“zhpoli (32" 1x obtained from an analytic formula
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r rradis zalong zbpolt ybpoli bpoll
5.88 1.5378e+82 &, B, 8. 8.
1.78 1.6377u+¥2 1.6008a+08 1.81ZRa*g1 1.7342e4+81 1.7837e+8)
3.49 1.6375a+82 1.6000a+08 3.623Fe+¥1 3.46640+81) 3.5647e+0)
5.190  1,6378e+8z ).6WNBe+NN 5.428Ge+¥1  5.)9%4e¢Bl  5.3417e+H1
6.88 1.63640+82 1.6080a 08 7.2272e+81 6.9167u+Hl 7.1137e+81
8.58 1.6356e+H2 1.68080e+Na 9.8165e+81 3.638%0+R] B.8742e+41
15.28 1.6347a+#2 1.6080e+88 1. 87940+82  1.43366+82 1.9625e+82
11.995 1.6335e+82 1.6808«+48 1.2557«+02 1.20194+832 1.2362e+82
13.68 1.6322a+82 1.6080e+88 1.4384a+82 1.3780e+82 1.4882e+02
15.38 1.6307a+82 1.6000e+80 1.6833e+82 1.0351e+82 1.5787e+82
17.0% 1.6298a+02 1.6800e+8d 1.7740a+82 1.6987e+82 1.7478e+82
18.78 1.6271c+H2 1.60008e+08 1.34249+82 I.8614a+82 1.9i37e+82
28.40 1.6251e+82 1.6060a+08 2,.1882e+82 2.3191e+82 2.9769e+82
22.18 1.622%e+82 1.60060e+88 2.2712e+02 2.¥76Be+R2 2.2376e+82
23.89 1.6204et82 1.6000e+88 2,4311e+82 2.3296a+82 2.3956e+82
25.58 1.6179%e+82 1.5Q80e+«8B 2.5877a+92 2.4794e+82 2.55086e+82
27.28 1.6151a+82 1.5008a+458 2.74394+02 2.6285e+82 2.7319e4+92
28.9¥ 1.6121e+l2 1 .608Fe+dg 2.8903e-32 2.7704e+482 2.8501evB2
38.68 1.6099e+@2 1.6008e+04 3.0357=+82 2.9186e+G2 2.9941e+02
32.38 1.60857e+02 1.60930+88 3.1769e+82 3.0476e+02 3.134F2+82
4.09 1.6822e+82 1.6800e+8B 3.3136a+42 3.1775e+82 3.2699e+82
35.78 1.5985e+Q2 1.6800ev0Q 3.44568+8%2 3.3%66e+82 3.4818e+32
37.45 1.59546e+82 1.6008e+88 3.5728a+82 3.4202e+82 3.5276e+832
39,18 1.5985e+82 1.6000e+fP ' 3.6947a+82 3.5457e+82 3.64%]e+d82
40.88 1.5862e+82 1.6080e+RB 3.8113e+82 3.66173+32 3.76560+82
42.56 1.5817e482 1.68%28e+08 3.9222e+82 3.7665be+£2 3.8764e+82
44.20 1.5771etd?2 1.6808e+80 4.0273e+82 3.8685e+@2 3.9817e+82
45.98 1.5722e282 1.6880e+BH A.1263a+82 3.9648e+82 4.5813a+82
47.68 1.5671e+82 1.6808e+8R 4.21990+092 4.8530e+82 4.17404+82
49.38 1.5619e+82 1.6080e+hl 4.30851et82 4.1487¢e+92 4.2614e+082
51.08 1.5564e+082 1.6808e+EQ 4.38440+02 4.2144e+92 4.341Pe+82
52.7¢ 1.5587a+82 1.6008e+30 4.4567a+02 4.,2854e+02 4.41460+02
54.48 1.5449e+42 - 1,680+l 4.5217e+02 4.3518e+02 4.4815e+82
66.18 1.538Ba+d2 1.6080e+Bl 4.5792o4+402 4.40428+02 4.5396e+02
57.88 1.5325e+82 1.6000e+80 4.62983+82 4.4568e+Q2 4.5922e+82
§9.54 1.5259e+92 1.6080e+80 4.6788=2+82 4.4961e+92 4.6348e+02
61.28 1.5192e+02 1.6000e+B9 4.70448+82 4.52B4et82 4.66962+82
62.94 1.5122e+02 1.6800e+B8 4.7295a182 4.56P8a+02 4.69940+82
64.68 L.5051e+@2 1.6830e+83 A.7468e+82 A.5784e+B2 4.7153%ev82
66.38 1.49760+02 1.6800c+R0 4.7536e+02 4.5816e+02 4.7273e+82
68.08 1.49g0e+82 1.600de+p0 4.7528=+02 4.5822e+02 4.7287e+82
69.78 1.4821e+02 1.6080e+80 4.7411=2+82 4.5688a+82 4.7180c+82
71.448 1.4740e+02 1.6000e+Qr 4.7205e+02 4.5579%¢e+92 4.7052e+02
73.18 1.4657e+82 1.6088e+00 4.6981et02 4.5229e+02 4.67260t02
74.80 1.4571e+82 1.6080e+88 4.6497c202 4.4961e+d2 4.83684a+02
76.58 1.4482e+02 1.6880e+80 4.5989e+82 4.4448e+02 4.5937a+62
78.28 1.4391e+02 1.6800c+00 4.537%9+02 4.3765&+p2 4.5290c+02
79,90 1.42972+02 1.6000e+8d 4.46544+02 4.3182e+82 4.4685a+02
81.68 1.420)e+82 1.6080c+a 4.3823e202 4.23632+02 4.385%¢+02
83.30 1.4192e+082 1.60d0c:+b0 4.2879e+02 4.1454e+p2 4.2957u+02
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TABLE 1

Departure of Numerical Results from the Second Analytic Constraint} i.e. from

B{x) = O [see Eq. (4.12)}].

E{a)=2.0 [see Eq. (5.16)].

Run number=chkmhd22, Ro = 5000

cm, a = 85 ¢m,

Radial Horiz. #ax. Min.  Cntral Tei-  A(OR3 8(x) Jetx]
Index Minor Major Major Major angu- Eq.(6.1) Eq.{6.2) Eq.(8.30)
i Radius Radius Radius Radius larity = ng) x xio)
o{cm) Rz(cm) Rl(um) RG(cm) D(p)¥

2 1,70 5002.4 4999.0 5000.7 0.000F 5.38(+21) =3.72(+17) 6.91(-5)

9 13.60 5014.3 4987.1 5000.7 0.0014 4.31(+22) =3.74(+18) 8.68(-=3)
i9 30.60 5031.2 4970.0 5000.6 0.0031 9.69(+22) -6,27(+18) 6.47(-5)
29 47.60 5048.1 4952.,9 5000.5 0.0049 1.51(+23) -4.71(+18) 3.13(=5)
39 64.60 5064.9 4935.7 5000.3 0.,0066 2,04(+23) +5.50(+18) 2.69(-5)
49 81.60 5081.7 4918,5 5000.1 0.0084 2.58(+23) +3.06{+19) 1.19{-4)

*From MHD Subprogram
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TAELE 2

Departure of Numerical Results from the Second Analytic Constraintj i.e., from

B{x) = O [see Eq. (4.12)].

[see Eq. (5.16}].

Run num.=cfrwh33, R, = 140cm, a = 85cm, E(a) = 1.6

Radial Horiz. Max. Min. Cntral Tri- A(x)Ré B(x) felx:|
Index Minor Major Major Major angu- Eq.(6.l) Eq.{(6.2) Eq.(8.30)
i Radius Radius Radius Radius larity = xzp) % xzp)
o{em) Ry{em} Rj(em} Ry(cm) D(o)*
1.70 165.47 162.07 163.77 0.,0036 7.90(+18) =7.43(+l6) 0.94(-2)
9 13,60 176.82 149.62 163.22 0.0523 6.19(+19) =-7.84(+17) 1.27(-2)
19 30.60 191.50 130,30 160.90 0.1184 1.28(+20) ~1.74(+#18) 1.36(-2)
29 47.60 204.31 109.11 156.71 0.1863 1.68(+20) =3.20(+18) 1.90(-2)
39 64.60 215.11 85.91 150.51 0.2559 1.75(+20) =3.36(+18) 1.93(-2)
49 81.60 223.61 60.41 142.0F 0.3252 1.43(+20) =-3.70(+18) 2.58(-2)

#“Obtained from MHD subprogram.
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TABLE 3

* Observed versus explainable discrepancies in Shaframev shift. dajor Radius = R, =

140 cm; radius to magnetic axis = R, = 163.783...cm; Minor radius = a = 85 cms

elongation = E(a) = 1.60; triangularity = D(a) = 0,338,

(1) Q) {3) (4) _2 (5} (6) (7) (8)
. AS Ro = " i35 is
i olem) =k W elp) e{o) [—S'); [5—);
£q.(8.44) £q.(8.51) Eq.(8.52) Eq.(8.54) Eq.(8.55)
10 15.30 -0.0455 0.7339 ~0,01335 ~0.01626 ~D.00980 -0.01193
20 32.30 -0.0392 0.7453 -0.01378 -0.02159 ~-0.01027 -0.01609
30 49.30 -0.0371 0,7662 -0.,01883 -0,04020 “0.0f443 -0.03080
40 66,30 -0.0357 ¢.7991 -0,01770 -0.05699 -0.01414 =0,04554
50 43,30 -0.0334 0.8486 ~0.02764 -0.16499 -0.02346 ~0.14001

51 a=85.00 -0.0328 0.858 2 ==em= | memee emmea el
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FIGURE CAPTIONS

FIG. 1. The geometric nature of the flux coordinate system employed here.

FIG. 2. Us2 of geometric elongation E(p) and geometric triangularity D{p) as
measures of departure from circular symmetry, where E(p) = bfp and
D{p) = 6/p; see Eqs. (5.16) and (5.17).
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