





NUREG/CR-1163
PNL-2755

PCl Fuel Failure Analysis:

A Report on a

Cooperative Program Undertaken by
Pacific Northwest Laboratory and
Chalk River Nuclear Laboratories

Manuscript Completed: December 1979
Date Published: December 1979

Compiled by

C. L. Mohr

P. J. Pankaskie, Contributing Author, PNL

P. G. Heasler, Contributing Author, PNL

J. C. Wood, Contributing Author, CRNL/AECL

Pacific Northwest Laboratory
Richland, WA 99362

Prepared for

Division of Systems Safety

Office of Nuclear Reactor Regulation
U.S. Nuclear Regulatory Commission
Washington, D.C. 20555

NRC FIN No. B215%0






ACKNOWLEDGMENTS

This work was performed in cooperation with the Chalk River Nuclear
Laboratory, Atomic Energy of Canada, Ltd. for the Core Performance Branch,
Division of Systems Safety, U.S. Nuclear Regulatory Commission (USNRC). The
authors wish to acknowledge the support and encouragement of R. 0. Meyer and
M. Tokar and members of the Reactor Fuels section of the Core Performance
Branch, and of A. S. Bain of the Chalk River Nuclear Laboratories. The
authors also acknowledge the assistance of R. L. Goodman and N. J. Wildung of
the Nuclear Fuels Section, Pacific Northwest Laboratory (PNL), for the GAPCON
Thermal 3 transient simulations and for the computer analysis of the PCI
data. The discussions with E. L. Courtright, C. R, Hann and C. L. Mohr are
also acknowledged.

The authors also wish to acknowledge and express their appreciation to
the Babcock & Wilcox Company, Combustion Engineering Company, Commonwealth
Edison Company, Electric Power Research Institute, Exxon Nuclear Corporation,
and the General Electric Company for permission to use their data, without
which this study would not have been possible.

The authors also acknowledge the efforts of the editor of this report, R.
H. Williams, PNL.






ABSTRACT

Reactor fuel failure data sets in the form of initial power (Pi) final
power (Pf) transient jncrease in power (AP} and burnup {Bu) were obtained
for pressurized heavy water reactors (PHWRs}, boiling water reactors (BWRs},
and pressurized water reactors (PWRs). These data sets were evaluated and
used as the basis for developing two predictive fuel failure models, a graphi-
cal concept called the PCI-OGRAM, and a nonlinear regression based model called
PROFIT.

The PCI-OGRAM is an extension of the FUELOGRAM developed by AECL. It is
based on a critical threshold concept for stress dependent stress corrosion
cracking. Thresholds are defined in terms of the minimum post-transient power
(pfc) and a critical minimum transient increases in power (APC). The model
uses post transient power (Pf), transient increase in power (AP), burnup
(Bu}, and dwell time at the peak post transient power.

The PROFIT model, developed at Pacific Northwest Laboratory, is the result
of applying standard statistical regression methods to the available PCI fuel
failure data and an analysis of the environmental and strain rate dependent
stress-strain properties of the Zircaloy cladding. The PROFIT model incorpor-
ates pre-transient power (Pi), transient increase in power (4P}, and burnup
{(Bu) parameters, and introduces a strain-rate dependent, strain-energy-adsorp-
tion-to-failure (SEAF) concept as the mechanistic corollary of the power ramp-
ing rate (5).
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1.0 INTRODUCTION

P. J. Pankaskie, Contributing Author, PAL,
P. G. Heasler, Contributing Author, PNL,

Fuel failures, although fractionally small under current core/plant

operating recomnendations,(l'ﬁ)

continue to be one of the principal economic
restrictions on normal plant operations, The primary source of these fuel
failures is generally attributed to pellet/cladding interactions (PCI) of

thermomechanical and chemical origins.(7'25)

Current operating restrictions
are an acknowledgment that moderate rate fuel power increases and/or abnormal
operating transients pose a potential for a significant incidence of fuel

failures by PCI.

Considerable efforts have been applied over the past few years to experi-
mental investigation of the origins and mechanisms of the PCI fuel failure
phenomenon. From these efforts, operating recommendations and several empiri-
cal fuel failure mode1s(15"18) have been developed. These PCI fuel failure
models are all based on a combination of pre- and/or post-transient fuel rod/
assembly power, burnup, and perhaps "dwell time" at the higher post-transient
power. Specific fuel rod/assembly design parameters have not been explicitly
incTuded in any of the empirical PCI fuel failure models. Analytical
approaches, based on first principles and constitutive material models, are
not yet sophisticated enough to provide realistic estimates of the probability
of fuel failure by PCI. With the exception of pellet/cladding interfacial
lubricants and/or stress corrosion cracking inhibitors, PCI fuel failure
studies have not, as yet disclosed any direct link or first order effect
between typical fuel rod/assembly design parameters and the susceptibility to
PCI failure.

Atomic Energy of Canada, Ltd. {AECL) has acquired sufficient fuel failure
data from on-Tline refueling experience, and from exploratory experiments per-
formed in the Chalk River Nuclear Laboratories' NRU reactor to develop an
empirical PCI-fuel failure model for CANDU fuel in pressurized heavy water
reactor {PHWR) plants. These plants operate in an essentially constant power,
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base loaded mode, and the fuel in these plants rarely experiences a power
transient other than what occurs during on-line refueling. The fuel burnup at
which PCI failures have been observed in CANDU reactors ranges from about

1.5 GWd/MTM to 6.5 GWd/MTM.

By comparison, United States light water reactor (USLWR) fuel may experi-
ence one to numerous transient increases in power. PCI fuel failures have been
observed in USLWR fuels at a burnup ranging from about 1.0 GWd/MTM to greater
than 30.0 GWd/MTM.

In view of the apparent success of the AECL empirical PCI fuel failure
modeT (FUELOGRAM) in predicting fuel failures for the on-line refueling tran-
sient in CANDU-PHWRs, a cooperative effort between AECL's Chalk River Nuclear
Laboratories {CRNL) and Pacific Northwest Laboratory (PNL) was undertaken to:

1. Assess the applicability of the AECL empirical fuel failure model
(i.e., FUELOGRAM developed for CANDU-PHWR fuels) to USLWR fuels.

2. Review and evaluate the bases and derivation of the AECL PCI fuel
failure model and, if possible, adapt the model for use by the U.S.
Nuclear Regulatory Commission (USNRC} as a tool in the evaluation of
LWR fuel behavior.

3. Review and evaluate USLWR and CANDU-PHWR fuels behavior data, com-
puter codes, and other pertinent information available at AECL and
the USARC,

Section 2 of this report describes the data that were provided for use in
this study. Five PCI data sets were examined. Four data sets were derived
from commercial power plants, the fifth data set consists of a single fuel rod
and one of a kind experimental irradiations. The operating variables common
to all five data sets are:

e power (P), either pre-transient (Pi) and/or post-transient (Pf)
e the transient increase in power {AP)
e the fuel burnup (Bu)



Early in this study, it was discovered that the FUELOGRAM, derived from
PCI fuel failure data for CANDU fuel, was uniquely applicable only to the PHWR
on-1ine refueling operations. CRNL however concluded that the FUELOGRAM could
be extended to LWR fuel by applying the FUELOGRAM methodology to PCI data from
Tight water reactors., The result is the PCI-OGRAM model, which is described
in detail in Section 3 of this report.

Based on an examination of the bases and derivation of both the FUELOGRAM
and the PCI fuel failure data, PNL concluded that an analytical approach was
more appropriate for assessing the likelihood of PCI fuel failure in LWR fuel.
The result of this effort is the PROFIT model, described in Section 4.

Comparisons of the estimated likelihood of PCI fuel failure of the PCI-
OGRAM model, the PROFIT model, and two other proprietary models are shown in
Section 5.

Sections 1, 2 and 4 of this report were prepared by P. J. Pankaskie and
P. G. Heasler, PNL. Sections 3 and 5 were prepared by J. . Wood, CRNL., The
sections were prepared independently by the respective contributors and do not
attempt to represent a consensus opinion. This report is intended to serve in
a "forum capacity" to help promote and expand communications of concepts
applicable to the PCI fuel failure phenomenaon.
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2.0 THE DATA BASE

P. J. Pankaskie, Empirical Modeling
P. G. Heasler, Statistical Analyses

2.1 INTRODUCTION

Five fuel failure data sets were available for examination in the course
of this effort. These five data sets encompass fuels designed for duty in
pressurized heavy water reactors (PHWRs), pressurized 1ight water reactors
(PWRs), and boiling light water reactors (BWRs}. Many of the characteristic
fuel design parameters, typical of these fuels from which most of the PCI fuel
failure data were derived, are shown in Table 2.1

Four of the five data sets, hereafter identified as Data Sets 1 through 4,
were derived from commercial use in both PHWRs and Tight water reactors {(LWRs)
and are therefore considered to be usable either in the evaluation of the
FUELOGRAM model or in the development of a PCI-fuel failure model for applica-
tion to LWR fuel. Data Set 5 consists primarily of single fuel rod failures
from one-of-a-kind experiments such as the Halden IFA-405 tests and other

experimental irradiations.

The common parameters reported for all five data sets are:

 the initial, pre-transient power (Pi) and the peak or final, post-
transient power (Pf)

e the transient increase in power {AP)
e the fuel burnup (Bu).

These data sets did not include either gualitatively or guantitatively
significant amounts of information relative to other operating variables such
as:

s power ramping rate (ﬁ)
e time-to-failure (TTF)

Nor did these data sets include significant amounts of information relative
to fuel design variables such as:
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e prepressurization

o pellet/cladding interfacial Tubricants, surface coatings, and/or SCC
inhibitors

e annular, chamfered, etc. fuel pellet geometries

e vibrationally compacted particle fuel.

TABLE 2.1. Fuel Design Parameters

Reactor Types

Parameters PHWR PWR BWR
Cladding
Material Zircaloy-4 Zircaloy-4 Zircaloy-2
Outside diameter 0.60 in, 0.42 in. 0.56 in.
Wall thickness 0.015 in. 0.024 in. 0.037 in.
R/t 20 9 7
Fuel Pellet
Material UO2 UO2 UO2
Density 95% 95% 95%
Diameters 0.56 in. 0.36 in. 0.48 1in,
Fuel Rod
Pellet-cladding gap 0.006 in. 0.007 in. 0.009 in.
Active fuel length 20 in. 144 in. 144 in,
Pressurization (1 atm) {1 atm) {1 atm)

In Data Set 1, a "dwell time" parameter was included. The dwell time is
the result of on-line refueling in pressure-tube type PHWRs. In on-line
refyeling, the fuel, which experiences the transient increase in power, is
moved from its low pre-transient power position into the peak, axial power
position within the pressure-tube fuel channel, where it "dwells" for approxi-
mately 18 minutes before it is moved to its final, lower power position. A
very few time-to-fail (TTF) and power ramping rate (5) data points were
reported in Data Set 1.
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2.2 GENERAL CHARACTERISTICS OF THE DATA SETS

The five data sets examined and used in this effort encompass a substan-
tial diversity not only in fuel design parameters {see Table 2.1), but also in
operating conditions under which the fuel failures occurred.

These five data sets are generally characterized as follows:
Data Set 1

This data set consists entirely of fuel failures that occurred as a result
of the increase in fuel rod/assembly power accompanying on-line refueling in
PHWR plants. The data set is characterized by:

1. Relatively low burnup. For all fuel, failed and non-failed, the burnup
is relatively low by comparison to LWR fuels. The peak burnup in this
data set is less than 7.0 GWd/MTM. With respect to burnup, this data set
may be subdivided into one subset with an average burnup of 2.3 GWd/MTM
and a second subset with an average burnup of 5.6 GWd/MTM., (Although the
fuel burnup is substantially less than for LWR fuels, this aspect is not
a major Timitation because the burnup effect on PCI failure appears to
diminish rapidly after 5.0 GWd/MTM.)

2. Fuel that does not experience any significant power transient prior to
on-Tline refueling. PHWR plants operate primarily in a base-loaded mode
(that is, approximately fixed power output), and therefore the fuel does
not experience any significant power transient prior to on-1ine refueling.
A1l failures in Data Set 1 occurred during the increase in power accom-
panying on-line refueling. Thus, each of the two data subsets consist of
failures that resulted from a repetition of two nearly identical power
transients.

3. Fuel rod failures that occur almost exclusively within the outer sixteen
rod ring of the fuel assembly. A1l sixteen outer ring fuel rods experi-
enced almost the same conditions throughout the on-line refueling tran-
sient to provide the best fuel rod failure statistics for this data set.
The absence of PLI failures in any of the inner and intermediate fuel rod
rings within the fuel assembly could provide additional information as to
the range of Pf and/or AP conditions for PCI fuel rod failure.
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Data

The operating parameters (P, AP and Bu} were determined by calculations
using proprietary core/fuel assembly simulator computer models. The
values reported apply only to the sixteen outer ring fuel rods and are
averaged over the length of the fuel assembly. The core kinetics computer
codes have been indexed to actual fuel burnup as measured by analytical
chemistry. The uncertainty in the calculated operating parameters, based
on comparisons between measured and calculated fuel burnup, is estimated
to be within 5%.

Failures that ocurred during the 18 minute dwell time., 1In the course of
the on-line refueling operation, the fuel assemblies, which experience
the transient increase in power, reside at the peak power position in the
fuel channel for approximately 18 min before they are moved on to their
final and slightly lower power position. For this data set, all failures
were reported to have occurred sometime within this 18 min dwell time.

Movement of a fuel assembly from the initial low power position to the
peak power position within the fuel channel requires approximately
1-1/2 min. These data therefore could provide general information,
although over a Timited range of rates, for future evaluation of power
ramp rate effects.

Set 2

This data set includes PCI failures that occurred under essentially normal

plant operation. In general, this data set is characterized by:

1.

Fuel failures that occurred over a rather wide range of fuel burnup
(~1.0 to ~25 GWd/MTM).

Three fuel duty cycles. At the end of each fuel duty cycle, the fuel
assembTies were examined and those that had sustained failure were retired
from further duty.

Operating parameters (P, AP, Bu) were derived from calculations using a
proprietary 3-D core simulator to obtain fuel assembly nodal powers {a
node, as used here, is a 12-in. axial length of the fuel assembly). The
fuel power was obtained by superimposing local rod power for two
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Data

positions of the control rods. The uncertainty in calculating the nodal
power is estimated to be +10%. The uncertainty in reported fuel burnup
values is estimated to be in the 3% to 5% range. The values of the
reported operating parameters in this data set apply to the fuel rod
located in that corner of the fuel assembly adjacent to the orthogonal
blades of the control element. The values for the operating parameters,

P and 4P, are for that specific 12 in. Jong axial segment {node) of the
corner fuel rod that experiences the maximum increase in node power as a
result of normal control element pattern sequences throughout the fuel
cycle in which failure occurred. The value for the burnup parameter {Bu)
js the average of the reported burnup immediately before and after the
control element pattern sequencing for which the nodal power increase was
a maximum for the fuel cycle. In each operating cycle, the corner fuel
rod will experience more than one increase in node power as a result of
the control eTement pattern sequencing. However, these increases in nodal
power may not occur more than once within the same node. Unless the
"failure transient" was identified by a primary coolant system radioac-
tivity increase coincident with the increase in power and the confirmation
of failure in end-of-cycle inspections, it was assumed that failure
occurred during the most severe nodal power increase.

Sets 3 and 4

These two data sets are similar in that many and perhaps all of the fuel

failures occurred as a result of specific and atypical transients in similar
reactor plants, These data sets are characterized as follows:

1.

Operating parameters (P, AP and Bu) were determined by calculations using
a proprietary core/fuel assembly simulator computer model. The simulator
computer model was used to calculate the operating parameters for each of
the 12 axial nodes in each fuel assembly. Inasmuch as the simulator com-
puter models cannot track transient xenon, calculations were made assuming
both zero and equilibrium xenon at each axial node. The actual operating
power (P and AP) at each axial node was then estimated, with respect to
zero and equiTibrium xenon, using a transient xenon computer model which
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Data

had been subsequently calibrated in a similar reactor subjected to the
transients represented in Data Sets 3 and 4. The uncertainty in calcu-
lating the operating parameters is estimated to be within 5%.

For both data sets, the duration of the transient was estimated to be
5 hour or less. The actual time-to-fail for any of the failures is
unknown, although all failures are presumed to have failed within the
approximate 5-hour duration of the transients.

Both data sets encompass a relatively broad range of pre-transient and
transient increases in power but only a relatively limited range of fuel
burnup, The pre-transient power (Pi) ranged from ~5 kW/ft to ~1ZkW/ft.
The transient increase in power (AP} ranged from ~1 kW/ft to 10 kW/ft.
The fuel burnup ranged from 5 GWd/MTM to 12 GWd/MTM.

Set 5§

This data set consists largely of failures derived from power ramping

experiments conducted in both test and commercial reactors. The data to a

Targe extent were derived from singie fuel rods in one-of-a-kind experiments.

This
1I

data set is characterized by the following:

In at Teast some cases, the immediate pre-transient fuel rod power appears
to have been rather severely suppressed. The fuel rod pre-transient power
suppression is estimated to be about 25%, but no values were reported.

In power ramping experiments, the power ramps were deliberate and pre-
programmed. In at least some of these experiments, the power ramp
increases were not continuous throughout the experiment. We do not know
what effect this discontinuity in power increase has on the susceptibility
of a fuel rod to PCI failure.

This data set included 12, “"time-to-failure" data points. In each
instance, the reported time-to-failure is actually the period of time
following the power increase when failure was indicated by the detection
of the tell-tale fission products in the coolant.
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2.3 STATISTICAL ANALYSIS

The data for each of the data sets were examined using standard statisti-
cal techniques. The procedures give an indication for the grouping of the data
and the relative spread of each of the points.

As part of this analysis, the mean standard deviation, and minimum and
maximum value of each parameter, as well as for histograms, were computed and
are reported in detail in Appendix A. The results of this analysis are sum-
marized in Tables 2.2 and 2.3.

2.4 DATA QUALIFICATIONS AND LIMITATIONS

The general data characteristics for Data Sets 1, 2, 3, 4, and 5 are given
in Table 2.2 and 2.3.

For the five data sets shown, the failed fractions range from about 0.12
to 0.48 and appear to be generally greater than those reported for the nuclear

(1-6) Some of these data are considered to be the result

industry as a whole.
of atypical reactor plant operation and therefore the failed fraction may rea-
sonably be expected to be greater. For the remainder of these data, one pre-

sumes that the sampling may have been atypical.

As shown in Table 2.1, there is considerable diversity in fuel designs,
Considering the diversity in both fuel designs and transient conditions fraom
which these data were derived, it is doubtful that any one data set and Data
Set 5 in particular would be wholly representative of the PCI fuel failure
phenomenon.

e Figure 2.1 shows the composite data, Data Sets 1 through 5, collapsed on
the Pf versus Bu, Pf versus AP, and AP versus Bu planes.

e Figure 2.2 shows the composite data, Data Sets 1 through 5 in an isometric
view using the parameters P., AP and Bu.

e Figure 2.3 shows the composite data collapsed on the Pi versus Bu, P
versus AP, and AP versus Bu planes.

.‘I

¢ Figure 2.4 shows the composite data in an isometric view using the param-
eter Pi’ AP and Bu.
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TABLE 2.2, Data Set Characteristics

Data Set gﬁﬁd?is No. of Bumdles No. of Bundles
Identification In Set That Failed Did Not Fail Failed Fraction
1 104 46 58'2) 0.4412)
2 572 67 505 0.12
3 518 134 384 0.26
4 481 101 380 0.21
5 119 57 62 0.48

TABLE 2.3, HNumerical Characterization of Each Data Set

Date Set Initial Power kW/ft Power kW/ft Burnup GWd/MTH
Identification X g Min Max X o Min Max = X g Min Max_
1 6.1 2.5 0.3 103 8.3 3.3 0.5 14.7 4.1 1.5 2 6.3
2 2.9 1.1 0.8 8.0 5.5 2.8 0 11.5 5.4 5.1 1.4 25.5
3 8.8 1.5 6.6 15.0 2.8 1.1 0.3 6.9 1.2 1.6 5.5 12.0
4 6.2 0.8 2.9 9.4 4.2 2.1 1.2 10.5 1.7 0.6 7.7 11.8
5 10.0 2.7 4.6 19,2 6.6 3.0 0.9 16.3 8.2 5.5 0.9 3.6

where X = mean value

g = standard deviation

Min = minimm value in the Data Set

Max = maximum value in the Data Set

{a) Fifty-eight (58) bundles were ramped in the same fuel channels as the defects at the same time

and did not fail, Five thousand (5000} other bundles exposed to power ramps have also
remained intact.

In these figures, Data Set 1 is identified by the numeral 1 for non-failures
and by the letter A for failures. The remaining data sets are similarly iden-
tified by their set number, denoting non-failure, and a corresponding set Tet-
ter denoting failures. As shown in Figures 2.1 through 2.4, each data set
occupies a limited volume of three dimensional space defined by the coordinates
P {either Pi or Pf), AP and Bu. Under these circumstances, it is doubtful

that any one data set would be wholly representative and fully adequate to
describe PCI fuel failure.
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APPENDIX A

NUMERICAL CHARACTERIZATION OF EACH DATA SET

The raw data for each of the sets can be characterized using standard
statistical techniques. These procedures given an indication of the grouping
of the individual data points and the relative spread of each of the points,
It also gives a means of looking at the individual data sets relative to each
other and how they relate to total range of P, AP, and Bu.

It would be desirable if each of the data sets were uniformly distributed
over the region of interest in the (Bu, Py, AP) space. Such data would
provide the most information about probability of failure and also allow the
different data sets to be compared on similar terms. The data sets that were
presented for this study do not fall in this classification.

The following statistics were calculated for each data set;

1) the mean location of the observations in the P, AP, Bu space
!
2) the standard deviations of each coordinate in the P, AP, Bu space

3) the minimum and maximum values attained by each coordinate

4} the correlation matrix of the individual parameters and the eigenvalue
decomposition

5) histograms for each coordinate for both failed and non-failed data.

These statistical quantities have been computed for each of the 5 data
sets (see Tables A.l through A.5), where the general vector X = [Xl, X5 X3]
is used for Bu, P;, and AP. The results of these calculations show that
relative spacing of the individual data sets and give a measure of how well
they might be expected to fit together in one common set,

The mean and standard deviation for each of the parameters characterizes
the grouping of the data along the Burnup, Initial Power and A Power axis.
These values are also used to compute the correlation matrix and the
associated decomposition of this matrix into its eigenvalues and
eigenvectors,
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If the correlation between Xl, XZ’ or X, is equal to unity then it

3
is an indication that that particular variable of interest is linearly
dependent on the other variable. A correlation value of zero shows that there

is no relationship.

The eigenvalues for the correlation matrix give an indication of the
grouping of the data about either a line or plane in X space. A very large
eigenvalue for one direction with the other values very near zero gives an
indication that the data are grouped about a line in X space.(a) If the
eigenvalues are of approximately equal magnitude then the data are not grouped
around a line but are in a ball. The eigenvector gives the direction
cosines for each of the associated eigenvalues. The eigenvector associated
with the largest eigenvalue can be considered as the major axis of an
ellipsoid encompassing the data.

The absolute magnitude of the components of the correlation matrix, as
well as the eigenvalues and eigenvectors are all normalized. The values then
show the relative magnitude and the relationship between different axis or
directions in X space. The correlation matrix is calculated from the
covariance matrix which includes the variances reported in Tables Ajl through
A-6.

The covariance matrix S = [Sij] of the vector X(X;, X,, X;) where
X is the set of variables burnup, intial power, and delta power, is a positive
semi-definite symmetric 3 x 3 matrix. It contains all of the covariances of
the coordinate pairs in the vector %. This can be described in terms of an
equation as:

Sij = Lov (x'i’ XJ) = E([X,i - E(xi)) [(XJ - E(XJ)])
where:
E(Xi) = mean of the variable X,
X. = variable for the coordinate i

(a) one zero eigenvalue indicates the data points lie on a plane, and, finally,
if the three eigenvalues are about the same magnitude the data cluster is
spherically shaped.
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The covariance matrix provides information about the dispersion in the
data and any linear dependencies that may exist between the coordinates in &.
The values on the main diagonal of this matrix are the variances of the
respective coordinates. The square root of the variances on the diagonal are
the standard deviation reported in Tables A-1 through A-5.

When the coordinates Xi are not all of the same magnitude, it is better
to normalize the coordinates by dividing by the standard deviation. This

becomes the correlation matrix R = rij

where

S..
r = 1J —
V>4 \ﬁij

\/511 = standard deviation for the Xi coordinate.

If, for example, coordinates X2 and Xa are linearly dependent, the

|r23!= 1. To Tlocate the more subtle linear dependencies in the data, one
must decompose the matrix R into its eigenvalues and eigenvectors. Any
eigenvectors that are associated with a zero eigenvalue describe a linear
dependency between the cordinates in {. That is, if x = (Vl, vz, Va)

is an eigenvector associated with zero then,

Dy - B Vi - B ¥yt - EOX)]
Vsu VS22 533

for any vector % in the data set.

0

The eigenvectors associated with non-zero eigenvalues also have a
geometric significance. The eigenvector associated with the largesteigenvalue
describes the direction in which the 3-dimensional point cluster is most
elongated (after the data has been scaled by dividing each coordinate by its
standard deviation). In general, each eigenvector represents a principal axis
of an elipsoid that describes this scaled data.
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TABLE A.1. Data Set 1

STATISTICAL CHARACTERIZATIONS

# of Observations = 104

# of Failures = 46

Proportion of Failures = Q.44

Coordinate Summary
Coordinate Mean Stnd. Dev. Min. Max.

Burnup(X1) 4.054 1.52 2. 6.33
Initial Power(Xo)} 6.124 2.54 .3 10.3
Delta Power(X3) 8.284 3.33 .5 14.752

Analysis of Correlation Matrix

Eigenvalue/Vector Decomposition
Correlation Matrix Value 1752 .1986 2.5262

X1 X2 X3

X1 1 .8000 -.0988 -.5919
Xo 779 1 vector -.3255  .7522 -.5663
X3 -.806 -.703 1 .4041  .65457 .5735

Histogram of Burnup

Non-Failures Failures

Middle of Number of Middle of Number of
Interval Observations Interval Observations

2 . 0 18 *hikkkkkkihkkkikikhkkick 2 . 0 9 *hkkkkkikk

2 . 5 0 2 . 5 14 *hkkkAhhkkkkkkhkitkx

3.0 0 3.0 0

3.5 0 3.5 0

4.0 0 4.0 0

4.5 3 4.5 0

5 . 0 2? *hkkkAkkkhkkixkhkxihkkhkkhikhkiiik 5 . 0 6 *hkkkk

5 . 5 6 kR ki 5 . 5 13 TEhhkEAAAkkkhkhik

6.0 4 ek 6.0 3wk

6.5 1=
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TABLE A.1. (contd)

Histogram of Initial Power
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Histogram of Delta Power
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0
17
15
7
10
6
1

*k

dodedodedodod de dodekdedok dok ok
Fo e de e do e ke e dedodek doke
Fohk e dokek
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0
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TABLE A.2. Data Set 2

STATISTICAL CHARACTERIZATIONS

# of Observations = K72
# of Failures = b7
Proportion of Failures = .12

Coordinate Summary

Coordinate Mean Stnd. Dev. Min. Max.
Burnup (X1) 15.369 5.09 1.425  25.484
Initial Power(X2) 2.916 1.13 .84 7.97
Delta Power(X3) 5.503 2.77 -.11 11.54

Analysis of Correlation Matrix

Eigenvalue/Vector Decomposition

Correlation Matrix Value 4834 1.2028 1.3D078
1 X X3
X1 1 -.5336 -.8441 | -.0526
Xo  .233 1 vector -.6014  .3350 -.7253
X3 -.223 -.307 1 4947 .4184 .68k4
Histogram of Burnup
Non-Failures Failures
EACH * REPRESENTS 5 OBSERVATIONS
Middle of Number of Middle of Number of
Interval Observations Interval Observations
2. 8 ww 2. 0
4, 12 i 4, 2 *x
6. 13 Fxx 6. 1 *
8. 31 *hkkdk 8. f Fkkikk
10. BD *kkkkkkkki 10. f *kkkik
12. 3] *Ekkkdk 12. 4 *kkx
14' ?4 *hhkkAkkkkhkkihkk 14_ 11 oAk dodck ok ki
16. B3 *kkkkkkkkkkik 16. 17 H*hkdekkkhkkkkkkkkk
18. G5 Fdddkdokdoniconicok 18. 4 hkkk
20. 10? 7o 33 e Jo v Ao e doke dode o ke v ke ke ke ik 20- g *********
22, 29 Fhckkkk 22. 2 *x
24. 19 *dux 24, 3 whx
26, 4 *
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TABLE A.2. (contd)

Histograms of Initial Power

Non-Failures Failures

EACH * REPRESENTS 5 OBSERVATIONS

Middle of Num

Interval Obs
1.0 16
1.5 22
2.0 86
2.5 149
3.0 117
3.5 34
4.0 19
4.5 27
5.0 5
5.5 4
6.0 12
6.5 5
7.0 5
7.5 4
8.0 1

EACH * REPRESE

ber of Middle of Number of
ervations Interval Observations
vk ok 1.0 0
ik 1.5 1 n
AEkkEkkkkkkkkikkkkkiki 2'0 ? *hkkEkkkk
Fdhkdek ek kAR ik kdkdkkdikkkikik 2_5
ket it dedndrd st i it dsd &dd 3_0
*hkkk ik 3_5 ? dhdedkk ki
*kk Rk 4.0 7 kkkkkikk
ik ik 4'5 1 *
*
*
x4 %
*
*
*
*x
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TABLE A.3.

Data Set 3

STATISTICAL CHARACTERIZATIONS
# of Observations
# of Failures

Proportion of Failures

= 518
134
0.26

H

Coordinate Summary

Coordinate

Burnup(Xjy)
Initial Power(X»)
Delta Power{X3)

Mean Stnd. Dev. Min. Max.
11.210 1.62 5.5 12.0
8.822 1.50 6.59 15.03
2.776 1.12 .32 6.9

Analysis of Correlation Matrix

Correlation Matrix

X1 Xo X3

X1 1
X2 .208 1
X3 =-.370 -.286 1

Value

vector

Eigenvalue/Vector Decomposition

Histogram of Burnup

Non-Failures
EACH * REPRESENTS 10 OBSERVATIONS

Middle of Number of
Interval Observations

el el et

NHFEFRFROOWWoom~I~-IOhU,m
OO OoONOoOOMoMOo MM Oo
bBbOODOOoODOoOOoO OO0 Oo0

38

A-8

.61634 ,8026 1.5811
-.6029 -.5441 -.5836
-.2406 .8214 -.5172

.7607 1714 .6261

Failures

EACH * REPRESENTS 2 OBSERVATIONS

Middle of Number of
Interval Dbservations
5 . 5 22 *ikdkk ik ik
6.0 4 **
6.5 1 *
7.0 0
7.5 0
8.0 3w
8 . 5 11 Rk ik
9.0 0
9.5 1? *hkEkhkkhkhk
10.0 60 kEAk kA KREkEAkkAEEARkAkEAkkEhkihkkkik
10.5 9 *hk ki
11.0 7 kkkk

e e 3 e e e ke e e e e e I e e e e e e de g e A e e e e e A e ke e ke ke



TABLE A.3. (contd)

Non-Failures Failures

EACH * REPRESENTS 5 OBSERVATIONS

Middle of Number of Middle of  Number of
Interval Observations Interval Observations

?_ 93 FhkkkAhkkkhkhikhkhkhkikhiix ?_ 13 *hkEkhkhkkhkAkkk

8. 85 wddkdkdkdkk ko ik 8. 4 kkkk

9. 166 Foie v Je v e v v v K K &kl vk 9_ 48 e vie e ve e vie 9 ke i e ek v o e e ek

ek Foke K oA & ek e ok dededdede dod e dodoe ke ek ek ok kk ko ki k ke hok
10. 20 wkkk 10. 35 Fdokdsedoddkdokkk ko Aok kokok
3 o I v e v vk ek de ek ok

11. 6 sk 11_ 31 e e e v vie i vl e v e gk v 3 e & e e ek e de de e e devek A

12. 0 12. 3 kkxk

13. 0

14, 0

15. 14 ***

Histogram of Delta Power
Non-Failures Failures

EACH * REPRESENTS 5 OBSERVATIONS

Middle of Number of Middle of  HNumber of
Interval Observations Interval Observations
.5 ] .5 0
1.0 30 wkkrak 1.0 g **
1.5 55 ket s d st by 1.5 4 ke o &4
2.0 56 dkskdkokddkdkkik 2.0 5 kkkkk
2.5 104 *kkkkkkkkkkkkkkhrkdk 2.5 7 Fkkdkkk
3_0 50 9 Yo ok ke ek Ak 3‘0 l? AhkEddeddrddkddkhkikik
3.5 59 Ak sk ke ek k 3.5 32 Fkkkkkkk ko kdk Ak Ak
ek ke A oWk Aodedk ek
4_0 12 F ik 4.0 43 e e g e ke Wk ok o T dede et ke ek kR &
ek e ik e g v de s Ao deviede ok ok Aok & ok
4.5 3 * 4.5 15 dekkirkkddkiokdkokk
5.0 0 5.0 g Akkdkddkk
5.5 0
6.0 0
6.5 3 *
7.0 5 *



TABLE A.4. Data Set 4

STATISTICAL CHARACTERIZATIONS

# of Observations - = 481

# of Failures 101
Proportion of Failures 0.21

Coordinate Summary

Coordinate Mean Stnd. Dev. Min. Max.
Burnup(X1) 11.696 .56 7.7 11.8
Initial Power{Xs) 6.186 .80 2,94 9.44
Delta Power(X3) 4,232 2.13 1.2 10.45

Analysis of Correlation Matrix

Eigenvalue/Vector Decomposition
Correlation Matrix Value .6079  .9914 1.4007

X1 X2 X3

X7 1 ~.7011 -.1640 -.6940
X, .026 1 vector  [-.0713  .9844 -.1606
X3 -.390 -.066 1 7095 .0632 .7019

Histogram of Burnup

Non-Failures Failures

EACH * REPRESENTS 10 OBSERVATIONS EACH * REPRESENTS 2 OBSERVATIONS
Middle of HNumber of Middle of  Number of
Interval Observations Interval Observations

7.5 0 7.5 2 *

8.0 0 8.0 3 *x

8.5 0 8.5 0

9.0 0] 9.0 1 *edkkk

9.5 0 9.5 0

10.0 0 10.0 0

10.5 0 10.5 0

11.0 0 11.0 0

11.5 0 11.5 0

12.0 380 e v e vk v v e vk vie e vie e e e e e e 12_0 85 ek Je e T e A doke Aok iAok e dode e ke ko

Fokede ke kdok A-10 Je e dode e g dedr Ao e dedoede ok e ke dok ki



TABLE A.4.

(contd)

Histogram of Initial Power

Non-Failures

EACH * REPRESENTS 5 OBSERVATIONS

Middle of Num
Interval Obs
3.0 1
3.5 0
4.0 0
4.5 2
5.0 28
5.5 81
6.0 121
6.5 77
7.0 21
7.5 21
8.0 18
8.5 4
9.0 4
9.5 2
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TABLE A.5. Data Set 5

STATISTICAL CHARACTERIZATIONS

# of Observations = 119

# of Failures 57
Proportion of Failures 0.48

Coordinate Summary

Coordinate Mean Stnd. Dev. Min. Max.
Burnup(X1) 8.227 5.46 .88 31.592
Initial Power(Xo) 9.982 2.73 4.572 19.202
Delta Power(X3) 6.579 3.04 .945  16.307

Analysis of Correlation Matrix

Eigenvalue/Vector Decomposition
Correlation Matrix Value .4614 11,0169 1.5216

X1 X2 X3

X1 1 -.3300 -.8971 -.2938
X0 .021 1 vector -.6319  .4412 -.6372
X3 -.234 -.475 1 .7012  .0246 7125

Histogram of Burnup

Non-Fatlures Failures

Middle of Number of Middle of Number of
Interval Observations Interval Observations
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APPENDIX B

STATISTICAL MODEL ANALYSIS

B.1 FORMULATION OF THE OBJECTIVES

The primary objectives of this work is to develop a realistic estimate of
the probability of failure for a fuel rod exposed to a given set of transient
conditions., Probability of failure can most reasonably be considered to be a
function of p(é) of certain variables:

which describe the fuel rod and its environment.

If the form of the function p(é) is known except possibly for certain

coefficients, then the problem of estimating p(i) is reduced to one of

estimating these unknown coefficients. Under these circumstances p becomes a

function both of s the vector of independent variables and E, a vector of
unknown parameters (coefficients). This relationship is made explicit by
writing;

p(x l 8)

For example, one might suppose p has the following form;
- -1
P X T = [l rexp (Bg+ Byxy + Bpxp + B3x3)]

If a method can be found that will estimate the parameter vector Q from
the available data, then these estimates can be substituted into p (é l E) to
provide an estimate for probability of failure under each set of conditions
described by §. In fact, once a specific form for p (é I E) is selected,
there are several statistical methods that can be used to provide an estimate
for the parameters E.
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B.2 THE DATA

Many measurements may be required to completely describe the fuel rod and
its operating environment. However, three variables have been provided by
this study. They are:

X = Bu = Fuel rod burnup
Xy = P; = Power experienced just before a transient
Xq = AP = Power change experienced during a transient.

Additions to the above 1ist have been suggested. For instance, dwell-time
and rate of increase in power (ﬁ) may possibly have an important effect on
probability of failure.

These parameters could be built into the probability model by introducing
a new variable x, and xg etc. The results of using such additional
parameters would be to possibly improve the fit of the data and reduce some of
the spread or scatter that was observed using the three parameters Bu, P
and AP.

1

In order to estimate the unknown parameters in the function p (é [ Q),
the following information must be recorded for each fuel rod in the study.

¢ The fuel rod status. (Whether or not it failed after experiencing the
transient.)

s The values of all variables in the vector X

Fuel rod j will have, then, the values Yj and 5j associated with it where;
1 if fuel vrod i failed after the transient.

0 if fuel rod j did not fail.
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B 7] ]
xlj Bu
X, = Xp5] = Pi | Burnup, initial power, delta-power
v environment experienced by fuel rod j
¥n s AP
L33 L

The dependent variable Yj will have a binomial distribution determined by
the probability p (xj | E). Hence, Yj will be distributed as;
My

plxs | 8) SIL- e (x

1-¥Y,
| 8)17 73
]
The above distribution will play an important role in the formulation of a

method to calculate estimates of E from the data I.

The raw data has been summarized by data sets in Tables B.2 through B.6.
It would be desirable if the observations from each data set were more or less
uniformly distributed throughout the region of interest in the X space. Such
data would tell us the most about p Q§ | E) and also allow the different data
sets to be compared. To obtain some rough ideas concerning the location and
dispersion of the point clusters in the X - space, the following statistics
were calculated for each data set and have been reported in Tables B.?
through B.6.

(1) Mean location of the observations in the x space

(2) the standard deviations of each coordinafg in X

(3) the maximum and minimum values attained by each coordinate in X
(4) the correlation matrix of X and its eigenvector decomposition

The eigenvector decomposition of the correlation matrix tells whether or not
the data almost lies on a plane in thefé - space. If the data lies on a
plane, one of the eigenvalues will be zero. If two eigenvalues are zero and
the third not zero the data lies on a line.

B.3 METHOD DF ESTIMATING E

The maximum 1ikelihood method was used to obtain estimates for E.
Maximum likelihood is a well known and versatile method for estimating unknown
paramefers of probability distributions. Two of the more important properties
of maximum likelihood methods are:
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1) The estimates E, converge to the true vector E rapidly as more data is
taken.

2) E is asymptotically normally distributed and the covariance matrix of
Y]
this distribution can be calculated.

This allows error bounds on Q to be calculated (see references 1, 2, 3 for
further details). Using propogation of error formulas along with (2}, one can
calculate error bounds on the curve p (é l E). The maximum 1ikelihood
estimate 8 is obtained by maximizing the probability distribution (the
likelihood) of the data with respect to E. In the present case, this requires
the maximation of;

1-Y.

Yj J
p(itjlg) [1-p( IE)] (1)

n =5 =

AAIES

X
j W

1

or, equivalently, the mininization of;

N ,
-2 () = - j}z‘l Yy (p(r{j | fi)) +(1-Y,) In (1 - plx; | E)) (2)

Expression {2) is usually minimized, because this is an easier task and also
yields resuits that can be used in hypothesis tests, -&(B8) could be minimized
using any one of many methods. Jennrich(q) presents one ;uch method for
dealing with this problem,

If replicate observations exist in the data (repiicate observations are
fuel rods that experienced the same conditions 5), then one can modify (2}
slightly to obtain a goodness of fit statisEic. Under these circumstances,
one can calculate a probability of failure Pj at each point xj by forming
the ratio

# of fuel rods that failed under condition %i

Q>

j ~ " of fuel rods that experienced condition X;

The goodness of fit statistic is simply;
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s s

5 N P, 1P,
=2z Yjﬁn—JT+(1-Yj)£n l (3)
51 p(x;18) 1 - plx;l8)
4"

The above expression can be minimized instead of (2) to find the maximum
likelihood estimates. When no replicates exist in the data, {2) and (3) are
equivalent except for the factor 2. When the data 1 actually comes from a
binomial distribution determined by the function p{x|8), the statistic x2
will have a x2 distribution with M degrees of freedgﬁbwhere

M =N - dimension of E vector.

The statistic (Equation 3) could be used to gauge goodness of fit even
when no replicates exist in the model but under these circumstances, it will
be inaccurate. One could also create artificial replicates by dividing the
x - space into cubes of sufficient size to contain multiple observations. ATl
Ebservations in each cube could be considered to have experienced essentially
the same transient and could be assigned a common { - value, say the é - value
representing the center of the cube.

B.4 POSSIBLE CHOICES QF THE FUNCTION p(x[El

There are a great many different functional forms that have been
suggested for p(élg). However, many of the popular forms have, at least, a
common structure, p(£|E) is constructed from two functions, a stress function
S(Q;E] and a distribution function F(t).(q) It is assumed that the
experimental unit (in our case, a fuel rod) fails only when the stress S(ﬁ;ﬁ)
exceeds the experimental unit's tolerance, T. The stress, S{x;g), is assumed
to be a function of the independent variables X and can there?ogé be
controlled by the experimenter. But the tolerence, T of the experimental unit
is considered to be a random variable with distribution F(T)., Thus, the
probability that experimental unit j will fail when exposed to stress
S(éjlg) is just;
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plasle) = pr(Ty < stx;19)) = F(ste; 1)

The above structure concentrates attention on the stress function S(£|E)
because it contains the unknown parameter vector. The distribution function
F{t) is fregquently one of the following three distributions;

ft 1 :7-_2
(a) standard normal F(t) = J e 2z dz
NoZ2m

(b) exponential F(t) =1 - et

(c} logistic F(t) = ———l:f— or F(s) = 1
1+e 1+e”

5

Models that employ a normal, exponential, or logistic distribution are
called, respectively, the probit, exponential and logistic models.

The most popular forms for the stress function are those that are
simplest. Consequently, functions that are linear in the B's are most often
used as stress functions. For instance;

SXsB) = By * Byxp * BpXp ¥ B3¥g
or

S3B) = By * 81X ¥ ByXp * B3X X
or

SQUE) = Bp + Brxy ¥ Byxg FBREn X

are all linear functions of E.

0f the three candidates for F(t) discussed above, the logistic
distribution appeared to be most reasonablie for the present problem. First of
all, the logistic distribution has a symmetric S-shape, and secondly, the



logistic distribution is mathematically simple; a great aid when calculating
the maximum likelihood estimates. It is hoped that the use of the logistic
distribution wouid give about the same results as any symmetric S-shaped
distribution,

Several different forms of the stress function were fit to the data.
They are;

(a) Cosh Failure Model;
8 X2—83(1+e

Ly = 2
S(Q,Q) Byt Byxg - —5 cosh 5

{b) Main Effects Model;
S(x3B) = By + Byxp + Byxy + Baxg
{(c) Second Order Model;

S(x38) = By + Byxp + Byxy + Byxg + Baxpxy + Bpxpxg + Bexyxg
The Cosh model is based on physical constraints and engineering judgment
of the failure data. The main effects model is the simplest formulation that

can be used to treat a three parameter model.

B.5 RESULTS QF FITS

Maximum likelihood fits for all three models are listed in Table B.1
through B.3. These tables contain the maximum likelihood estimates for the
parameter vector E, the standard deviations of these estiTates and also the
asymptotic covariance matrix for the vector of estimates E. Finally, a
goodness of fit statistic is calculated for each model along with the attained
level of significance for this statistic. The results of this work shows that
statistically all of the models fit the data about equally well and that the
selection of one model over another must be made on some other basis.
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The main effects or linear model was used to test the homogeneity of the
data sets The purpose of this work was to determine the statistical
justification for combining all of the data sets together. If the tests using
the linear model indicated that the industrial data sets were a subset of the
total population and not independent data sets it would lend credence to any
further statistical analysis that could be performed,

B.6 TEST FOR HOMOGENIETY BETWEEN DATA SETS

To test whether the data sets k = 1, 2, 3, 4, 5 are homogeneous, one can
perform the following test;

(1) Fit the model p(flﬁ) to each data set separately and calculate the
Toglikelihood for this fit. The loglikelihood associated with data
set K will be denoted by RK.

{2) Fit the model to all data sets simultaneously and calculate the
Toglikelihod for this fit. Call this loglikelihood L1

- _ 5
{3) For the statistic T = 2 [-2: ij - 2{]
j=1
(4) If the data sets are homogeneous, T should have a X2(4-P]
distribution where P is the dimension of the parameter vector E.
Thus, we conclude the data sets are not homogeneous when;

2
T2 ¥ o(4°P)

where o is the level of significance of the test.

Tables B.4 through B.5 give the results of the fits to the five sets of
data. Table B.9 breaks the test statistic T into contributions from each
difference data set. Since T = 686.27, and x?gg(ls) = 32, we see that the
data sets are not homogenous.

B-8



The conclusion that the data sets are not homogenous means that there is
not a strong justification for combining all of the data into a unified set,
It means that any further statistical calculations in terms of probabilities
will be only an indication of the true probability,

It must be remembered however that the data sets in themselves contain
much information which has not been quantified or included in the model
development. The parameters such as ramp rate, time to faiiure are prime
candidates for reducing the scatter in the results making the data sets
homogeneous.

This would mean that it may be justifiable to combine the data sets and
normalize the scatter by using these additional variables. The approach that
has been taken in this work is to use the data in a combined mode and based on
engineering judgment and a nonlinear regression of the failed data only
develop a failure probability model,

The form of this model is the Cosh model. Three parameters in the model
have been determined in a nonlinear regression analysis of the only failed
data the remaining three coefficients have been determined by the methods
outlined in this section. Statistically, interims of failed and non-failed
data this model fits the data as well as any of the other two models., From an
engineering judgment view point it is a reasonable choice for a stress
function as will be indicated in the next section.
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TABLE B.1. Fit of Cosh Model to Combined Data Set

Goodness of fit = 1446.31 Degrees of freedom = 1749
Level of sig = 1.000 # of free parameters = 3

Parameter Estimates

BO = -.377 + D.2511 81 = 0.583 + 0.0385
By = +0.631 *+ 0.0575
Covariance Matrix
0.6308-01
0.2099-02 0.1482-02
-0,1145-01 -0.1639-02 0.3308-02
The Model is
S = 80 + 31 AP - B, APSM
P.-P
_ 8.23 i a
APSM = == cosh ( 8.23)
P. = 12.70 (1 - e -3% Buy
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Bo
.818388+000
- .553843-001
- .632081-001
- .685634-001
.339209-002
.438033-002
.308081-002

TABLE B.2. Fit of Second QOrder Model to Combined Data Set

Goodness of fit = 1488.90 Degrees of freedom = 1787
Level of Significance = 1.000 # of parameters =7

Parameter Estimates

BO = -1.250 + 0.905 81 = -0.4172 + 0.727
82 = 0.2943 + 0.878 83 = -0.0254 + 0.0853
84 = 0.0048 + 0.0056 85 = 0.0507 + 0.0071
Covariance Matrix
Bl 82 83 64 85
.528404-002
.328707-02 .771068-002

.425028-002 .525171-002 .727503-002

-.299512-003 -.372663-003 -.213033-003 .310964-004
-.468538-003 -.160601-003 -.41378-003 .190433-004 .502423-004

.164456-004  -.556572-003  -.460078-003 .850214-005  -.746873-005

.880519-004
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TABLE 8.3. Fit of Main Effects Model to Combined Data Set

Goodness of fit = 1551.91 Degrees of freedom = 1790
Level of Significance = 1.000 # of parameters = 4

Parameter Estimates

B = -5.113 + 0.462 By = -0.02011 * 0.0176
B, = 0.3165 + 0.0289 By = 0.4020 + 0.031
Covariance Matrix
Parameter B0 81 B2 B3
Bo .213739+000
B -.635871-002 .308219-003
Ba -.113507-001 ,241789-003 .833213-003

B3 -.117460-001 .250051-003 .567643-003 .96979-003
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TABLE B.4. Fit of Main Effects Model to Data Set 1

Goodness of fit = 66.52 Degrees of freedom = 100
Level of Significance = 0.995 # of parameters = 4

Parameter Estimates

BO = -41.32 + 0.462 81 = -0.9869 + 0.477
82 = 2.338 + 0.705 83 = 2.652 + 0,593
Covariance Matrix
Parameter B0 B1 _ B2 B3
Bo ,881103+002
B1 - . 8080B5+000 . 227 258+000
B2 -.601840+001 .775217-001 4964714000

B3 -.554200+001 .452418-001 .378972+0D0 .351520+000
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TABLE B.5. Fit of Main Effects Model to Data Set 2

Goodness of fit = 359.70 Degrees of freedom = 567
Level of Significance = 1. # of parameters = 4

Parameter Estimates

By = -6.847 + 1.2 8, = 0.0575 + 0,031
8, = 0.3325 + 0.177 B = 0.4591 + 0.083
Covariance Matrix
Parameter B0 B1 B2 B3
0 .147013+001
B1 - .289823-001 .943277-003
By -.153308+000 .206352-002 .312862-001

B3 -.805768-001 .124618-002 .455848-002 .681520-002
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Parameter

TABLE 8.6. Fit of Main Effects Model to Data Set 3

Goodness of fit = 0.1 Degrees of freedom = 514
Level of Significance = 1. # of parameters = 4

Parameter Estimates

By = -226.9 + 1.61x10° 8, = -20.9 + 141
3, = 0.5349 + 38 8y = 0.9971 + 56
Covariance Matrix
Bo By B By
.258021+007
_.217491+006 .200044+005
- .848134+004 .625193+003 .144733+004

-.540854+004 . 7588154003 .214374+003 .313333+004
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TABLE B.7. Fit of Main Effects Model to Data Set 4

Goodness of fit = 277.38 QOegrees of freedom = 477
Level of Significance = 1. # of parameters = 4

Parameter Estimates

B = 33.43 + 6.43 By = -3.3 +75.9
B, = 0.0505 + 39.6 83 = 0.8829 + 36.2
Covariance Matrix
Parameter B0 B1 B2 B3
Bo .413565+002
Bq _.488006+003 .575847+004
Bo -.252620+003 ,298092+004 .156474+004

B3 -.221547+003 .261425+004 .134405+004 .131046+004
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Parameter

TABLE B.8.

Goodness of fit = 162.05
Level of Significance = .DO

8y = 1.44 +1.23
8, =-0.083 + .079

Bp
.150706+001
~.187618-001
~.855588-001
-.716421-001

&

.126441-002
.405936-003
.660561-003

Fit of Main Effects Model to Data Set 5

Degrees of freedom = 116
3 # of parameters = 4

Parameter Estimates

1]

By
B3

.0187 + .036
-.1274 + .075

Covariance Matrix

B2 B3
.630603-002
.3D0603-002 .554692-002
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