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FLUTE-INTERCHANGE STABILITY IN A HOT ELECTRON PLASMA 
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ABSTRACT 

Several topics in the kinetic stability theory of flute-

interchange modes in a hot electron plasma are discussed. The 

stability analysis of the hot-electron, curvature-driven flute-

interchange mode, previously performed in a slab goernetry, is 

extended to a cylindrical plasma. The cold electron concentra-

tion necessary for stability differs substantially from previous 

criteria. The inclusion of a finite temperature background plas-

rna in the stability analysis results in an ion curvature-driven 

flute-interchange mode which may be stabilized by either hot-

electron diamagnetic effects, hot-electron plasma density, or 

finite (ion) Larrnor radius effects. 

Work supported by Department of Energy, 
Contract -DE-AT03-76-ET51011. 



I. INTRODUCTION 

The stability of flute-interchange modes in a hot electron plasma has 

1-5 recently be~n considered by several authors. The stability analyses have 

1-3 4 5 emphasized either the kinetic hot electron plasma or the MHD bulk plasma. ' 

The stability analyses of hot electron driven. modes in the presence of a 

cold, bulk plasma background concluded that an interchange instability exists 

with "bad" magnetic field curvature for both smal:, and large hot electron 

precessional frequency, and this instability is stabilized by a sufficient 

concentration of cold electrons. The MHD stability analysis, 4 performed 

assuming an unperturbable (rigid) hot electron plasma, also concludes that 

cold plasma will stabilize the interchange instability. The kinetic stabil-

ity analyses have necessarily employed a simplified geometry and considered 

only localized (within the hot electron region) modes while the MHD analysis 

considered a more realistic geometry, but did not employ a self-consistent 

model for the hot electron plasma. 

In this work, we· extend the stability analysis of the hot electron 

. 3 
curvature driven flute-interchange mode to a cylindrical geometry. In 

addition, the synthesio of localiz~d kinetic hot.electron and bulk plasma 

modes is considerP.rl by performing a staullity analysis of flute-tnterchange 

modes including the effects of finite ion Larmor radius and ·ion precessional 

drifts associated with the bulk plasma. 

2 



Employing a sharp boundary pressure profile in the cylindrical plasma 
6 . 

model, we perform in Sec. II a non-local stability analysis of the hot 

electron curvature driven flute-interchange mode. The amount of cold plasma 

necessary for stability.is shown to differ substantially from the criteria 

3 obtained from the local stability analysis. 

Finite ion temperature effects of the bulk plasma are more difficult to 

include in a non-local stability analysis. Hence, in the present work we 

have simplified the analysis by considering finite ion temperature effects 

only in the local approximation. In Sec. III we use a slab geometry to show 

that, in addition to the hot electron curvature driven interchange mode, an 

additional hybrid mode results from the inclusion of finite ion temperatures. 

5 This mode was discussed by Nelson in a more restricted stability analysis. 

Unlike the hot electron curvature driven mode, the self-field generated by 

the hot electrons may have a strong stabilizing effect. Additional stabi-

lizing effects arise from either the hot electron density or the finite 

ion Larrnor radius. 7 •8 

The electromagnetic equations used to perform the stability analysis 

6 
in Sec. II are derived from the variational method for a cylindrical plasma, 

which obtains the correct set of Maxwell equations. Stability plots are 

presented and a comparison of the local and non-local criteria for cold e~ec-
' 

tron stabilization is made. 

In Sec. III, we employ the results of the variational method for a slab 

geometry9 to obtain the local Maxwell equations used in the local stability 

analysis. 
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II. HOT ELECTRON FLUTE INTERCHANGE MODE 

9 The variational method employed to obtain the Vlasov-Maxwell integral 

equations in F~urier space for a· slab geometry has recently been extended to 

a cylindrical geometry.
6 

·From the Fourier space integral form of the 

Maxwell equations approximate Maxwell differential equations may be 

obtained in the long wavelength_limit k a < 1 (a is the Larmor radius of 
1 s s 

spec.ies s electrons, ions). The resulting set of Maxwell differential 

equations is manifestly Hermitian for real eigenvalues w when Landau 

resonances are neglected. 

As an application of the results of the variational method in a cylin-

drical geometry, we analyse the stability of finite 8 long wavelength flute-

interchange modes in· a hot electron plasma which contains cold electron and 

ion components. We present the relevant results of Ref. 6 without deriva-

tion and refer the reader to this reference for details. 

In the cylindrical plasma model we shall assume a density variation in 

the radial direction, N (r), and an unperturbed magnetic field B = B (r)Z. 
. . s . -0 z -

To simulate the curvature of B , we assume that the plasma is situated in an 
-0 

external species dep'endent gravitational field g = g · (r) r • 
.;.S -S -.. 

The plasma equilibrium is specified by the force balance and quasi-

neutrality conditions 

d (N T + B!) = N m g 
dr h 8rr h e 

4 

N. 
]. 

(1) 
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with the ion, cold electron and hot electron densities being given by 

Ni N(r), Ne = (1 - a)N(r), and Nh = aN(r). The magnitude of g is chosen 

as g = (T/m R )(r/R) with T the hot electron temperature, R the radius of 
e c p c . 

curvature·of the external field, and R is a characteristic plasma scale 
p 

length. To obtain analytically tractable results, we use an idealized model, 

the sharp boundary model, for the plasma density profile. We define the 

sharp boundary model by the equations 

where£<< 1. We restrict consideration to pure flute perturbations (kll 0) 

generating the electric field 

E(r) V~(r) - V~[a~r)z] (3) 

where ~<:> = ~.Q. (r)e'lSpi(R;ljJ - wt), •..•. , with 1jJ being the azimuthal angle and 

.Q.=1,2, .... 

The Vlasov charge density and current response to the perturbation in 

Eq. (3) are the source terms in the Poisson equation and Ampere's Law. The 

5 



6 resulting Maxwell differential equations for long wavelength flute-

interchange modes are 

A 

.(4a) 

··~· (4b) 

where B' = (1/r)(d/dr)[r(didr)] - 51,
2
/r2 and Ea.S are differential operators 

defined by 

A 

(Sa) 

6 



= """" 47T f dvl! a .E_ [ v~ L.J w - r R, d r 2Q 
s s 

--dr 
2 (s))~j 

(
D(s) ~ + qs _R._ ~ 

w M wQ r ar s s. 
(Sb) 

(
vlas D(s)B' ) + ~ ~ vl D(s) 

2 2 (. 2 

4- an aR, d 2 w N r. r 

- ~B' a + daR, d~(v~ D (s) 
R, dr dr 2 -2 

w 
(Sc) 

2 
with w = w- wd- k

11
v

11
, wd = (R./r)vd,.vd = (v1/2Qs)(dR.og Bz/dr)- (g/Q

8
), 

Q = q B /M C; and g is themagnitude of thespecies dependent gravitational s s z s s 

field (in the present case g. = 0). For the flute mode analysis k = 0 in 
l. 

Eq. (5). 

The cold·species response may be derived either from fluid equations or 

from Eq. (4) by choosing a distribution 

f (c). = F (H R v ) 
· ' "' II e,1. e~l. ,. 

7 



J 2 
such that dv v1 F i. 

- e, 

function distrib~tion 

0. For the hot electrons, we choose the delta 

H = T 
0 

2 
m v /2 

e o f dv F(vll) 

lu unl~r: tu readily evaluate the hot electron resonant denominators in 

Eq. (4). 

(6) 

Using f(c~ and f ~n Eq. (4) and performing some straightforward mani-
e,1 h 

pulations, we obtain the coupled differential equations 

w i 
2 ~ + 2 p 2 

n - w 
i 

B'<f> t 

(1 - a)w
2 i] w_ (

1 ~--=--____._P_ -~ <f> ---:;:_ 
wni "2 Jl, w 

e 

+ ~ w -- wg) _ wb]··-
2 w . w 

d ( w~i \ d ( w!i w) da~ 
dr w2 ~v- dr w2- n~ ni rrr; 0 

8 

(7a) 



c2 '(l 8 [2(w- wg) +-B 1 +- ---...--
2 2 w w 

8 w 
+-2 

with w = (i/r)(T/m Q )[dR-og Nh(r)]/dr; wb = (R-/r)(T/m Q )(dR-og B )/dr; e ee ee z 

(7b) 

. 2 2 
- (R./r)(g/Qe); w = w- wd; wd = wb + wg; T = mev

0
/2; and ~ = 8TINhT/Bz. w 

g 

It·is readily verified that Eq. (7) reduces to the hot electron dispersion 

3 relation of Dominguez and Berk (with R./r + k ) when spatial derivatives of 
y 

~.Q, and a.Q, are neglected. 

The eigenvalues, w, for the sharp boundary model are obtained by inte-

grating the coupled differential equations, Eq. ·(7), across the disconti-

nuity at r = R. The detailed manipulations involve combining terms in 

Eq. (7) to obtain total derivatives and subsequently integrating by parts 

several times. Deleting these straightforward detai·ls, we find upon inte-

grating Eq. (7) from R = (1 - E)R to R+ = (1 + E)R (E << 1) and using the 

continuity of ~£ and a.Q,, thP. system of algebraic equations 

0 (Sa) 

9 



i ~ W <Po (R) + n. w + n. N 
1 1 

(1 + S)aR,(R) = 0 (8b) 

2 . 2 
where wpi = 4nN

0
e /Mi, Qi = eB

0
/Mic (B

2 
= B

0 
for r < R), and·wg 

(R.T/M.Q.)(1/R R) (R is replaced by R). In obtaining Eq. (8), we have 
1 1 c p 

employed the approximate formfor the eigenfunctions <l>R,(r), aR,(r) 

r < R 

r > R (9) . 

It is readily verified that Eq. (9) is a solution of Eq. (7) for N(r) = const. 

The dispersion relation is obtained from Eq. (7) by requiring that the deter-

minant of the coefficients of <PR,(R) and aR,(R) vanish. We obtain the result 

3 
X(X- q) +a ~(X+ 1) +~X (X- q) 0 

o q X + 1 
( 1 0) 

The finite S correction term in Eq. (10) may be shown to yield correc-

tiono or order a o eompared to uully. Neglecting t:his term, Eq. (10) is 
0 

readily solved to obtain the root 

q(1 - a ) _/ 
X = 2 o ± , [ i ( 1 - a o )]2 - a o q (11) 

10 



In the presence of "bad" ~urvature, q > 0, an interchange instability is 

possible at both small and large precessional frequency. Cold electrons 

are stabilizing and stability results for (1 -·a )
2 > 4a /q. Unlike finite 

. 0 0 

ion Larmor radius stabilization of the low frequency flute-interchange mode, 

there is no cancellation of the cold electron stabilizing term for the 

lowest order 5I. = 1 mode. We also note that Eq. (11) is precisely the result 

that would be obtained from a simple electrostatic theory. 

From Eq. (11), we obtain the marginal stability condition 

2 (1 + !1+<1) 
q 

(12) 

Observe that, unlike the local criteria, there is no S dependence in Eq. (12). 

For N/Nh > 2q-
1 

(1 + !1+<1), we have stabilit;y. In Fig. 1 we plot the 

fraction of cold to hot electrons, N /Nh = (1 - a )/a , at marginal stability . c 0 0 

as a function of the parameter q for several poloidal mode numbers~= 1, 
0 

10, and 25. In the plots the regions above the curves are stable·while those 

below are unstable. Clearly, the 5I, = 1 mode requires the largest cold elec-

tron concentration for stability. 

In Fig. 2 we plot the fraction Nc/Nh at marginal stability, obtained 

from the local stability analysis and Eq. (12), as a function of q for S 
0 

0.1, 5I, = 10, and R /R = 20. At small precessional frequency> q << 1, the 
c 

critical fraction Nc/Nh ~ 4/q is substantially larger than the result of the 

local stability analysis Nc/Nh = 4/tq for 5I. > 1. At large precessional fre­

quency, q >> 1., the critical fraction for stability Nc/Nh ~ 2 q-l/
2

. By 

11 



comparison, the local stability analysis obtains the critical fract·ion 

-1/2 
Nc/Nh::::: 2/B for q::::: ~· > 1 and for larger q, q >> ~ > ·1, Nc/Nh::::: 2(q/~) • 

Hence, the critical fraction of cold to hot electrons for stability of high 

frequency modes may be substantially smaller than local theory indicates . 

.. 

12 
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III. FINITE ION TEMPERATURE FLUTE-INTERCHANGE MODE 

The stability of localized flute-interchange modes in a hot electron 

plasma has previously been considered for the case of a cold electron-ion 

3 
background plasma. In this section, we extend the analysis to include 

finite ion temperature effects; finite electron temperature effects of the 

background plasma are negligible. 

To perform the analysis, we use a slab geometry with density and mag-

netiC field gradients in the X direction, an unperturbed magnetic field 

B = B (x)z, and a species dependent gravitational field g = - g x that 
-o z - -s s -

simulates the curvatu~e of B as seen by the hot electrons and ions . 
.;.o 

The plasma equilibrium satisfies conditions analogous to Eq. (1) 

N. 
1 

(13a) 

(13b) 

wher~ Ni = N
0

(x), Nc .(1 - a)N
0

(x), .and Nh = aN
0

(x) .. The magnitude of es 
is chosen as g = T /M R , R being the radius of curvature of the external s s s c c . 

field and T being the temperature of species s ·(s =hot electrons, ions). 
s 

Perturbations of the equilibrium are of the form of Eq. (3) with <j>(r) 

replaced by <j>(x) = <j>(x)expi(ky- wt), ••• , where Js = Jsy. 

13 
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To obtain the set of local Maxwell equations, we use the results of 

Ref. 9. In the local approximation, one assumes that 

-1· dR.og <I> 
k dx 

k-1 dR.og a « 1 ·dx 

and hence we obtain the system of algebraic equations 

0 

where 

14 

(14a) 

(14b) 

(15a) 

(15b) 



1 d +-­k dx (15c) 

in which D(s) = M 
. s af ;aH+ (k/wrl. )C3f ;ax, f = f (H ,x,v

11
), z = kv

1
/n, s s s s . s s s s 

wd ' wd 
s s 

= (kv2
1

/2Q )(diog B /dx) + 
s z 

[In Eq. (15), the summation over species 

includes the hot electrons, ions, and cold electrons.] The local dispersion 

relation results from the condition that Eq. (14) have a non-trivial 

solution. 

The hot electron matrix elements in Eq. (15) typically contain the 

resonant denominators w = w - wd . To readily evaluate these terms, we 
e 

e 
choose a delta function distribution for the hot electrons 

(16) 

2 
where H

0
h ... mevoh/2 ""Th anu f uv Fh(vll) = 1. The ion matrix elements in 

Eq. (15) may be evaluated similiarly. For frequencies large compared to the 

15 
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ion precessional frequency, hl >> wd , the v
11 

dependence of f. is not crucial. 
. i 1 

Hence, we choose for the ion distribution 

N (x) 
0 

2 
27T voi 

(17) 

2 
with H

0
i = Miv

0
/2 = Ti and f dv

11
F:i_(v

11
). We note that in the present calcu-

lation, the results are independent· of the form of Fh,i(vll) in Eqs. (16) and 

(17). The cold electron response may be obtained from Eq. (15) by choosing 

a distribution f = F (H· ,x, v
11

) such that f dv v
1
2

F = 0. 
e e e . - e 

Using Eqs. (16) and 117) in Eq. (15), we obtain from Eq. (14) the local 

dispersion relation for waves w << Qi 

where 

D D + (CT)
2 

es em 

D es 

0 

(1- a)ow2 . 
. p1 (1 

wni 
B) a we 

+2 +22-w--
. k A e 

e 

16 

+Ji 
2 

w 

. ' 

(18) 

(19a) 



.!· 

D em 

. = ( 13h )1/2[we ( CT 2 2 - 1 
2k A we 

e 

- w 
e 

w 
+..§. 

2 

(19b) 

- w ~ ~] ge e - ·- ---w w 
e e 

(19c) 

w = (kT /M n )(d~og N /dx), wb = (kT /M n )(d~og B /dx), o = (kR- 1), 
s s s s 0 s s s z p with 

,_ s 2 
wb + w , w = (kg /n ), 13 = 131 + 13i' 13h = 8TiaN Th/B , ws = w - wd , wd 

s 2 s 
8TIN Ti/B , and 

0 z 

s gs g
8 

s s 1 o . z 

A = (47TN e2/T )-1/ 2 • For higher frequency modes, 
s 0 s 

w ~ ni, the finite ion temperature modifications are negligible and the 

results of Ref. 3 are obtained. 

The low-frequency dispersion relation is simplified by the assumption 

w >> wd • Further simplification, with no qualitative change in thP. 
i 

results, is obtained by considering-the moderate 13 regime 1 > Bh > B
1

• 

Employing these simplifications, we obtain the dispersion relation 

w 
(w- w )(w- w) - a.8st.w + 6rtiw P. = 0 

ge i 1 ge gi w 

17 

(20) 
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In the limit w:::::: w 
d e 

>> wi, Eq. (20) reduces to the results of Ref. 3. In 

the opposite limit (though not appropriate for localized modes in hot elec-

tron plasmas) w:::::: wi >> wd , Eq. (20) yields the result of Pearlstein and 

8 Krall. 
e 

Solutions of Eq. (20) may also be found in the frequency range 

wd >> w, wi. In this case, we obtain the root 
e 

w = (21) 

In the presence of "bad" curvature R /R > 0, insta-
. p c 

bility may result. However, the hot~electron self-field terms do not cancel; 

the hot-electron ~Bz drift in the drifing term may reverse the sign of wd 
e 

and stabilize the mode. The character of the additional stabilizing term 

in Eq. (21) depends upon the relative magnitude of a and b .• Note that the 
]. 

hot-electron stabilizing effect, obtained for a> b., may be offset by a 
]. 

corresponding loss of colq-plasma stabilization of the hot-electron 

curvature-driven flute-interchange mode. 

Finally, we point out that the "rigid" hot electron approximation, 

5 investigated by Nelson in connection with Eq. (21) and employed in the MHD 

4 
stability analysis of Nelson and Hedrick, may lead to substantially more 

optimistic stability criteria than the full stability analysis would indicate. 

18 



In kinetic theory'· the "rigid" hot electron model sets a = 0 but retains 

finite 8h' Hence, in this approximation Eq. (21) is replaced by 

(22) 

Comparing Eqs. (21) and (22), we observe that for bi - a < bi the ."rigid" 

hot electron model may yield overly optimistic stability criteria. The 

"rigid" hot electron approximation is not generally a good approximation of 

h 1 1 
. 10 t e comp ete ana ys1s. 
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1. 

FIGURE CAPTIONS 

The critical value of the relative cold-electron density predicted by 

the non-local theory vs. the ratio of hot-electron precession frequency 

to the ion gyrofrequency for£= 1, 10, and 25. 

2. A comparison of the critical cold-electron density predicted by the 

localized theory and the corresponding values from the non-local theory. 
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qo 

Fig. 1. The critical value of the realtive cold-electron density 
predicted by the non-local theory vs. the ratio of hot-electron 
precession frequency to the ion gyrofrequency for~= 1, 10, and 25. 

20 
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qo 
Fig. 2. A comparison of the critical cold-electron density pre­
dicted by the localized theory and the corresponding values from 
the no~-local theory. 
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