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A f.lonte Car lo s imu la t i on  was conducted t o  evaluate the response of r i d g e  

regression so lu t i ons  t o  i nc reas ing  c o l l  i n e a r i  t y .  S p e c i f i c a l l y ,  the nayni  tude 

o f  the r i dge  constant  was s e n s i t i v e  t o  v a r i a b i l i t y  i n  the response vector  

wh i l e  appearing i n s e n s i t i v e  t o  c o l l  i n e a r i  t y .  The i n s e n s i t i v i t y  t o  

co l  1  i near i  t y  was especi a1 l y  apparent when the response vec tor  was o r i en ted  

toward a  minor dimension i n  the s t r u c t u r e  o f  the p r e d i c t o r  va r i ab les .  L i m i t  

arguments i nd i ca ted  tha t ,  i n  the minor dimension case, the increas ing  

magnitude o f  the i nne r  product  o f  the l e a s t  squares c o e f f i c i e n t  vector  i n  t he  

denominator of the optimum est imate f o r  the r i dge  constant  was responsib le f o r  

the i nsensi ti v i  t y  t o  c o l l  i near i  t y  . Since r i d g e  regression was proposed t o  

deal w i t h  c o l l  i n e a r i  t y ,  t h i s  behavior suggests a  de fec t  i n  the genera l l y  used 

est imate f o r  the optimum r i d g e  constant .  To solve t h i s  problem, we propose a  

c o n d i t i o n  index est imate f o r  the  r i dge  constant  based on the eigenvalues o f  

the augmented X ' X  mat r ix ;  t h i s  approach ensures s e n s i t i v i t y  t o  c o l l  i n e a r i  t y  

and i n s e n s i t i v i t y  t o  the behavior o f  the response vector.  



The problem o f  va r iance  i n f l a t i o n  i n  o r d i n a r y  l e a s t  squares (OLS) 

regrcs.;; PI c o e f f i c i e n t s  when 1  i near dependencies ( c o l l  i n e a r i  t y )  e x i s t  i n  t h e  

data s t t -uc tu re  i s  we1 1  known ( S i l v e y ,  1969; Marquardt,  1970; McCal lum, 1970; 

Greenberg, 1975; Mason -- e t  a1 ., 1975; Gunst and Mason, 1977). Ridge r e g r e s s i o n  

(Hoer l  -- e t  a1 . , 1962, 1964, 1970a, 1970b, 1975) i s  one o f  the  bes t  known and 

mos t -o f ten  used procedures f o r  deal  i ng w i t h  t h i s  d i f f i c u l t y .  Indeed, 

s i m u l a t i o n  r e s u l t s  (Lawless and Wang, 1976; Dempster -- e t  a1 ., 1977) suggest 

t h a t  r i dge - t ype  es t ima to rs  a re  supe r i o r  w i t h i n  t he  c l a s s  o f  b iased  

es t imato rs .  It has been suygested t h a t  t he  o r i e n t a t i o n  o f  B ,  the  magnitude o f  

B r e l a t i v e  t o  a and the  s t r e n g t h  o f  the c o l l i n e a r i t i e s  (Gunst and Mason, 

1976a, 1976b) a re  impo r tan t  f a c t o r s  a f f e c t i n g  t he  performance o f -  b iased  

es t imato rs .  

S imu la t i on  

A Monte Ca r l o  s i m u l a t i o n  was designed t o  observe the  response o f  r i d g e  

s o l u t i o n s  t o  changes i n  the  o r i e n t a t i o n  and v a r i a b i l i t y  o f  the response v e c t o r  

(Y)  . A simple two p r e d i c t o r  v a r i a b l e  data s t r u c t u r e  was employed. Regression 

a l go r i t hms  t o  so l ve  f o r  r i d g e  c o e f f i c i e n t s  

f o l l o w e d  the  format  o f  Gunst and Mason (1977). E s t i m a t i o n  o f  the r i d g e  

cons tan t  

- 2  " 8  - 
k  = Po /BLSBLS ( 2 )  

^2 - where p  (number o f  p r e d i c t o r  v a r i a b l e s )  = 2, and a  , BLs a re  OLS e s t i m a t o r s  

was c o n s i s t e n t  w i t h  p rev ious  s tud ies  (Hoer l  and Kennard, 1975; Hoerl  e t  a1 . , 
1975; Gunst and Mason, 1977). 

The f i r s t  s tep  i n  t he  s i m u l a t i o n  was the  genera t ion  o f  30 b i v a r i a t e  

random normal data p o i n t s  (XI ,  X p )  w i t h  means zero, u n i t  var iance,  and zero  

c o r r e l a t i o n .  T h i s  (30x2) m a t r i x  was then o b l i q u e l y  r o t a t e d  such t h a t  t h e  



r e s u l t i n g  (2x2)  c o r r e l a t i o n  m a t r i x  o f  p r e d i c t o r  v a r i a b l e s  c o u l d  have any 

des i  red  c o r r e l  a t i  on s t r u c t u r e .  E i  genva? ues a:!(; !::.I , . ,?nvectors were e x t r a c t e d  

from the  c o r r e l a t i o n  m a t r i x  and used t o  generare two vec to r s  o f  p r i n c i p a l  

components (PC) scores (major  and m i  nor dimensions).  

The response vec to r  (Y) was taken as the  PC scores on e i t h e r  the  major o r  

minor dimension. The PC scores were s tandard ized  t o  u n i t  va r iance  and sca led  

by the a d d i t i o n  o f  a  30x1 random vec to r  w i t h  mean zero and var iance  C (C=O, 

2  0.1, 0.2, 0.5, 1.0, 2.0). Thus the  R o f  t he  f u l l  r eg ress ion  model ranged 

f rom 1.0 t o  about 0,.4. Fo r  a l l  s imu la t i ons  lrlyl = 1rZYI; t h a t  i s ,  the 

c o r r e l a t i o n  o f  the p r e d i c t o r s  w i t h  Y was equal b u t  d i f f e r e d  i n  s i gn  f o r  t h e  

case o f  Y equal t o  a  major  dimension. 

E i g h t  s e t t i n g s  o f  c o r r e l a t i o n  between p r e d i c t o r  v a r i a b l e s  were se lec ted  

(r=-.5, -.6, -.7, -.8, -.9, -.95, -.975, -.99). One hundred s imu la t i ons  were 

generated f o r  each c o r r e l a t i o n  s e t t i n g  and each o r i e n t a t i o n  o f  the  response 

vec to r  w i t h  a  minor  o r  major dimension o f  the  data s t r u c t u r e .  W i th i n  each 

s i m u l a t i o n  regress ion ,  s o l u t i o n s  were generated f o r  each o f  the  s i x  

v a r i a b i  1  i ty s e t t i n g s  o f  the response vec to r .  Summary s t a t i s t i c s  were 

generated f o r  each s e t  o f  100 s imu la t ions .  

S imu la t i on  Resu l t s  

The c r i t i c i s m s  t h a t  have been l e v e l e d  a t  r i d g e  reg ress ion  i r ~ v o l v e  t he  

dependence o f  the r i d g e  cons tan t  ( k )  on the p r e d i c t o r  v a r i a b l e s  ( C o n n i f f e  and 

Stone, 1973). However, t he  most s t r i k i n g  behav io rs  o f  k  emerging from our  

s imu la t i ons  were (1) the  s e n s i t i v i t y  o f  k t o  i n c r e a s i n g  v a r i a b i l i t y  i n  t h e  

response vec to r  and ( 2 )  t h e  n o n s e n s i t i v i t y  o f  k t o  i n c r e a s i n g  c o l l i n e a r i  t y ,  

e s p e c i a l l y  when the  response v a r i a b l e  was assoc ia ted  w i t h  a  minor  dimension o f  

t h e  data s t r u c t u r e .  



6 

As seen f rom the r i d g e  s o l u t i o n  f o r  B ( equa t i on  1 )  , k i s  added t o  the  

main d iagonal  o f  the X ' X  m a t r i x .  The eigenvalues, which are d i agnos t i cs  o f  

c o l l  i n e a r i  t y  ( S i l  vey, 1969; Greenberg, 1975; C h a t t e r j e e  and P r i ce ,  19771, 

e x t r a c t e d  from the augmented m a t r i x  are r e l a t e d  t o  those e x t r a c t e d  from t h e  

o r i g i n a l  X ' X  m a t r i x  (Hawkins, 1975; Green and C a r r o l l ,  1976). 

XR = A .  + k 
J 

( 3 )  

The r i d g e  cons tan t  should inc rease  as c o l l i n e a r i t y  becornes more severe (Amin 

tends toward zero ) .  The c o n d i t i o n  index, Amax/Ani n, from the  augmented r i d g e  

e igenvalues should become smal le r  as k  becomes l a r g e r  r e s u l t i n g  i n  an 

improvement i n  the  c o n d i t i o n  o f  X ' X  and a  r e d u c t i o n  i n  the  var iance  i n f l a t i o n  

o f  t he  es t imated  reg ress ion  c o e f f i c i e n t s  (Marquardt,  1970). I t  i s  no t  

apparent t h a t  the response vec to r  should have an impact  on the  de te rm ina t i on  

o f  k. However, f o r  any f i x e d  l e v e l  o f  c o l l i n e a r i t y ,  the  v a r i a b i l i t y  o f  the  

r i d g e  cons tan t  was d i  r e c t l y  p r o p o r t i o n a l  t o  i n c r e a s i n g  v a r i  ab i  1 i ty i n  t h e  

response v a r i a b l e  (Table 1 ) .  I t was f u r t h e r  noted t h a t  f o r  a  f i x e d  l e v e l  o f  

v a r i a b i l i t y  i n  the  response vec to r ,  the magnitude o f  k was remarkably s i m i l a r  

across l e v e l s  o f  c o l l  i n e a r i t y ,  i n d i c a t i n g  t h a t  k responds more t o  v a r i a b i l i t y  

i n  the  response v a r i a b l e  than t o  c o l l i n e a r i t y  w i t h i n  the  data s t r u c t u r e  o f  

p r e d i c t o r  v a r i a b l e s  respons ib l e  f o r  the  var iance  i n f l a t i o n  of regress ion  

c o e f f i c i e n t s  (Tab le  1 ) .  F i n a l l y ,  i t  was noted t h a t  the magnitude of k was 

c o n s i s t e n t l y  sma l l e r  a t  a l l  l e v e l s  o f  v a r i a b i l i t y  i n  the  response v a r i a b l e  and 

l e v e l s  o f  c o l l  i n e a r i  ty i n  the  minor dimension case when compared w i t h  t h e  

c o u n t e r p a r t  i n  the major dimension (Table 1 ) .  

L i m i t  Arguments 
6 

The d isc repanc ies  i n  the  behav io r  of k  i n  the s i ~ n u l a t i o n s  from the 

expected behav io r  l e d  t o  a  c l o s e r  look a t  the  e s t i m a t i o n  o f  k (equa t ion  2). 



A t t e n t i o n  was focused on the OLS c o e f f i c i e n t  vectors i n  the denominator. When 

u n i t  vectr.rs arr. ..i-.):)yed (as i n  our s imu la t i on )  the s o l u t i o n  f o r  t h e  

c o e f f i c i e n t  vectf;i. can be expressed i n  terms o f  c b r r e l a t i  ons. 

Sastry- (19701, cons i s ten t  w i t h  o the r  r e p o r t s  (Fox and Cooney, 1954; K l e i n  and 

Nakamura, 1965), us ing  ~ ' ~ o p i  ta.1 s r u l e  concluded t h a t  
. . 

as r12 4 1 o r  r12 4 -1. Th is  l i m i t  i s  c o n s i s t e n t  w i t h  our r e s u l t s  when the 

response vec tor  was associated w i t h  a major dimension; however, t h i s  l i m i t  

c o n f l i c t s  w i t h  our r e s u l t s  when Y was associated w i t h  a minor dimension 

(Table 2 ) .  

When the response v a r i a b l e  i s  set  equal t o .  the major dimension (c  = o i n  

our s imu la t i on )  rly = -rpy. This a l lows a s i m p l i f i c a t i o n  i n  the  s o l u t i o n  f o r  

A t  t h i s  stage, a l i m i t  cannot be determined because the numerator does n o t  

, remain constant  as r12 approaches -1. However, a l l  the c o r r e l a t i o n s  and, 
A 

there fo re ,  8 can be expressed as a f u n c t i o n  o f  a s i n g l e  angle (F igure  1)  



S u b s t i t u t i n g  i n t o  ( 6 )  g ives  

As r12 approaches -1, qY approaches zero; there fo re ,  

* 
l i m  B1 = 112 

- However, when . Y  i s  s e t  equal t o  a minor dimension, rly = rZY - riy,.and 

* 

Again, B and the  c o r r e l a t i o n s  can be expressed as a f u n c i t o n  o f  a s i n g l e  angle 

(F igu re  2 )  

which upon s u b s t i t u t i o n  y i e l  ds 

A 

As r12 approaches -1, 0 approaches 90 r e s u l t i n g  i n  no l i m i t  f o r  B when 

expressed i n  t h i s  form. App ly ing  ~ ' ~ o p i t a l ' s  r u l e ,  we have a l i m i t  t h a t  doe,s 

e x i s t  as  8 + 90 ,  



A s i n  0 - 
l i m  B = l i m 2  sin 26 - OD. 

This  1  i m i  t, wh i l e  c o n f l  i c t i n b  w i t h  Sas t r y ' s  (1970) r e s u l t s ,  i s  cons i s ten t  w i t h  

t he  observed outcome from our s imu la t i on  (Table 2) .  
A 

Fur ther ,  these r e s u l t s  have a  major irnpact on the est i .mat ion of k 

(equat ion  2)  when the response vec tor  i s  associated w i t h  a  minor dimension o f  

t he  data s t ruc tu re .  As X1 and X2 become more nega t i ve l y  c o r r e l a t e d  (r12 
A A 

approaches - I ) ,  the denominator o f  i ,  (0 iS f3Ls) ,  becomes l a r g e r  thus f o r c i n g  

t o  become smal l e r .  Th is  i s  p r e c i s e l y  the oppos i te  behavior  one would hope f o r  
A 

k i n  a  r i d g e  s o l u t i o n  when c o l l i n e a r i t y  i s  inc reas ing .  

An A l t e r n a t i v e  Est imate of k 

The aber ran t  behavior o f  k demonstrated i n  our s imu la t i on  migh t  be 

c i  rcumvented by us ing  the c o n d i t i o n  index c  which i s  de f ined  as 

(Be1 s l  ey e t  a1 . , 1980). When the mai n  diagonal o f  X '  X i s  augmented, as i n  

equat ion (11, the r e s u l t i n g  c o n d i t i o n  index c '  i s  g iven by 

It would ieem reasonable t o  choose such t h a t  a  r e l a t i v e l y  w e l l  cond i t i oned  

problem r e s u l t s .  [Matr ices w i t h  c o n d i t i o n  i n d i c e s  l e s s  than 10 (Be ls ley  e t  

a1 ., 1980)l. Once an a r b i t r a r y  va lue fo r  C '  i s  chosen one can so lve  f o r  



No augmentation would be necessary when the c o n d i t i o n  index i s  l ess  than o r  

equal t o  c. !:.- , : l i n g  the r i d g e  constant  d i r e c t l y  t o  the e igens t ruc tu re  . 

ensures serts i t i v i  t y  t o  c o l l  i near i  ty. It would be i n t e r e s t i n g  t o  compare the 

r idge so lu t i ons  thus generated t o  those fro111 a  p r i n c i p a l  component ( P C )  

regression which i s  a lso d i r e c t l y  l i n k e d  t o  the e igens t ruc tu re  o f  the 

p r e d i c t o r  var iab les .  Imp1 ementing our proposed dec is ion  r u l e  would c rea te  a  

dilemma s i m i l a r  t o  t h a t  found i n  PC reyression. I n  PC regression,  the pr imary 

explanatory power o f  the p r e d i c t o r s  may be i n  deleted minor dimensions o f  the 

d a t  s t r u c t u r e  r e s u l t i n g  i n  a  much reduced R'. I n  t h i s  case, the mod i f ied  

r i d g e  s o l u t i o n  would 1  i k e l y  requ i re  a  ra the r  l a r g e  k  and would a l so  show a  

2 great  reduc t ion  i n  R . However, when the explanatory power i s  i n  minor 

dimensions where prec ise  es t ima t ion  i s  no t  poss ib le  (Si lvey, '  1969) i t  seems 

reasonable t h a t  t h i s  imprec is ion  should be r e f l e c t e d  i n  poor model 

performance. 

Conclusions 

The constant  used t o  augment the main diagonal o f  the X ' X  m a t r i x  i n  r i dge  

regression i s  s e n s i t i v e  t o  the v a r i a b i l  i ty and o r i e n t a t i o r ~  o f  the response 
A 

vector .  The smal ler  k . i n , t h e  minor dimension r e l a t i v e  t o  the major dimension 

r e f l e c t s  the d i f f e r e n t  1  i m i t s  f o r  iLS i n  the two cases. A mod i f ied  r i d g e  

est imate based on the c o n d i t i o n  index should e l im ina te  the  aber ran t  behaviors 
,. 

o f  k observed i n ' t h i s  s imu la t ion .  Assoc ia t ion  o f  the response v a r i a b l e  w i t h  

minor dimensions o f  the data s t r u c t u r e  i n d i c a t e s  d e f i c i e n c i e s  i n  the data and 

should be r e f 1  ected i n  the performance o f  t he ,  regress ion  model . 
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TABLE 1 

Summary o f  the s imu la t i on  r e s u l t s  on the  behavior  o f  t he  
r i d g e  constant  ( k )  , the standard e r r o r  o f  the r i d g e  
cons tan t  ( S i ) ,  the  c o n d i t i o n  index (C.1.) f o r  e i g h t  
c o r r e l a t i o n  s e t t i n g s  between p r e d i c t o r  v a r i a b l e s  ( r12  ) , 
s i x  l e v e l s  o f  v a r i a b i l i t y  i n  the response vec tor  (Y1, 
Y,, ... , Y6), and two o r i e n t a t i o n s  o f  the response 
vec tor  (major an.d minor dimension). 

Major Dimension Frli nor  ~ i m e n s i  on 

C.I. C.I. 

(contd.  ) 



Major Dimension M i  nor  Di~nensi on 

A A 

k sk C.I .  k i; C.I. 



TABLE 2 

Sunnary o f  i h e  coi.-i.; , i:.i r:ms ( r i  y )  between the response 
vector  and the p r e d i c t o r  ya r i ab les  and the r e s u l t i n g  
regression coe f f i c i en ts  (0 ) when the response vec tor  ( Y )  - i s  associated w i t h  a  minor dimension- (rly = rZy - riY; 
6 = i2 = 1 o r  major dimension f o r  each o f  the e i g h t  f 

c o r r e l a t i o n  ( r12) s e t t i n g s  between p r e d i c t o r  var iab les .  

irli nor  Maj o r  



F i  gure Legends 

F i g u r e  1. S imu la t i on  geometry of the  p r e d i c t o r  and response vec to r s  when Y i s  

assoc ia ted  w i t h  a  major  dimension. 

F i g u r e  2. S i m u l a t i o n  geometry o f  t he  p r e d i c t o r  and response ' vec to rs  when Y i s  

assoc ia ted  w i t h  a mi nor  d i n~ens i  on. 








