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The optimization of throughput in locally balanced queueing
network models is investigated. A general result, useful in
the design of computer system models, shows that throughput is
a nondecreasing function of the number of customers contained

in any subnetwork. Then processor allocation algorithms that
maximize throughput are shown for the case where processing
power can be switched between queues, as when several queues

are served at a single multiprocessor system. The maximization
of throughput is shown first in the case that processing power
allocations to a queue depend on the queue state only, and then,
in an extension of known locally balanced queue, the case in
which processing power is allocated on the basis of an entire
subnetwork state., The latter case provides a simple and optimum
rule for processor allocaticas that maximize throughput in net-
works containing multiprocessor systeas.

1. INTRODUCTION

The complete solution of queueing networks of arbitrary configuration is possible
only for the class of networks that have been variously described as separable,
locally balanced or admitting-a product form solution [13,3,8]. Recently, this
class of networks has been shown to- include queues with general service time dis-
tributions under several different scheduling disciplines, and multiple classes of
customers. As a result, the local bzlance model has found wide utility in the
analysis of computer systems and networks [1,37, It has been implemented as the
basis of several interactive systems that yield quick analyses of computer systams
and configurations [7,12]. Because of its unique tractability in general network
configurations, this network medel has also been studied as an approximation to
networks whose queues do not meet the local balance requirement £s5].

Some studies of locally balanced queueing models have assumed a limited variation
of the processing rate of the queue with the number of customers contained therein,
For example, in Gordon and Newells classical work, a queue was considered to have a
fixed number R of processors [6]. If the mean processing time of a single customer
is 1/u, then when the queue contains n customers, the mean processing rate of the
queue is nu for n € R, and Ry for n » R. However, it is not difficult to show that
the local balance property will be ratained if the number of processors in use at a
queue is any general function r(n) of the number n of customers at the queue. We
investigate the implications cf this and a more general foram of processing power
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allocation for the optimization of throughput.

Throughput is a central consideration in network models of computer systems, In
open network models, it is fully specified by the assumed rates of the external
sources, In closed networks, however, it is determined by the combined effects of
congestion at the various queues. The question of processing power allocation to
meximize throughput is important in the realistic case when processing power is
limited, but can be traded off between queues.

Consider, for example, the several possible interpretations of the subnetwork of a
closed queueing system, as shown in Figure 1., The queues might represent the se-
quential phases or steps of programs, with the parallel paths reflecting the dif-
fering requirements of identified special classes of programs, and the class of
general user programs, The processing units would then be the individual computers
at a computer center. \ ’

Alternatively, the queues may represent the phases of programs, either system func-
tions or user-written routines, loaded intd the executable memory of a multiproces-
sor system. Under either interpretation, the customers at the queues may be served
by any of the processors, If time-sharing with a small time slice is used, it will
be reasonable to speak of allocating a fractional number of processors to a queue.
Throughout, we assume that the processing rate of a customer is linearly related to
the processing power allocated him; the processing rate y on & single processor be-
comes rate ry when processing power r is allocated. The physical interpretations
impose only the following constraints on the queueing model: since not more than
n processors can be useful in serving a queue that contains n customers, r(n) € n;
and not more than the fixed number R of processors may be in use by the subnetwork
at any time.
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Figure 1l: Processor Assignments in Subnetwork
with Processing Power Tradeoffs
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In order to establish the policies for maximization of throughput via processing-
power tradeoffs, several general properties of throughput in locally balanced
queueing networks must first be established, These general properties are dis-
cussed in Section 3,

The question of processing power allocation is examined in two fundamental cases.
First, using the known model of locally balanced queues, queue-state dependent
processing rates are considered, This {s the case in which processing power ri(ni)

is allocated to queue i when it contains L customers., The processor allocation

decisions can be made locally to the queue by the software processor in control,
without considering the distribution {nj: J # 1}, of customers at the other queues

of the subnetwork., It will be seen in Section 4 that optimization strategies under
this form of processor allocation are severely couustrained,

Then the case of subnetwork-state dependent processing rates is considered,
The processing power allocations at queue i of the subnetwork take the form
ri(nl...nj...nM), when there are n, customers at queue j, for each of the M

queues of the subnetwork. The strategy for processor allocation in this case is
global to the subnetwork, Processing power allocations of this form require an ex-
tension of the known local balance queue model, The state probability solutions

for cases of n-queue parallel and two-queue series subnetworks with this form of
processing power allocation are shown in Section 5. The policy for allocating proc-
essing power for maximum throughput within the local balance constraint is demon=-
strated,

2, LOCALLY BALANCED NETWORKS AND NORTON'S THEOREM

The separable or locally halanced natworke to be comaidered have fiwed tupolugy.
After leaving queue i, a customer will go to queue j with fixed probability le

Let P be the matrix of transition probabilities pij' 1s4i, j €M, for a network
. fre——————
of M queues, Let Xi be the mean flow rate into queue i, If L = Xl XZ coe Xw
[V E—

is a vector of relative flow rates or throughputs for the network, then LP=L. If
the network is open, L is determined by the absolute input rate to the network.,

For closed networks, the above relation determines L to within a constent. Then,
if the network contains N customers, the actual throughput at queue i is given by

i(N) =1 , where G(n), n = 1, .., N, is- the normalization factor computed

GN-1)
iem
when the network contains n customers. G(n) is computed by the convolution algor-
ithm using the. flow vector L [2,11,13], Since the throughputs at the branches of
the network remain fixed relative to each other as N and the processing rates at
the queues are varied, the network throughput, or total processing rate, is opti-
mized as throughput in any branch of the network is optimized,

The throughput characteristics of two queue networks are of considerable importance
because of the reduction of arbitrary closed networks to an equivalent two queue
network made possible by Norton's theorem for computer networks [4]. The behavior
of a particular queue Q within a closed network 7y is the same as that of Q in a
netwotk with one other queue Q » which serves as the equxvalent of all the queues of

n excepc for Q (see Figure 2), The processing rate U(n) of the equlvalent queue, ;
when it contains n customers, is determined by comstructing network n’, which {s ' !
the same as n except for a short circuit in place of Q. U(n) is simply the mean i
throughput in the link replacing Q, when n’ contains n customers. To study via the
equivalent network,the effects of Q in n when n contains N customers, the rates :
U(1),e0.,U(N) must be measured in the link in n’, when n’ contains 1,...,N custom-

ers,



a) Network n
N customers

-{I[ _ Q,: UM-m) = T(N-n)

ik

Q:  u(n)
— ' > :II}
T(n)
b) Network n’ : ¢) Equivalent network
n customers N customers

Figure 2: Nortons EZquivalent Queue

It is possible to analyze in the same manner as Q the behavior of any subnetwork g
that can be isolated by a single pair of input and output terminals. Network n
may be therefore reduced to a two queue network; an equivalent queue for 7, and an
equivalent for the complement of 5 in =. Study of throughput in the two queue net-
work is straightforward, since the norzalization constant G(n) is expressed as a
single convolution.

-

3. THROUGHPUT AS A FUNCTION OF LOAD

An important characteristic of separabls queueing networks that can be determined
with the aid of Norton's Theorem is that the throughput, or output rate, of aay
subnetwork is a nondecreasing function of the load, or the number of customers in
the subnetwork. It is first shown that this holds for the equivalent two queue
network,

Theorem 1. Let u(m) and U{n) be the processing rates of the queues in a
closed locally balanced two queue network, when the queues contain m and
n customers, respectively, Let ~(N) be the mean throughput of the closed
network when it contains N customers., Then if uy(n+l) 2= u(n) and U(n+l)
2 U(n) for all 0 < n £ N, then T(N+1) 2 r(N).

The proof follows from the form of =(N) = Eé%ﬁ%l . The details are in Appendix A,

Through the use of Norton's theorem, the characteristic of nondecreasing throughput




with incréasing load may now be proven for all locally balanced networks,

Theorem 2. Let r(n) be the mean throughput in some branch of a closed
locally balanced network that contains n customers, If the processing
rate of each queue in the network is a nondecreasing function of the num-
ber of customers at the queue, then for all n > 0, v(n+l) = v(n).

Proof. The proof is by induction on M, the number of queues in the network, Let
TM(n) be the mean throughput in some branch b of a network of M queues that con-

tains n customers, Let u(n) be the processing rate of an arbitrary queue when it
contains o customers, and let u(a+l) 2 u(n). For M = 1, the network has only one
queue, but may have a number of probabilistically selected branches from the queue
back to itself.. Let p be the probability that a customer takes branch b in
returning to the queue., Then -rl(m-l) = pu(o+l) 2 pu(n) = q-l(n).

Let U(n) be the processing rate of the equivalent queue for an M - 1l queue network
with respect to branch b, Then by Norton's Theorem and the inductive hypothesis,
U(n+l) = TM_1(0+1) 2 TM-I(n) = U(n). And if the equivalent queue is placed in

series with a queue with processing rate u(n+l) 2 u(n), 1 € n 8 N, and there are N
customers in this network, then the throughput of the closed two queue network is
TM(N). But then TM(N+1) -3 TM(N) by Theorem 1. This completes the proof.

Queues that have a fixed number of processors available meet the conditions of this
theorem. But u(nt+l) = u{n) may not hold if processing power is traded off between
queues, .

4. THROUGHPUT WITH QUEUE-STATE DEPENDENT PROCESSING RATES

A queue may have the local balance praperty if each cuctomer has an exponential
processing time, or else if the queueing discipline is processor sharing or pre-
emptive last-come-first-served, The total processing rate of the queue may be any
function of the number of customers in the queue. We assume that 1/y is the wmean
processing time of one customer on one processor, and that the queue state is sim-
ply the number n of customers at the queue, If the number of processors assigned
the queue-is an arbitrary function r(m) of the queue state, then u(n) = r(m)u. We
will call processing rates of this form queue-state dependent,

There are several instances in which increased throughput can be obtained by dyna-
mically switching processors from one queue to another. For example, two queues
may represent two different processes or programs to be executed in one multipro-
cessor system, Then any or all of the processors may be available for either queue
when they are not required for the other. However, with the developed model of a
locally balanced queue (that is, with queue-state dependent processing rates), the
analysis of processing power tradeoffs is severely constrained. When the network
state changes by means of a customer moving from one queue to another, processing
power exchanges may take place only between the two queues involved in the tramsi-
tion;

Throughput with processing power tradeoffs between a single queue and the remainder
of the network can be analyzed in the network consisting of the selected queue and
the Norton's equivalent queue, But first, the relationship of throughput to pro-
cessing rates in a two queue network will be established when the rates at each of
the queues are independent of each other. This is expressed in the following theo-
rem,

Theorem 3. Let u(m) and U(n) be the processing rates at the queues of a
locally balanced two queue network, when the queues contain m and n cus-
tomers, respectively, and suppose all the U(n) and the y(m) are mutually
independent for 0 < m, n £ N, Let v(N) be the ‘throughput when the network
contains N customers, Then




-a) T(N), as a function of U(n), 0 < n $ N, has no extrema,

b). T(N) is a nondecreasing function of U(n) if u(i) = u(j) for all
jEN-nand N-n<isSN.

c) If r(N)y is a nonincreasing function of U(n), then it is a strictly
increasing function of u(N-n).

The theorem is proved by differentiating T(N) = Eé%ﬁ%l with respect to U(n), for
1 €n SN, The details are in Appendix B.

As a simple example, consider optimizing a two-queue network, containing three
customers in an environment where processing power tradeoffs between the queues
might. be possible. By Theorem 3b, both 11(3) and U(3) can be maximized without de-
creasing throughput 7(3). Suppose u(l) $ u(2), u(3). Then by 3b, U(2) can be max-
imized without decreasing 7(3). Likewise, U(1l) can be maximized if u(l), u(2)

S u(3). But suppose the conditiom u(2) > u(3) holds. Then, it is possible that
1(3) will decrease as U(l) increases. By 3c, T(3) will then be a strictly increas-
ing function of u(2). Although independence of the rates was assumed in the theo-
rem, switching processing power to minimize U(l) and maximize u(2) causes no con-
flict, and will be the optimal solution. But then, if the processing rate U varies
linearly with the processing power, as in the assumption of queue-state dependency,
U(l) will be reduced to zero, The network will effectively contain two customers;
which leads to-a refutation of the u(2) > u(3) assumption. Similar reasoning is
employed in proof of the following theorems.

The optimum allocation of R(N) available processors to a network that contains N
customers will now be considered. Suppose ti(ni) processors are allocated to queue

i; when it contains o, customers. A possible allocation strategy may be to hold
some processing power {n reserve, that is, Zri(ni) < R(N) for some network state
(nl...nM); the reason for doing this may be to ensure that more processing power
is available for ri(ni+l), or even ri(ni-l) i1f throughput might be more sensitive
to those rates., But it can be shown that throughput cannot be optimized by such
strategies, :

Theorem 4, Let R(N) be the processing power available to be allocated to the
M queues of a closed locally balanced network that contains N > 0 customers.

Let ri(n) be the processing power allocated queue i, when there are n customers-

at queue i, for 1 € i € M, Let TM(N) be the mean throughput at some branch of
the network.

a) Then for maximum TM(N), the available processing power must always

. M . M
be fully utilized; that is, ¥ ri(ni) = R(N) for all % a, = N,
i=1 i=1

and ri(O) =0forl£isM

b) And any processing power distribution meeting the above constraints
provides the maximum throughput, and when TM(N) is maximum,

TM(N) = kR(N), where k is a constant,

The proof is again by induction on the number of queues in the network. The M
queue network is reduced to a two queue network by Norton's Theorem. Then

«




Theorem'3 is used to show that for maximum throughput, each processing rate of the
two queue network must be maximized., The détails of the proof are in Appendix C.

Therefore, for maximum throughput with queue-state dependent rate assignments, the
processing power added to one queue must be exactly that taken from another when-
ever there is a transition between the queues. But for closed networks with more
than two queues, it can be seen that this determines the processing power uniquely.

Theorem 5. Consider any network of M > 2 locally balanced queues, con-
taining N customers, in which any fraction of the processing power of
R(N) processors may be assigned to any queue. 1f ri(n) is the processxng

'power assigned queue i when it contaxns n customers, for 121 % M, then '
throughput is maximized by che ass1gnment ri(n) = ER(N)

Proof. From rheorem 4, for maximum throughput, one must consider processing power
allocations suech that

M .
z ti(n ) = R(N) for each network state (n ...nM). When there are N « k'
i=1 .

cqstomeis at queue one, the processing rate at queue one remains constant and inde-
pendent of the distribution of the remaining k customers., Therefore, for 1 < { € n,
ri(k) = R¥) - rl(N-k). Similarly, when there are N - k customers at queue two, for

2 < 1_5 M, rl(k) = ri(k) = R(N) --rz(N—k). Hence, ;i(k) = rj(k) for 1 $i, § €M,

as long as M > 2, Consider the case k = 2, With N - 2 customers at queue one,
the remaining two customers may both be at queue i, or may be at queues i and j,
1 <i< jSM, while the processing rate at queue one remains constant, Hence,

(2) =T, (1) + rJ(l) = ZtL(l). Similarly, considering k =3, 4,,,N it is seen

thac r (k) = kr (1). And, since ri(N) = Nr (1), r (k) = = fot 1 £1i%M and

1€k s N. The p:opf is complete.

It is seen that there is a simple rule for optimally allocating processing power if
queue-state dependencies are assumed, But, it applies only if all processors may
be-freely switched to any queue in the network, This limits the applicability of
the model to networks of logical processes entirely within a single multiprocessor
system, in which any processor may execute any logical function, But in such case
there 1s-little scheduling difficulty. 1In a model of a computer network, the cap-
ability of processing power tradeoffs must be limited to subnetworks representing
processes that can. be served by compatible devices located at the same processing
center,

But in this case, it can be seen that queue-state dependencies cannot yield an
efficient solution., Maximum throughput requires full utilization of the available
processors. Since the number of customers in a subnetwork does not remain constant,
either procéssing power must be held in reserve when the number of customers in the
subnetwork is less than N, or else there is the possibility of an arrival to the
subnetwork when all of the processors are busy. If the arriving customer joins a
queue that is idle, a processor must be taken from another subnetwork queue, even
though there is no change in the number of customers at that queue, This violates
the assumption of queue-state rate dependency.

5. THROUGHPUT WITH SUBNETWORK-STATE DEPENDENT .PROCESSING RATES

Dynamic processing power allocations in a subnetwork can be useful to optimize
throughput only if they are subnetwork-state dependent; in this case, the process-
ing power at queue i of an M~queue subnetwork is determined by the function
ri(nl...nM? of the subnetwprk state, We assume as before that a total processing




power R(N) is available to a subnetwork when it contains N customers, and that the
subnetwork retains the local balance property, Consider, for example, the parallel
and series subnetworks of Figure 3. For either case, when there are m and n cus-
tomers at queues one and two, respectively, the processing rates are ul(m,n) and

uz(m,n), respectively, Each of these two-queue subnetworks will have the local

balance property if dnd only if

y(ma-l) u,(a-l,0)

ul(m’n) ] = 95697??“” , for éll a, n > 0. . (5-1Y -

u, (m,m)

L
m n
][] Lo et s
~— r(@,n) - r, (@,0)
rZ(mrn) : ,1—..4\_\ f\ZM\
OO0

Con
Mo (mym).
Figurc 3: Parallel aud Series Subnetworks
A gemeralization for more than-two queues is straightforward for the parallel case,

but not for the series subnetwork case. The state probabilities for either sub-
network are expressed by

M 22
P(m,m) = — - — P(0,0), (5-2)
'H ul(i,n) .H uz(O,i)
i=1 i=1

where Xl = plx, XZ = pzx for the parallel case, and kl = XZ = A for the series

case,

According to Norton's Theorem, the processing rate of a subnetwork that contains

n customers is the same as the throughput of the subnetwork when it stands alone
as a closed network containing n customers, This is because the distribution of
the n customers in the subnetwork is the same in either case., For both the series
and parallel subnetworks, then; maximization of network throughput apparently en-
tails maximization of each processing rate T(1), 7(2) ... T(N), which-are the
throughputs of the two queue network (i.e., the isolated subnetwork) containing
n=:1, 2, .., N customers, ~ By Theorem 4, these rates may be achieved by any pro-
cessing power distribution such that no processing power is wasted; i.e., for
waximum T(n), rl(n,O) = rz(O,n) = R(n) . But notice that if the local balance con-

_dition (5-1) holds, T(n) cannot be maximized independently of t(m-1), for 1 < n <N.

The optimization procedure is, therefore, not as straightforward as indicated above;
the details can be found in [10]. The result is that the optimal processing rate

et



assignments are consistent with full processinz power utilization, and are only
further constrained by (5-1). For maximum network throughput, when processing-
power tradeoffs in either subnetwork are possible,

r(m,0) =& RQY), and r,(a,m) = g ROV,

where m and n are the number of customers at queues one and two, respectively, and
N =m+ n,

The state probabilities for the subnetwork with this processing power éssignment
are . .

o+n. 1 m n

n ) a(mrn) P1 P2 £(0,0, |

P(m,n) = (

. xi n A .

where Tl and ¢(n) = T R(1). If R processors are available to the subnet-
. i i=1

work,

n! , for n S
a(n) =

_nlkn-R

, for n > R.

The state probability of this form will be a componeat of the product form solution
of any locally balanced network containing the subnetwork.

The result, that maximum throughput is achieved by sharing the prbcessing power
proportlonately based on the load at each queue, ¢an be generalized tor the case of
any fixed number of queues in parallel, This will serve as a local balance model
of a multiprocessor system handling parallel queues in a computer network.
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Appendix A: Proof of Theorem 1.

The throughput T(N) of the locally balanced two. queue network can be expressed as
the ratio of the normalization constants with N - 1 and N customers in the network.
Hence, the theorem is proved if

where
a Somy ' g
G(n) = 120 X(n-1)Y(i), and X(n) = iEL GETT and Y(n) igl G?IT
forn =0, 1 ... N.
The inequality (A-1) can be written e
G2ay) = GE*1)G(N-1) (A-2)

The terms of Gz(N) contain the factors Y({)Y(j) for 0 € i,. j S N. The terms of
G(N+1)G(N-1) contain the factors Y(i)Y(j) for 0 s i s N -1, 0€ J SN+ 1, In
both cases 0 € 1 + j € 2N. The inequality (A-2) is demonstrated by grouping the
terms into 2N + 1 inequalities, 1Inequality k, 0 € k € 2N, will have all the terms
with factors Y(i)Y(j) such that 1 + j =

First, consider the case 0 g k-< N, Collecting terms from (A-2),



K ' K

T X(N-L)Y(i)X(N- k+i)Y(k i) 2 T X@+L-L)Y()XWN-1-k+1)Y(k-1). (A-3)
i=0 i=0

Grouping coefficients of Y(i)Y(k-1),

N .
T [X-1)XN-k+i) - XN+L-L)XN-1-k+1) J¥(i)Y(k-1) =2 O. (A-4)
i=0

This sum can be rewritten as two summations; first for index { = 0 to [%J, and then
for 1 =k - [—] + 1 to k., If k is even, these two ranges obviously cover the range

0 to k. If k is odd, the term for 1 = [—] + 1 is missing., But the term in the

summation for this value of i is zero, Hence, rewriting (A-4) in two summationms,
and lettluyg § =k + 1 - i replace 1 as the index of the second summation, one has

[%] . e
zo (RO X -k+D) « X+1-1)XN-1-k+1) JY (L) Y Ck-1)
i=0 . 4

E—]

+ T [X(N-k +)X(N+1-§) - X(N- k+j)x(N -9) Y (k+1-3)Y(3-1) = 0. (A-5)
3=l

Note that for each X(m) X(n) in (A S), m+n=2N -k, Also, note that for any m,ﬁ
with « 2n and-any § S n,

X(m)x(n) - X(@t+iYK(n-1)

n o3 .
= X@x@-p (1 - 5120 : (4-6)
gen-jrl Y gy ( )

since all of the indices i, and hence rates u(i) in the second product are greater
than those of the first product. Therefore, the products X(m)X(n) for all
@+ n=2N - k are ordered inversely as [m-n|, or directly as min(m,n), If

i = oin(m,n) let X(x) = X(m)X(n) and let Y(i) = Y(m)Y(n). Then the inequality
(A-5) can be rewritten by selecting the smaller index of each product, as follows:

83 (5]
T (XN-k+i) - X(N-k+i-1)H¥(L) + T E@-k+j-1) - XN-k+3))T(3-1) = 0.
1=0 j=1

(A-7)
The summations of (A-7) can be combined And terms rearranged to obtain
k.
o Gl
(XN-K) - XN-k-1))Y(0) + £ [X(N-k+i) - XN-k+1-1)I{T(L) - Y¢i-1)] = 0.
i=1 C

(A-8)

‘1t is seen that each factor of every term of the summation is nonnegative. Hence,

the inequality is demonstrated.



Now consider the case k = N, 1In collecting all terms of (A-2) with factors
Y(1)Y(j) where i + j = N, G(N-1) contributes terms with factors Y(i) for
0${ <N -1, Hence, G(N+1) contributes terms with factors Y(j) for 1 £ j S N.
The inequality corresponding to (A-3) is
N © N-l
L XWN-ODY(L)X(L)YN-L) 2 ¥ X(i+1)YE-L)X(N-1-1)Y(i). . (A-9)
i=0 i=0

Collecting terms, and then adjusting the index of.the summation to range from 1 to
N, this inequality is written as follows:

. N ' )
X(OXMYOYQ) + T [X@+1-DX(i-1) - X(L)XO-1) JYN-1+1)¥(i-1) = 0.
i=1
(A-10)
‘The summation can be expressed as two summations, first with index i = 1 to [—],
then with { = N - [%] + 1 to N, noting that if N is odd, the term for i = [—] + 1

disappears. Then rewriting the second summation with index j =N + 1 - 1, one

obtains
[ 1
x(O)X(N)Y(O)Y(‘I) + r [XN+1-1)K(L-1) - x(i)xav i)]Y(N+1 -1)Y(i-1)
i=1 .
Cil
+ T [XCHXMN-3) - XOL-DX(-1) X YEN-1) = 0. (A-11)
et .

Then, if { = min(m,n), let X(i) = X(m)X(n), and Y(i) = Y(m)¥(n).

The summations of (A-11) can be combined and terms rearranged to obtain

[]

XY@ + £ [ Xy - X-1)IFW) - ¥(i-n = 0. (a-12)
i=1 ‘

Since each term in the summation is (A-12) nonnegative, the inequality is demon-
strated,

Last, the case for N < k € 2N must be considered. But from the symmetry of X

and Y in the definition of the function G, inequality k of A-2 is exactly inequal-
ity 2N - k with the roles of X and Y interchanged, Hence, it has been demonstrated
in the first case. -The theorem is proved.

Appendix B: Proof of Theorem 3

‘n i n
Let Y(n) = [I =>—— and X(n) = 11
g=1 UH i=

for 0 <n'S N, Let

1
L W)

N

GM) = T Y(i)X(N-1) be the normalization constant for the state probabilities of
{=0 :




the two queue network with N customers., Then for all N > O,

) = S&D ' @D

For 0 < n SN let G:(N) be all of the terms of G(N) that have the factor U'l(nx
N
G () = T Y()X(N-1),. ' (8-2)
i=n .
- . -. +
and G (V) = G() - GrV.
Then, differeantiating G(N) with respect to. U(n),
(M)

() TR '

-

and differentiating +(N) with respect to U(n),

dTQY) WA= ) 1
2U(a) [F(N) 2y - G(N-D bU(n)] Zon

-1

r.
=) + G MG DU

¥ .y
' - + Foon; -1 1
*"(Gn(N'l) + Gn(N-l))Gn(N)U(n) } -

A HON
= ‘-c (me m 1y +a - S oo | —1—- (8-3)
L U(ﬂ)G €))] -
The derivative will be nonnegative if
- + - +
G (N-1)GL M) = 6 NG (-1). 4 (B4

But each term of this. inequality has exactly one factor U'l(n). Hence, it may be
cancelled out of the inequality. As a function of U(n), T(N) is, therefore, either
always increasing, always decreasing, or is constant. This proves part a) of the
theorem. .

The terms on the right of the inequalicy (B-4) have factors Y(k)Y(i), 0 £k < n,
m €1 <N, and the terms on the left have factors Y(k)Y(i), 0 €k <n, n £ i SN.
The coefficient of each Y(k)Y(i) that appears on the right is X(N-k)X(N-1l- 1), and
the coefficient of that term on the left is X(N-1-k)X(N-i). Hence, if
X(N~-1-k) X(N-i) =2 X(N-k)X(N-1-i), the inequality holds. But since i >k,
X(N-1-1)X(N-1-k) can be factored out of this inequality, leaving 1 z 1 .
u®-1i)  u(N-k)
Therefore, if u(N-k) = u(N-L) for all 0 <k <n < i <N, r(N) 1Ls a nondecteas1ng
function of U(n). This proves part b) of the theorem,

In particular, it should be -noted that if u(i) = u(j) for all 1 > j, which is the
usual case, then T(N) i{s a nondecreasing function of U(n), for all n.

Now let H:(N"be the sum of all of the terms of G(N) that have the factor u'l(m).




+ N
HD = T Y(-0X(D) (3-5)
i=m .

and

H(N) = GOY) - H

SN = e - HLM.
Then, from the definition of H:(N), the following relationships are noted?¥

3+ - .

Byoa® =6, M) . ‘ (B-6)
and

Fo@-l) = 6@l ' 7

Hyg-n! ) n ). .o . (8-7)
By the steps leading to (B-4) the condition for Sﬁ%ég%; >0 isAdetermined to be

- + - +

Hy_ o (N-DEG_ () > Hy (M (1), -' (®-8)
Using (B-6) and (B-7) this can be expressed as

+ - + -

Gn(N'l)Gm-l(N) >6 (N)Gn(N-l). (B-9)

+ +,..

And then Gn+l(N) can be relatedsto Gn(N)’

Gra-DIG M + YN-0)X(m] > [ * - YN-m)x(w) I (N-1), (B-10)
which can be written

EG:(N-I)G;(N) - G:(N)G;(N-l)] + Y(N-1)X(n)G(N-1) > O (8-11)

The inequality (B-1l) must be satisfied if the term in brackets is nonnegative,
But, this term expresses the condition (B-4); it will be nonnegative of T(N) is a
nonincreasing function of U(n). This proves part c) of the theorem.

Appendix C: " Proof of Theorem &

The proof is by induction on M. First, consider any network with M = 1. Let p be
the probability that a customer leaving the queue uses a particular branch b in re-
turning to the queue. Let the processing rate at the queue be y when a single pro-
cessor is assigned the queue, If r(N) processors are assigned the queue when the
network contains N customers, the throughput in branch b is 7, (N) = pr(N)u. The
throughput is maximum 3hen r(N) = R(N). Then TI(N) = puR(N), which satisfies the

theorenm,

Suppose the theorem holds for all networks of M - 1 queues. Let +M-l(n) be the

throughput at some branch b of an M - 1 queue network when there are n customers in
the network, Then by Norton's Theorem, the M - 1 queue network may be represented
by an equivalent queue with respect to branch b, If U(n) is the processing rate

of the equivalent queue when it contains n customers, then U(n) = TM-I(n)' Let

Rl(n) be the processing power available to the M - 1 queue network. By the in-
ductive hypothesis, the maximum throughput at branch b is TM_I(n) = URl(n), where

U i{s a constant, and is achieved when processing power Rl(n) is fully utilized.




This 1is alsb the'maximum processing rate of the equivalent queue when it contains n
customers and has available processing power Rl(no.

Let TM(N) be the throughput in the two queue network consisting of the equivalent

queue in series with queue M; this will be the same as the throughput in branch b
of the. M - 1 queue network with queue M inserted in branch b. Assuming the pro-
cessing rate at queue M is u(m) = r{n)u when it contains n customers and 1is using
processing power r(nm), the throughput of the equivalent two queue network is deter-
mined as follows. .

Let G(n), x(n) and Y(n) be as defined in (A-1l).

. . G(N-1) .
Then TM(N) ) _ (€-=1)
Let R(N) be the processing power available to the M queue network when it contains
N customers. And let p(n) = %%%% be the optimum fraction of the available: process-
ing power to be used by queue M when it contains n $ N customers, in order to max-
imize TM(N). Then u(n) = p(n)R(N)u are the processing rates at queue M that maxi-

mize TM(N).

Let ;(n) =1 - p(n). Then, for maximum TM(N), prbcessing power Rl(n) = ;(n)R(N) is

available to be allocated to the equivalent queue'when it contains N - n customers.

Examining (C-l1) shows that for maximum T“(N), U(N) and u(N) are to be maximized.
. 3 A :

Clearly, all available processing power.is used for these rates, so that
p@) =0(0) = 1. '

Note that p(n) > O for all n > 0 may be assumed, For if this is not the case, let
o be the largest integer for which p(m) = 0, Then at least m customers will always
be at queue M, Let N’ =N - mand u’(n) = u{n+tm). Maximization of TM(N) is accom-

plished in this case by considering only the rates U(N’-n) and u’(n), for n S N’.
The result will be the same as maximization with p(n) > 0 for n $ N, if it is shown
that processing power is fully utilized when there are m customers in queue M. But
note that p(m) = 0 only if TM(N) is a nonincreasing function of u’(0). By Theorem

3c, then, TM(N) is an increasing function of U(N'), and hence, E(m) =1,

.

With the rates g(n)R(N) for queue M fixed at the values required for maximum TM(N),

" the rates U(n) may be selected within the range 0 £ U(n) € U;(N—n)R(N) to maximize

TM(N). . '
Suppose TM(N) is not an increasing function of U(n), for some n < N. Then, by

Theorem 3C, it must be an increasing function of y(N-n). Then o(N-m) = 1, and,
therefore, U(m) = 0. If m is the largest integer for which TM(N) is not an in-

creasing function of U(m), then there will never be less than m customers at the
equivalent queue. Hence, letting N’ =¥ - m and U’(n) = U(n+m), only rates U’(n)
for 0 € n'< N’ must be considered in maximizing TM(N). And this maximization will

yield the same result as maximization with TM<N) an increasing function of U(n) for

all n > 0. Therefore, the maximum value U(n) = U;(N-n)R(N) must be chosen for
U(n), n € N in order to waximize 7, (N). This proves part a) of the theorem. Then
each term X(j)¥Y(k) of G(N-1), where j + k =N - 1, can be written

3



i ok -1 .
M 0 p(i) 0 pWW-1) . (c-2) .
i=1 i=1

XYy = wokgI*E

The terms of G(N) have the same form, but j + k = N, Each term X(j)¥(k) of .G(N)
with j, k > 0 contains the product

1
* (i) °

j-1
o LR l(N) 1H1 o (1) n - 1%

11
o(d) B B

1 Hence, it can be written
-1

k-1 -1

J
+ —1— Jyk-1gN-1 gy gl () T ae-1)
®m)| =1 0 g

1 1
= Em X(jfl)Y(k) R’ X(Hy (k-1). (c-3)
G(N) also includes the terms
. _1 .
NN, Nt 1
XM)Y(0) ={u RNy I po(f) = ) X(N-1Y() : (C-4a)
. i=1 ’ .

5

and - : -1

»

_ N-1 _ . . :
X(0)Y () =EINRN(N) inl p(N-i)] = UR(IN) X(0)Y-1). (C-4b) .

G(N) may then be expressed as follows:

Gm) = XY(O) + j T XY + X(O)YW)
3,50,

= —=— X(N-1)Y(0) + T X(j DY)
§ SR )

j,k>0
——= X(0)Y(N-1) + z

’ -j+k=N
j,k>0

T OXDYK) + s
- ® j4ren-1

L, L1 . " te-
. —(u + U)ﬁ?ﬁT G(N-1), (C-5)

-1
G-y 11 .
Therefore, when TM(N) is maximum, TM(N) Te9) G + T R(N). (C-6)

UR(N) X(3)¥(k-1)

UR(N)

%

z X(HY(k)
+k=N-1 ,

Then part b) of the theorem is proved.





