
A ~ a f l t i n u o u s ~ a ~ t o t h e v i h r a t i o n  
c?baxacteristics of a symmetrically slotted beam 
hasbeendeWloped. TkLebeemwasmdelledasa 
BemaEli-Eulerbeamwitharaascrmahlestmss 
d i s t r m t i o n  associated with the slots.  The 
equation of motion was d€mlaped and resonant 
fzqlmcies O b i a i n e A  from Rayleigh's Quotient. An 
~ ~ t a a  stmQ of an a!l- beam wiia 
SpnetricaJ. s lo ts  was performed. Ths resonant 
F r e q u R l a c p a m 3 a ~ t 1 1 l r r r s ( a m e a s u r e o f ~ )  
weremeasured. ~ p g o o d c o r r e l a t i o n i n  
natural. fmpmcies between theory axl eqmriment 
was obhdned. Ths reduction in natural f r e q m q  
was a more sensitive hxlicator of &mge than was 
theincreasein-. 

A Ample, quick relliable method for 
-thefntegrityof asimctmehaslong 
been a goal for engtwms. The developent of 
~a tes twau lda l lowasyper iod icbqwt ian  
of ~~ and devices with applioations 
= @ g - p r o d ~ c m ~ t p a ~ a r w w  
evaluation of -Ce and stodqiled itEm3. 
O n e f ~ y o f m e W l o d s i s t h e u s e o f  famed 
-tion as a diagnostic of stmcturd integrity. 

The identification of a f l a w  in a cmplicated 
stsucture is a very difficult t&k. In anall 
c3capmmts, xne- rJuch as tiltimamic a;ad 
rarficgrapllic inspeation m y  be used to lmte 
flaAJrs. I3cmmr, these me- are not readily 
applicable to larger V or asmabUe8 of 
oaapomnts. Amethoais-MchwOuld 
ldsntif'y a f&lp small defeat i n  a stsvature frcaa 
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a reasonably easy ard cost effective test. The 
forced VFhration testing of a structure is one 
ELnudate method. 

Previous work in this field [1,2,3,4,51 has 
centered on the change in natura.l frequency of a 
structure due to  reduced stiffness resulting from 
m a t e r i a l  removal as the best Fniicator of damage. 
Fkcent work [61 Frdicates that for certaFn types 
of damage the change in damping is more sensitive 
than is the change in naturd frequency. Thus, it 
seem that  a test method w h i c h  gives a measure of 
naturd frequency ard of system damping w o u l d  
provide a better opportunity to  identify the 
existence of dimage. 

In the current work, a forced vibration test 
method is used w h i c h  measures the resonant 
frequency ard the damping of the test system. The 
tests were performed on an aluminum beam w i t h  
symmetric slots.  The driving point force 
acceleration were measured asd analyzed to give 
the resonant frequency ard system damping. The 
equation of motion for the system was obtained 
from a continuous system approach using Bernoulli - 
Euler theory modified to account for the slots.  

A uniform beam contaFnFng symmetric s lots  was 
m o d e l l e d  using Bernoulli-Euler beam theory 
m o d i f i e d  t o  account for the presence of the slots.  
A similar development was done by [51 using a 
mriatio- approach. However, some insight into 
the implicit assumptions of the derivation may be 
obtained f ram the f olladng development. 

Co11~MartbsbeamshowninFY.g. 1. Thebeamdepth 
, is Zd is slotted top bottom at a Clista,nce 
~~eitherwayfromitscenter.  Thebeamisof 

length 2L. Each s lot ,  shown in Fig. .2, has a 
depth a such that 

The local  beam depth c o o ~ t e  i s  t. 

For an unslotted beam, Bernaulli-Ner beam theory 
gives the equation of motion 
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If we require that the moment carried by the 
slotted section be the same as that carried by an 
unslotted section, the canstant m may be 
determind from equ3-ium by 

JA(-E S (X,~) )S  dA = 

which reduces to  

m = (I/Ir) 

where 
Ar = the cross section at the s lo t ;  
Ir = the axea mclment of inertia at the slot .  

Thus, the longi tudinal no- stress in the beam 
is given by 

Since the stress function must be correct for the 
unslotted case, the, stress function is given by 

where 
M(x,t) = the benling mament. 

In order to write the equation of motion for the 
slot- heam, one must first mnsicler the moment, 
equation for the beam in terns of the elastic 
curve. Asfllming that shear effects are negligible 
an3 that the beam is still elastic,  the radius of 
curvature, r ,  m y  be mit ten  as 

From which the moment equation may be written as 



The m a m e n t  equation may be differentiated twice 
with respect to x atxi the equation of motion for 
the slotted beam m y  now be written as 

where 
primes irdicate derivatives w i t h  respect 

to  x;  
dots irdicate time derivatives. 

Equation (12) along w i t h  appropriate bour&ry 
c o ~ t i o n s  describes the motion of the slotted 
beam. 

EXAMPLE 

To test this development ard to investigate W e  
sensitivity of damping aTld natural frequency t o  
s lo t t ing ,  a specific example was selected. A 
free-free beam of leqth 2L w i t h  symmetric s lo ts  
located a distance xc from the beam's center (see 

Fig. 1) w a s  mnsiBered. Asmming mt the s lo ts  
are far removed f r m  both the center of the beam 
arrlfrmthefreeexlsazxlasmmbgsymmet;rv, the 
appropriate b u d a q  comtions axe 

whexe 
% = thebasemass from the transducers. 

A closed form solution to94. (12) was not 
obvious; therefore, an appr-te solution for 





equation (4. 10) could be rearranged t o  give the 
second derivative of the mode shape; a by 
assuming that 

so that 

The unslotted problem w i t h  these b o u d a q  
corditions (4. 13) has been solved by 171. Thus, 
the use of the unslotted mode shapes is 
advantageous. The second derivative of the mode 
shape for the slotted case is assumed t o  be 

1 
D sinh Xx) --- 

Q(x> 

where 
A = the beam parameter; 
A, B, C, D = the constant cal-ted 

from [?I .  

The value of A is obtain& from the unslotted 
eigenvalue equation shown by [ 71 to be 

The m o d e  shape flmction was obtained by twice 
integrating Eq. (20). This rnodR shape was then 
substituted into Eq, (17) t o  obtain an estimate of 



themhmJ. frequencp. The parameter, a, was 
selected to give good correlation with 
experimental data. 

The beam was slotted symmetrically top and bottom 
at locations 3" each direction from the center of 
the beam. The s lo t  depth was increased from zero 
t o  0.625" in 0.125" steps. The s lo t  widthwas 
0.10" so that the slots  rema,bel fully open during 
testing. 

The tests were performed using sinusoiaa;l. 
excitation from an electrodynamic shaker at the 
f i r s t  f lexurd resonance of the beam system. The 
force ard acceleration at the driving point, the 
center of the beam, w e r e  measured using 
piezoelectric transducers. The driving point 
acceleration was maintained at 10 g 's peak, ard 
the force was monitored to  identify resonance. 

The meafllrement of force ard acceleration at the 
driving point is sufficient to  obtain a measure of 
the system damping. It has been shown [6,71 that 
the damping at resonance for a free-free beam is 
given by 

where 
rl = W loss factor, a rnearmre of damping; 
F = the driving force magnitude; 
a = the &ivlng point ameleration ma$nitude; 
D = a function of mode mmber ard geometry. 

Thus, damping is proportional to  the ratio of 
force to  acceleration, the apparent mass, at the 
drfmlg pomt; this 'test method al lows for me 
investigation of the change in  damping ard change 
in natural frequerq as a m t i o n  of s lo t  depth. 
In addition, a compa,rison of theoretical 
development with test results may be performed. 

DISC7SSIm OF RESULTS 

The results of the tests were i n  the form of 
natural. frecpades ar~¶ a relative damping 
measure, t h e a p e n t m s s .  Onlythemtural. 
frequendes could be campared with the theoretical 
development so tbat data w i l l  be considered f i r s t .  



The parameter a of Eq. (4) was a free parameter 
which was adjusted to &lain a good f i t  of the 
natural frequency data. The physical significance 
o f a i s t h a t i t i s t h e d e c a y p a r a m e t e r i n t h e  
lar$itudinaJ, normal stress. The effect of a on 
themode shape is shown b a g s .  3 d 4 .  A s  a 
increases, the beam becormes s t i f fe r  giving a mode 
shape closer t o  the unslotted mode shape. 

The effect of a on the natural frequency was aJso 
significant as might be expcted. The natural 
frequency is shown as a function of s lo t  depth in 
Figs. 5 ard 6. In each case, the rat io  of natural 
frequency to  unslotted natural frequency is shown. 
The correlation between theory anl experiment is 
acceptable i n  each case but is sig'nificantly 
better in Fig. 6. This  results from allowing a t o  
increase with hcreaslng slot  depth. Thus, the 
assumecl m o d e  shape function is probably not the 
best caxMa,te. A more accurate description of 
the stress field would provide an impraTed shape 
function which wuuld not require adjustment of 
parameters with s lo t  depth. However, until such a 
mode shape function is derived, the current shape 
function gives very acceptable results. 

The natural frequency is seen from Figs. 5 ard 6 
to  ro l l  off smoothly with increasing s lo t  depth. 
The recluction is natural frec~uency being neaxly 
3016 when the s lo t  depth reaches 62.9% of the beam 
depth. 

The w e  i n  damping (apparent mass) with s lo t  
depthisshowninPig.  7 .  Thedampingremains 
m l y  constant from the unslotted state t o  a slot  
depth of half of the beam depth, with miations 
in this region due to measurement noise. On 
increasing the s lo t  depth to 62.5% of the beam 
clqm, the clamp= lnmeased si$nuicantly. Thus 9 

the damping measurement does not seem to  be 
sensitive t o  this type of w e  unless the damage 
is quite severe. 

1. The theoretical devdopment leads to  a 
reasonable quation of motion, anl good 
campa;risons with test data may k: ubta%a If , 
a is allowed to mmy with slot  depth. 



2. The change in natural f l q u m q  is a more 
semitive =cator of s lots  in a beam in 
~ t h a n i s t h e c h a n g e i n d a m p i n g .  
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NATURAL FREQUENCY UERSUS SLOT DEPTH 
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