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ABSTRACT

A study of piping and elbow flexibility is performed using an analyt-
ical approach and piping analysis computer programs ADLPIPE and MARC.
The study focuses on pipe loop configurations commonly used to accommodate
thermal expansion in such applications as Liquid Metal Fast Breeder Reac-

tors.
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A STUDY OF PIPING CONFIGURATIONS

I.0 Introduction

In the design of a piping system which is subject to high operating
temperature, an expansion loop is commonly used to accommodate thermal
expansion. The basic components of an expansion loop inciude the straight
pipes and pipe bends (elbows). It is of interest in the design of a piping
system to learn how different piping configurations behave under thermal
loading. Therefore, this study is made to try to assess the relative merit
of some selected configurations that might be used in the LMFBR piping
design to accommodate thermal expansion. The configurations examined are
the hairpin loop, the U-bend loop, the coil loop and the omega loop. The
thermal expansion is treated as a constant anchor movement in the analysis.
The thermal étresses are calculated by both the analytic method and the
finite element computer method in accordance with ASME Pressure Vessel and

Piping Code [1].

II.0 Analytic Method

Each piping configuration is anélyzed by the conventional beam method
[2]. The additional flexibility of the pipe bend due to the ovalization
of the cross section is accommodated by.including the flexibility factor in
the moment~curvature relation. Thé force and moment acting on the pipe are
obtained by using.the Castigliano theorem. The stresses in each cross
section are then calculated according to the simplified equations given in
the ASME Pressure Vessel and Piping CodeASection»III Subsection NA [1].
These equations contain the stress intensification factor for the pipe

bend. A typical example of the analysis is given in the following for a
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hairpin loop fixed at both ends and subjected to a constant displacement
in the Z-direction as shown in Figure II.l.a.

Due to symmetry, only half of the hairpin loop needs to be analyzed.
The free body diagram of the loop is shown in Figure II.1.b. The elastic

energy of a straight beam subjected to pure bending is given by [2]

M (I1.1)
Es "f 75t
where M is the applied moment, E is the Young's modulus, I is the moment
of inertia of the cross section, and df is the incremental length of the

pipe. For a pipe bend, the following equation must be used

M2 '
E, =f k o= d2 (II.2)

\

where k is the flexibility factor of the elbow. Based on Eqs. (II.1l) and

(II.2), the elastic energy of the pipe is

L m/2 - .
E=f LFX_-@idx+f  [ER+ R Sin 0) = M]® pig (17 3

2ET 2EI
0

From Castigliano theory, the slope at the end of the pipe can be found by

2 /2

W 0 5T dx + Bl [M - F(2 + R Sin 6)]d6
[o] (o]
=210+ Tkpg --—F[-g'-i+kR(£5L+R)] (II.4)
EI 2 EI 2 2 : .

Eq. (II.4) has the solution

M = F&,
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(a)

®

Figure II.1. A Hairpin Loop Subjected to

A Constant Anchor Movement
in the Z-Direction.




where (I1.5)
2
2~ L r@2 + R)
2 2
£ = - :
2,+-2-kR

The deflection at the end of the pipe is given by

m/2

L2
_3E _ FX2 - Mx
) =3 = j.. S dx + j-
o 0

kR 2 . 2 Qi 240y _
1 21 [F(2° + 2R2 Sin 6 + R“ Sin“®)

M(2 + R Sin 68)]d6

3 2
= X {—‘3‘_ + kR(%zz + 2RL + %RZ) - E[’—ZL— + kR(%SL + R)]} . (I1.6)

Hence,

F=— (I1.7)

where

-2 o2 TR2 L2 m
A-3 +kR(22, +2R,Q,+4R) 5[2 +kR(—2-JZ,+R)]

Once the reacting force and moment are found, the moment at any cross

section is given as

M =M-F =F(E - X) (I1.8)
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where £ is given in Eq. (II.5) and x = £ + R Sin 6 if x > 2. Therefore,

the stress in the U-bend is

g =

IA
=

Mx F
7 E(E-X) x

N|§
N

[FE - F(2 + R Sin 6)] x> & (1I1.9)

where Z is the section modulus and B is the stress intensification factor
for the elbow.

The flexibility factor and the stress intensification factor can be
found in the ASME Pressure Vessel and Piping Code [1]. For a Class 1
nuclear component,

k = 1.65 for in-plane and out-of-plane bending

=1 for twisting

1.95
(h) 2/s3

=
I

= 0.75 (1I1.10)

where h = f%, t is the thickness of the pipe, r is the mean radius of the
pipe and R is the radius of the pipe bend. When all three components of
the bending moment exist, the resultant moment as defined in the Code is

used to calculate the stress.

M= 2+ M; + M;)l/z (I1.11)
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The flexibility factors and the stress intensification factors are
calculated for different pipe sizes and elbow radii and are plotted in
Figures (II.2) to (II.3). It is noted that both the flexibility factor and
the stress intensification factor decrease with increasing pipe thickness
and bend radius or decreasing pipe diameter.

The equations for other piping configurations can be obtained in a
similar manner and the results are summarized in the following. In these
equations F and M denotes the anchor reactive force and reactive moment,
respectively. The subscripts x, y, and z denote components in the x, vy,
and z directions, respectively. If a component is not given, it is
defaulted to zero. Once the anchor forces and moments are known, the
bending moment in any cross section can be found and tﬁe maximum stress in

that cross section can be calculated by

(straight pipe)

(elbow) (I1.12)

NT:z NiR

where B is given in Eq. (II.10)

A) Hairpin shapped piping (Fig. II.la) fixed at both ends and subjected

to an anchor displacemeﬁt § in the x-direction:

SEI

Fx = —7r—

M =-FR

y X
A = R%2% + L kRr3 (11.13)

4

B) Hairpin shapped piping (Fig. II.la) fixed at both ends and subjected

to an anchor displacement § in the y direction:
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ELBOW STRESS INTENSIFIGNATION FACTOR, Cp
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Figure II.3 Elbow Stress Intensification Factor



c)

D)

E)

_ SEI
Fy— A
M =~-F R
X M
Mz = - F§
2
- . T kre + L kR2
2 4 3
g = p-
,Q,+ZkR
s T o2 , 2 1 o2y _ 2. 1 .q2
A =3 + kR (4 L + 3 RL + 7 R%) E(z + A kR + 3 kR?) (IT1.14)

Two hump piping (Fig. II.4) hinged at both ends and subjected to an

anchor displacement § in the z-direction:

_ OEI
FZ = A

_ 2 -2
Fx - 2R Fz

a=Zai+2 (-2 - (1 - 2R+ B - )°

+ KREZR + Thifs + 2R(Dy + £2) + -g—w(zl - 22)2] (11.15)

Two hump piping (Fig. II.4) hinged at both ends and subjected to an

anchor displacement § in the x-direction:

_8EI 81 - 22,2
Fe =2 Cx )

= 2R ' .
F, =T -1 Fx (I1.16)

where A is given in Eq.'(II.lS).
Three hump piping (Fig. II.5) hinged at both ends and subjected to

anchor displacement § in the z-direction:
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FIG. IT.4 Piping Configuration Containing Two 180° Elbows

FIG. II.5 Piping Configuration Containing Three 180° Elbows
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- SEI
Fz T A
A = -521 --—(zl - 22)° + k[mRR? + I (21 - 2)2 + 2HR3 -
2R%(%1 - %3) + 4R%2;] _ (11.17)

F) Four hump piping (Fig. II.6) hinged at both ends and subjected to an

anchor displacement § in the z-direction;

_ SEI
o=
-2
Fx - 4R Fz
3
A = g + kR [TR? + it 722 + 2RL] (11.18)

G) TFour hump piping (Fig. I1I1.6) hinged at both ends and subjected to an

anchor displacement § in the x-direction:

- SEI
P =72
4R
Fz = T Fx
(——)2 [ + kR(TR?Z + 2 m22 + 2R2)] (I1.19)

H) Coil shaped piping (Fig. II.7) hinged at both ends and subjected to an

anchor displacement § in the z-direction:

_ G¢EI
Fz T A
A =2 TkR3
—2'TT R (II.ZO)

I) U-shaped piping (Fig. II.8) hinged at both ends and subjected to an

anchor displacement ¢ in the z-direction:

SEI

.=
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FIG. II.6 Piping Configuration Containing Four 180° Elbows

%h % -t g ——

FIG. 11.7 Coil Shaped Piping Confiquration



FIG. 11.8 U Shaped Piping Configuration

FIG. II.9 Omega Shaped Piping Configuration
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A =k [{’- Tl'Ri - 2&?]-4-" k, [ RfRz + zéle + % mi:] (I1.21)

J) Omega shaped piping (Fig. II.9) hinged at both ends and subjected to an
anchor displacement § in the z-direction:

_ SET

Fz A

2
= 3,9T _ _ 1 3 2 31 p2 _ R2y (11.22)
A=k RYG V2 D + kR (G2 +\/2 R L +5 R -5

III.0 Finite Element Method

There are several finite element programs which can be used to analyze
a piping system. The programs which are used in this study are the ADLPIPE

and MARC computer programs.

IITI.1 ADLPIPE Computer Analysis

This program uses the conventional beam method to analyze a piping
system according to the ASME Pressure Vessel and Piping Code. Two sets of
studies were made. The first set of study examines various selected con-
figurations with constant length of 100'. The pipe diameter is 48ﬁ and the
pipe thickness is 0.75". These dimensions are selected because they are
used in the LMFBR loop study [3]. The output of the computer calculation
has been checked against the analytic results. The maximum deviation is
found to be 5%. The result of the analysis is shown in Figures (III.1) to
(I11.10).

Figure III.1 (a) shows the stress distribution along a 100' constant
length pipe for a 1" anchor displacement in the X-direction. The reactive
anchor force is in the X-direction and the reactive moment is in the Y-
direction. Hence the moment and the bending stress is constant along the

straight pipe. The stress shows a jump at the junction of the straight
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pipe and the elbow due to the stress intensification factor of the elbow as
indicated in Eq. (II.9). In the elbow, the moment and the stress decreases
to zero at the symmetry point.

In Figure III.1 (b) anchor forces and moments in all X, Y and Z direc-
tions are non-zero. The resultant moment is calculated according to Eq.
(IT.11). Hence the stress distribution is non-linear along the straight
pipe. The stress again shows a jump at the junction of straight pipe and
elbow due to the stress intensification.

In Figure III.1 (c) the stress distribution along the straight pipe is
linear since the anchor force is in the Z-direction and the anchor moment
is in the Y-direction. The resultant moment in the straight pipe section
‘is always in the Y-direction. The stress curve at the elbow first falls
then rises as the moment goes to zero and changes sign in the elbow.

Figure IIi.l (d) shows the maximum stress for different bend radii.

In general, the stress decreases as the bend radius increases. The only

exception occurs when the anchor displacement is in the Z-direction where
the maximum stress increases. This is because increasing the bend radius
reduces the straight pipe length for a constant length pipe. A constant

anchor displacement means more elbow deflection for a larger bend radius,
hence the maximum stress increases.

Figure III.2 to Figure III.4 can be explained in the same manner as
Figure III.1l. The general trend is for the stress to go down as the number
of elbows increases or the elbow radius increases. As indicated in Figure
III.1 (c), the only exception is when the anchor displacement is in the
Z-direction. 1In that case, the trend is for the stress to go up as the
number of elbow or the elbow radius decreases due to the shortening of the

straight pipe section.
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Figure III.5 shows the stress distribution of the coil loop. Nodes
#5 and #21 at the cross over point of the loop are separated by a pipe
diameter distance.’ Therefore, the configuration is not two dimensional as
is the case for the other piping configurations. Figure IIL.5 (a) and (b)
can be explained ﬁsing the earlier reasoning. Although the displacement is
in the Z-direction in Figure III.5 (c), the reactive moments are in all
three directions due to the three dimensional configuration. Hence the
stress distribution in the straight section is non-linear and the stress
curves go tﬁrough a minimum rather than zero because the resultant moment
is not zero. 1In this case the maximum stress decreases when elbow radius
increases. For the other two displacement components the stress go through
a mggimum as indicated in Figure III.5 (d). 1In these two cases when the
elbow radius is small, the straight pipes are effective. When the elbow
radius is small, the straight pipes are effective. When the elbow radius
increases, the length of the straight pipe decreases and the stress in-
creases. As the elbow radius increases further, the shorter straight pipe
becomes ineffective and the effect of the elbow takes over, hence the stress
decreases.

Figure II1.6 and Figure III.7 can be explained in a similar manner.
In these two configurations, the elbow changes radius at node #9 and node
#17. Therefore, the stress curve shows additional discontinuity at these
two points as compared to Figures III.1 through III.5. These two configura-
tions also shows the general trend of decreasing stress with increasing
elbow radius.

In summary some general observations made in this study are given as
follows:

1. When the displacement is in the plane of the loop, the



g {xsy

[ VST

-21~

10}
TOTAL LENGTH=100'
PIPE DIAMETER,D=48"
PIPE THICKNESS,T=0.75
8} ——— e — R =150
———— R 22D
————Rz=3D
N, N\,
6 / /\\\
i

NOOE NUMBERS

(@)

lﬁl‘%ki’éi’z:,:ofia" ; / l\\ r d}r I-az;no'.', 2 sa 1
. PIPE THICKNESS, T=0.7% / \‘ % ]
S
L ==
Doy b
B NaN 3
AR
oL A / \ 1 /] s
AN / [\ \ I/ °
Lo W
: \\ // -~ \\ f/ i
4 NN A
-\ \\ I/ \_\ // /
T::sz \‘{/ \\4/ —
— - J Vi -
NODE {‘:JCU;dBERS ‘ l
Figure III.5 Stress Distribdtfohr
(a) displacement
b) displacement

displacement

maximum stress vs.

g (ks

T : [ r— T !
|z[v ,/ T \\\ .
/’ .

’_’/ —
N
/ N\

o /s N ]
e AN

/'/ \\ ‘

s\ 3 _q /
. < 17 9 /

\\\ /M\= o 32 3 /,/

TOTAL LENGTH =100"
PIPE DIAMETER,D=48" -
PIPE THICKNESS,T=0.75

2 - —
N —— e R=1SD /
———.—R=2D
————R=3D /
I L L L 1
o] 5 ) 13 (i4 2t 25
NODE NUMBERS
(b)
T T T d 1
B R
o,
X
20f /1—2 ‘
Y
ax
\ —_———nAY
16 \ T
N az
\\ TOTAL LENETH = 100"
Ve PIPE DIAMETER,D=48"
\ TS~ PIPE THICKNESS,T=075"
12l /' 7
\
\
/AN
\
/N
\,
N
8- \
s AN
N\
N\
\Y
\Y
N
N
o 4
L i 1 J L
% ] z 3 4 5
R/D
(d)

of a Coil Loop.

in the X-direction
in the Y-direction
in the Z-direction
bend radius




~22-

T v
. R
9 1.50
(. 9y ¥ 150 <t, 4
| . _ ] [] 21 25
L it 5 2 25 aY=i.0 X
ox=1.0" x
o} g o )——z 4
I v
¥ g
1 TOTAL LENGTH =100 |
TOTAL LENGTH=100' PIPE DIAMETER,D=48"
PIPE DIAMETER ,D=48' B sl PIPE THICKNESS,T=0,75" B
8~ PIPE THICKNESS,T=0.78"
- z e e e R= 1,50
3 ———R=1.50 < ————R=2D 4
; \ ———R=2D ° A /
6 \ / g & %\ 7\ | 1 .
\ / \ RN /
\ ! \ / \ .
\ / /N
A ! / g \
4 \\ / \ / \;\ / / T ar \ / / \ \ / )
| \ - , E
\ /. “\ r N\af/ N\
2 // -] 25\ ‘ \ ,A
\\\ ‘ ’/ \\ -~
. ]
- \ L — T
— .
o ! ) v L L L | o ! i 1 L L J
9 13 7 2t 25 5 9 13 7 2 25
NODE NUMBERS NODE NUMBERS
(a) (b)
T T T T T T T T T T T
13
R
12 - 24} R .
9 "% 50
L ! 4 1.50
] 5 2 25 t "
J LAZ 1.0 ! N
o x 1 20k X .
- L
Y Y
TOTAL LENGTH =100" ax
8- PIPE DIAMETER, D = 48" 7] 6 T
- PIPE THICKNESS,T=0.75" —_————ay
w
= ———eRz1.50 =+ s oz
® ————R=20 X TOTAL LENGTH =100"
& E g 2l PIPE DIAMETER, D= 48" ]
I PIPE THICKNESS, T=0.75"
: AN VAN V4
\ / \ / !
4 / -
b~
. . e ]
N\ 1N / /] I -
- 7\ ~—
B | S —
/ ~~
2 \ ] y \ ) it l i \\\\\
~- ]
/Y 1
\ 1j ) !:_._-._
\ " ]
0 L ! ! .
5 9 13 7 21 25 . , | ,
NODE NUMBERS ' % [ 2 3 T
(c) i R/D
' (d}

Figure ITI.6 Stress Distribution of an Omega Loop.

(a)
(b)
(c)
(d)

displacement in the X-direction
displacement in the Y-direction
displacement in the Z-direction
maximum stress vs. bend radius



~23=

T M T

t
ox=1,0"

10

8—
7]
z
o

Bk

R
< ’ LY T
9 150 <, NS0 s
. 2, e et
5 . @ INEXH X

ha

TOTAL LENGTH =100’
PIPE DIAMETER, D=48" ,
PIPE THICKNESS, T=0.75"

— ——R=15D
————RE=2D
————R=30
————R =50

0 (KS1)

TOTAL LENGTH =100
PIPE DIAMETER, D= 48"
PIPE THICKNESS, T=0.75

— ——R=L5D -
———R=2D
———=—R=3D
— — R=5D

NODE NUMBERS

(c)

Figure III.7 Stress

(a)
b)
c)
d)

T T

a U-bend Loop.
the X-direction
displacement in the Y-direction
displacement in the Z-direction
maximum stress vs. bend radius

DisfribUtion of
displacement in

U : ;R R N
™\, N\ AN T T £
N BNA LA B =
ol ‘.-I N I . -. i " 1 1—‘ . s o I 1 l L 1 J
S 13 7 £ 25 V ] i3 T 2 P
NODE NUMBERS NODE NUMBERS
{a) (b)
ﬁ%‘}i{‘:‘l‘i"?gn //-\\ 1 TAZ:"OjIZCLw 2, =T = J7CI.50 .
141 ¥ s 21 B
\ l, i X
\ [ N 2o v p= ]
2l ! \‘ / /\ \\ / ! :—;'—_::;gn ax
‘ . 4 —=——r:30 ——a
il [\\\ / / \ \ //‘/, e R25D oL \\ ————— A; 1
IR g \ Pt
! ! x \ e
¥ / \ i ,/ g \\ PIPE THICKNESS ,T=0.75" |
N j \\ // Vs § o “
N -~ ’ A
N w
TR 1 1 ‘
. i PR / _«—-———:;\:Q\§ ]
o+ ¢ \ !l / ) \ \\ y/ ! v/’/ S=man
H/ N Wi o+ T
2k \‘\U/: / \ \\\I ’n/ :—-—-— 4
==l ,fy/ W E== e
° 5 ‘9 5 7 ] 75 (d)




n24n

reactive forces is also in the same plane and the direction
of the reactive moment is perpendicular to the plane. In
this case thé magnitude of the bending moment is linearly
decreasing in the straight pipe. Hence, the stress curve

is a straight line in the straight section.

When the displacement is out of the plane of the pipe, all

three components of the force and moment are nonzero. Since
the resultant moment is calculated as the root of the sum of
the squares of each moment, the stress curve in the straight

section is no longer a straight line.

The stress curve always has a discontinuity at the junction of
a straight pipe and aﬁ elbow., This is due to the stress intensi-
fication factor of the elbow as indicated in Eq. (II.9) if X = &.
If the end effect of the elbow is considered, the stress curve

would be continuous and without a jump.

The bending moment in the elbow varies as a combination of
trigonometric and quadratic functions as shown in Eq. (II.9)

and (II.11).

For the same configuration, increasing the radius of the pipe
bend increases the length of the elbow to accommodate thermal
expansions. Therefore, the stress tends to decrease when the
pipe bend radius increases. The same reasoning holds when the

number of elbows is increased.

The straight section of the pipe serves to enhance the

deflection of the elbow. Therefore, it is desirable to
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have a long section of straight pipe perpendicular to the direc-

tion of anchor movement.

The maximum stress in different piping configurations are summarized
in Figures (III.8) to (III.10). Thesevcurves can be explained by the
general observations.

The second part of the study examines the same configurations except
the span of the pipe instead of the total length is kept constant. The re-
sults of these analysis are shown in Figures (III.11) and (III.12). From
these curves it is noted that the stress decreases monotonously as the ra-
dius of the elbow increases. This happens because, in a constant span
study, the total length of the pipe increases with increasing elbow radius.

Therefore, more elbow length is available to accommodate thermal expansion.

IIT.2 MARC Finite Element Program

The particular element which is of interest in a piping design is the
elbow element #17 [7]. This element is a symmetrically loaded shell
element specially modified for studying pipe bend. The theory and the
results of the computation are‘given in Ref. [4] for an in-plane bending mo-
ment. ‘A MARC analysis of elbows subjected to out-of-plane bending moment can
be found in Ref. [5]. The curves obtained in Ref. [4] and [5] are recapitu-
lated in Figures (III.13) to (ITT.17). These results are confirmed in this
study using the MARC Program.

Figures (I11.13) to (III.14) aré for an elbow with a pipe factor h =

0.0924 and R/D = 1.475. in this case, an ASME code calculation gives:

B, =0.75 =55 = 7.16
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. 1.95 . o
c, = 373 - 9.55. (III.1)

The code calculation values of the flexibility factor are shown in Fig.
(II1.15) by cross mark symbols. In Figs. (III1.16) and (III.17), the elbow

dimensions are

t = 0.244
D = 6.312
R = 18.23.

Hence the stress intensification factors are

Q
it

2 3.338 (I11.2)

All the ASME code calculations compare fairly well with the curves.

A thermal stress check run is also made for a 90° elbow with a 36"
0.D., 5" thickness and 54" bend radius subjected to 950° F én the inner
surface and 750° F on the outer surface. The thermal stress agrees with

the analytic result for a cylindrical shell [6].

_  EoAT
M TG REY))
_30x10°% x9.8 x107° x 200
2( 1 - 0.3)
= 42,000 psi

(TII.3)
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