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1 J * V(q, t)‘“7P (1.1)
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EXACT INVARIAl~S

obtifn Invarlants for a cotiln class of Patantfalk. The contents of SectIon

●re described in demfl In ● forthcmlng artfcle [3]. The fnv~rf~lltSObulned

$ectton 11 are all ~adratic in p. In Section III, ue begfn with tlw ansatz

tlut an fnvarlant !s cpadratlc In p,

I ● fo(q,t) + pfl(q,t) + p2f2(q,t) , (1.2)

and Mlw thg @@atIon

(1.3)

dlrsctlyo wWr~Hhtis the fom (1.1). TM nwlt is fnvarfants for & wider class

of potentials than Ii)$octlon 11. In S8ction IV U9 raturn to the method of

ScCtiOn 11, b~’ido not rottrtct the tipondfit of the Hamfltonfan on p to be #s in

(1.1). lhodctalls of~ctions 111 and Ivwfll kpubllMedolsevhere [4,S].

11. WUICAL TWFWIAT1OU APPUWH

In tha conv8ntfonsl troatmnt of camnlcal trmsfomationc,. the Wneratlng

fu~tfon contafns a ●lxturt of- and old vtrfables. For this ~rk M amploy an

u~onvtnttoMl tYW of wnoratlng functfon, which 1s t fumction of tk old

vtrlablos only. bni~der a ctwnictl trantformatfon fr~ (q,p, to (Q,P) where

9 o(cl,P,t) , P = P(q,p,t) . (2.1)

orfg!ntl WIltonttn H(q,P,t) and W m Wfltonfan K(Q(q,P,tl. plq,p.~).t)
rolat.d by

(2.2)

*r. T(q,p,t) is tlw ~orattng \%rutlon of th trmtfomtion. Trtating cll

functfons In (2.2) Q8 functfons of W old coordfnatst only, w ttptrtu the

‘p and W Nrt th4t *S not Involw cltlwr io obttlnCMfffcfmts Oi $ ,rid ~



(2.3)
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(2.4)

(2.5)

We can ●llmlntti F(q,p,t) fra (2.3)-(2.5) fn m WE. viz., by dffforentfatirg

(2.5) wfth rnspsct m q and (2.3) with msmt b t or by dfffenllti~tfng (2.5)

wfth rrs~t m p and (2.4) with retpect b t. Ue obtiin, reswctlvely,

(2.7)

1 ~ ● V(q,t) , K ● K(P,o) ,
‘“?P

(2.9)

and atsw that V[q, t) carrot M wftton wfth its timt dopond.ncc oxpmtmd

.nt!rtly through o(t) and 6(t). BOCCUSO tha n- Mmiltonlm, K, do@s not dcvnd

on 0, the * ~nt-, P, 9111 b an Invarltnt.
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wth these constraints, (2.6) and (2.7) k-

$; =P +m,olpp + IJ[prolp; ,

In which t.htbracket LP,Q]~ Is deflrwd sc

(2.10)

(2.11)

(2.12)

In add{tfon, sc use thr Potscon brackrt rslatfon for 0 an6 P #nd the raqufrsmsnt

of consfsteMy of the tf- evclutfon of Q fn ~ w coordlnati system, I.e.,

[Q,P]W H 1 , (2.13)

(2.14)

The Iattsr qu~tfon 1s also a conso~cncc of (2.10), (2.11), and (2.13). The

antlysls of (2.lG), (2.11), (2.13), and (2.14) fs Iongthy and w!ll b gfvtn ~n

dttall elst+wrt [3]. It It bakd ~ oxamfnttfon of tht .@atfons to uncover

rottrtct)ons’of functfoMl *wnd.cncQs of tha unkncun functions on the varttblo$

Q,p,o, and d. W con Illustrtta W w ot argmnt by do~cribing hou the

functional dtpntinco of P on itt argl-nts ft rtttrictad #s an fmedftte

consoq.imco of (2.1 C) and (2.11). In (2.11), ●ch Wantfty swept Bmnifcztly

dtptnds on t only through oxplfcft &pantio oh p(t) And d(t). Thorofors, oitiwr

[poOlpj vmfshos. or H lt ●xpNtslbio c~lctily In Ums of o and 6, or both. If

uuero @xprcssfblo cwletily in uR5 of P ati A, tin (2.10) muld rtouirc tht
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Consfder~ng this as a first-order part.faldifferential ●quatfon for P, w then

ftrid

p(q.pop,b~ = r(o,q,o) , (2.16)

Uhert r fs an drbitr~ry fuMt40n.

The result of carryfng M amlysfs to a conclusion can be sin.arlzed as

follms [3]. Ue have &rlved an ox.plicltinvariant for any potent!al of the fom

fo(a,t)
V(q, t) ● ~ ~ , (;W -coQ)+

u(u)

2-1 (C2 - Clal’ ‘
(2.17)

wlwr~ a(t) fs any partlcultr solution of the differential Uquatton

~ s fo(~,t) , (2.18)

constantc such that c!

dafimd by

Q- Co(cl + C24)
Um

C2, C,d “

K(P,P) ●

P

‘Ca - c,a)~ “

●C:. l, U(u) is an arbftrary functfon Jf u, @nd u 1s

(2.19)

(2.21)
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. here

vs(c-
2

Cp)p+ J(clq - co) .

Tiitn- coordinate fs

O“*P + T(P) ,
{2(P-U:’ )))1’2

(2.22)

(2.23)

whore T is an ~rbftrary function.

These results my b-elnterprrt@d <n terns of a transfo~tion to actfon-tngle

vsrfables under a ~neral fzed canonical transfo~tfon

(q,p,t) * [Q,P,T) ,

uhcre Q and P cre gfven by (2.23) and (7.21), respectively, and

(2.24)

H ● ;pz+V(q,t)

●nd ukG W Witati that

I ● fo(q,t) + pf,(q,t)

them oxlstt an lnvtrfant of tic fom

+ pJf2(cl,t) .

(3.1)

(3.2)
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That fs, I IS to SJtfsfj

3’ + [I, H]W- O .%=X (3.3)

$ubstftutlon of (3.1) and (3.2) Inti (3.3) gfves the syst~ of partfal

dtfftrmtlal Watfon$

afl afz
-o,

m—+x

afo af

T
-2 ffl+T; =o ,~ aQ

-f, :+:-o .

(3.4)

(3.5)

(3.6)

(3.7)

The solutfon of (3.4) - (3.7) fs Mlatlvely Strslghtfoward and wfll be described

●lsewhere [4]. 7he rrsult $s the follmfng, There oxtsts an Inv#rfant quadratfc

fn p ff, and only if, the potential fs o?’the fom

q-D2
V(q, t) ■ - F(t)q+ ~ n2(t)q2 +$ U(—) ,

1 ‘1
(3.8)

uhero F, n, and U are trbftrary functions, Pi ond 02 are any ptrtfclilarsolutfons

of

(3.9)
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P2 + #(t)p2 . F(t) , (3.10)

and k IS tn arbftrary constint. The fnvarfant quadrhtfc In p fs

l(Q,P,t) ■ ;[O1(P - a2) - 61(CI- 92)]2

(3.11)

Thfs result fs a generalization of the result obtdfned fn Sectfon II because

the Wtenttal w ROU coliti!ntm Indewndent functfons of tfme.

lV. FURTHER DEVELOPMENT W THE CANONICAL TRANSFDRHATIDU APPRWH

In Section 11, our canonical Cransforutfon ●pproach uas applled to a

Ha.$ltonfan equal to ~ pz plus a potential ~~se tfar de~ndence MS ass~~~ not

to be ●xpre$sfble entfrely throqh dependence on o(t) and ~(t). Ue nou ass=

that the tf~ dependence of the Wfltinfan Is expressible solely fn tires of o(t)—
and j(t), and w allms a general dependence of the Hamll@nfen on D. Th8t IS, we

take

(4.1)

The n- canonical varfables Q ●nd P again are tcken to be functions of q, p, P and

d. Equttfons (2.10) and (2.11) w read

x w● [II,p]qp + 13[1),?]m + uD)op]~ J

I$q

$; ● -[H,q]w - AIO,PIPP - IKO,PIP; .

(4.2)

(4.3)

In (4.2) and (4.3), all quantf:fts oxc~t p depend on t only through dependence on

o and b. Thcroforn, w oltltertake
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[Q,P]A -0 , [Q,P]P6 .0 , (4.4)

or require p to satfsfy a differential cquat!on of the fom

P - g(o,b) . (4.5)

(As bcfo~e, we r~qu!re D j 0.) The fo~r choice Is too restrictive. Moptfng the

lattsr, we bTfte

fiQ,P]h . fl(q,p,p,;) , flQ,P]p; - - f$q,p,p,;) . (4.6)

These m ●quatfons msy be cafned m gfve a sfngle ~geneous partfal

dlfferwtfal ●quatfon for P,

[Q,P].q f2(q,P,oo6) + [Q,rip; fl(q,p.o,b) ■ o . (4.7)

The solutfon Is

p(q,P,J,d) - r{Q(q,P.O,b), U(Q.P.0), 9)

where u(q,p,~) is related to fl and fz by

(4.8)

(4.9)

and f is an afiftrary functfon.

Substftutfng r forP In (4.2) and (4.3), taking w c~fnatfons of the

resultfng @quat!ons, and r~ltfng the Poisson bracket requfr~nt on Q and P, we

obtafn ?!!efund~ntil equations

(4.10)
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ar
#&.

(4.11)

(4.12)

U17ere

Oetafled analysfs of restrictions on functional dependence requtred by these

●quatfons finally leads to ● result. The entire derivat~on Mill be published

●lstiere [5]. Here w smrfze the results.

Ue find that Q my be urfttin as a function of tw canonical varfables, u (?s

defined above) and v:

Q(q.p,~,6) ■ R(U,V) ,

inhere

v ● l(q,p,~) - J(u,0,13)

and

[u,v] ■ [u,I] ■ 1 .

The functfons u and v also satfsfy

al—+ YIU,JI “ o ,
a; a;

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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The dot denotes total tfme dlfferent~atfon, as In

subs.crfptsdenotes the usual Potsson bracket with

tak

K

(4.13), and a bracket without

respect to q and p.

AS In the problem considered In Sectfon 11, there IS M loss of gener~’ ty In

ng K(P,P) to be lfnear In P and, fn fact, w take

P,P) ■ B(cI)p

● B(c)) N(u,V) ,

where H(u, v) Is the fnvar

by

H(q, p, D,;) = 6(D) ~(U,V

(4.19)

●nt. The Perm!ssfble fo- of the Hamiltonfan is given

+ ao(q,p,p) + 6 al(q,p,~) + az(u.~,b) , i ,.20)

where az(u,p,;) IS not lfncar In J. The functions ao, al, and az are related to

u, v and g(~,b) (=5) by

[u,aOl=O , *+[u, all -O , (4.21)

[I, ao] MGO(U, P) , ~al + [I,al] ■ Gl!U,P) ,

?a,
Q(P,;) aJ .&l ‘ = GO(U.D) + ; Gl(U,P) .

—’Qz+TLi-a;

(4.22)

(4.23)

Equat!ons (4.21) - (4.23) together w~th the Poisson bracket relation for u and v

constitute a consistent set Of equatfons in thtuelves and are consistent with

(4.17) and (4.18).

v. DISCUSSION

The !esults of the ,~trlws analyses that have Wn described brtefly here

fndfcate that ~t Is possible to ffnd invarltfits for a wfde class of tl~-dspendent

uno-d!wnsiontl liamiiltoi,~cnSYSWS, Such racults will have @nera!izations to
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in S8ctlons 11 and IV, the tlse dqmtinco of * ctnonlcal trantfomtfons

wts thmugti the tlnglo functtm 0.(t) whomas in Mcticm 111 m 8U that M

Indrpendmt functlom uy arlg.o. Part of our progrm of lnvrstf Qa?ion of

Invarfants for Hmlltmfan sys~ Is to con81ar, u$fng the -Mad of S.sction; 11

and Iv, W affect of lntro&clmg mvmrtl Indep.sndent functtons. The othe? part

It to apply the atho.d of Mctlon IV to b Ik91)tcmian *M tfm de~ndence is not

thrmgh p(t) and J(t) alom. M hope t.o mp9rt a tJws4 mtt8rs soon.
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