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Introduction

In the Voss-Weiland scheme of wake ficld asceleration’ »
high curtent, ring-shaped driving bunch ia used to accelerate a
low current beam following along on axis. In such s structure,
the transformer ratio, i.¢. the ratio of the maximum voltage
that ¢an be gained by the on-axis beam and the voltage Jost
by the driving beam, can be large. In contrast, it has been
observed thas for an arrangement in whith driving and driven
bunches follow the same path, and whese the corrent distribu-
tion of both bunches Is gaussian, the transformer ratio is not
normally greater than two.) This paper explores some of the
possibilities and limitations of & collinear acceleration scheme.
In nddition to its application to wake field accelcration in struc-
tures, this study is also of interest for the understanding of the
plasms wake feld accelerator.®

Conwsider & driving bunch with ¢arrent distribotion F{t)
which extends from time ¢ = O to tirae ¢ = T and with total
charge Q. After traversing some length L of a atructure, there
will be a retarding potential V—{t) within the bunch, with a
minimum value V. The energy U extracted from the bunch
by the retarding potential goes into one or more modes of the
atrueturs, producing a potential V'* (¢} bebind the bunch which
renchey some maximum sccelerating value V. The gradient
that can be used to aceelerate s teailing bunch is therefore E, =
v/L, The transformer ratio is defined saa R= -V Vo,

Let us asaume that all the electrons in the driving bunch
have the same {nitial energy eV;, and that the electrous in
the distribution which see the maximum retarding feld are
brought to rest in distance L. Thus V; = =Vz. The efficiency
for extracting anergy from the driving beam is given by

T -
am 3:;_:_ i I(g:;ma_ -

1t is useful to defive & total loms factor ke = U/Q?, which
depends beth on the etructure and on the bunch distribution.
Thus the charge required in the driving bunch to reach an accel-
erating gradient E, is @ = nE.L/(Rk.o). If there is only a sin-
gle made with loss factor k = EZL2/4U, then kyy = 49°L/R?

and £.LR
Q= “ank " @)

Note that in this case R can be written ws B = —v2EU VS

follawing we will focus mostly on optimizing R. In the fina)
zection we will briefly consider some of the implications of a
high R echema for other machine paramsters,
Symmetric Bunches
T conbe proved® ¢hat far a.cuceent distribution symmetric
aboot s midpolint in a single mode 2avity the tranfarmer ratio
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can be no larger then two. The upper llmit can be achleved if
and only If V=(0) = V,; for o bunch symmotric about 1 = 0.
Emkwnymmurkbm:hainmnlmlenﬁuﬂmﬂum;
which have many modes, this limitation still tcnds do apply.
Howevey, it is possible in principle 10 design & siructure in
which the i for scveral modes superim-
pove maximally behind the bunch, resulting in R > 2 even for
» aymmetric bunch. Consider o two mode straciure with fre-
quencies wp and w) related by wy = Sup 48, wheze & is o omall
quantity, and with loes factors &g and ;. Thoe potential due to
a bunch with current densit' T{t) i
¢
Vi) =- / W @)
-0
where W,(t) is the longitodinc! wmke potential. The contsi-
bution of mode n ta W,(t) is® *,coawst. Therelare, tnside
a rectangular bunch extending . sm =T to T, with constant
1(t) = I we have the retarding potential

Vol = ~2(Demonlt+ 7} + ettt 7. )
Behind the bunch (t > T') we have
Ve = —41[%:wwtuinm7’+ i:—cuu;“lnu:!‘] . (9)

If we choose woT" = nf2 and k; = . ¢ flud the mimlmum
polential inside and the maxiromn p:  tial behind the bunch
are, respectively,

- 8 kol
n® 2w
Therefore we get R 22 23yZ > 2.

This calenlation can be generalized to structures with many
modes where the frequancies are related by wy = (81 + Ljwg +
&n and all the loss factors are equal. It Is eteaight forward
1o show that V'~ turns out to be the Fourier expansion of
a rectangular pulse, and V; & Tkol/(%wa). The maximum
accelerating potential behind the bunch corresponds Lo the qum
of all amplitudes, 20 ¥V} = {4kad /wo)(1+1/341/56+.. ). Thus
the transformer ratio becomes B 55 (8;)(1 +1/3+1/5+..).
It can be rightly argued that such & structure is i
On the other hand there is no reason ¢o believe that the two-
mode structure described sbove is not vealizable. However, the
V2 gain In tzansformer ratio over the single mode case is still

quite modest.
Asvmmetric Bunches
‘We next consider the case of an asymmettic driving bunch.
Take as sn example 8 growing triangular bunch in a single
mode cavity. In practice such a driving bunch hes been used in
autoacceleration peﬂmenh’ to accelerate trailing particles.
Let J{t) = Jwt fos 0 < t < T and J{¢) = O otherwise, For
aimplicity let the bunch length be T =~ 2wNjw, where N isa
positive integer. Tlen within the bunch

aad V2o %% ) @

[
V() = —2ktw j et~ )& = --’:-’a -~ eouut), (7)
[ ]
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Fig. 1. The voltage indneed by three different asymmet:le current distributions.

whereas behind the bunch
T
Vi) = -2kle / teoaw(t —2")dt' = 2kITstnwt . (B)
)

Thus R = -V} /VS = xN. Notice that R is proportional to
the number of ripples N in V(1) {See Fig. 1a). The longer
the current pulse we choose, the larger the transformer ratio.
To understand this, notice that in this cese all particles in the
bunch give energy to the cavity mode: V=(t) < 0 for all ¢
within the bunch. Therefore slnee Vb = 2kl where U i the
energy stored in the mode, we see that the more energy store
in the mode, the higher V,¥ we have behind the dunch, Ana
since for wt > x, Vg 2o lon;u changes, the transformer ratio
will continue to increase. In contrast, for a long rectangular
pulse from —T 1o T we find that V= (t) ex —sinw(t + T) (See
previous section). Thus, the first hall wavelength of charge
gives energy to the mode, the next hall wavelength of charge
tokes the same amount of energy from the mode, and so forth.
Therefore making the bunch longer than balf the wavelength
will not improve the tranaformer ratio.

Consider next the {ollowing current distribution: I(t) = 1,
a constant, for D < ¢ € w/2w and I(t) = (z/s Iu: for :/zu <
t<T. This npruum a growing triang)
by & quarier wavelength Tectangular pulse. (WGm!lulltlns
the doomstep distribution. See Fig. 1b) In this case the
transformer ratio becomes R = /1+ (1 — %/2+ wT)s. For
T = 2xNfw, R = 2xN. We pee that the transformer ratio
here is approximately twice that of the triangular bunch. Ex-
cept for particles in the first guarter wavelength of the bunch
all particles experience the same retarding potential,

The Optimal Tranaformet Ratio In A Singls Mgde Steuctuce

What is the optimal transformer ratio for s single mode
structure? From the foregoing examples we would guess that
it would be the current distribution that couses all particles
in the bunch to cee the asme retarding potential, an assertion
that can be proven,

The general features of tha procf are as follows: Assuming
o case with V (£} = Vo, & constant, exista, we denote ita stored
energy by U und its tranafarmer ratio by Fo = -2EUp/V,.
Suppose there b o perturbation of the current §I{¢) localized to
the intervol [to — ¢,8g + ¢ l.hlthepa e charge
‘When ¢ is amal] this will result in a bump in wnltnge 6'/(!)
whose magnitude is of order ¢ and that is alzo loenlized to
samne interval. nabmﬂuhmmpembnmtvd

L

order €3, with SU20 for §V50, For §V < 0 we get
VEUs + 80)
R=—2W—<Rc. (9)

where 5V}, Is the minimum of 5. On the other band if §¥ > 0
then, since §U < 0,

A slight extension of thin argument shews that in fact any
deviation from a constant V' =(f) reducea R.

Let us now find the current that gives & eonstant retarding
potentin) acrosa the bunch, From Eq. (3) we see that it is not
possible to have a tant retarding potential starting exactly
at the head of the bunch for regulnr current diatributions. We
therefore parameterize the aptimal V* (1} as

- p— .
V_m_{(l eV, HOSE<T; an
] otherwise .
(See Fig. 1¢.) As & — 0o, V'~ (t) approachea the comnstant V.

By the use of the Laplace transform Eq. (3) can be inverted
to give the current that produces a given V(t) when W, (1) is
knnwn.° ne.

(10)

I(l)=_’_ 1]‘": Vit

where « in some positive quantity which avoids integration
along the imaginary axis of the complex plane. Applying this
method to Eq {11) gives

eds (12)

) = -— [(n +ul)e ™ wutat=1)|, for0<tsT,

(13)
This curzent |5 & superposition of two currents: one decays ex-
ponentially from ¢ = 0, the other is a trianguiar bunch. In the
asymptotic limit (@ — o) the decaying exponential becomes a
§-function and we get R — /1 + Zuﬂ’. Given a bunch length
T this is che ultimate transforioer ratlo for o single mode cav-
ity. In addition, since V~(t) Is constont we see from Eq. (1)
thet the efficiency n is 160% in thie case. Note also that for wT
eufficientty lorge the doaretep bunch shape gives very similar
results to the optimal case.

Numerieg] Examole
‘We now compaze our theoretical analysis with two numer-
icol examples: the SLAC accelerating otructure (many modes)
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and » plasma wake field accelerator (gicgle mode).

The SLAC structure is far from being an ideal single-mode
structure. Nevertheless, it is still interesting to see how it can
be used as a collinear wakefield accelerstor. The SLAC struc-
ture is a constant gradient disk loaded structure, with funda-
mental frequency wg /2% = 2856 MHz and with a cell length of
3.5 cr. V(i) was calculated from Eq. (82. using a table of the

longitudinnl wake Geld W,{e) for SLAC
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Fig. 2. A trianguiar bunch in the SLAC structure.

Figure 2 shows the retarding and accelerating potentials
due to & triangular bunch in unita of voits pes pico-conlomb per
cell. The bunch length was chosen o be twice the fundamental
wavelength., Within the bunch the retarding potential behaves
very closely to the single mode calculation, i.e. V(1) oc 1 -
cos wi, However, some energy goes into the higher modes, as is
evident by ripples on the cosine wave behind the bunch. This
causes a degradation of the transformer ratio from the single
mode prediction R w 3¢ 40 R = 4.86. The degradation worsens
as the bunch length geta longer, as can be seen in Fig. 3,
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Fig. 3. R for a trisngular bunch in SLAC ws. bunch
length. The dashed line gives single mode results.

The Plazms Wake Fisld Accelerator(PWFA)

The plasma wake field accelerator is another type of collin-
car wake ficld acceleration scheme which seplaces the RF cav-
ities by a plasma medium. Since the plasma in thin acheme is
assumed 1o be cold, ane expects that only a single mode, ie.
the gscillation at the , will be excited. A one
and twe-halves dimensional (z,ve,vy,v,) relativistic, electro-
magnetic particle code bn used to simulate the PWFA.” Physi-
cally this code corresponds to a one dimensional system where
both the plasma and the beam extend infinitely in the trans-
verse directions.

Fig. 4 show: the wake electric field excited in the plasma
due 1o » triangular bunch which i one wave length long. The
system hes 512 grid pointa and the number of chergen for the
beam and plasma are 80 and 16384, respectively. Because of
the single mode nature of the system, the transformer ratio as

measured from the figure is R = 7, in good agreement with
thenretical prediction. Other vimulations with different bunch
shapes also show good agreement with the lheory.“
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Fig. 4. Wake field of & trjangular bunch in a plssma.
Discussion

A= a practical ezemple, consider an accelerator operating
at X = 5 cm with a desired gradient of 100 MV/m. We choose
» transformer ratio of 100, 2o that an energy loss by the driving
bunch of 1MV /m must be made up, possibly by induetion units
or low-frequency RF accelerator cells apaced periodically along
the accelerator. In order tn achieve R = 100, a doorstep bunch
with length T & AR/(2n) = 80 e Iy needed. From Eq, (2)
we gee that the charge in the driving bunch is about 85uC for
a typical value of k/L = 75 V/pC/m at A = S¢m, assumlng
also that n & 100%. The peak current at the tail of the driviog
bunch is about 25 kA.

In this paper we have locked at some aspects of & eollinear
aceeleration scheme, focusing mostly on the concept of trans-
former ratio. A mare complete otudy of the usefulness of such
a scheme needs to address further quentions such as transverse
eflects and the feasability of creating the very high peak current
bunches required for high transformer ration,
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