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The optimization of throughput in locally balanced queueing 
network models is investigated. A general result, useful in 
the design of cooputer system models, shows that throughput is 
a nondecreasing function of the numbe r of customers contained 
in any subnet~ork. Then processor allocation algorithms that 
maximize throughput are shown for the ·case ~here processing 
power can be s~itched b etween ~ueues, as when several queues 
are served at a single multiprocessor system. The maximizat ion 
of throughput is shown first in the case that processing power 
allocations to a queue depend on the queue state only, and t hen, 
in an extension of known locally balanced queue, the case in 
~•hich processing powo:< ls allocated On the basis of an entire 
s ubnetwo:k state. The latter case provides a simple and optimum 
rule for processor allocations that maximize throughput in net­
works containing multiprocessor systems. 

l. INTRODUCTION 

The complete solution of queueing networks of arbitrary configuration is possible 
only for the class of networks that have been variously described as separable, 
locally balanced or admitting ·a product form solution (13,3,8]. Recently, this 
·class of networks has been sho•,;n to · include queues ·with genera l service tia~e dis­
tributions under several different scheduling disciplines, and multiple c lasses of 
customers. As a result, the local balance model has found wide utility in the 
analysis of computer systems and networks [ 1, 3~. It has been implemented as the 
basis of saveral interactive systems that yield quick analyses of computer systems 
and configurations [7,12]. Because of its unique tractability in general network 
configurations, this network model has also been studied as an approximation to 
networks whose queues do not meet the local balance requirement [5] . 

Some studies of locally balanced queueing model s have assumed a limi ted variation 
of the processing rate of the queue ~i t h the number of customers contained therein. 
For example, in Gordon and Newells clas sical ~ork , a queue was cons idered to have a 
fixed number R of processors [61. If the mean processing t i~e of a single customer 
is 1/u, then when the queue conta ins n customers, the mean processing rate of the 
queue is nu for n $ R, and ~u for n >a. However, it is not difficult to show that 
the local ba lance property will be retained if the number of processors in use at a 
queue is any general function r(n) of the number n of customers at the queue. We 
investigate the implications of this and a more general for~ of precessing power 
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allocation for the optimization of throughput. 

Throughput is a central consideration in network models of computer systems. In 
open network models, it. is fully specified by the assumed rates of the external 
sources. In closed networks, however, it is determined by the combined effects of 
congestion at the various queues. The question of pr.ocessing power allocation to 
maximize throughput is important in the realistic case when processing power is 
limited, but can be traded off between queues. 

Consider, for example, the several possible interpretations of the subnetwork of a 
closed queueing system, as shown in Figure 1. The queues might represent the se­
quential phases or steps of programs, with the parallel paths reflecting the dif­
fering requirements of identified special classes of programs, and the class of 
general user programs. The processing uni~s would then be the individual computers 
at a computer center. · 

Alternatively, the queues may represent the phases of programs, either system func­
tions or user-written routines, loaded into the executable memory of a multiproces­
sor system. Under either interpretation, the customers at the queues may be served 
by any of the processors. If time-sharing with a small time slice is used, it will 
be reasonable to speak of allocating a fractional number of processors to a queue. 
Throughout, we assume that the processing rate of a customer is linearly related to 
the processing power allocated him; the processing rate u on a single processor be­
comes rate ru when processing power r is allocated. The physical interpretations 
impose only the following constraints on the queueing model: since not more than 
n processors can be useful in serving a queue that contains n customers, r(n) ~ n; 
and not more than the fixed number R of processors may be in use by the subnetwork 
at any time. 
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Figure 1: Processor Assignments in Subnetwork 
with Processing Power Tradeoffs 
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In order to establish the policies for maximization of throughput via processing­
power tradeoffs, several general properties of throughput in locally balanced 
queueing networks must first be established. These general properties are dis­
cussed in Section 3. 

The question of processing power allocation is examined in two fundamental cases. 
First, using the known model of locally balanced queues, queue-~ dependent 
processing rates are considered. This is the case in which processing power ri(ni) 

is allocated to queue i when it contains ni custo~ers. The processor allocation 

decisions can be made locally to the queue by the software processor in control, 
without considering the distribution (nj: j ~ i}, of customers at the other queues 

of the subnetwork. It will be· seen in Section 4 that optimization strategies under 
this form of processor allocation are seveLely cunstrained. 

Then the case of subnetwork-~ dependent processing rates is considered. 
The processing power allocations at queue i of the subnetwork take the form 
ri(n1 ••• nj···~), when there are nj customers at queue j, for each of theM 

queues of the subne~work. The strategy for processor allocation in this case is 
global to the subnetwork. Processing power,allocations of this form require an ex­
tension of the known local balance queue model. The state probability solutions 
for cases of n-queue parallel and two-queue series subnetworks with this form of 
processing power allocation are shown in Section 5. The policy for allocating proc­
essing power for maximum throughput within the local balance constraint is demon~ 
strated. 

2. LOCALLY BALANCED NETWORKS AND NORTON'S THEOREM 

The separable or locally hal;tnc•d networks to be cenaidered have· fixed Lo!Jolugy. 
After leaving queue i, a customer will go to queue j with fixed probability p, .• 

lJ 
Let P be the matrix of transition probabilities pij' 1 s i, j s M, for a network 

of M queues. Let Ai be the mean flow rate into queue i. If L = Al A2 ••• AM 

is a vector of relative flow rates or throughputs for the network, then LP=L. If 
the network is open, L is determined by the absolute input rate to the network. 
For closed networks, the above relation determines L to within a constant. Then, 
if the network contains N customers, the actual throughput at queue i is given by 

Ti(N) = AiG?o;~), where G(n), n = 1, •.•• _N, is· the normalization factor computed 

when the network contains n customers. G(n) is computed by the convolution algor­
ithm us~ng the"flow vector L (2,11,13). Since the throughputs at· the branches of 
the network remain fixed relative to each other as N and the processing rates at 
the queues are varied, the network throughput, or total processing rate, is opti­
mized as throughput in any branch of the network is optimized. 

The throughput characteristics of two queue networks are of considerable importance 
because of the reduction of arbitrary closed net'Norks to an equivalent two queue 
network made possible by Norton's theorem for computer networks (4). The behavior 
of a particular queue Q within a closed network n is the same as that of Q in a 
network with one other queue Q , which serves as the equivalent of all the queues of 

. - . e· . . . . . :. ·:· ~ 
n except for Q (see Figure 2). The processing rate U(n) of the equivalent queue, 
when it contains n customers, is determined by constructing network~~. which is 
the same as n except for a short circuit in place of Q. U(n) is simply the mean 
throughput in the link replacing Q, when n' contains n customers. To study via the 
equivalent network, the effects of Q inn when n contains N customers, the rates 
U(l), ••• ,U(N) must be measured in the link inn', when n' contains l, ••• ,N custom­
ers. 

- ·-·--
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a) Network 1'1 
N customers 

Q: 1-J.(n) 

b) Network n' c) Equivalent ne~Jork 
n customers N customers 

Figure 2: Nortons ~quivalent Queue 

It is possible to analyze in the same ma~er as Q the behavior of any subnetwork a 
that can be isolated by a single pair of input and output terminals. Network 1 
may be therefore reduced to a two queue net'lolork; an equivalent queue for ~, and an 
equivalent for the complement of 'J in :-:~ Study of throughput in the two queue net­
work is straightforward, since the nor=alization constant G(n) is expressed as a 
single convolution. 

3. THROUGHPUT AS A FUNCTION OF LOAD 

An important characteristic of separable queueing networks that can be determined 
with the aid of Norton's Theorem is tha: the throughput, or output rate, of any 
subnetwork is a nondecreasing function of the load, or the number of customers in 
the subnetwork. It is first shown that this holds for the equivalent two queue 
network. 

Theorem 1. Let u(m) and U(n) be the processing rates of the queues in a 
closed locally balanced two queue net'lolork, when the queues contain c and 
n customers, respectively. Let -(~) be the mean throughput of the closed 
network when it contains N customers. Then if u(n+l) ~ u(n) and U(n+l) 
~ U(n) for all 0 < n ~ N, then 1r.:·'-l) 2 -r(N). 

The proof follows from the form of ~(~) = G&~;~) •· The details are in Appendix A. 

Through the use of Norton's theorem, the characteristic of nondecreasing throughput 



with increasing load may now be proven for .all locally balanced networks. 

Theorem 2. Let T(n) be· the mean throughput in some branch of a closed 
locally balanced network that contains ·n customers. If the processing 
rate of each queue in the network is a nondecreasing function of the num­
ber of customers at the queue, then for all n > 0, ·T(n+l) :;: T(n). 

Proof. The proof is by induction on M, the number of queues in the network. Let 
TM(n) be the mean throughput in some branch b of a network of M queues that con-

tains n customers. Let u(n) be the processing rate of an arbitrary queue when it 
contains n customers, and let u(n+l) 2 u(n). ForM= 1, the network has only one 
queue, but may have a number of probabilistically selected branches from the queue 
back to itself •. Let p be the .probability that a. customer takes branch b in 
returning to the queue. Then T1(n+l) = pu(n+l) ~ p~(n) • T

1
(n). 

Let U(n) be the processing rate of the equivalent queue for an M - 1 queue network 
with respect to branch b. Then by Norton's Theorem and the inductive hypothesis, 
U(n+l) = TM_1(n+l) 2 TM_

1
(n) = U(n). And if the equivalent queue is placed in 

series with a queue with processing rate ~(n+l) :;: u(n), 1 s n s N, and there are N 
customers in this network, then the throughput of the closed two queue network is 
TM(N). But then TM(N+l) 2 TM(N) by Theorem 1. This completes the proof. 

Queues that have a fixed number of processors available meet the conditions of this 
theorem. But u(n+l) :;: u(n) may not hold if processing power is traded off between 
queues. 

4.. THROUGHPUT WITH QUEUE-STATE DEPENDENT PROCESSING RATES 

A queue may have the local balancP. prop .. rty if sach cuctgmer hao an s:(ponent.i.al 
processing time, or else if the queueing discipline is processor sharing or pre­
emptive last-come-first-served. The total processing rate of the queue may be any 
function of the number of customers· in the queue. We assume that 1/u is the mean 
processing time of one customer on one processor, and that the queue state is sim­
ply the number n of customers at the queue. · If the number of processors assigned 
the queue· is an arbitrary function r (n) of the queue state, then u(n) = r(n)u. We 
will call processing rates of this form queue-~ dependent. 

There are several instances in which increased throughput can be obtained by dyna­
mically switching processors from one queue to another. For example, two queues 
may represent two different processes or programs to be executed in one multipro­
cessor system.. Then any or all of the processors may be available for either queue 
when they are not required for the other. However, with the developed model of a 
locally balanced queue (that is, with queue-state dependent processing rates), the 
analysis of processing power tradeoffs is severely constrained. When the network 
state changes by means of a customer moving from one queue to another, processing 
power exchanges may take place only between the two queues involved in· the transi­
tion, 

Throughput with processing power tradeoffs between a single queue and the remainder 
of the network can be analyzed in the network consisting of the selected queue and 
the Norton's equivalent queue. But first; the relationship of throughput to pro­
cessing rates in a two queue network will be established when the rates at each of 
the queues are independent of each other. This is expressed in the following theo­
rem. 

Theorem 3. Let u(m) and U(n) be the processing rates at the queues of a 
locally balanced two queue network, when the queues contain m and n cus­
tomers, respectively, and suppose all the U(n) and the u(m) are mutually 
independent for 0 < m, n ~ N. Let T(N) be the "throughput when the network 
contains N customers. Then 
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·a) T(N), as a function of U(n), 0 < n s N, has no extrema. 

b) T(N) is a nondecreasing function of U(n) if !J(i) "2: u(j) for all. 
j $ N - n and N - n < i ~ N. 

c) If T(N)· is a nonincreasing function of U(n), then it is a strictly 
increasing function of u(N-n). 

The theorem is proved by differentiating T(N) =~with respect to U(n), for 

1 s n $ N. The details are in Appendix B. 

As a simple example, consider optimizing a two-queue· network, containing three 
customers in an environment where processing power tradeoffs between the queues 
might. be possible. By Theorem 3b, both u(3) and U(3) can be maximized without de­
creasing throughput T(3). Suppose !J(l) $ u(2), u(3). Then by 3b, U(2) can be max­
imized without decreasing T(3). Likewise, U(l) can be maximized if u(l), u(2) 
s !-1(3). But suppose the condition u(2) > !J(3) holds. Then, it is possible that 
T(3) will decrease as U(l) increases. By 3c, T(3) will then be a strictly increas­
ing function of u(2). Although independence of the rates was assumed in the theo­
rem, switching processing power to minimize U(l) and maximize u(2) causes no con­
flict, and will be the optimal solution. But then, if the processing rate U varies 
linearly with the processing power, as in the assumption of queue-state dependency, 
U(l) will be reduced to zero. The network will effectively contain two customers; 
which leads to· a refutation of the u(2). > u(3) ·assumption. Similar. reasoning is 
emplpyed in proof· of ~he· following theorems. 

The optimum allocation of R(N) available processors to a network. that contains N 
customers will now be· considered.. Suppose ri (ni) processors are allocated to queue 

i> when it· contains ni customers. A possible allocaeion serategy may be to hold 

some processing power in reserve, that is, Eri(ni) < R(N) for some network state 

(n1 ••• ~); the reason for doing this may be to ensure that more processing power 

is available for ri(ni+l), or even ri(ni-1) if throughput might be more sensitive 

to those rates. But it can be shown that throughput cannot be optimized by such 
strategies. 

Theorem 4. Let R(N) be the processing power available to be allocated to the 
M queues of a closed locally balanced network that contains N > 0 customers. 
Let ri(n) be the processing power allocated queue i, when there are n customers· 

at queue i, for 1 ~ i S M. Let TM(N) be the mean throughput at some branch of 

the network. 

a) Then for maximum TM(N), the available processing power must always 

M M 
be fully u~ilized; that is, L ri(ni) = R(N) for all L ni N, 

i=l i=l 

b) And any processing power distribution meeting the above constraints 
provides the maximum throughput, and when TM(N) is maximum, 

TM(N) = kR(N), where k is a constant. 

The proof is again by induction on the number of queues in the network. The M 
queue network is reduced to a two queue network by Norton's· Theorem. Then 



Theorem 3 is used to show that for maximum throughput, each processing rate of the 
two queue network must be maximized. The details of the proof are in Appendix C. 

Therefore, for maximum throughput with queue-state dependent rate· assignments·, the 
processing power added to one queue must be exactly that taken from another when­
ever there is a transition between the queues. But for closed networks with more 
than two queues, it can be seen that this determines the processing power uniquely. 

Theorem 5. Consider any network of M > 2 locally balanced queues, con­
taining N customers, in which any fraction of the processing power·of 
R(N) processors may be assigned to any queue. I~ _ri (~) __ is the processing 

p~~t assigned. qu~lle · ~ wh~n. it .contiins ~.~us tamers~ for 1 !I: i S: M, then . 

~h~o~ghput is. ~imi..zed by the assig~ent r:i. (n) = ~(N). 

Proot. From ·rheorem 4·, for maximum throughput, one must consider processing power 
~~ations such that 

M 
r ri(ni) = R(N) for each network state (n1 ••• ~). When there are N- k· 

·i=l 

i. 
,I 

customers at queue one, the processing rate at queue one remains constant and inde­
pendent of the distribution of the remaining k customers. Therefore, for 1 < i S: n, 
r 1 (k) = R(}i) - r 1 (N-k). Similarly, when there are N - k customers at queue two, for 

2 < 1_1!: M, r 1(k) = ri(k) = R(N)- r 2(N-k). Hence, ri(k) = rj(k) for 1 :C· i, j s: M, 

as long as M > 2. Consider the case k = 2. With N - 2 customers at queue one, 
the remaining two customers may both be at queue i, or· may be at· queues i and j, 
1 < i < j S: M, while the processing rate at· queue one remains constant. Hence, 
ri(2) = ri(l) + rJ(l) = 2r1(l). Similarly, considering k = 3, 4 ... N it is ~een 

that ri(k) = kri(l). And, since r 1(N) = Nri(l), ri(k) = i for 1 !I: i g M and 

1 S k S: N~ The proof is complete. 

It is seen that there is a. simple rule for optimally allocating processing power if 
queue-state dependencies are assumed. But, it applies only if all processors may 
be-freely s~itched to any queue in the network. This limits the applicability of 
the model to networks of logical ·processes entirely within a single multiprocessor 
system, in which any processor may· execute·any logical function. But in such case 
there is·little scheduling difficulty. In a model of a computer network, the cap­
ability of processing power tradeoffs must be limited to subnetworks representing 
processes that can. be served by compatible devices located at the same processing 
center. 

But in this case, it can be seen that queue-state dependencies cannot yield an 
efficient solution. Maximum throughput requires full utilization of the available 
processors. Since the number of customers in a subnetwork does not remain constant, 
either processing power must be held in reserve when the number of customers in the 
subnetwork is less than N, or else there is the possibitity of an arrival to the 
subnetwork when all of the processors are busy. If the arriving customer joins a 
queue that is idle-, a processor must be taken from another subnetwork queue, even 
though there ~s no change in the number of custome~s at that queue. This violates 
the ass~mption of queue-state rate dependency. 

5. THROUGHPUT WITH SUBNETWORX-STATE DEPENDENT .PROCESSING RATES 

Dynamic processing power allocations in a subnetwork can be useful to optimize 
throughput only if they are subnetwork-~ dependent; in this case, the proce·ss­
ing power at queue i of an ~queue subnetwork is determined by the function 
ri(n1 • .".~) of the subnetwork state. We assume as before that a total processing 
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power R(N) is available to a subnetwork when it contains N customers, and that the 
subnetwork retains the local balance property. Consider, for example, the parallel 
and series subnetworks of Figure 3. For either case, when there are m and n cus­
tomers at queues one and two, respectively, the processing rates are u

1
(m,n) and 

u
2

(m,n), respectively. Each of these two-queue subnetworks will have the local 

balance property if and only if 

u 1 (m,n-1? 

u1 (m,n) . 

u
1 

(m,n) 

n ... · 

-~:(~n) 

Figure 3: Parallel ami Series Subnetworks 

(5 ... 1)' . 

A generalization for ·more than·-ewo queues is straightforward for the parallel case, 
but not for the series subnetwork case. The state probabilities for either sub­
network are expressed by 

>-m ~n 
P(m,n) 

1 2 P(O,O), (5-2) "' m n 
n u1 (i,n) n IJ2(0, i) 

i=l i=l 

where >- "' 1 P1>-' >-2 p2>- for the parallel case, and A. 1 >-2 A. for the series 

case. 

According to Norton's Theorem, the processing rate of~ subnetwork that contains 
n customers is the same as the throughput of the subnetwork when it stands alone 
as a closed network containing n customers. This is because the distribution of 
the n customers in the subnetwork is the same in either case. For both the series 
and parallel subnetworks, then; .maximization of network throughput apparentiy en­
tails maximization of each pr.ocessing rate T(l), -r(2) ••• -r(N), which ·are ·the 
throughputs of the two queue network (i.e., the isolated subnetwork) containing 
n =.:1, 2., .••• N c~sto~rs .• ·. By Theorem 4, these rat;es may be achieved by any pro­
cessing power distribution such that no processing power is wasted; i.e., for 
maximum_-r(n), r 1(n,O) "'r2(0,n) "'R(n). But notice that if the local balance con-

dition (5-l) holds, T(n) cannot be maximized independently of T(n-1), for 1 < n $ N. 
The optimization procedure is, therefore, not as straightforward as indicated above; 
the details can be found in [10). The result is that the optimal processing rate 
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assignments are consistent with full processing po~er utilization, and are only 
further constrained by (5·1). For maximum network throughput, when processing­
power tradeoffs in either subnetwork are possible, 

m n · 
r 1 (m,n) ., N R(N), and r 2 (m,Ii) =- N R(N), 

where m and n are the number of customers at queues one and two, respectively, and 
N = m + n. 

The state probabilities for the subnetwork with this processing power assignment 
are 

· m+n 1 m n 
P(m,n) = ( n) a.(m:rn) Pl P2 P(O,O), 

= 
).;i n 

where Pi , and c(n) = ·n R(i). If R processors are available to the subnet-. 
ui i=l 

work, 

!"' ' 
for n s: 3. 

a.(n) 
= 'Rn-R 

_n. , for n > R. 

The state probability of this form will be a compone~t of the product form solution 
of any locally balanced network containing the subnetwork. 

The result, that maximum throughput is achieved.by sharing the processing power 
~rvporeiuu~tely based on the load at each queue, can be generalized tor the case of 
any fixed number of queues in parallel. This ~ill serve as a local balance model 
of a multiprocessor system handling parallel queues in a computer network. 
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Appendix A: Proof of Theorem 1. 

The throughput T(N) of the· locally balanced two. queue network .can be expressed as 
the ratio of the normalization constants with N - 1 and N customers in the network. 
Hence, the theorem is proved if 

where 

= _.Q.Q!l G(N-1) 
T(N+l) G(N+l) <!: G(N) T(N)' 

G(n) 
n 
'!: X(n-i)Y(i), and X(n) 

i=O 

for n = 0, 1 ••• N. 

The inequality (A-1) can be written 

G
2

(N) <!: G(N+l)G(N-1) 

n 1 . 
n u(i) and Y(n) 

i=l-

(A-1) 

(A-2) 

The terms of G2 (N) contain the factors Y(t)Y(j) for 0 ~ i,. j s N. The terms of 
G(N+l)G(N-1) contain the factors Y(i)Y(j) for 0 s i S N - 1, 0 s j S N + 1. In 
both cases 0 ~ i + j S ZN. The inequality (A-2) is demonstrated by grouping the 
terms into 2N + 1 inequalities. Inequality k, 0 s k s 2N, will have all the terms 
with factors Y(i)Y(j) such that i + j = k. 

First, consider the case 0 $ k·< N. Collecting terms from (A-2), 

! i .:1.: ~ 



k k 
E X(N-i)Y(i)X(N-k+i)Y(k-i) 2 5:; X(N+l-i)Y(i)X(N-1-k+i)Y(k-i), (A-3) 
~0 ~0 

Grouping coefficients of Y(i)Y(k-i), 

k 
5:; (X(N-i)X(N-k+i) - X(N+l-i)X(N-1-k+i) )Y(i)Y(k-i) 2 0. 

i=O 
(A-4) 

i . .: ·;-:. ·: ~-

k This sum can be rewritten as two summations; first for index i = 0 to Czj• and then 

for i =·k- (~J + 1 to k, If k is even, these two ranges obviously cover the range 

0 to k, If k is odd, the term for i = C~J + 1 is missing. But the term in the 

summation for this value of i is zero. Hence, rewriting (A-4) in tWo ~~mm£tions, 
and lettlu~ j = k + 1 - i replace i as the· index of the second summation, one has 

[~] 
2 
5:; (x(N:.i)X(N-k+i) - X(N+l-i)X(N-1-k+i) )Y(i)Y(k-i) 

i=O 

C~1 
2 

+ I: (X(N-k-l+j)X(N+l-j) -· X(N-k+j)X(N-]) )Y(k+l-j)Y(j-1) 2 0. (A-5) 
j=l 

Note that for each X(m)X(n) in (A-5), m + n = 2N -· k. Also, note that for any m,n 
with m 2 nand. any j S n, 

X(m)X(n) - X(m+j})t(~-j) 

n m+j 1 
X(m)X(n-j) ( IT -

1
-- IT -(i)) 2 0, 

i=n-J+l u(i) i=m+l u 
(A-6) 

since all of the indices i, and hence rates u(i) in the second product are greater 
than those of the first product. Therefore, the products X(m)X(n) for all 
m. +- n = 2N - k are .ordered inversely as im-nl, or directly as min(m,n), If 

i = min(m,n) let X(i) = X(m)X(n) and let Y(i) = Y(m)Y(n), Then the inequality 
(A-5) can be rewritten by selecting the smaller index of each product, as follows: 

C~J C~J 2 2 
2: (X(N-k+i) - X(N-k+i-l))Y(i) + 5:; (X(N-k+j-1) - X(N-k+j))Y(j-1) 2 o. 

i=O j=l 

(A-7) 

The summations of (A-7) can be combined and terms rearranged to obtain 

C~1 
(x(N-k) - x(N-k-1) )Y(O) + I: [x(N-k+i) - X(N-k+i-1) ](Y(i) - Y(i-·D] 2 o. 

i=l 

(A-8) 

It is seen that each factor of every term of the summation is nonnegative. Hence, 
the inequality is demonstr~ted, 



-----------------------------------------------

Now consider the case k ~ N. In collecting all terms of (A-2) with factors 
Y(i)Y(j) where i + j ~ N, G(N-1) contributes terms with factors Y(i) for 
0 g i S N - l, Hence, G(N+l) contributes terms with factors Y(j) for 1 S j s N. 
The inequality corresponding to (A-3) is 

N N-1 
E X(N-i)Y(i)X(i)Y(N-i) :!: L X(i+l)Y(N-i)X(N-1-i)Y(i). (A-9) 

i=O i=O 

Collecting terms, and then adjusting the index of.the summation to range from 1 to 
N, this inequality is written as follows: 

N 
X(O)X(N)Y(O)Y(N) + E (X(N+l-i)X(i-1) - X(i)X(N-i) ]Y(N-i+l)Y(i-1) :!: 0. 

i~l 

(A-10) 

The summation can be expressed as two summations, first with index i = 1 to (~], 
NJ · NJ then with i ~ N - (2 + 1 toN, noting that if N is odd, the term for i (2 + 1 

disappears. Then rewriting the second summation with index j = N + 1 - i, one 
obtains 

[li] 
2 

X(O)X(N)Y(O)Y(N) + t (x(N+l-i)X(i-1) - X(i)X(N-i) ]Y(N+l-i)Y(i-1) 
i=l 

(~] 
+ E (X(j)X(N-j) - X(N+l-j)X(j-1) ]Y(j)Y(N-j) :!: 0. 

j=l 

Then, if i = min(m,n), let X(i) = X(m)X(n), and Y(i) = Y(m)Y(n). 

The summations of (A-ll) can be combined and terms rearranged to obtain 

[liJ 
2 

X(O)Y(O) + E ( X(i) - X(i-l)][Y(i) - Y(i-1)] 2: o. 
i=l 

(A-ll) 

(A-12) 

Since each term in the· summation is (A-12) nonnegative, the inequality is demon­
strated, 

Last, the case for N < k ~ 2N must be considered. But from the symmetry of X 

ij r:.--:.<:._-i_ 

and Y in the definition of the function G, inequality k of A-2 is exactly inequal­
ity 2N - k with the roles of X and Y interchanged, Hence, it has been demonstrated 
in the ·first case. ·The theorem is proved. 

Appendix B: Proof of Theorem 3 

Let Y(n) 

N 

·n 1 
ll U(i) and X(n) 

i=l 

n 1 
ll ----(i) for 0 < n·~ N. Let 

i=l u 

G(N) E Y(i)X(N-i) be the normalization constant for the state probabilities of 
i=O 



-----·-·. ·-·---·-·-····--· 

the two queue network with N customers. Then for all N > 0, 

Q.ili:.ll. 
T(N) '" G(N) • (B-1) 

+ -1 For 0 < n C N let Gn(N) be all of the terms of G(N) that have the factor U (n), 

N 
<(N) =. E Y(i)X(N-i),. 

i=n 

- + and Gn (N) = G(N) - Gn (N) • 

Then, differentiating G(N) with respect to U(n), 

and differentiating T(N) with respect to U(n), 

~ [ eG(N~l) ~]· 1 
eU(n) = G(N) eu(n) - G(N-l) eU(n) --2---

, G. (N) 

= Fcc:CN> + c:CN>>C:CN-l)U(n) -l .. 

. +(G-(N-1) + G+(N-l))G+(N)U(n)_:l] -
2

1 . 
n n n . ; G (N) 

= f".:c:·anC.f.nf-i)c ~- G~~-.:l)~: nn J' U(n)~2(N) 
The derivative will be nonnegative if 

(B-2) 

(B·3) 

(B-:4) 

I).;.:.="";" ·.·:·- .. '::: 

-1 But each term of this. inequality has exactly one factor U (n). Hence, it may be 
cancelled out of the inequality. As a function of U(n)., T(N) is, therefore, ·either 
always increasing, always decreasing, or is constant. This proves part a) of the 
theorem. 

The terms on the right of th'e inequaLity (B-4) have factors Y(k)Y(i), 0 ~ k < n, 
···n s i <N, and the terms on the left have factors Y(k)Y(i), 0 Sk <n, n S_i ~N. 

The coefficient of each Y(k)Y(i) that appears on the right is X(N-k) X(N-1-i), and 
the coefficient of that term on the left is X(N-1-k)X(N-i). Hence, if 
X(N-1-k)X(N-i) 2 X(N-k)X(N-1-i), the inequality holds. But since i > k, 
X(N-1-i)X(N-1-k) can be factored out of this inequality, leaving 1 2 l 

u(N-i) u(N-k) 
Therefore, if u(N-k) 2 u(N-i) for all 0 < k < n s i s N, T(N) is a nondecreasing 
function ·of U(n). This proves part b) of the theorem. 

In particular, it should be·noted that if u(i) 2 u(j) for all i > j, which is the 
usual case, then T(N) is a nondecreasin~ function of U(n), for all n. 

+ ' -1 
Now let Hm(N)' be the sum of ali of the terms of G(N) that have the factor u (m). 



N 
H+(N) = E Y(N-i)X(i) 

m i=m 
(B-5) 

and 

+· Then, from the definition of Hm(N), the following relationships are noted~ 

+ -
~-n(N) = Gn+l (N) (B-6) 

and 

(B-7) 

By the steps leading to (B-4) the condition for bT(N) > 0 is determined to be 
bu(N-n) 

H.- (N-l)H.+ (N) >H.- (N)H.+ (N-1), 
-~-n -~-n -~-n -~-n 

(B-8) 

Using (B-6) and (B-7) this can be expressed as 

+ - + 
Gn(N-l)Gn+l (N) > Gil+l (N)G~(N:...l), (B-9) 

+ + . 
And then Gn+l(N) can be related .to Gn(N), 

(B-10) 

which can be written 

(B-11) 

The inequality (B~ll) must be satisfied if the term in brackets is nonnegative. 
But, this term expresses the condition (B-4); it will be nonnegative of T(N) is a 
nonincreasing function of U(n), This proves part F) of the theorem. 

Appendix C: ·Proof of Theorem 4 

The proof is by induction on M. First, consider any network with M = 1. Let p be 
the probability that a customer leaving the queue uses a particular branch b in re­
turning to the queue. Let the processing rate at the. queue be u when a single pro­
cessor is assigned the queue. If r(N) processors are assigned the queue when the 
network contains N customers, the throughput in branch b is T1(N) = pr(N)u. The 
throughput is maximum when r(N) • R(N). Then T1(N) = puR(N), which satisfies the 

theorem. 

Suppose the theorem holds for all networks of M- 1 queues. Let TM_ 1(n) be the 

throughput at some branch b of an M - 1 queue network when there are n customers in 
the network. Then by Norton's Theorem, theM- 1 queue network may be represented 
by an equivalent queue with respect to branch b, If U(n) is the processing rate 
of the equivalent queue when it contains n customers, then U(n) = TM_1(n). Let 

R
1

(n) be the processing power available to theM- 1 queue network. By the in­

ductive hypothesis, the maximum throughput at branch b is TM_ 1(n) = UR1(n), where 

U is a constant, and is achieved· when processing power R1 (n) is fully utilized. 



This is also the maximum processing rate of the equivalent queue when it contains n 
customers and has available processing power R1(n). 

Let TM(N) be the throughput in ·the two queue network consisting of the equivalent 

queue in series with queue M; this will be the same as the throughput in branch b 
of the. M - 1 queue network with queue M inserted in branch b. Assuming the pro­
cessing rate at queue M is ~(n) = r(n)u when it contains n customers and is using 
processing power r(n), the throughput of the equivalent two queue network is deter­
mined as follows. 

Let G(n), X(n) and Y(n) be as defined in (A-1). 

Th . (N) G.(N-1) 
en TM = G(N) 

Let R(N) be the processing power available to the M queue network when it contains 

N customers. And let p(n) = ~~:~ be the optimum fraction of the available- process­

ing power to be used by queue M when it contains n $ N customers, in order to max­
imize TM(N). Then u(n) = p(n)R(N)u are the processing rates at queue M that maxi-

mize TM(N). 

Let j;(n) = 1 - p(n). Then, for maximum TM(N), processing power R1 (n) = p(n)R(N) is 

available to be allocated to the equivalent queue 'when it contains N - n customers. 

Examining (C-1). shows that for maximum TM(N), U(N) and u(N) are _to be maximized. 

Clearly, all available processing power. is used for these rates, so that 

p(N) = p(O) = 1. 

Note that 0 (n) > 0 for all n > 0 may be assumed. For if this is not. the case, let 
m be the largest integer for which o(m) = 0. Then at least m customers will always 
be at queue M. Let N' = N- m and u'(n) = ~(n+m). Maximization of TM(N) is accom-

plished in this case by considering only the rates U(N'-n) and u'(n), for n $ N'. 
The result will be the same as maximization with p(n) > 0 for n C N, if it is shown 
that processing power is fully utilized when there are m customers in queue M. But 
note that· p(m) = 0 only if TM(N) is a nonincreasing function of u' (0). By Theorem 

3C, then, TM(N) is an increasing function of U(N'), and hence, p(m) = 1. 

With the rates p(n)R(N) for queue M fixed at the values required for maximum TM(N), 

the rates U(n) may be selected within the range 0 ~ U(n) ~ Up(N-n)R(N) to maximize 
TM(N). 

Suppose TM(N) is not an increasing function of U(n), for some n < N. Then, by 

Theorem 3C, it must be an increasing function of u(N-n). Then o(N-m) = 1, and, 
therefore, U(m) = 0. If m is the largest integer for which TM(N) is not an in-

creasing function of U(m), then there will never be less than m customers at the 
equivalent queue. Hence, letting N' = N- m and U'(n) ·= U(n+m), only rates U'(n) 
for 0 $ n'$ N' must be considered in maximizing T~(N). And this maximization will 

yield the same result as maximization with TM(N) an increasing function of U(n) for 

all n > 0. Therefore, the maximum value U(n) = Uo(N-n)R(N) must be chosen for 
U(n), n $ N in order to maximize TM(N). This proves part a) of the theorem. Then 
each term X(j)Y(k) of G(N-1), where j + k = N. - 1, can be written 



.... ,,· 

k 
n p(N-1) • 

i=1 

-1 

(C-2) . 

The terms of· G(N) have the same form, but j + k = N. Each term X(j)Y(k) of.G(N) 
with j, k > 0 contains the product 

1 1 1 1 
o(j) • p(j) = p(j) + p(j) • Hence, it can be written 

[ 

.· j-1 k ~- 1 

X(j)Y(k) ,;. uR~) uj-~~N-1 (N) Tl p(i) Tl p(N-i) 
i=1 i=1 

1 r. j k-1 N-1 j k-l T1 

+ UR(Nlu U R.. (N) i~l p(i) i~l p(N-11 

1 1 
= uR(N) X(j-l)Y(k) + UR(N) X(j)Y (k-1). 

G(N) also includes the terms 

X(N)Y(O) =ruNR.N(N) NITl p(irl = - 1 - X(N-l)Y(O) 
[ i=l J uR(N) . . 

. . -1 .· 
N.-1 _ j . . l . 

Tl p(N-i) = UR(N) X(O)Y(N-1). 
~1 . 

and 

G(N) may then be expressed as follows: 

G(N) = X(N)Y(O) + ~ X(j)Y(k) + X(O)Y(N) 
J+k=N 
j ,k>O. 

1 1 
= uR(N) X(N-l)Y(O) + 'i: IJR{N) X(j-l)Y(k) 

j+k=N 
j,k->o 

1 1 
+ UR(N). X(O)Y(N-1) + ·j+~=N UR(N) X(j)Y(k-1) 

j,k>O 

= uR~) j+k=N-1 X(j)Y(k) + UR~N). j+k=N-1 X(j)Y(k) 

=(t + ~ )R~N) G(N-1) • 

Therefore, when TM(N) is maximum, TM(N) = ~aN)l) =(t + ~)-l R(N). 

Then part b) of the theorem is proved. 

(C-3) 

(C-4a) 

(C-4b) 

(C-5) 

(C-6) 




