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EXACT INVARIANTS FOR TiME-DEPENDENT
WONLINEAR HAMILTONIAN SYSTEMS

H. R. Lewis

Los Alamos Mational Laborarory
P. 0. Box 1661
Los Alamos, WM 87545
U.S.A.

and
P. 6. L. Leazh

Departeent nf Applied Mathematics
La Trobe University
Sundoors 308)
Australie

Two mathods, one based on canonical transformations and one
bated on an assumed structure, ire used to detarmine exact
invariants for certain Haailtonians of the type
He ;p’ + ¥(q.t). Invariants are found explicitly for a
class of nonlinear, time-dspendent potentials VY(q,t). The
former method s then developed to find exact {nvartiants for
Hamfltontans of the form H = H(q,p,p(t),8(t)).

1. INTRODUCTJON

The search for exact 1avarifants for nonautonomous Hamilton‘an systems has beer
promptad by theoreticsl studies 1n plasma physics and quanium mechanics where such
systens play an fmportant role. Apart from applications in these and othcr
fields, ocur ﬁsu\ts are  also of intarest in the theory of cenonica)
transformdtions 1n analytica) dynamics.

Exact invariants for nonautonomous linear aysteas !.sve bDeen found dur.ng
recent years by wusing & verfety of sethods [1), and eriants have also deen
found for some nonlinear systems [2). The work that (s reported briefly here has
a1 1ty aim the detarwination of exact fnvirfants for much | roader classes of
nonautonomous systees. In Section I, we outline a method that uses canonical
transformations for Hemiltonians of tre form

u-;pzovtq.n (1.1)
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to obtain fnvarfants for & certain class of potentials. The contents of Section
11 are described in detai) in a forthcoming article [3]). The {nvariants obtained
in Section Il are a)l quadratic fn p. In Section Ii], we begin with the ansatz
that an favariant {s quadratic In p,

1= fo(q.t) + pfl(q.t) . p’fz(q.t) . (1.2)

and sclve the sguation

'dd'lt'":'i" (1.W] =0 (1.3)

directly, where H hus the form (i.1). The result is fnvariants for & wider class
of potantials than 1n Section Il. In Section IV we return to the method of
Section 11, bri do not restrict the dependence of the Ham{ltonfan on p to be as in
(1.1). The details of Sections IIl and IV wil) be published ¢)sewhere [4,5).

I1. CANONICAL TRANIFORMATION APPROALH

In the conventional treatment of canonical transformations,. the generating
function contains a mixture of new and o0)d varfables. For this work we employ an
unconventional tyoe of generating function, which 1s & function of the old
variables only. Con.ider a canonical transformation from (q,p; to (Q,P) where

Q * Q(q.p.t} , P = P(q,p.t) . (2.1)

The original Hamiltonian H(q.p,t) and the new Hamiltonfan K(Q(q.p,t). Plq,p.t),t)
are related by

« o (2.2)

where 7(q,p,t) i1 the generating \inction of the transformation. Treating &N

functions n (2.2) as functions of the 01d coordinates only, we teparate the

cosfficients of %% and %% and the part that does mot {nvolve either (o obtain
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p P%%-%-O , (2.3)
p%.%.o (2.4)
ncp,j.%-n;‘f-o. (2.5)

We can eliminate F(q,p,t) from (2.3)-(2.5) 1n two ways, viz., by dffferentfatirg
(2.5) with respect to q and (2.3) with respect to t or by differentiating (2.5)
with respect to p and (2.4) with respect to t. We obtain, respectively,

XM, EH.EN (2.6)
Wq W Wt g )
X. M. 2XH.2X (2.7)
% B wat qtw )

So far the discussfion has baeen quite ganeral., We now ({ntroduce itome
constraints that wil) enable a result to be obtained. We fintroduce a nontrivial
auxiliary function, c(t), which 15 such that 0 £ O, and we asstume that the time
dependence of the transformation {5 expressed completely by dependence of Q ard P
on o and 3,

Q » 0(q.p,0.8) , P e rPlq.p,0.8) . (2.8)
We take
e } p2 ¢ ¥(q,t) , K = X(P,0) , (2.9)

and assume that V(q.t) cannot be written with {ts time dependence expressed
entirely through o(t) and 3(t). Because the new Hamiltonian, K, does not depend
on Q, the new somentum, P, will De an fnvariant,
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With these constraints, (2.6) and (2.7) become

L R 5 R XU M (2.10)
R R (NN (K (2.11)

in which the bracket |,'l>,0]CIe 1s defined as

1 LW N w R
[P.Qlas * 55 33 © 75 7a (2.12)

In additfon, ve use the Poisson bracket relation for Q and P and the roquirement
of consistency of the time evclution of Q 1n the two coordinate systems, f.e.,

[Q.PJQD w1l (2.13)
® o0 _ W L)) % .
> qu .a.q,.s_so DTD‘ pa_s . (2.14)

The latter equation 15 also & consequence of (2.10), (2.11), and (2.13). The
analysis of (2.1C), (2.11), (2.13), and (2.14) 15 lengthy and will be given ¢n
detall olsewhere [J]. It 13 Dbascd on examination of the equations to uncover
restrictions of functional dependences of the unknown functions on the varfables
Q.p.o, a0d 4. e can 1llystrate the type ot argument by describing how the
functional dependance of P on its arguments {1 restricted as an {amediate
consequerce of (Z.1C) and {2.11). In (2.11), each quantity axzept 2 manifestly
depends oh t only through explicit depandence on olt) and 3(t). Therafore, either
[P.0395 vanishes. or J 1s expressibie completely in terms of o and o, or both. If
B wore expressible co-p!:\t'.oly in erms of o and &, then (2.10) would require that

the t dependace of 77 be expressible solely in terms of ¢ and 5; dut we have

assumed this not to dbe the case. Therefore, we must have

(PQdps a0 . (2.15)
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Considering this as a first-order partfal differential equation for P, we then
find

P(q.p.e.p) = T(Q,Q.0) , (2.16)

Where T {s an arbitrary function.

The result of carrying the analysis to a conclusfon can be summarized as
follows [3]). We have derived an explicit invariant for sny potential of the form

fla.t) W(v)
. 2 . .
V(q,t) NN (z c,Q coq) + m . (2.17)

where a(t) 4s any particular solution of the differential equation

s flat) (2.18)

'o 13 an srbitrary function of 1{ts argumsents, €, € and r:'2 are arbitrary
constants such that cf . cg e ], W(u) fs an arbitrary function of u, and u is
defined by

qQ - co(cl . Czl)
use — . (2.19)

We have found a canonical transformation for which the new Hamiltonfan {s

K(P,p) » (2.20)

The tavarfant {3 the new momentum, which s given by

p-%viou(u) , (2.21)
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. here

Ve (cz'cx')p’“qu'co) . (2.22)

The new coordinate s

Qe _Y_ du’ TP (2.23)
{v! {2(P-M(u*))}172

where T {5 an grbditrary function.

These results may be interpreted in terms of a transformation to action-angle
variables under a generalfized canonical transformation

(q.p,t) = (Q,P,T) ,

where Q and P ere given by (2,23) end (72.21), respactively, and

R )
Te [ (e;-cpaft))2a’ . (2.24)

2

The new Ham{ltonian fs then simply the invariant P.
II1. INVARIANTS QUADRATIC IH THE MOMENTUM

Beccuse the Invariants found {n Ssction ]I are a1l quacdratic 1n the momentum
p, 1t 1s natural to fnquire whether the admissible class of potentials associated

with those invariants contains all potentials for which there exists an invarfant
quadratic 1n p. Thus, we assume a Hamiltonfan

H-%pQOV(q,t) (3.1)

and mak¢ the ansat:z that there exists an {‘nvgriant of the form

1o f(q,t) ¢ pfilq,t) p‘fz(q.t) . (3.2)
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That {s, I 1s to satisfy

%%"‘;% + [Hlgy =0 . (3.3)

Substitution of (3.1) and (3.2) 1into (3.3) gives the system of partial
differential equations

3f2

—09e 0 , (3.4)

q

Bfl sz 0 e

—_—t = .

po m . )

af ML

_aq_ - 2f2ﬁ+-3_t—. 0 . (3.6)
v 3f0

“fhwtart? (3.7)

The solution of (3.4) - (3.7) 1s relatively straightforward and will be described
elscwhere [4]). The result ¢5 the following. There exists an invarfant quadratic
in p {f, and only 1f, the potential 15 ot the form

1 RS
- . 2 2
viq,t) F(t)q*z.n (t)q 0_211[

i

) (3.8)

ey

where F, 0O, and W are arbitrary functions, e, and o, dre any particular solutions
of

B o+ a2t - K ap , (3.9)
1 1 D!
1
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P, ¢ a¥(tlp, = F(t) , (3.10)
and k fs an arbitrary constant. The f{nvariant quadratic in p is

Hap,t) = glo(p = 8,) = &,(q - o))"

Fr(—)" s u—) . (z.11)

This result s a generalization of the result obtafned in Section Il because
the potential may now contain two independent functions of time.

1¥. FURTHER DEVELOPMENT OF THE CANONICAL TRANSFORMATION APPROACH

In Section II, our canonical transformation approach was applied to a

Hamiltonian equal to%

p? plus a potential whose time dependence was assbwcd NOt
to be expressible entirely through dependence on o(t) and 3(t). We now assume
that the time dependence of the Hamfltonfan s expressible solely {n terms of o(t)
and j(t), and we allow a general dependence of the Hamiltonfen on p. That is, we

take

H . H(QIDIDIB) . (4'1)

The new canonical variables Q and P again are tzken to be functions of q, p, o and
4. Equations (2.10) and (2.11) now read

&K P r

¥R b [H.P]qp + 5L°.?]Dq + D(Q-P]BQ ' (4.2)
&« W

‘w“ﬁ b '[H-q]qp - &[le]pa - B{QIPJDB . (4-3)

In (4,2) and (4.3), a)) quantiiies except 2 depend on t only through dependence on
o and 5. Therefors, we efther take
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(QPlzq =0 L [QPYz =0 , (4.4)

or require p to satisfy a df fferential zquation of the form

B=g9le,8) . (4.5)

(As before, we require 5 £ 0.) The former choice s too restrictive. Adopting the
latter, we write

D'[Q.P];,q « flq.p.e,d) E[O.P]pa = - f,(a.p.0.8) . (4.6)

These two equations may be combined to give a sfngle homogeneous partfal
differential equation for P,

(Q.P)sq fo(Qupun,d) + [Q,P] 0 f,(q,pup,?) = 0 . (3.7)

The solution 1s

P(q.p,»,8) = r{Q(q,p,0.3), ulQ.p.0), o) (4.8)
where u(q,p,p) 1s related to f, and f, by

£1(00a0u8) = flaupioud) Jo o Filapu0,3) = H(ap.0.d) 3 (4.9)

and f {s an ar{:{trary function.

Substituting T for P 1n (4.2) and (4.3), taking two combinations of the
resulting equations, and rewriting the Poisson hracket requirement on Q and P, we
obtatn the fundamental equations

x . . 30 )
- [Q,H] « bt = (4.10)

Y
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=
]
@
—

where

azsg_zotu.uj ;

Detafled analysis of restrictions on

equations finally leads to a

dependences required by
The entire derivation will be published

elsewhere [5]. Here we summarize the results.

(4.11)

(4.12)

(4.13)

these

We find that Q may be written as a function of two canonfcal varfables, u (as

defined above) and v:

0(q.p.o.5) = R{u,v) ,

where

v = 1(q,p,p) - J{u,p, B}

and

[u,v) = [u,1]) =1

The functfons u and v also satisfy

AL

+ X i eo
30

NN o .

a9

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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The dot denotes total time differcntiation, as 1n (4.13), and a bracket without
subscripts denotes the usual Potsson bracket with respect to q and p.

As 1in the problem considered {n Section 11, there 1s no loss of gener?' 'ty in
taking K(P,o) to be linear in P and, in fact, we take

K(P,p) = B(0)P
= 8(o) N(u,v) , (4.19)

where N{u,v) s the invarfant. The permissible form of the Hamiltonian {s given
by

H(q,p,p,0) = B(o) N{u,v) ¢ an(q.p.o) + 58 (q.p,e) az(u.p.B) . L 0.20)

where az(u.o.B) 1s not linzar in 5. The functions a _, a

o X and a, are related to
u, v and glp,8) (=p) by

(vad=0 , .g_t:) +fual=0 , (4.21)

(L] = 6ytue) o Sv 100 %6,0u0 (4.22)
EN ’ &) 302

g(o.é)a—6¢ B.E+Tu_-(;o(u.o) + BGl(u.o) . (4.23)

Equatfons (4.2)) - (4.23) together with the Poisson bracket relation for u and v
constitute a consistent set of equations in themselves and are consistent with
(4.17) and (4.18).

Y. DISCUSSIOH
The results of the yarious snalyses that have been described bdriefly here

fndicate that 1t 1s possible to find invariants for a wide class of time-dopendent
une-dimensiona) Hamiltonien systems. Such rerults will have generslizations to
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higher dimensfons as has been found by Lewis [6) for the three-dimensional
counterpart of the problem described in Section I1II. The results reported {n
Section 1V mark & fundamertal change from those of Section 11 and 111 and earlier
results. .n the earlier work, canonicel coordinates, here called (u.v), have teen
obtained for which the transformation from (q,p) to (u,v) consisted 1in s
coordinate transformation q to y with the somentum transformation fr.a p to v
being 1nduced by the coordinate transformaticn., In Sectfon IV, the possibility
for more general transformations 13 adeitted. Indeed, one might 113t he types of
problea tiiat could bDe treated in terms of the p dependence of u.

In Sections 11 and 1V, the time dependence of the canonical iransforuations
was through the single function o{t) wheress 1In Section Il] we sew that two
{ndependent functions may arise. Part of our prograa of {nvestigation of
invarfants for Hemiltonfan systeas s to consider, using the method of Section; 1]
and ]V, the 2ffect of iIntroducing sevars! independent functions. The other part
1s to apply the sethod of Section 1V to a Hamfltonian whose time dependence 13 not
through o(t) and 5(t) alone. ke hopc to report on these matters soon.
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