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MOMENTUM DENSITY OF .HCP AND LIQUID HELIUM-4 
BY INELASTIC NEUTRON SCATTERING 

Russell Otto Hilleke, Ph.D. 
. Department of Physics 

University of Illinois at Urbana-Champaign, 1983 

A measurement of the momentum density in hcp and 

liquid ~He by inelastic neutron scattering is reported. 

Using the Low Resolution Medium Energy Chopper Spectrometer 

at the Intense Pulsed Neutron Source at Argonne National 

0-1 
Laboratory, momentum transfers in the range 12 to 22.5 A 

were attained. At these momentum transfers, the momentum 

density of the sample i.s related to the dynami.c structure 

factor by the impulse approximation. 

The measured momentum distribution is Gaussian and 

the kinetic energy is larger than proposed by existing 

theories. 

Data were taken on two solid samples, the first 

was a 19.45 cm3/mole hcp solid, the second was 18.20 cm3; 

mole; both solid samples were maintained at 1.70 K during 

data collection. Data were also taken on·a liquid sample 

with a molar volume of 18.20 cm3;mole at 4.00 K. At 1.70 K 

the two solid samples are essentially in their ground states 

so that the measurement is of the ground state momentum 

density. The liquid sample was included to see if the 

difference between the liquid and solid momentum density 

at the same molar volume was observable. 
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1. INTRODUCTION 

'The years 1982 and 1983 are the fiftieth anniver­

sary of the discovery of the neutron by James Chadwickl/ 

1 

and the seventy-fifth anniversary of the first liquefaction 

of helium by Kamerlingh On~es. 2/ It seems an appropriate 

time to study the scattering of neutrons from the condensed 

phases of helium. This historical coincidence also gives 

one the opportunity to introduce the subject of solid 

helium by saying something other than: 

A. Background 

Because of their relatively simple atomic structure, 

the noble gases have attracted much theoretical and experi-

mental interest. Tha.t these elements occur in the gaseous 

phase at room temperature and atmospheric pressure is an 

indication of their weak interatomic attraction. The 

filled electron shells, which are characteristic of the 

noble gases, insure that the interaction between atoms is 

·isotropic and that they solidify in a monatomic basis. 

This monatomic nature in the solid phase further simplifies 

their physical nature by eliminating internal vibrational 

and rotational degrees of freedom. 

The long-range interaction between two noble gas 

atoms is due to the mutually induced multipole moments in 

their electron charge distributions. The leading term in 
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this attractive potential (the dipole-dipole term) is pro-

-6 . 3/ 
portional to r , where r is the interatomic distance.-

As the atoms approach one another, their electron clouds 

overlap and the resultant repulsion, arising from the 

Pauli principle, is approximate~y described by an exponen­

tial or a large power of r. 4/ The potential most commonly. 

used to describe the overall interaction is the Lennard-

Jones potential which is written in the form 

a a . 
V(r) = 4£ [ (~) 12 (~) 6] (1) r r 

where aL, often called the hard-core diameter, measures the 

spatial scale of the interaction and £ measures its 

strength. Gas phase experimental data on helium give the 

values aL = 2.556 A and £ = 10.22 K for these parameters. 5/ 

Some recent calculations~/ have found the HFDHE2 potential?/ 

to give better results for calculations on solid helium. 

This potential has eight parameters fitted from experiment. 
. 8/ 

Solid helium hr~R hP.P.n called a quantum solid-

because ·the zero point kinetic energy of a helium atom in 

the solid is comparable to the (negative) potential energy 

due to its neighbors. In fact, the zero point kinetic 

energy is greater than the potential energy and the solid 

phase does not exist unless external pressure is applied. 

Figure 1, the low temperature phase diagram for 4He, 

illustrates a variety of interesting phenomena that occur1 

in the liquid and solid phases. Among the important 
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features in this figure are: 1) helium remains a liquid· 

all the way to zero temperature at low pressures, 2) 4He 

3 

requires a pressure of at least 2.5 MPa.to solidify, 3) the 

largest portion of the low pressure phase diagram for solid 

4He is taken up by the hcp ~hase (close packed, 12 nearest 

neighbors), 4) a bee phase (not close packed, 8 nearest 

neighbors) exists over a very small range of pressure and 

4 temperature, and 5) He becomes a superfluid at about 2. K. 

Important features that do not appear in Figure 1 are: 

1) above 100 MPa a~d 15 K there is a fcc phase (close 

packed, 12 nearest neighbors), and 2) there exists a 

critical point at 5.20 K and 0.23 MPa. The numerals 1 

through 3 in the figure indicate the pressure and tempera-

ture of the three samples on which data were taken in this 

experiment. In contrast to 4He, the heavier noble gases 

solidify in fcc structures at temperatures that range 

from 24 K for Neon11/ to 202 K for Radon. 121 

The aforementioned large zero point energy of solid 

helium means that the RMS deviation (<u 2>112 ) of an atom 

from its lattice site is large, as large as 1/3 of the 

t . hb d' t . 3 13/ Th 1 neares ne1g or 1s ance 1n He.-- ese arge excur-

sions of the atoms from their lattice sites have three 

important consequences: 14/ 1) Neighboring a·toms in the 

lattice encounter one another away from their respective 

lattice sites at distances comparable with the hard core 

diameter of the interatomic potential. Because of this, 
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Figure 1. P-T phase diagram of 4He. The temperature and 
pressure of the three samples are indi~ated and 
correspond to: 1) 19.45 ~m3/mole hcp He, 
2) 18.20 ~m3/mole liquid He, and 3) 18.20 cmJ/ 
mole hcp He. These curves are compiled from 
data in references 9 and 10. 
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the motion of neighboring atoms is strongly correlated. 

In contrast, an atom in a "classical" solid sees its 

neighbors as localized and distant. 2) The small parameter 

of classical lattice dynamics, (<u2>1/ 2 )/R
0 

(R
0 

is the 

near neighbor distance), is not small. Thus the harmonic 

approximation breaks down in the case of solid helium. 

This was demonstrated by de Wette and Nijboer15/ who found 

that the phonon frequencies for a solid with an interatomic 

potential and density appropriate for helium to be imaginary 

at all wavelengths. 3) The wave functions of neighboring 

atoms have substantial overlap. This leads to a signifi­

cant probability for the atoms to tunnel around one 

another and thus exchange lattice sites. These exchange 

effects give rise to excitations that are important in 

determining the properties of solid helium. 

B. Solid Helium Theories 

A 1976 review article by H. R. Glyde13/ discusses 

the difficulties one faces in calculating the properties 

of solid helium and the various methods developed by 

theorists to carry out such calculations. An early cell 

model calculation by Bernardes16/ was in good agreement 

with experiment for various properties (compressibility, 

Gruneisen parameter, volume vs. pressure relation, and 

heat of sublimation) of the heavier noble gas solids but 

gave poor results for helium. A Hartree calculation using 

the Lennard-Jones interaction potential by Nosanow and 



• 

• 

• 

• 

6 

Shaw171 showed that for the heavier noble gas solids the 

many-atom wave function could be written as a product of 

single-atom Gaussian functions: 

where A is a variational parameter that determines the 

width of the wave function (higher A implies a narrower 

wave function). The values they found for the ground 

(2) 

state energy of the heavier noble gas solids compared very 

well with experiment but their model gave poor results for 

helium. For helium they found that the wave function 
( 

should look more like a cosine function appropriate for a 
I 

square well potential. They concluded that the short 

range correlations are important in helium and that the 

effects of the potential's hard core should be more 

explicitly included in the calculation. Nosanow included 

these effects in a later paper~/ by using a Jastrow type 

function18/ in the muny-atom wave function 

N -+ -+ 
7T cp ( r . - R. ) 7T 7T .. f ( r . k) 

i=l 
1 1 l~j<k~N J 

( 3) 

where the Jastrow function was taken to be of the form 

f(r) 
0L 12 °L 6 = exo {-K[(--) - (--) ]} 4 r r 

( 4) 

and K is a variational parameter. The resultant cluster 

expansion, in which one and two body terms were kept, gave 
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improved ground state energies and values for the compres­

sibility and pressure that agreed well with experiment. 

This work was very important in the development of the 

theory of solid helium because it was the first internally 

consistent calculation that produced good agreement with 

experiment. Hetherington et al. showed that the three 

body terms were small for bee 3He. 19/ An alternate method 

for treating the problem of particle correlations due to a 

hard-core potential is the T matrix method developed by 

Bruechner201 for describing correlations of nucleons. This 

method was first applied to the problem of solid helium by 

Iwamoto and Namaizawa21/ and developed further by several 

authors. 22 ' 23 , 24/ Finally, Monte Carlo calcul~tions 25 , 261 

have been carried out on solid and liquid helium using a 

variety of P,Otentials. 271 These calculations give good 

results for a variety of experimentally observable proper-

ties. 

Many of these papers report either yalues of the 

'Gaussian parameter A (Equation (2)), the total energy of 

the solid, or single-atom kinetic energies. The values 

they find for these quantities vary significantly. This 

led Praveen Chaddah, one of our collaborators and an expert 

on Compton scattering~ to conclude that the neutron analog 

of Compton scattering should be sufficiently sensitive to 

test which of these calculations gives the best value for 

the kinetic energy. We soon realized that comparing the 
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calculated values of A is not proper; that the many-atom 

wave functions are written differently implies that the 

wave f~nction is not fully characterized by the value of A • 

For this reason, we must compare our results with a theory 

that either writes the many-atom wave function as a product 

of single-atom wave functions or that calculates an 

observable of the system such as kinetic energy. Compari-

son will be made between these experimental results and the 

theoretical calculation of Whitlock et a1. 25/ because the 

Green's Function Monte Carlo method treats model calcula-

tions exactly, subject only to sampling error, and because 

they calculate a variety of observable properties in addi-

tion to the kinetic energy. 

C. Inelastic Scattering Experiments 

C . 281 . . t 1 th d ompton scatter1ng-- 1s an exper1men a me o 

used to.deterrnine the electron momentum density of a system 

by inelastic scattering of relatively high. energy photons. 

The experimental method we describe here consists of 

{relatively) high energy inelastic neutron scattering to 

determine the atomic momentum density of condens~d matter. 

Solid helium turns out to be an excellent system to study, 

not only because its momentum density is unknown, but also 

because its low mass insures that the neutrons scattered 

from the sample are easy to separate from the background 

scattering. 
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Knowledge of the momentum density is useful in 

determining properties other than the kinetic energy 

contribution to the system's total energy. The single-atom 

position-space wave function is related to the momentum 

density via the Fourier transform. Vacancy formation and -

motion are extremely sensitive to the width of the single-

atom position-space wave function. In the case of solid 

helium, vacancies turn out to be important excitations in 

determining the properties of the solid. 29/ 

Neutron scattering provides a uniquely useful probe 

for the investigation of the properties of condensed 

matter. Neutrons with kinetic energies in the range 5 to 

about 100 mev are termed thermal neutrons; those with 

higher energy, and shorter wavelength, are called epithermal 

neutrons. Thermal neutrons have several properties that 

make them particularly useful in the study of properties of 

condensed matter. 301 With wavelengths in the range 1. to 

4. A, thermal neutrons have wavelengths th~t are well 

matched to atomic spacings in solids making neutron dif-

fraction useful for the study of crystal structure. The 

kinetic energy range of thermal neutrons is of the same 

order as that of many. excitations in condensed matter 

(phonons, magnons, rotons, etc.). Consequently, when a 

neutron is scattered inelastically by the creation or 

annihilation of an excitation, the change in energy of the 
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• neutron is a large fraction of its initial energy, making 

the energy transfer easily observable. 

Neutrons, being uncharged, can penetrate deeply 

into the sample to probe bulk properties of the solid. 

Neutrons are scattered by nuclear forces which depend on 

the isotope that comprises the scatterer. Since the 

scattering cross-sections of atoms with nearly equal atomic 

number differ considerably, even for isotopes of the same 

12 14 16 element, these atoms (e.g. C, N, and 0) can be dis-

• tinguished more readily than with x-rays. Likewise, atoms 

such as hydrogen which are virtually invisible to x-rays, 

are strong neutron scatterers. Finally, the neutron's 

magnetic moment provides a means to study the density and 

arrangement of unpaired electrons, nuclear magnetic order-

ing, and the energies of magnetic excitations . 

• The neutron, acting as a microscopic probe, can be 

thought of as having a resolution on the order of its 

wavelength. If this wavelength is comparable to the inter-

• particle spacing, the neutron scatters from the crystal 

lattice and one gets information about collective excita-

tions in the solid. If the wavelength is very much smaller 

than the interparticle spacing, the scattering takes place 

from individual atoms and one obtains information about 

single-atom motion. In the short wavelength limit, one 

• can take the following view of the scattering event: the 

helium atom is oscillating in its potential well colliding 
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with its nearest neighbors as it does so. If the neutron 

has sufficient kinetic energy, the interaction between the 

atom and the neutron can occur while the atom is between 

collisions with its neighbors. The frequency with which 

the atom oscillates is just a characteristic energy of. the 

atom divided by Planck's constant. 31/ So if the neutron 

energy is very much greater than a typical excitation energy 

in the system, the scattering is expected to give informa-

tion about the dynamics of single atoms in the system. As 

is usually the case, such classical arguments are useful 

in understanding the physics behind the experiment but one 

can easily take such arguments too seriously. The approxi-
I 

mations we make will result in predictions about the data 

which we can test to establish the validity of the approxi-

mations. 

The experiment reported here consists of scattering 

relatively high energy neutrons from hcp 4He. If sufficient 

momentum transfer is attained, the moment'um distribution of 

the atoms in the solid can be extracted from the scattered 

neutron spectrum. The theory that describes this method 

will be discussed in detail in Chapter 2 • 
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2. THEORY 

A. Dynamic Structure Factor 

For inelastic scattering of neutrons, the partial 

differential cross-section is related to the dynamic 

structure factor via 

b
2 kf -+ = S(Q,E) k . 

1 

( 5) 

where the usual definitions of the quantities apply (see 

List of Symbols). Van Hove showed that the dynamic struc­

ture factor, S(Q,E), which is the time and space Fourier 

transform of the atom-atom correlation function, contains 

all the structural and dynamic information about the 

scattering system. 32/ The fact that the dynamic structure 
., 

factor is a function only of the energy and momentum trans-

fer is important since it greatly reduces the amount of 

data necessary to descrlbe the function. 

Heuristically one can derive an expression for the 

dynamic structure factor based on the view of the scatter-

ing event discussed in the introduction. Recall that the 

classical view we took was that the collision between the 

neutron and the helium atom occurs instantaneously while 

the atom is between collisions with its neighbors' and that 

we cuul~ tl~refore treat the atom as being tree. If one 



• 

• 

• 

• 

• 

13 

envisions a collision between a neutron (with kinetic 

-+ 
energy E. and wavevector k.) and a helium atom (with kinetic 

l l ' 
-+ . . 

energy E1 and wavevector p 1 ), one can write down expressions 

for conservation of momentum and energy during the neutron-· 

atom collision. 
-+ 

Using E2 and p 2 as the energy and wave-

-+ 
vector for the helium atom after the collision and Ef and kf 

as the neutron's final energy and wavevector, these equations • 

are 

( 6) 

and 

(7) 

The relationship between the momentum and the energy of the 

helium atom is 

(8) 

with like expressions for the other energy-momentum pairs. 

Combining these with the definitions of momentum transfer, 

-+ 
Q, and energy transfer E, 

-+ -+ -+ 
Q = k. kf l 

( 9) 

and 

E = E. - Ef l 
(10) 



• 

• 

• 

• 

• 

• 

14 

one finds 

= 0 . (11) 

Thus Equation (11) expresses energy and momentum conserva-

tion for the collision; that is, we expect no scattering 

unless this equation is satisfied. We therefore want to 

put this expression inside a delta function in our expres-

sion for the dynamic structure factor. Finally, the proba­

bility of a scattering event having a given value of E and 

+ 
Q should be proportional to the probability of finding a 

nelium atom with momentum, np1 , that will satisfy Equation 

(11). Putting all this together and integrating over all 

values of the helium atom momentum, we find 

+ . + ·n Q f
. -2 2 

S(Q,E) = n(pl) o.(E- 2M- (12) 

This is referred to as the impulse approximation. The jus-

tification for the impulse approximation will be discussed 

in greater depth later in this chapter. An important point 

to note about Equation (12) is that 'the initial helium 

momentum, lip1 , is dotted into Q inside the delta function. 

Thus- the quantity we deduce, since we measure E and Q, is 

the component of p1 parallel to Q. 
If the single-atom wave function for helium atoms 

in the solid or liquid can be written as an isotropic 

Gaussian in the form of Equation (2), then the momentum 

wave function is 
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X (p) = C exp(-p2/2A) (13) 

and the momentum density, which is the square of the 

momentum space wave function, is 

(14) 

If this equation is inserted into Equation (12), we find 

that the dynamic structure factor reduces to 

+ 2 
S(Q,E) = C exp(-q /A) (15) 

where 

(16) 

+ 
From the above equ~tions, we see that the peak of S(Q,E) 

occurs when q is equal to zero, that is, when 

E = E r 

where we define the recoil energy, Er' as the average 

energy lost by the neutrons in a given data peak. The 

recoil energy is the energy that would be lost by a 

(17) 

neutron in an elastic (meaning kinetic energy conserving) 

collision between a neutron and a 4He atom initially at 

rest. Combining Equations (15), (16), and .(17) we find 

(E.-Er) 2 
S(Q,E) = C exp[- 4 2 21 (18) 

Ti Q A/M 
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This is an important equation and one should notice 

several points about it. At a given momentum transfer, 

S(Q,E) is Gaussian and is centered at an energy transfer 

of Er (see Equation (17)) and has a variance equal to.· 

n4Q2A 

2M2 • 

Further, the Gaussian parameter, A, that occurs in the 

single-particle wave function and the momentum density 

(19) 

(Equation (14)) is the same A that occurs in Equation (19). 

So the center of the peak is determined by the mass of the 

scattering atom while the width of the peak is determined 

by the momentum density. By fitting our experimentally 
. + 

determined S(Q,E) to Equation (18), we can extract the 

Gaussian parameter, A. 

Equations (17) and (19) provide us with necessary 

(though some argue not sufficient) conditions for the 

validity of the impulse approximation. If we plot the peak 
~ . 

value of E versus Q~ for each data peak, the points should 

lie on a straight line whose intercept is zero and whose 

d d 1 d h 4 . slope epen s on y on constants an t e He atom1c mass. 

Further, if we plot oQ versus Q for each peak, the points 

should fall on a straight line whose intercept is zero and 

whose slope depends on constants,· the 4He atomic mass, and 

the Gaussian parameter A. So we can extract A from the 

slope of this straight line plot. 



• 

• 

• 

• 

• 

• 

• 

• 

• 

17 

If we assume a momentum density given by Equation 

(14), we can calculate the average kinetic energy per 

atom; it is 

<KE> = l n2 A 
4 M (20) 

This is an equation that is useful in comparing our results 

with theories, which often quote ground state kinetic 

energies rather than momentum densities . 

B. Time-of-Flight Techniques 

Pulsed neutron sources are well suited for time-of­

flight experimental methods. 331 Time-of-flight methods 

involve determining the energy of a neutron by measuring 

the time it takes t;he neutron to traverse a known d·istance. 

In a neutron· spectroscopic experiment, one obtains infor-

mation about the dynamics of the sample. Neutron spec-

troscopy involves measuring the energy and momentum trans-

ferred between the neutron and the sample.during each 

scattering event. The energy and momentum transfer are 

related to the energy and momentum of the excitation that 

is created or destroyed during the scattering event. Thus 

one must determine the energy and momentum of the neutron 

before a11d after ·the sca·tt.eri11g eve11t. This can b8 

accomplished using the Low Resolution Medium Energy Chopper 

Spectrometer34/ (LRMECS) shown schematically in Figure 2 . 

In this direct geometry (meaning the incident neutron 
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beam 
stop 

Figure 2. A schematic diagram of the Low Resolution Medium 
Energy Chopper Spectrometer (LRMECS) at IPNS-1. 
(C) The curved slit Fermi chopper that deter­

mines the energy of th~ neutions incident on the 
sample. (S) The sample. (Mi) and (M2) and (M3 ) 
3He filled beam monitors that measure the neu­
tron beam's flux and energy distribution . 
(d1 ) Moderator-to-chopper flight path length. 
(d 2 ) Chopper-to-sample flight path length. 
(d3) Sample-to-detector flight path length. 
(Bl) and (B2) Beam scrapers phased to eliminate 
frame overlap problems. 
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energy is fixed) spectrometer, the neutron's incident 

energy is determined using a curved sl'i t Fermi chopper; 
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the final energy is determined from the time it takes the 

neutron to reach-the detector. 

To understand how LRMECS works, refer to Figure 2. 

A pulse of neutrons emerges from the moderator and spreads 

out as it moves down the beam line. This spreading occurs 

because the neutrons that are faster than average move 

toward the front of the pulse and the slower neutrons are 

left in the rear. The pulse then encounters the chopper 

which, acting like a camera shutter, is "open" for a short 

time interval during which neutrons at a certain position 
I 

in the pulse (corresponding to a particular energy) are 

allowed through. Thus the energy of the neutrons incident 

on the sample is determined by phasing the chopper with the 

source. 

The energy of a neutron that traverses a distance 

d in time intervAl t-. is given by 

and its wavevector is 

md 
k = lit 

(21) 

(22) 

For each neutron detected~ we must be able to determine 

1) t 1 , the time it took the neutron to traverse the 

moderator-to-chopper distance, 2) the time the neutron 
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arrives at the detector, and 3) the angle through which 

the neutron was scattered. From these quantities and 

Equations (21) and (22), we can determine 1) the neutron's' 

incident energy, 2) the neutron's final energy, 3) the 

neutron's incident momentum, 4) the neutron's final momen-

tum, 5) the energy transfer, and 6) the momentum transfer • 

From these quantities. and Equation · (11), we can deter~ine 
I 

the initial momentum of the helium atom. The techniques 

used to determine these quantities will be discussed in 

the next chapter. 

A time-of-flight diffractometer works in a similar 

manner to the spectrometer discussed above but requires 

only one determination of the neutron's energy. Imagine 

that the chopper has been removed from the spectrometer in 

Figure 2 (a useful picture since we made a diffractometer 

out of LRMECS by removing the chopper). A neutron pulse 

leaves the moderator and, as it zips down the beam line, 

the pulse once again broadens with the higher energy 

(shorter wavelength) neutrons at the front of the pulse 

and the lower energy (longer wavelength) neutrons at the 

rear. These neutrons are diffracted from the sample and 

the time they arrive at the detectors, a distance d3 from 

the sample, is recorded. If a neutron travels the 

moderator-to-sample-to-detector distance d = d 1 .+ d 2 + d 3 

in timA interval t, its waveLenqth is 
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ht 
A = md • {23) 

If the detector is positioned at a scattering angle, ¢;.a 

diffraction peak will occur if the Bragg condition 

2a sin{¢/2) = nA {24) 

is satisfied. This analysis assumes that·all neutrons are 

elastically scattered; if a neutron is inelastically scat­

tered, it will be part of the thermal diffuse scattered 

background and can be subtracted out {see pages 293-295 of 

Reference 33) . 

There are two great advantages in using time-of-

flight techniques: 1) data can be collected at many angles 

simultaneously, and 2) one can detect and analyze the entire 

spectrum of neutrons scattered by the sample. This is in 

contrast to a triple-axis-spectrometer for which 1) data 

are collected at only one scattering angle at any time, 

and 2) data are collected for only one value of the momen-

tlim transfer at any time. The first of these advantages 

is important because it allows one to collect data at 

several different momentum transfers simultaneously. In 

this experiment, data were simultaneously collected at 

eight scattering angles. The second.advantage means that 

one analyzes the entire spectrum of neutrons that are 

scattered through a given angle. These advantages mean 

that the data collection rates at a pulsed source are 

typically higher than at a steady state source. 
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One of the advantages of a triple axis spectrometer 

is the ability to collect inelastic scattering data using a 

.... ' 35/ 
constant-Q geometry.-- For a constant-Q scan, Equation 

(18} can be fit to the peak profile and n(p} extracted. 

Since our data were collected with the scattering angle 

+ fixed, more data reduction must be done before n(p} can be 

extracted. This arises from the fact that for data coL-

' + lected at constant scattering angl·e, both E and Q vary 

across the.width of the peak. We denote the dynamic struc-

ture factor for constant angle scattering S(~,E}. 

To understand the relationship between S(~,E} and 

+ 
S(Q,E} refer to Figure 3. This figure illustrates the 

relationship between the fractional energy transfer E/E., 
1 

and the fractional momentum transfer, Q/k .• Note that 
1 

each solid line represents the energy transfer versus 

momentum transfer f_or a detector situated at a scattering 

angle ~- The scattering angles represented in the figure 

vary from 0° to 120° in steps of 10°. Our data were taken 

at scattering angles from 47.7° to 115.5°. Each such 

curve can ?e pictured as having a finite width since each 

detector group will subtend a finite angle when viewed 

from the center of the sample (our detector groups had an 

angular width of 4.66° in the scattering plane and 10.47° 

perpendicular to the scattering plane}. In our data 

analysis, the finite size of the detector groups has been 

included in the calculation of the spectrometer resolution. 
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0.8 

oL-~L-~~~~~~--~--~~~~~~~ 

0.2 0.6 1.0 1.4 . 1.8 

Q/ki 

Figure 3. Fractional energy transfer versus fraritional 
momentum transfer for data collected by detec­
tors fixed at scattering angles varying from 
0° to 120°. E is the energy transfer and Ei is 
the neutron's incident energy. Q is the momentum 
transfer and ki is the neutron's·incident momen­
tum. The dashed curve is a plot of the E versus 
~ relationship for neutrons scattered from free 

He atoms. 
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The dashed curve in Figure 3 represents the expected 

relationship between E and Q if the impulse approximation 

is strictly obeyed, that is, the relationship expressed in 

Equation (17). One can envision the dynamic structure 

factor in three dimensions as a ridge whose peak follows 

the dashed curve at momentum_transfers sufficiently high 

that the impulse approximation is valid. At lower momentum 

transfer, there is more structure which consists of multi-

phonon peaks, single phonon peaks, and peaks arising from 

the creation and annihilation of other' excitations. With 

-+ 
this picture in mind, S(Q,E) is just the profile of this 

ridge sliced by a plane perpendicular to the Q/k. axis (on 
l. 

which Q is constant). S(¢,E) is the profile of this ridge 

sliced by a plane that follows the corresponding cqnstant 

angle curve. Thus a scheme must be found that relates the 

scattering data collected at constant angle to the required 

constant-Q profiles. 

A computer program, "INTERP" 361, exists on the 

IPNS-1 VAXll/780 system that accomplishes this transforma-

tion. This program stores all the S(¢,E) profiles and 

-+ • (-+ 
int~rpolates peak profiles at constant Q, 1..e. S Q,E). 

This analysis has been carried out for our data and the 

results are presented in Chapter 5. 

Another method exists to·extract constant-Q infor-

mation from constant-¢ data. If the fixed angle scattering 

-+ 
function, S(¢,E), is Gaussian, then S(Q,E) is also Gaussian 

2 with a variance, cr0 , given by 
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(25) 

where 

k. 
c = m [~ cos ¢ -· 1] 

. ¢ M kf (26) 

and Q is the average momentum transfer observed at the 

scattering angle ¢. Equations (25) and (26) were derived 

37/ by D. L. Price.--

c. Impulse Approximation 

A complication to the impulse approximation arises 

because the initial and final states of the 4He atom are 

modified by the presence of the crystal potential. In the 

impulse approximation one assumes that the scattering 

atoms may be treated as free rather than bound. The bind-

ing is included only in that it produces a spread in the 

initial momenta. The validity of the impulse approximation 

has been thoroughly investigated for the case of electron 

momentum density measurements by Compton scattering in the 

interacter.ing electron gas381 and in hydrogenic electron 

states.~/ Eisenberger and Platzman have extended their· 

rigorous calculation for the Compton profile for hydro-

genic electron states to the two electrons in a helium 

atom. 40/ The experimental results one finds using the 

impulse approximation agree very well with the calculated 

electron momentum density. They conclude that.the impulse 

approximation is very accurate for weakly bound electrons 
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and· that the first correction ~erm is proportional to 

2 
(EB/ER) where EB is the electron binding energy and ER 

is the energy transfer to the electron. If we draw an 

analogy between our experiment arid Compton scattering, we 

can take the vacancy formation energy as a measure of the 

binding energy of the helium atom. Since the vacancy 

formation energy for our stample· is about 1 meV, 41/ recoil 

energies in the·range· 100 meV and above would make the 

correction negligible • 

Since the recoiling 4He atom suffers interactions 

in its final state, Hohenberg and Platzman31/ suggested 

treating it as a quasipar.ticle and replacing the energy-

momentum conservation delta function with a Lorentzian. 

The dynamic structure factor is then 

S(Q,E) = n(p) -+ J -+ 

where 

(28) 

is the inverse of the quasiparticle lifetime. Here p is 

4 d . . h A 4 . the He ens1ty and crHe 1s t e -He - He scatter1ng cross 

section. Since crHe(E) is approximately constant for E 

between 100 meV and 100 ev, the width of this Lorentzian 

intrinsic resolution caused by the final state interactions 

is thus proportional to Q for all the sets of data, as also 

for the entire higher range of E experimentally accessible. 
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The width of the Gaussian profile that we are measuring in 

this experiment is also proportional to Q (see Equation 

(19)). Rodriguez et a1. 42/ have evaluated the final state 

interactions for liquid 4He using a Lennard-Jones potential 

for the interactions as an intrinsic resolution. 

+ ·J + + . fi2Q2 n2o·p)d3p S(Q,E) = n(p) R(Q,E- ~- M (29) 

and find that the resolution, R(Q,E), is narrower than what 

would be given by the Lorentzian of Equation (27). Also, 

though the resolution obtained has some structure, it would 

be better approximated by a Gaussian than a Lorentzian. 

This is important because a Gaussian intrinsic resolution 

gives a much smaller broadening when convoluted with a 

Gaussian momentum density than a Lorentzian resolution. 

Using the results reported by Rodriguez, we calculate that 

such a correlation leads to a decrease in our value for A. 

of 1%. We therefore feel that we can neglect final state 

corrections . 

There is one potential problem in depending on the 

impulse approximation. Weinstein and Negele recently 

reported the results of a calculation, using time-ordered 

perturbation theory, of the relation between the dynamic 

structure factor and the momentum density of a system. 43 / 

They find that the relation is as given in Equation (12) 

for systems interacting via smooth two-body potentials. 

However, for an interaction potential with a strong 
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short-range repulsive core, things .are not so simple. They 

present the results for a hard-sphere Bose gas and con-

elude that final state interactions remain significant 

even at arbitrarily large momentum transfer. They find 

that correct scaling properties of the data (Equation (19)}, 

the shift in the peak location (Equation (17)), and the 

symmetry of the peaks (Equation (18)) cannot be taken as 

conclusive evidence for the validity of the impulse 

approximation. Their paper includes a graph that shows a 

rather distressing difference between the measured struc-

ture factor at infinite momentum transfer and the structure 

factor obtained from the impulse approximation. But this 

graph shows only the lowest portion of the tails of the 

structure factor (about two orders of magnitude below the 

top of the peak). The thesis from which this paper was 

44/ . 
extracted-- contains a plot of almost all of the peak. 

At the peak half maximum, there seems to be no difference 

between the large momentum peak and the peak given by the 

impulse approximation. So if one is only interested in 

the width of the peak measured by aQ' one should be safe 

in extracting this from data taken at sufficiently high 

momentum transfer. Weinstein and Negele state that the 

dimensionless parameter QaL {Q is the momentum transfer, 

aL is the hard-core diameter of the interaction potential) 

is a useful parameter to determine if the high-momentum 

limit has been reached. They state that the infinite 
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• momentum limit is essentially reached when QcrL = 45. 

Since our data extend up to QcrL = 58, we have at least 

reached that limit. But how can we know that our data 
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analysis is valid since it depends on the impulse approxi-

mation? The best test would be to measure the momentum 

density of something that can be calculated, possibly as 

a function of temperature, and see if the impulse approxi-

mation gives the calculated value. This is essentially 

what was done in analyzing the resolution function by 

measuring the scattering from vanadium. This measurement 

will be described in Chapter 3. 

Equation (18) was derived from only two assump-

tions: I) the momentum density is Gaussian, and 2) the 

impulse approximation is strictly valid. Any deviation of 

-+ 
the measured S(Q,E) from Gaussian line shape would be due 

to one or both of these assumptions being inaccurate. 

Concerning the first assumption, most of the 

theories written to describe. solid helium find that a 

Gaussian single-particle wave function of the form sug­

gested by Nosanow~/ (Equation (2)) gives the best results. 

P. A~ Whitlock has been kind enough to provide us with the 

results of a calculation of n(p) carried out on fcc 4He 

with a Lennard-Jones potential and a molar volume of 

19.12 cm3/mole. 271 This calculation indicates that n(p) 

is very nearly Gaussian over the top 99% of the curve. 

Below this, there is a very interesting deviation from 

I 



• 

• 

• 

• 

30 

Gaussian behavior. Unfortunately, it is in the extreme 

-+ 
tails of the n(p} function that the impulse approximation 

apparently breaks down according to Weinstein and 

Negele. 43/ So the momentum density is apparently Gaussian, 

at least to the accuracy we can observe in this experiment • 
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3. EXPERIMENTAL TECHNIQUES 

The_ experimental apparatus can be quite naturally 

divided into two parts: ,A) the cryostat system (Figure 4) 

and B) the spectrometer system (Figure 2). The cryostat 

was constructed and tested in Urbana then sh~pped to the 

neutron scattering facility at Argonne National Lab. The 

Low Resolution Medium Energy Chopper Spectrometer34/ 

(LRMECS) is one of the neutron scattering instruments at 

Argonne's Intense Pulsed Neutron Source (IPNS-1). The 

operation of a chopper spectrometer at a pulsed source was 
I 

·explained in Chapter 2; the practical details will be dis-

cussed below. 

A. Cryostat System 

The cryostat system is divided into four sub-

systems: 1) the helium and nitrogen reservoirs, 2) the 

refrigeration system, 3) the temperature control and 
I 

measurement system, and 4) the sample cell and high pres-

sure system .. 

A schematic diagram of the cryostat constructed for 

this experiment is shown in Figure 4; it uses the liquid 

nitrogen and liquid helium reservoirs from the cryostat 

described by D. S. Kupperman. 45 / A 5.0 liter liquid 

helium dewar surrounded by a 12.0 liter liquid nitrogen 

reservoir, purchased from the Superior Air. Products Co., 
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Figure 4. A cross-sectional view of the cryostat used in 
the present work: (a) 5.0 liter liquid helium 
reservoir. (b) 12.0 liter nitrogen reservoir. 
(c) Aluminum support plate. (d) Perforated 
stainless steel cylinder supporting the lower 
nitrogen reservoir. (e) 8.0 liter liquid 
nitrogen reservoir. (f) Epoxy-fiberglas 
double cylinder connecting the lower nitrogen 
reservoir to the liquid helium reservoir in a 
fixed tail configuration. '(g) Stainless st,eel 
bellows to relieve tension caused by contrac­
tion of the helium reservoir. (h) Support 
braces to suppo!t weight of 4 K flange. 
(i) Nylon pot-sample cell support posts. 
(j) Pot. (k) Aluminum sample cell. 
(1) Liquid helium temperature radiation tail 
(aluminum) • (m) Aluminum sample cell support 
post. (n) Liquid nitrogen t·emperature radia­
tion tail (aluminum). (o) Room temperature hat 
(an integral part of the spectrometer)~ 
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was modified by the addition of a 8.0 liter liquid nitro-

gen dewar surrounding a rigid tail assembly. The refriger­

ation system ·Consists of a continuously fed 4He pot similar 

to that described by DeLong et a1. 46/ The pumped pot was 

capable,of maintaining the sample cell at 1.7 K indefi­

nitely. The sample cell was supported b~ a copper support 

on top and an aluminum support on the bottom; both supports 

were bolted rigidly to the pot. A liquid helium tempera-

ture shield and a liquid nitrogen temperature shield, both 

/ made of type 6061 aluminum, surround the sample cell/pot 

assembly. The room temperature tail that .surrounds the 

nitrogen temperature tail is an integral part of the 
I 

neutron spectrometer. A brass outer tail was used while 

the cryostat was being constructed and tested in Urbana. 

Because the temperature was never to go below· 

1.50 K, standard direct current techniques were sufficient 

for temperature measurement. Two germanium thermometers, 

model GR-200B-500 manufactured by Lake Shore Cryotronics, 

were connected in four terminal configuration to a Kelvin 

bridge. One of the germanium thermometers was calibrated 

by the manufacturer to the Provisional Temperature Scale 

of 1976 (EPT-76). The second thermometer was calibrated 

by comparing it with the first using the temperature 

measurement bridge constructed for this experiment. 

The temperature measurement bridge consisted of a 

current supply, a potentiometer, a standard resistor, and 
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a null detector. Current to the thermometer is supplied 

by a de current supply which is adjustable to nine dis­

crete currents in the range 1 ~A to 1 rnA. The current one 

uses is determined by the thermometer manufacturer's 

recommendations, and varies with the temperature of the 

thermometer. The thermometer is in series with a Leeds 

and Northrop type 4030-B 100 ohm standard resistor and the 

voltage drop across the thermometer is compa~ed to the 

voltage drop across the standard resistor with a Honeywell 

Model 3781 potentiometer, the bridge balance condition 

being determined using a Keithley model 155 null detector. 

The temperature control system was constructed 

using the design of Lazarus and Seward. 47/ In' this cir­

cuit; a 47 ohm Allen-Bradley carbon composition resistor, 

made especially for thermometry, forms one arm of an AC 

bridge. The lead resistance of the thermometer is 

canceled by use of a balanced t~ree wire connection from 

;the bridge to thP. sP.nsor. The bridge is d:J;iven at 25 Hz 

and the error signal is amplified, fed into a phase sensi­

tive detector (along with a reference signal) and an 

overall negative feedback signal results that is applied 

to a Manganin wire heater wrappeq around the sample cell 

support. The temperature controller is capable of keeping 

the temperature constant to better than 1 mdeg for several 

days, if the controller is kept in an electrically quiet 

environment. The electrical system associated with the 
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proton accelerator and switching system at IPNS-1 produced 

so much electrical noise that the temperature contrql 

system never operated optimally. Consequently,. the con-

troller was used during data collection on the liquid 

sample (at 4.00 K) but was not used during the data col­

lection on the two solid samples (both at 1.70 K). Even 

without electronic temperature control the temperature 

remained constant within ± 10 mdeg, the quoted uncertainty 

in our temperature •. 

The high pressure 4He needed to grow the samples 
. 4 

was provided by a cylinder of ultra-pure He from Union 

carbide. 48/ The pressure of the gas in the sample fill 

line was measured by a Heise CMM-269 (0-2000 psia) gauge 

which is certified to an accuracy of ± 2 psi. The calibra-

tion of the gauge was checked with a type 2750 dead-weight 

tester manufactured by Barnet Instruments. The high 

pressure tubing outside the cryostat is 0.16 em o.d X 

0.07 em i.d. stainless steel, inside the cryostat it is 

0.08 em o.d. X 0.04 em i.d. cupronickel~ The last 7 em 

of the sample fill line, where the fill line enters the 

sample cell, was of 0.04 em o.d. X 0.025 em i.d. cupro-

nickel; this assures that once solid helium is grown to 

plug the fill line, it will not slip. 

The sample cell is cylindrical and was constructed 

from type 6061 aluminum. The external dimensions are 

3.2 em diameter by 8.4 em long, the sample volume being 
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2.7 em diameter by 5.7 em long. The sample cell and radi-

ation tails are made of aluminum because it has such a 

small neutron scattering cross-section and such a large 

thermal conductivity. Stainless steel sample cells have 

been used when a single crystal was desired; the low 

thermal conductivity of stainless steel makes it easier 

to maintain a thermal gradient across the cell which pro-

motes single crystal growth. Because the theories calcu-

late an isotropic momentum density 'for solid helium, we 

wanted to measure the mo~entum density averaged over all 

crystal directions. We chose an aluminum sample cell 

because its high thermal conductivity promotes the growth 

of a powder sample. 

The sample cell was filled by pressurizing the 

cell with ultra-high purity helium gas and allowing the· 

gas to condense as the sample cell cooled (the cell warmed 

from about 4 K to about 8 K when it was pressurized)". 

Prior to growing the first solid sample, the cell was 

pressurized to 5.97 MPa (866 psi) at 4 K; it was allowed 

to cool while its temperature and pressure were monitored. 

The sample reached the solid-liquid phase boundary at 
I 

about 5.72 MPa and 2.50 K. As the sample cooled, the 

pressure dropped in such a way as to follow the phase 

boundary until the sample solidified. The solidification 

of the sample was signaled by a sudden drop in the temper-

ature at essentially constant pressure,,' that is, the 



• 

• 

• 

• 

• 

38 

sample deviated from the liquid-solid phase'boundary. The 

temperature was then stabilized just below the melting 

temperature.and the pressure of the solid was determined . 

Since the fill line heater was still on, no solid had 

grown in the fill line and the pressure of the sample was 

equal to the externally measured pressure. A similar pro­

cedure was followed in growing the second solid sample. 

The molar volume of the sample can be most accu­

rately determined, with our apparatus, from the pressure at 

which the solid forms. Because the phase boundary in this 

region is well known, 101 we can determine the molar volume 

and its uncertainty fr'om the melting pres sure and its 

.uncertainty. 

B. The Spectrometer System 

The IPNS-1 neutron source is a pulsed proton 

spallation system that uses the buildings, control elec­

tronics, and accelerator system that were .built for the 

Zero Gradient Synchrotron (ZGS) that was decommissioned in 

1981 (the electronics and accelerators were rebuilt·and 

augmented). Spallation (from the verb spall meaning to 

splinter or chip) is a process in which neutrons are pro­

duced when high energy protons are incident on a heavy 

metal target (Ta, W, Pb, and U have been used); the pro­

tons rip through the target nuclei leaving behind a trail 

of particles (including neutrons) and excited nuclei. 

When 400 MeV proton·s are incident on a uranium target, 
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each proton produces about 8.5 neutrons having a broad 

energy spectrum that covers the energy range from milli­

volts up to the energy of the incident proton. 

The proton accelerator system originally served 
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as an injector of the ZGS. It consists of a source of 

negatively charged hydrogen ions, a .750 keV Cockcroft­

Walton preaccelerator, a 50 MeV linac, .and a 500 HeV Rapid 

Cycling Synchrotron; the synchrotro'n was providing 400 MeV 

protons at the time this experiment was performed. Nega­

tively charged hydrogen ions are injected into the synchro~ 

tron where the two electrons are removed by a foil stripper. 

Injecting hydrogen ions allows one to overcome space 

charge and beam focusing problems that limit the beam cur­

rent. At the proper time, 10 ~sec long proton pulses are 

extracted, steered down a beam line, and directed to a 

Zircaloy-clad uranium target. There are actually two 

targets: 1) a radiation effects target whose moderators 

and reflectors allow high energy neutrons to be incident 

on the sample and 2) a neutron scattering target whose 

moderators provide neutrons at energies appropriate for 

diffraction and spectroscopic experiments on condensed 

matter. A switching magnet determines which target the 

proton beam is incident upon. The proton accelerator 

system is operated and maintained by C. W. Potts and the 

Accelerator Operations Group. 

During this experiment, the average proton current 

on the target was 8.16 ~A at 30 Hz. The liquid hydrogen 
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• and liquid methane moderators were not yet in place so a 

polyethelene moderator was used during this experiment. 

The neutron pulses drift down the 7.5 meter beam line and. 

are collimated by a 5 em wide by 10 em tall rectangular 

hole in a piece of borated polyethelene shielding just in 

front of the chopper (refer to Figure 2 for references to 

different parts of the spectrometer). The neutrons of the 

correct energy pass through a curved sli~ in the chopper, 
I 

the curvature of which was chosen to maximize the trans-

mission of 500 meV neutrons when the chopper is spinning 

at its designed speed of 270 Hz. After the chopper, the 

beam is further reduced to 5 em by 5 em by 0.64 em thick 

Boral mask just inside the room temperature hat in front 

of the sample. 

The energy of the neutrons incident on the sample 

is determined by phasing the chopper with respect to the 

source.. It is a very difficult problem to get a chopper 

properly phased to a spallation source. The problem wa3 

• solved by allowing the chopper to determine when the 

extraction magnet takes a pulse of protons from the 

synchrotron. The electronics that sense the phase of the 

chopper and send the extraction command to the magnet were 

maintained by G. E. Ostrowski. These electronics determine 

the nominal energy of the neutrons incident on the sample; 

the actual value of the neutron's energy is determined 

from the data collected by beam monitors M2 and M3. The 
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beam monitors are low efficiency 3He filled detectors 

placed in the beam path to monitor the flux and energy of 

the neutrons. The data collected by M2 and M3 are the 

number of neutrons detected versus flight time and consist· 

of one peak in each monitor. The difference between the 

flight times given by the c·enters of these peaks is the 

time it took a neutron of average energy to traverse the 

distance between the two monitors. Knowing the distance 

between the monitors, one can calculate the neutron's 

kinetic energy. For this experiment, the incident neutrons 

had a kinetic energy of 505. mev. The beam monitors also 

measure the total number of neutrons incident on the 

sample. In the analysis of the data, one must normalize 

the empty cell data· to the sample data so that these data 

sets correspond to the same number of incident neutrons 

and can then be properly subtracted. This normalization 

is carried out by simply multiplying the empty cell data 

by the ratio of the monitor counts from the sample and 

empty cell data sets. 

There are 142 detectors positioned in an arc 

2.5 meters from the sample covering the scattering angles 

-10° and 120°. The detectors have a diameter of 2.5 em 

and have lengths of 11.25 em, 22.5 em and 45 em with the 

shorter ones at the smaller scattering angles. The 

detectors are filled with 6 atmospheres of 3He .and work 

by detecting the proton that is emitted with a 3He atom 

I 
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absorbs a neutron. The neutron absorption cross-section 

for 3He is 2500 barns for 100 meV neutrons. 

We found that for scatteri~g angles smaller than 

47.7° the helium data peak is not unambiguously resolved 

from the aluminum cell peak, we therefore only evaluate 

42 

the data collected by detectors at mean scattering angles 

greater than 47.7°. There are eight detector groups each 

containing eight detectors at mean scattering angles from 

47.7° to 115.5°. Table 1 contains a list of calculated 

parameters that characterize the scattering for the eight 

d~tector groups. The first column gives the scattering 

angle of the center of each detector group. Columns two 

and three contain the momentum transfer and energy transfer 

at which the corresponding data peak will be centered if 

505 meV neutrons scatter from 4He nuclei obeying the 

impulse approximation assumptions. Column four contains 

the factors that relate the width of S(~,E) to the width 

-+ 
of S(Q,E) (see Equation (25)). The last column contains 

the standard dev.iation of the resolution function of the 

spectrometer for scattering of 505 meV neutrons from 4He 

at the given scattering angle. 37 / 

A rather subtle problem is determining when a 

neutron pulse leaves the moderator. A pick-up coil senses 

the arrival of a proton pulse on the spallation target • 

After a fixed time delay, the clock, which measures the 

flight time of the neutrons, is started. For this reason, 
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Table 1. Calculated parameters for the present experiment 
and spectrometer configuration. The first 
column contains the scattering angles for the 
centers of the eight detector groups. The 
second column contains the values of the 
momentum transfer at which one expects the cor­
responding data peaks to be centered. The third 
column contains the values of the energy trans­
fer one expects the data peaks to be centered 
about. The next column contains the parameters 
that relate the widths of S(¢,E) and S{Q,E) 
(see Eqn~ (25)). The last column contains the 

47.7 

57. 3. 

66.9 

77.7 

87.3 

96.9 

105.9 

115.5 

values of the resolution of the spectrometer 
for this experiment . 

12.18 

14.22 

16.08 

17.93 

19.37 

20.60 

21.59 

22.48 

Er 
(meV) 

77.4 

105.6 

135.0 

167.8 

195.7 

221.5 

243.3 

263.7 

1-C ¢ 

1.068 

1.099 1 

1.136 

1.186 

1.237 

1.292 

1.348 

1.408 

crR 

(meV) 

16.12 

14.98 

14.04 

13.15 

12.43 

11.80 

11.28 

10.82 
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the raw data (Figures s'through 28) have an arbitrary t=o· 

origin. One can determine the effective time at which the 

neutrons lef·t Lhe moue:r.·dtur from the flight time about 

which the elastic vanadium data peak is centered in the 
. 

data collected by the detector at the smallest scattering 

angle (1.2°). That this is an elastic peak is an excellent 

assumption. 

A final problem one encounters with chopper spec-

trometers is the problem of "frame overlap." This occurs 

when the fast neutrons from one pulse overtake the slow 

neutrons from the previous pulse. One considers the prob-­

lem of frame overlap when choosing the frequency at which 

' the neutron source will operate. Having chosen the source 

frequency, one can eliminate frame overlap with beam 

scrapers (Bl and B2 in Figure 2). The beam scrapers are 

high-transmissions coarse-resolution choppers that eliminate 

neutrons with energies that otherwise would contaminate the 

neut:r.·un::; that are selected by the chopper. At the time 

this experiment was performed, beam scrapers had not been 

installed on LRMECS. 

Because the observed data profile is a convolution 

of the dynamic structure factor and the spectrometer's 

resolution, an accurate determination of the ·resolution is 

essential to the data analysis. The nominal resolution of 

LRMECS is 5% for energy transfer and 2% for momentum trans-

fer. Referring to Equation (12), one sees that in order 
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to determine the distribution of the quantity p (the 

helium atom's momentum), we measure a combination of 

momentum and energy transfer, thus we are interested in 

how accurately LRMECS can measure the combination of 

energy and momentum transfer that ultimately gives one 

-+ 
the distribution of momentum of the helium atoms, n(p) • 

The energy resolution of a chopper spectrometer 

depends on a number of factors. These include: 1) the 

time width of the neutron pulse when it is produced, 

2·) the time interval during which the chopper is "open," 

3) the width of the time channels into which the neutron 

arrival times are sorted, 4) the, uncertainty· in the inci-
I 

dent path length, 5) the uncertainty in the scattered path 

length. The momentum resolution depends on all the quanti-

ties enumerated above plus: 1) the angular divergence of 

the beam in the scattering plane, 3) the angular divergence 

of the beam perpendicular to the scattering plane, and 

3) the uncertainty in the scattering angle • 

Because the contributions to the energy and 

momentum resolution are dependent on the incident neutron 

energy, the scattering angle, the sample material, and the 

sample configuration, calculation of the instrumental 

resolution requires a fairly lengthy computer calculation. 

Such a calculation has been done for our experiment by 

D L P · d s s· h 37 / . • r1ce an . K. 1n a.-- The resultant resolution 

function, which is Gaussian as a result of approximations 

made in the calculation, is given in Table 1. 
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C. Scattering from Vanadium 

Vanadium is an extremely important substance to 

46 , 

neutron scattering because its scattering .is almost purely 

incoherent. Other substances (e.g. Mn. 42-co. 58 ) have been 

produced that are perfect incoherent scatterers; 49/ but 

' vanadium, being less expensive and easier to produce, is 

more widely used. In a spectroscopic experiment, observing 

the scattered spectrum·from vanadium has two important 

applications: 1) to normalize the scattering of a sample 

under study, and 2) to determine the resolution of the 

spectrometer. 

In a neutron diffraction experiment, vanadi~ has 

the above two applications plus a third: if the sample is 

-
in a container, that container should be made of vanadium. 

This assures that the ·scattered spectrum is not complicated 

with Bragg peaks from.the s~ple cell. Spectroscopic 

experiments, on the other hand, usually employ aluminum 

sample cells because the total cross-section is small. In 

this experiment, the sample cell was made of aluminum 

because the main purpose was to.observe the inelastic 

scattering spectrum. The aluminum sample cell created 

problems when we observed the diffraction pattern from the 

sample; aluminum Bragg peaks conceal most of the helium 

Bragg peaks. We could nevertheless extract sufficient 

information from the diffraction measurement. 



• 

• 

• 

• 

• 

47 

When one studies the differential scattering cross-

section of a system, vanadium is used as a standard 

scatterer against which the sample can be compared. It 

can be shown that the coherent cross-section is propor-

tional to the square of 'the .scattering length averaged 

over the nuclei that compose the scatterer. 301 As it 

turns out, the weighted scattering lengths of the two spin 
I 

states of the one natti'rally occurring va~adium isotope; 

51 V, are nearly equal and opposite. Consequently, the 

incoherent cross-section for vanadium is 4.79 barns while 

its coherent cross-section is 0.019 barns. 

Having· a near zero coherent cross-section implies 
I 

the scattering from vanadium is particularly simple. The 

absence of Bragg peaks means that the angular dependence 

of the scattering is just that due to the thermal motion 

of the atoms; that is, the static structure factor is 

simply the Debye-Waller factor 361 

+ 
S(Q) = c exp(-2W(Q)). ( 30) 

Because vanadium has such a simple structure factor and it 

serves as a standard scatterer, its scattering function is 

well known from extensive measurements. The proper way to. 

normalize the scattering from a sample under study is to 

compare the scattering from the sample to the vanadium 

elastic peak derived from data taken on the same neutron· 

scattering instrument. In Chapter 5, the scattering from 
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our sample is normalized to the scattering data taken on 

vanadium (Equation (31)). 

The second important use of vanadium is to deter-

mine experimentally the resolution of the spectrometer. 

One determines the resolution of the spectrometer from. 

the width of the vanadium elastic peak. Even though the 

scattering is elastic, the peak is broadened by the instru­
l 

ment's resolution. It is important to determine the spec-

trometer's resolution because the observed structure factor 

is the convolution of the sample's actual· structure factor 

and the spectrometer's resolution. We must therefore 

determine the resolution and subtract its effects from the 

observed data; this will be done in Chapter 5. 

The resolution of LRMECS has been calculated for 

the values of E and Q at the peak centers for each 

detector group and is reported in Table 1. Note that the 

calculation of the spectrometer's resolution assumes the 

scattering is from free atoms with a mass of 4.UO amu . 

In measuring a spectrometer's resolution, one would then 

assume that the scattering was elastic (E=O), this is 

equivalent to assuming that the scatterer (vanadium) had 

infinite mass. When the widths of the observed vanadium 

peaks were compared to the convolution of the known 

vanadium structure factor and the calculated resolution· 

(recalculated with the assumption that the scattering from 

vanadium was elastic), they did not agree. The resolution 
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had to be recalculated assuming that the vanadium atoms 

were free and had a mass of 50.94 amu. Having done this, 

the observed widths agreed .exactly with the resolution/ 

structure factor .widths. This implied that 1) the .neutrons 

were interacting with single vanadium atoms, 2) single-atom 

motion was responsible for the widths of the vanadium 

peaks and therefore 3) our measurement represents a 

measurement of the vanadium momentum density. This result 

was totally unexpected and quite exciting. At the energy 

and momentum transfer one can attain with LRMECS, we were 

able to measure the momentum density of vanadium, a metal 

whose atoms are almost 13 times as massive as helium atoms 

and whose binding energy is 104 times as great. Both the 

+ 
lower mass and lower binding energy make a n(p) measurement 

on helium even more practicable • 
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4. DATA 

Ten sets of data were taken, six sets of spec-

troscbpic data and four sets of diffraction data. The 

spectroscopic data consist of inelastic ,scatter{ng data 

3 . 4 3 
on: 1) 19.45 em /mole hcp He, 2) 18.20 em /mole normal 

liquid 4He, 3) 18.20 cm3/mole hcp 4He, 4) empty sample 

cell, 5) vanadium foil, and 6) spectrometer background. 

The diffraction data were taken to search£or preferred 

orientation and determine the extent to which the sample 

was polycrystalline. For these data sets the diffrac-

tometer was made by simply removing the chopper from the 

spectrometer; computer software was borrowed from one of 

the IPNS-1 powder diffractometers. The four sets of 

diffractometer data consist of elastic scattering data 

on: 1) the same 18.20 cm3/mole hcp 4He sample mentioned 

50 

above, 2) Vi'ln-Rdium foil, 3) empty· sample cell, .::md 4) dif-

fractometer background. These data sets are described 

below. 

A. 
3 ''4 . 

19.45 em /mole HCP He 

The first sample colidificd ut 5.41±.01 MPa 

(785±2 psi); this corresponds to a molar volume of 

3 10/ 19.45±.01 em /mole.-- The uncertainty in the molar 

volume is dominated by the uncertainty in the pressure 

measurement. The sample solidified and was allowed to 
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cool to about 1. 9 K. At this point a temperature insta-

bility, probably associated with superfluid film flow in 

the pot pumping line, became evident. This instability 

made temperat?re control difficult; so the temperature 

controller was turned· off and the sample was allowed to 

cool to the lowest temperature attainable with the pot 

system. The temperature oscillated around 1. 9 K \vith a 

(approximately) sinusoidal time dependence having an 

51 

amplitude of about 0.2 deg and period of about 500 seconds . 

Data were taken on this sample for eight hours before the 

source was shut down for two days. During beam shut-down, 

the temperature stabilized at 1.7 ± .01 K. The temperature 

uncertainty is given by how ~uch the t~mperature drifted 

during data collection not by the precis~on with which it 

could be determined. The data collected before the 

temperature stabilized were discarded and a new data col-

lection cycle was begun. Data were collected, during 

4l.H clock hours, from 4.32 million pulses which, at a 

rat~ of 30 pulses per second, is 39.96 hours beam time. 

The raw data, neutrons per 2 ~sec channel versus 

.time of flight, are displayed in Figures 5 through 12. In 

th~se figures, the solid line represents the data collected 

with the sample cell empty and the circles represent data 

collected with the sample in the cell. The number of 

neutrons that are detected at a given angle per two micro-

second time interval are plotted along the vertical axis; 
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the horizontal axis represents the time of flight of the 

neutron. The most important characteristics of the raw 

data are discussed below. 

B. 18.20 cm3;mole Liquid 4He 

An eight hour beam shut-down permitted melting of 

the first sample and changing of the sample density. The 

goal was to take spectroscopic data on a liquid and a 

solid sample at the same density to see if the momentum. 

densities differed significantly. The density was chosen 

for the second sample by considering the pressure to which 

the sample cell had been tested and the change in sample 

density necessary to give a statistically sig~ificant change 

in the estimated experimental results. 

The 18.20 cm3/mole normal liquid sample was pre-

pared by repeatedly pressurizing the cold cell with helium 

gas and allowing the sample to condense. When the sample 

pressure had reached 11.72 ± 0.03 MPa (1700 ± 5 psi) the 

temperature·was stabilized at 4.000 ± 0.002 K and data 

were collected during 60.07 clock hours for a measured 

41.15 hours beam time. The sample density, 18.20 ± 

0.01 cm3/mole, was determined from the pressure at which 

the helium solidified when the temperature was lowered to 

' 
make the next hcp sample. · Relatively large variation and 

hence specified uncertainty in the pressure of the liquid . 

RnmplP. was due to lack of environmental temperature con-

trol in the experimental area. Secular changes in room 
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temperature caused pressure changes of several psi in the 

gas handling system. The cryostat temperature controller 

was nevertheless able to keep the temperature of the 

sample stabilized to better than ± .002 deg. The raw 

data taken on the liquid are shown in Figures 13 through 

20 • 

To make the last sample, the sample cell was 

cooled leaving the same amount of helium in the sample 

cell/fill line system. The sample temperature and pressure 

followed the liquid-solid phase boundary until a solid was 

formed at 9.12 ± .01 MPa (1322 ± 2 psi), at which time the 

temperature dropped rapidly. This melting pressure cor-

.responds to a molar volume of 18.20 ± 0.01 cm3/mole. 10/ 

The temperature controller once again was turned off and 

the temperature dropped as low as the pot system would 

allow. The temperature stabilized at 1.70 K and never 

drifted more than ± 0.005 deg; there were no oscillations 

in temperature as occurred when the first sample was grown. 

Data were taken for 38.50 hours beam time (42.57 clock 

hours). The eight data sets on the 18.20 cm3/mole hcp 

sample are shown in Figures 21 through 28. The character­

istics of these data sets, discussed below~ are essentially 

the same as the same-angle data sets for the first two 

samples. 
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Figure 5. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of 47.7°. The line represents the data 
collected with the sample cell empty; the points 
represent the data collected with the helium 
sample in the cell. 

\ 



• 

• 

Q) 
c 
c 
0 

6000 

6 4000 
......... 
(f) 

c 
e -~ 2000 
z 

hcp 4 He 

·19.45 cm3fmole 

¢ = 57.3° 

920 1000 

Time Delay (,usee} 

55 

Figure 6. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of 57.3°. 
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Figure 7. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of 66.9°. 
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Figure 8. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group cen~ered at a scattering 
angle of 77.7°. 
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Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of,87.3° . 
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.Figure 10. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of 96.9°. 
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Figure 11. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the low density hcp sample 
by the detector group centered at a scattering 
angle of 105.9°. 
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Figure 12. Total number of neutrons detected per 2 usee 
channel versus flight time. These raw data 
were collected on the low density hcp sampl,e 
by the detector group centered at a scattering 
angle of 115.5°. 
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Figure 13. Total number of neutrons detected per 2 psec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 47.7°. The line represents-the data col-

. lected with the sample cell empty; the points 
represent the data collected with the heli~ 
sample in the cell. 
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Figure 14. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 57.3°. 
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Figure 15. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 66.9°. 
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· Figure 16. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 77.7°. 
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Figure 17. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 87.3°. 
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Figure 18. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 96.9°. 
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Figure 19. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 105.9° . 
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Figure 20. Total number of neutrons detected per 2 ~sec 
channel versus flight tbne. These raw data 
were collected on the liquid sample by the 
detector group centered at a scattering angle 
of 115.5°. · 
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Figure 21. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 47.7°. The line represents the data 
coll.ected with the sample cell empty; the 
points represent the data collected with the 
helium sample in the cell. 
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Figure 22. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 57.3°. 
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Figure 23. Total number of neutrons detected per 2 ~sec 
channel versus flight time.· These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 66.9°. 
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Figure 24. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 77.7°. 
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Figure 25. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data ·, 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 87.3°. , 
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Figure 26. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 96.9° . 
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Figure 27. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scattering 
angle of 105.9°. 
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Figure 28. Total number of neutrons detected per 2 ~sec 
channel versus flight time. These raw data 
were collected on the high density hcp sample 
by the detector group centered at a scatter~ng 
.angle of 115.5° . 
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D. Raw Data Characteristics 

One will notice several important characteristics 

of the raw data. The most striking is that the center,of 

the helium recoil peak moves to longer flight time {higher 

momentum transfer) as one progresses toward larger scat-

tering angle.. If the impulse approximation exactly 

describes the behavior of this scattering process, the 

peak center should be related to the momentum transfer 

by Equation {17). Our data fit this relation accurately 

{see Figure 58) with relatively small deviations explained 

in the next chapter. 

The second characteristic is th~t the peaks broaden 

as the.scattering angle increases. This is a consequence 

of plotting the data as a function of neutron flight time. 

~f the data were plotted as a function of energy transfer, 

the broadening of the.peak would be much less perceptible. 

Three processes conspire to keep a~ .roughly independent 
. -+ 

of 5cattering. angle: 1) the width of the conatunt-Q 

peaks, a
0

, in~reases linearly with Q {see Equation {19)), 

2) the conversion from constant angle data to constant-Q 

data·is a function of scattering angle {see Equations {25) 

and {26)), and 3) the resolution of the spectrometer is a· 

-+ . 
function of Q {see Table 1). 

The final characteri~tic of the raw data is that 

the peak area, equal to the number of neutrons detected 

at each scattering angle, should be independent of 
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scattering angle. Since the neutron wavelength is four 

orders of magnitude larger than the size of the scattering 

nucleus, inelastic neutron scattering is mostly isotropic 

s-wave scattering. The observed number of neutrons in 

each of our peaks varies by'no more than 5% as a function 

of angle •. This variation is probably due to varying 

detector efficiency. 

One will notice in Figures 5 through 28 that the 

data points lie above the background in the vicinity of 

the elastic peak. This may be due to multiply scattered 

neutrons. 
4 

If a 505 meV neutron scatters from a He atom 

initially at rest, through a scattering.angle of goo, the 
I 

energy transfer will be 203 mev. If a 505 meV neutron 

scatters twice, each time with 4He atoms initially at rest 

and each time through 45°, it will be detected and recorded 

as a neutron that had scattered through goo and its energy 

transfer will be calculated as 130 meV. Finally, if a 

505 meV neutron scatters from a 4He atom then from an 

aluminum atom (or vice versa), both times through 45°, its 

energy transfer will be 7g mev. One will notice that in 

each case the energy transfer for two consecutive 45° 

scattering events is smaller than jor one goo scattering 

event; this result holds for all scattering angles. Thus 

a neutron that is doubly scattered so that it emerges at 

an angle ¢ to the unscattered beam will be observed as 

having suffered an energy loss that is smaller than 
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4 expected for a neutron that scatters once from a He atom 

through a scattering-angle cp. Obviously one must ·require 

that both events have scattering angles less than cp • 

On a plot of the raw data, these neutrons will be recorded 

in .the vicinity of the elastic peak. Thus the elastic 

peak will be larger in the sample data set than in the 

backgr6rind data set after normalization for the total · 

neutron flu~ on the sample . 

E. Empty Cell, Background and Vanadium Data 

The empty cell data for correction purposes were 

taken with the sample cell near liquid helium temperature 

and the two radiation shields at their normal temperatures 

of liquid nitrogen ~nd liquid helium. 

Empty cell data were also taken as the cryostat 

cooled originally. The spectroscopic peaks for the warm 

sample cell are significantly broade~ than the correspond­

ing peaks for the cold sample cell. This gave early con-

fidence that the peak broadening is actually due to atomic 

motion and suggests that one can resolve the temperature-

dependent single-atom kinetic energy. Unfortunately, 

these data cannot be analyzed to determine the temperature 

dependence of the momentum density of aluminum for two 

reasons. First, the warm sample cell data were taken as 

the cell cooled from room temperature to liquid nitrogen 

temperature. The cold cell data were taken as the cell 
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cooled from about 20 K to about 2 K. Thus the average 

temperature was not well specified during the collection 

of these two sets of data. Second, some of the scatter­

ing was caused by the nitrogen and helium temperature 

radiation shields. These aluminum tails ~ere at tempera­

tures different from the sample cell. Further, the con­

figuration,of these tails led to broadening of the peaks 

related to the diameter of the tails compared to the 

diameter of the sample cell. One could probably measure 

the momentum density and its temperature dependence in 

aluminum given a different sample configuration and more 

care in temperature control. 

As discussed in Chapter 2, scattering from vanadium 

is used to check experimentally the calculated resolution 

of a spectrometer and to calibrate the scattered neutron 

intensity. A piece of vanadium foil at about JOO K was 

placed in the sample position and data were taken for 

39.06 hours beam time. These data are shown in analyzed 

form in Figures 54 through 57. 

To take the background data, everything was removed 

from the room temperature hat and it was evacuated. The 

background scattering is a measure of the neutron scatter­

ing from various parts of the spectrometer (chopper, col­

limators, room temperature hat, beam monitors, beam stop, 

the atmosphere in the unevacuated parts of the beam path). 

This scattering was very weak and seemed to consist mostly 
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of scattering from the room ternperature·hat. The back- . 

ground data are subtracted from the vanadium data leaving 

only the neutron spectrum scattered from the vanadium 

sample. 

For optimum data statistics, the ratio of the 

sample to empty cell and vanadium to background run dura­

tions should be in p~oportion to the count rates. 331 This, 

along with restrictions due to spectrometer scheduling, 

determined how long data were collected on each sample • 

F. Diffraction Data 

After the spectroscopic data.were taken on the 

second solid. sample, the chopper was removed tpus turning 

the instrument into a time-of-flight diffractometer. Data 

were collected during 16.5 clock hours for a measured 

15. 9 hours beam time. The data ~ .. ..rere once again recorded 

as counts versus neutron flight time; the computer soft-

ware for data collection and analysis was.a slightly 

modified version of the software used on the General Pur-

pose Powder Diffractometer. This measurement was not 

planned when the cryostat was designed and in fact was 

first suggested by s. K. Sinha while we were taking data 

on the first solid sample. Because neither the cryostat 

nor ·the spectrometer were designed for diffraction experi-

ments, Bragg peaks corresponding to only seven reflections 

could be seen. These were the (100), (002), (101), (102), 
I 

(110), (103), and (200) reflections. The peaks which 
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correspond to planes having smaller spacing are lost among 

the aluminum peaks at small flight times. In fact, the 

(200) helium reflection lies on top of one of the aluminum 

peaks but is visible as the difference in heights of the 

sample and empty cell data. 

The sample and empty cell data from the detector 

group at 57.3° are shown in Figure 29. This data set is 

shown because it includes six of the seven observable 

peaks. One will note that several of the large aluminum 

peaks consist of a large central peak with two smaller 

peaks on each side. These correspond to scattering from 

the sample cell (the central peak), the front and back 

surfaces of the helium tail _(the two adjacent peaks), and 

the front and back ·surfaces of the nitrogen tail (the 

outer two peaks). 

There is one important difference between powder 

diffraction with a pulsed source and a steady state source 

that is evident in Figure 29. With a steady state source, 

a continuous stream of monoenergetic neutrons is incident 

on the sample and the diffracted beam emerges in cones, 

each cone corresponding to scattering from a set of 

equivalent planes. 50/ A detector at a scattering angle¢ 

will record scattering from a set of planes only if the 

corresponding cone' intersects the detector. With a pulsed 

source diffractometer, a range of neutron wavelengths is 

present in the incident beam and scattering from a given 
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Figure 29. Time-of-flight diffraction data taken by the 
detector group centered at a scattering angle 
of 57.3°. The narrow line represents the 
empty cell data; the heavy line represe~ts the 
data taken with the 18.20 cm3jmole hcp He 
sample in the cell. The large peaks, visible 
in both data sets, ar:e due to coherent scatter­
ing from the aluminum sample cell and radiation 
shields. Six helium Bragg peaks are visible at 
this scattering angle: 1) the peak at 6850 ~sec 
corresponds to a (100) reflection, 2) the peak 
at 6450 ~sec corresponds to (002), 3) the peak 
at 4700 ~sec corresponds to (102), 4) the peak 
at 3960 ~sec corresponds to (110), 5) the peak 
at 3640 ~sec corresponds to (103), and 6) the 
peak at 3430 ~sec corresponds to (200). The 
(101) reflection (which would occur at 6050 
~sec) is not-evident in these data. Reflec­
tions corresponding to planes having smaller 
lattice spacing are lost among the aluminum 
peaks at smaller flight times. 
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set of planes will be observable by detectors at (essen-

tially) all scattering angles. In the present case, the 

seven observable peaks would be present in each of the 

eight detector groups if the sample was a powder. 

Diffraction data were taken on.the empty sample 

cell for 5.42 hours and are displayed as background in 

85 

Figure 29. Vanadium and background-diffraction data were 
' ' 

taken for 7.67 hours and 3.25 hours respectively, and are 

included in the data analysis discussed in the next chapter • 
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5. ANALYSIS 

As discussed in the previous chapter, there were 

six sets of spectroscopic data taken. These consist of 

inelastic scattering from: 1) 19.45 cm3/mole hcp. 4He, 

2) 18.20 cm3/mole liquid 4ne, 3) 18.20 cm3;mole hcp 4ne,_ 
I 

4) empty sample cell, 5) vanadium foil, and 6) the spec-

trometer background . 

A. Determination of S(¢,E) 

"CHOP" is a computer program on the VAX 11/780 

86 

computer at IPNS-1 that calculates the dynamic, structure 

factor from the raw data. 34 / The main factors in the con-

version can be illustrated by this equation: 

S(¢,E) 
t3 

SAF(¢)]FF(¢)n(E) 2
3 

mL
3
ot 

0 ( 31) 

Is(¢,t) and IE(¢,t) are the observed neutron intensity 

scattered by the sample and by the empty cell fpr a given 

angle as a function of flight time. Ns and NE are the 

number of neutrons incident on the sample and the empty 

cell as determined by the beam monitors. C represents 

various factors that convert scattered flux as a function 

of flight time into the scattering function • 

The sample attenuation factor, SAF(¢), corrects the 

data for the attenuation of the neutron flux by the sample. 
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Because of this attenuation, the neutron flux incident on 

the back side of the sample cell is less than in the empty 

cell case; thus the scattering from the sample is'not just 

the difference between the filled cell and empty cell data. 

The energy dependent detector efficiency, n(E), is deter­

mined from the scattered spectrum of vanadium. .The 

indelicately named fudge factor, FF.(<f>), is included tq 
I 

normalize the incoherent scattering from the sample to the 

(almost) perfectly incoherent scattering from vanadium, the 

standard to which one usually normalizes unknown scattering. 

The last factor in Equation (31) is the nonlinear 

conversion from flight time to energy transfer as the 

independent variable. One will notice that the conversion 

is nonlinear meaning the peak in I (<f>·,t) does not have the 

same profile as S(<f>,E). Furthermore, if the time intervals 

are all equal (ot ~ 2 ~sec in Figures 5 through 28), the 

energy intervals will be smaller for higher energy trans-

fer (notice the unequal spacing of points in Figures 30 

through 53) • 

The S(<j>,E) versus E data were fit to a Gaussian 

with a linear background of the form 

S(<f>,E) = 
· (E - E ) 2 

[ r ] A1 exp - 2 
2a<P 

(32) 

Initially, we. tried a fitting function with a quadratic 

2 term, A4E • This was rejected because, though it gave a 
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slightly better fit (chi squared was fractionally smaller}; 

' 
the term had unphysical behavior at the highest and lowest 

energy data points used in the fit~ that is, it curved 

wildly just beyond the region of data that was fit. We 

also tried a fitting function of the form in Equation (32) 

with A3 = 0, i.e., with a constant background. This was 

rejected because several of the peaks have obviously 

sloped backgrounds and the constant background fit those 

peaks poorly (see, for example, Figures 35, 43, and 50). 

The sloped background may be due to multiple scat-

tering. Multiply scattered neutrons.will appear as back-

ground in the inelastic scattering data. Since the neutron 

energy is much larger than any excitation energy in the 

system, the neutron· is most likely to lose energy in every 

collision with the system. One would expect the background 

to have a positive slope (A3 > 0), because, on average, a 

multiply scattered neutron has lost more energy than a 

singly scaLt~r~d une. As the energy transfer increases, 

one would expect to observe more multiply scattered· (i.e. 

background) neutrons. The problem is not so simple $ince 

one must allow for multiple scattering from the aluminum 

cell and the helium sample and take into account their 

configuration in the experiment. A project beyond the 

scope of this thesis is to carry out a Monte Carlo calcu-

lation that will properly account for these effects and 

explain, if possible, this background in more detail. 
I\ 
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Such a calculation will also reveal more about the details 

of the resolution function which is ne.cessary to explore 

the deviation. of the tails of the peaks from the Gaussian 

behavior25 , 27/ (see discussion in Chapter 6). Such a 

calculation is planned. 

Figures 30 through 53 show the three sets (eight 

figures for each of three samples) of the plots of the' 

scattering function at fixed angle versus energy transfer. 

S(¢,E) is extracted from the raw time-of-flight data via 

Equation (31); these are displayed as the data points with 

associated error bars. The best fit Gaussian and back-

ground function of the form given by Equation (32) is 

shown in the figures as the line. The scattering function 

for the low density· solid sample is shown in Figures 30 

through 37, that for the liquid sample is shown in Figures 

38 through 45, and that for the high density solid sample 

is shown in Figures 46 through 53. A complete data set 

for each sample consists of eight such peaks (correspond-

ing to a peak at each of eight scattering angles). One 

should notice that the data show no systematic deviation 

from the Gaussian fits to S(¢,E). 

There are five fit parameters in Equation (32): 

Er' a¢' A1 , A2 , and A3 • The values found for Er and u¢ are 

listed in Tables 2 through 4. A1 , A2 , and A3 have no 

intrinsic physical significance but their values ar:e 
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Figure 30. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the low density hcp sample at a 
scattering angle of 47.7°. The curve is the 
best fit Gaussian of the form given by 
Eqn. (32). The spectrometer resolution has 
not been subtracted from these data . 
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Figure 31. The scattering function derived from data 
taken at a fixed scattering angle. These data 
were taken on the low density hcp sample at a 
scattering angle of S7.3". The curve is the 
best fit Gaussian of the form given by 
Eqn. (32). 
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Figure 32. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
t.J.kcn on the low density hcp sample at a 
scattering angle of 66.9°. 
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Figure 33. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
t~ken on the low density hcp sample at a 
scattering angle of 77.7°. 

'·· 
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The scattering function derived from data taken. 
at a fixed scattering angle. These data were 
taken on the low density hcp sample at a 
scattering angle of 87.3°. 
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Figure 35. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the low density hcp sample at a 
scattering angle of 96.9° •. 
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Figure 36. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on thP. low density hop aumple at a 
scattering angle of 105.9°. 
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. Figure 37. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on t.he low density hcp sample at a 
scattering angle of 115.5°. 
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Figure 38. The scattering function derived from data taken 
at a fi:x:ed scattering angle. These data were 
taken on the liquid sample at a scattering angle 
of 47.7°. The curve is the best fit Gaussian 
of the form given by Eqn. (32). The spec­
trometer resolution has not been subtracted from 
these data. 
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Figure 39. The scattering function derived from data taken 
at a fixed scattering angle. 
taken on the liquid sample at 
angle of 57.3°. The curve is 
Gaussian of the form given by 

These data were 
a scattering 
the best fit 
Eqn. ( 32) . 
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Figure 40. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
tC::t.k.en on ·the liquid Gample at a scattering 
angle of·66.9°. 
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Figure 41. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the liquid sample at a scattering 
angle of 77.7°. 
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Figure 42. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the liquid su.mple at a sca·tt:ering 
angle of 87.3°. 
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Figure 43. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the liquid sample at a scattering 
angle of 96.9°. 
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Figure 44. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the liquid sample at a scdttering 
angle of 105.9°. 
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Figure 45. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the liquid sample at a scattering 
angle of 115.5°. 
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Figure 46. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 47.7°. The curve is the 
best fit Gaussian of the form given by 
Eqn. (J2). The ::;_t.>ectrometer resolution has 
not been subtracted from these data. 
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Figure 47. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 57.3°. The curve is the 
best fit Gaussian of the form given by 
Eqn. (32) • 
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Figure 48. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 66.9°. 
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Figure 49. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the h.iyh u~:f1si·ty hcp sample at a 
scattering angle of 77.7°. 
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Figure 50. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 8~.3°. 
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Figure 51. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on thP. high density hcp sample at a 
scattering angle of 96.9°. 
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Figure 52. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 105.9°. 
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• Figure 53. The scattering function derived from data taken 
at a fixed scattering angle. These data were 
taken on the high density hcp sample at a 
scattering angle of 115.5°.· 
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Table 2. Paramete3s extract~d from the data taken on the 
19.45 em /mol hcp He sample (see Eqn. (32)). 
The first column contains the eight scattering 
angles at which data were taken. The second 
column contains the values of the recoil energy 
about which the data peaks were centered. The 
third column contains the standard deviations 
of the observed S(~,E) peaks. Columns four, 
five and six contain the amplitude and back­
ground parameters defined in Eqn. (32). The 
seventh column contains the Compton defects. 
The last ~olumn contains the standard deviations 
of the S(Q,E) peaks calculated from Eqn. (33). 

~ Er 
(deg) (meV) 

'47.7 83.3 

57.3 111.6 

66.9 137.8 

77.7 170.7 

87.3 198.4 

96.9 223.2 

105.9 243.8 

115.5 263.9 

a~ 
(meV) 

22.1 

21.8 

23.2 

23.6 

23.6 

24~6 

23.0 

22.6 

29.0 

31.8 

34.8 

30.4 

28.7 

29.1 

29.7 

30.2 

5.0 

-1.8 

-2.4 

0.1 

0.7 

1.2 

2.5 

1.9 

-.015 

.021 

.021 

·. 010 

.008 

·. 006 

-.001 

-.0002 

~E 

(meV) 

5.5 

6.0 

2.8 

2.9 

2.7 

1.7 

0.5 

0.2 

aQ 
(meV) 

17.2 

18.8 

22.4 

24.7 

26.4 

29.5 

28.9 

29.9 
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Table. 3. Parameters extracted from the data taken on the 
18.20 cm3/mole liquid 4He sample (see Eqn. (32)). 
The first column contains the eight scattering 
angles at which data were taken. The second 
column contains the values of the recoil energy 
about which the data peaks were centered. The 
third column contains the sta.ndard deviations 
of the observed S(¢,E) peaks. Columns four, 
five and six contain the amplitude and background 
parameters defined in Eqri. (32). The seventh 
column contains the Compton defects. The last 
column contains the standard deviations of the 
S(Q,E} peaks calculated from Eqn. (33) . 

¢ 

(deg) 

47.7 

Er 
(meV) 

83.9 

57.3 112.0 

66.9 138.6 

77.7 171.3 

87.3 198.7 

96.9 223.9 

105.9 244.4 

115.5 264.4 

(J¢ 

· (meV) 

22.3 

23.1 

24.2 

24.4 

24.2 

24.5 

24.1 

23.6 

Al A2 A3 
(meV-l) (meV-l) (mev-2 ) 

29.4 

29.8 

31.1 

28.3 

27.7 

27.5 

28.1 

28.3 

5.4 

0.2 

-0.1 

0.4 

0.5 

0.9 

2.8 

1.8 

-.020 

.010 

.013 

.009 

.008 

.. 007 

-.002 

0 

.6.E 

(meV) 

6.5 

6.4 

3.6 

3.5 

3.0 

2.4 

1.1 

0.7 

(JQ 

(meV) 

17.5 

20.5 

23.6 

25.7 

~7.2 

29.3 

30.5 

31.4 
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Table 4. Parameters extracted from ti1e data taken on the 
18.20 cm3/mole hcp 4He sample (see Eqn. (32)). 
The f·irst column contains the eight scattering 
angles at which data were taken. The second 
column contains the values of the recoil energy 
about which the data peaks were centered. The 
third column contains the standard deviations of 
the observed S(¢,E) peaks. Columns four, five 
and six contain the amplitude and background 
parameters, defined in Eqn. (32). The seventh 
column contains the Compton defects. The last 
co!umn contains the stan~ard ~eviations of :the 
S (Q,E) peaks calculated 'from :Eqn. (33). : 

¢ 

(deg) 

47.7 

Er 
(meV) 

82.2 

57. 3 111. 5 

66.9 137.9 

77.7 170.4 

87.3 197.8 

96.9 223.1 

105.9 243.5 

115.5 :L64.3 

¢¢ 
(meV) 

23.1 

23.9 

23.5 

24.2 

24.0 

25.8 

24.8 

23.3 

29.8• 

29.8 

32.9 

29.0 

28.1 

27.7 

28.9 

29.4 

2.2 

• 9 

1.4 

.7 

• 6 

-.4 

• 5 

4.9 

A3 
-2 (meV 

-.001 

.004 

.010 

.008 

.008 

.014 

.008 

-.013 

t:.E 

(meV) 

5.4 

5.9 

2.9 

2.6 

2.1 

1.6 

0.2 

0.6 

aQ 
(meV) 

18.7 

21.6 

22.7 

25.5 

27.0 

31.1 

31.4 

31.0 
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included in the tables because they are not independent of 

the other fitting parameters. 

Several fitting routines were used; they all worked 

by searching for the parameters that give the lowest value 

for chi squared. All the fitting routines gave essen-

tially the same results for the parameters. The quoted 

uncertainty in each parameter is g.i ven, . for proper n9r­

malization of chi squared, by the ·amount by which the 

parameter must be changed to make a change in chi squared 

of one. 51/ 

As was discussed in Chapter 4, neutron spectre-

scopic data were taken on a room temperature vanadium foil 
I 

sample. Because the vanadium was not in a sample container, 

the background was'much lower than in the measurement on 

helium. The raw data were converted to S(¢,E) and four of 

these are shown in Figures 54 through 57. These data were 

used to evaluate the spectrometer's resolution (see dis­

cussion in Chapter 3), and to normalize the scattering from 

the helium samples (see discussion of Eqn .. (31)). 

B. Determination of S(Q,E) 

As discussed in Chapter 2, when data are taken at 
. -+ 

a fixed angle, S(Q,E) can be extracted from the data by 

interpolating the S(¢,E) data. This has been done for 

all of our data sets. The resultant S(Q,E) data and their 

corresponding Gaussian fits are shown in Figures 59 through 

-+ 
77. In these figures, the circles are the values of S(Q,E) 



• 

• 

• 

118 

40 ¢¢ 

Vanadium 

cp = 27.3~ 
30 

-w .. 
"& - 20 (f) 

10 

-80 0 80 
Energy Transfer (meV) 

Figure 54. The scattering function at fixed scattering 
angle for the vanadium foil. These data were 
used to determine experimentally the spec­
trometer resolution and to normalize the 
scattering from the helium samples. The curve 
is the best fit Gaussian of the form given by 
Eqn. (32) • 
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30 
Vanadium 

- 20 
w .. 
-&--(f) 

10 

80. 160 
Energy Transfer (meV) 

Figure 55. The scattering function at fixed scattering 
angle for the vanadium foil. These data were 
used to determine experimentally the spec­
trometer resolution and to normalize the 
scattering from the helium samples. The curve 
is the best fit Gaussian of the form given by 
Eqn. ( 32) • 
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Vanadium 

cp = 96.9° 

160 

120 

Figure 56. The scattering function at fixed scattering 
angle for the vanadium foil. These data were 
used to determine experimentally the spec­
trometer resolution and t.o normalize the 
scattering from the helium samples. The curve 
is the best fit Gaussian of the form given by 
Eqn. (32). 
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Vanadium 

20 cp = 115.5° : 

w .. 
"'9--(/) 

10 

-80 0 80 160 
Energy Transfer (meV) 

Figure 57. The scattering function at fixed scattering 
angle for the vanadium foil. These data were 
uc:ed to determinE' E'XpP..r.imentally the spec­
trometer resolution and to normalize the 
scattering from the helium samples. The curve 
is the best fit Gaussian of the form given by 
Eqn. ( 32) • 
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-
~ 200 
E -
~ 
0 
Q) 
0.. 

0 
(.) 

100 Q) 

0::: 

600 

Figure 58. The mean energy transfer versus momentum trans~ 
fer squared. If the impulse approximation 
assumptions are valid and the neutrons interact 
with only single helium nuclei as if they were 
free particles, the energy transfer should be 
proportional to the square of the momentum 
transfer (Eqn. (17)). The points represent the 
energy and momentum transfer for scattering at 
the eight scattering angles. The size of the 
points is the uncertainty; the data points for 
the three samples lie within the uncertainties. 
The straight line is a plot of Eqn. (17) with 
the mass equal to the 4He atomic mass. The . 
smaller-Q point~ lie above the line by an amount 
related to the He binding energy {see text). 
At even smaller Q, cooperative motion of neigh­
boring atoms cause the points to fall below the 
line. 
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interpolated from the S(¢,E) data sets; the uncertainty 

in each data point is indicated by the error bar. The 

.same form of the fitting function used for S(¢,E) was 

. + 
used to f1t the S(Q,E) data (see Equation (32)). Figures 

59 through 67 correspond to the low density solid sample,· 

Figures 68 through 77 correspond to the: liquid sample, 
+ 

no S(Q,E} plots are shown for the high density solid for 

the sake of brevity. 

Interpolating the S(¢,E) data to get S(Q,E) was 

not an essential step in the data analysis; the interpo-

lation was carried out for several reasons. The first 

was to check the validity of the relationship given in 

Equation (25) which relates the variance of a 's(¢,E) peak 
+ . 

to the variance of·the corresponding S(Q,E} peak. We also 

+ 
wanted to check for deviation of the S(Q,E} peak from 

Gaussian line shape. Because the conversion from S(¢,E) 

to S(Q,E) and subsequently fitting S(Q,E) to a Gaussian 

involve~ ~~veral addi·tional data .::malyois steps, and 

because each step introduces more uncertainty into the 

calculation, we felt that this conversion could be done 

with a smaller uncertainty using Equation (25). 

Equation (25) gives the relationship between o¢ 

and o0 , but does not include the effects of the spectrom­

eter resolution. Because the resolution function is con-

voluted with the actual S(Q,E) peak to result in the 

observed S(Q,E} peak, the resolution must be ,subtracted 
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hcp 4 He 

19.45 cm 3/mole 
a = 13A_,. 

200 
Energy Transfer (meV) 

The dynamic structure factor versus energy 
transfer. These data represent S(Q,E) inter­
~olated to Q = 13 ~-1 for the low density hcp 

He sample; the uncertainty in each point is 
indicated. The curve is the best fit Gaussian 
of the form given in Eqn. (32). 1 
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Figure 60. 
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hcp 4 He 

19.45 cm3/mole 
a = 14 A_, 

40 120 200 
Energy Transfer (meV) 

The dynamic structure factor versus energy · 
transfer. These data represent S(~,E) inter­
iolated to Q = 14 K-1 for the low density hcp 

He sample; the uncertainty in each point is 
indicated. The curve is the best fit Gaussian 
of the· form given in Eqn. (32). 
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Figure 61. 

126 

hcp 4He 

19.45 cm3/mole 
I 

a = 15 A- 1 . 

120 
Energy Transfer (meV) 

The dynamic structure factor versus energy 
transfer. These data represent S(Q,E) inter­
~olated to Q = 15 X-1 for the low density hcp 

He sample; the uncertainty in each point is 
indicated. 
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Figure 62. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
~olu~cd to Q = 16 K-1 for the low density hGp 

He sample. 
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hcp 4He 

19.45 cm3/mole 

a = 17 K-1 

240 
Energy Transfer ( meV) 

Figure 63. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
~olated to Q = 17 K-1 for the low density hcp 

He sample. 
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Figure 64. 

hcp 4He 

19·45 cm3/mole 

a = 1s A- 1 

129 

200 
Energy Transfer ( meV) 

280 

The dynamic structure factor versus energy 
transfer. These data represent S(Q,E) inter­
iolated to Q = 18 ~-1 for the low density hcp 

He sample. 
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280 
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Figure 65. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
iolatcd to Q-19 K-l for the low density hcp 

He sample. 
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30 hcp 4He 

19.45 cm3 /mole 
0 

Q = 20 A-1 

- 20 w .. 
0 -(f) 

10 

160 240 320 
Energy Transfer (meV) 

Figure 66. The dynamic structure factor versu~ energy 
transfer. These data represent S{Q,E) inter­
~olated to Q = 20 A-1 for the low density hcp 

Be sample. 
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30 
hcp 4He · 

19.45 cm3/mole 
0 

Q = 21 A-1 

-lL!. 20 
0 

10 

160 240 320 
Energy Transfer (meV) 

Figure 67. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
~olatcd to Q = 21 A-1 for ~he low density hcp 

He sample. 
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Figure 68. 

100 140 

liquid 4He 

18.20 cm3/mole 
Q = 13 ,&-I 

Energy Transfer (meV) 

133 

The dynamic structure factor versus energy 
transfer. These d~ta represent S(Q,E) inter­
polated to Q = 13 A-1 for the liquid 4He 
sample; the uncertainty in each point is indi­
cated. The curve is the best fit Gaussian of 
the form given in Eqn. (32). 
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30 liquid 4He 

18.20 cm3/mole 
. 0 

Q = 14 A-1 

-20 w 
0 ·-(/) 

10 

70 110 150 190 
Energy Transfer (meV) 

Figure 69. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
polated to Q = 14 ~-1 for the liquid 4He 
sample: the uncertainty in each poi.nt is 
indicated. The curve is the best fit Gaussian 
of the form given ~n Eqn. (32). 
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Figure 70. The dynamic structure factor versu~ energy 
transfer. These d%ta represent S(Q,E) inter­
polated to Q = 15 A-1 for the liquid 4He 
sample; the uncertainty in each point is 
indicated. 
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30 liquid 4He 

18.20 cm3/mole 

a = 16 A-1 

-w 20 .. 
0 -Cf) 
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80 160 240 
Energy Transfer (meV) 

Figure 71. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E). inter­
polated to Q = 16 ~-1 for the liquid 4He 
sample. 
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137 

liquid 4He 

18.20 cm3/mole 
0 ' 

Q = 17 A- 1 1 

80 160 240 
Energy Transfer ( meV) 

The dynamic structure factor versus energy' 
transfer. These data represent S(Q,E) inter­
polated to Q = 17 A-1 for the liquid 4He 
sample. 
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Figure 73. 
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The dynamic structure factor versus energy 
transfer. These data represent S(Q,E) inter­
polated to Q = 18 ~-l for the liquid 4He 
sample. 
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Figure 74. The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
polated to Q = 19 A-1 for the liquid 4He 
sample. 
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Figure 75. The dynamic structure 
transfer. These daty 
polated to Q = 20 A­
sample. 

factor versu§ energy 
represent S(Q,E) inter­
for the liquid 4He 
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Figure 76. 

141 

liquid 4He 

18.20 cm3/mole 

a = 21 X-1 

160 240 320 
Energy Transfer (meV) 

The dynamic structure factor versu~ energy 
transfer. These data represent S(Q,E) inter­
pola~ea to Q = 21 A-1 for the liquid 4He 
sample. 
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The dynamic structure 
transfer. These data 
polated to Q = 22 ~-1 
sample. 
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represent S(Q,E) inter­
for the liquid 4He 
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from the observed peak width. -+ 
Since S(Q,E) and the reso-

lution function are both Gaussians, and since the widths 

of convoluted Gaussians add in quadrature, the conversion 

from oct> to crQ is 

(.33) 

and ccp is given by Equation (26). These conversions have 

been carried out for all three samples and the resultant 

crQ's are given in Tables 2, 3 and 4. 

One of the predictions of the impulse approximation 

is the expected linear relationship between crQ and Q 

(Equation (19)). Figures 78 and 79 are plots of the crQ 

versus Q for the two solid samples (Figure: 78) 'and the 

liquid sample (Figure 79). The size of the points is the 

uncertainty in the values of crQ. From Equation (19) we 

expect the functional relationship between cr0 and Q to be 

linear, have a zero intercept, and have a slope equal to 

(n
4

A/2M2 )
112 . This is a further test of the applicability 

of the impulse approximation. 

The straight lines in Figures 78 and 79 are the 

best fit straight lines constrained. to pass through the 

origin. From the slopes of these lines we extract the 

following values for the Gaussian parameter A: 

A 3.42 ± 0.10 
0-2 

for-19.45 cm3;mole solid = A 

3.78 0.10 
0-2 = ± A for 18.20 3 em /mole solid 

3.73 0.06 
o_2 

for 18.20 cm3;mole liquid (34) = ± A 



30 

> 20 
Q) 

E -

10 

• 

Figure 78. 

144 

5 . 10 15 20 25 

Momentum· transfer (.S,- 1) 

The standard deviation of S(Q,E) versus momen-­
tum transfer. The data for the two hcp 4He 
samples at the eight scattering angles is 
plotted. The triangles represent the high 
density solid, the circles represent the low 
density solid; the uncertainty in each point 
is represented by the size of the symbol. 
According to Eqn. (19), aQ is proportional to 
Q with a proportionality constant that depends 
on the Gaussian parameter A (see Eqn. (13)) 
and the mass of the scattering atom. The two 
lines are the best fit straight lines con­
strained to pass through the origin; the solid 
line is the fit for the high density solid, the 
dashed line is the fit for the low density 
solid. The single-atom Gaussian parameter, A, 
is extracted from the· slope of the line. Some 
of the scatter in the data is due to anisotropy 
in the solids. 
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Figure 79. The standard deviation of S(Q,E) versus momen­
tum transfer. The circles represent the data 
for the liquid 4He sample at the eight scatter­
ing angles; the size of the symbols represents 
the uncertainty. According to Eqn. (19), a 
is proportional to Q with a proportionalityQ 
constant that depends on the Gaussian parameter 
A (see Eqn. (13)) and the mass O·f the scatter­
ing atom. The line is the best fit straight 
line constrained to pass through the origin. 
The single-atom Gaussian parameter, A, is 
extracted from the slope of t.he 1.i ne. 
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Using Equation (20), one can convert these values of A 

into values of the expectation value of the kinetic 

energy of a 4He atom. These are 

<KE> = 31.1 ± 0.9 K for 19.45 cm3/mole solid 

= 34.3 ± 0.9 K for 18.20 cm3/mole solid 

146 

33.8 0.6 for 18.20 3 liquid (35) = ± K em /mole 

In comparing these values with theoretical results, one 

needs to compare the kinetic energy values with calculated 

single-atom kinetic energies. One cannot directly compare 

the above values of A with theoretical values unless the 

theories use the same many-atom wave function. In the 

next chapter we will compare the above results with the-

oretical calculations. 

C. Compton Defects 

In Figure 58, one will notice that the peak centers 

for smaller Q lie above the line expected for single par-

ticle scattering. In Compton scattering experiments, such 

deviations are termed Compton defects. They are referred 

to as positive Compton defects if the points lie above the 

line and negative Compton defects if they lie below the 

line. In the case of Compton scattering, the origin of 

these defects is understood52/ and similar effects in 

in~lastic neutron scattering probably give rise to the 

observed neutron Compton defects. In our data, all the 

Compton defects are positive (see Tables 2, 3 and 4) but 
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negative Compton defects have been observed in inelastic 

neutron scattering from solid 4He at lower momentum trans­

fer. 53/ 

Negative Compton defects arise when the spectator 

atoms (atoms in·the vicinity of the scattering atom) recoil 

with the scattering atom thus increasing the effective. 

mass of the scattering atom. We see from Equation (17) 

that this gives rise to energy transfers that are smaller 

than expected for a given momentum transfer meaning the 

corresponding peak center will fall below the expected Er 

2 versus Q curve. This is precisely what occurred in the 

first observation of a single-atom scattering peak by 

. 53/ 
Kitchens et al.- Their experiment involved i•nelastic 

neutron scattering from liquid and solid helium with 

o-1 
momentum transfers in the range 2.5 to 5.5 A • One would 

expect that as the momentum transfer increases the scat-

tering event will become more like single-atom scattering 

and the negative Compton defect will approach zero. This 

is the trend one observes in Compton scatte~ing. 54/ 

If one goes through the derivation in Equations (6) 

through (17) including a binding energy of the initial 

helium atom state and assuming the final state is unbound, 

one finds that the peak should be centered at a recoil 

energy of 

(36) 
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where Eb is the binding energy. In the case of Compton 

scattering, this binding energy is the binding energy of 

the electron to the atom. 55/ The binding energy of a 

helium atom in a solid at densities equal to those of our 

samples, is about 0.4 meV.~S/ However, in our experiment 

we do not expect .the binding energy to equal the positive 

Compton defect. To understand why, consider a helium atom 

in the bulk; nothing in the potential well in which such an 

atom sits corresponds to the binding energy, i.e. the 

potential does not become constant at an energy Eb above 

its minimum (as in a muffin tin potential). As the helium 

atom moves away from its equilibrium position, it encounters 

a sharp rise in its potential energy corresponding to the 

hard core repulsion. of its nearest neighbor, which appears 

very high compared to the kinetic energy of the helium 

atom. As the helium atom recoils after the collision with 

the neutron, it passes between the neighboring atoms to an 

interstitial position. The.potential it encounters along 

its path is certainly finite but 'is nevertheless very 

large compared to its zero point kinetic energy. This 

potential does not correspond to the binding energy of the 

atom in the solid. 

To understand the origin of the positive Compton 

defect, we return to a clas.sical view of the scattering 

process. The collision between the neutron and the ·helium 

atom occurs over a small, but finite, time interval. During 

: ~ 
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this time interval, the helium atom begins recoiling. As 

it recoils, its potential energy increases. This increase 

in potential energy during the collision gives rise to a 

positive Compton defect in the same way that the binding 

energy gives rise to a positive defect in Compton scatter-

ing. As the momentum transfer increases, the time duration 

of the scattering event decreases leading to a decrease in 

the change in the atom's potential energy that occurs 

during the collision. Thus this defect also approaches 

zero as the momentum transfer increases. 

A rather interesting pattern is evident if one plots 

the Compton defect as a function of momentum transfer (the 

• I 

Compton defects are listed in Tables 2 through 4, momentum 

transfers are listed in Table 1). The first two points 

have a Compton defect of about 6 meV (the values range from 

5.4 to 6.5 meV) while the third point has a defect of about 

3 meV (2.8 to 3.6 meV). The Compton defect then goes to 

zero in a smooth fashion. This pattern holds for all 

three samples. This dramatic drop and the subsequent 

smooth decrease are the most significant features of the 

Compton defect versus momentum transfer plot. We can 

speculate about the origin of this sudden decrease in the 

Compton defect; however we emphasize that the following is 

speculation. 
I 

If one takes the single-particle wave function we 

have determined to be appropriate for a helium atom in a 
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cell model of the solid, one can calculate the energy 

spacing of the excited states by using a harmonic oscil­
r 

later with the same wave function as a model. Such a 

calculation gives 4. meV as the energy level spacing for 

single-particle excitations of the helium atom in its 

potential. If one assumes the state only lasts one period 

of its oscillation, the uncertainty in its energy is 

0.7 meV. It is possible that the sudden decrease in the 

Compton defect between the data taken at 57.3° and that 

taken at 66.9° is due to a transition that the helium atom 

makes from its ground state to the first excited state in 

its potential well. The helium atom does not remain long 

in this first excited state, in fact the helium atom is 

recoiling with a kinetic energy of about 100 meV and is in 

the process of tunneling among its neighbors to an inter-

stitial site. The important point is that there does 

exist a first excited state to which the helium atom can 

make a transition. At sufficiently high momentum trans-

fer, these effects must also disappear and the single-atom 

peak should be centered at the recoil energy given by 

Equation (17). One would expect that the contribution to 

the Compton defect due to the transition to the excited 

state would vanish suddenly as the momentum transfer is 

increased and the contribution due to the binding energy 

to approach zero smoothly. This is what we observe. 
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-+ 
D. Anisotropy of n(p) 

Moving now to Figures 78 and 79, we will try to 

explain why there is more "scatter" in the data than is 

expected from the uncertainty in each data point. One 

will notice that the data points in Figure 78 lie further 

from the expected crQ versus Q line than their uncertainties. 

At least some of this "scatter" is due to anisotropy in 

the solid samples. First, one will notice that the data 

points in Figure 79, aQ versus Q for the 4He liquid, lie 

within their uncertainties of the straight line fit to the 

data. So in the case of our isotropic sample, the liquid, 

the deviation from the fit is not greater than the uncer-

tainty. This is an indication that the scatter may be due 

to sample anisotropy but perhaps the diffraction data 

contain some information that will correlate preferred 

orientation of the sample with the observed deviation of 

a value of aQ from the fit to the data. 

Certainly the scatter in the values of aQ cannot be 

attributed to any systematic error arising from misalign-

ments in the sample with respect to the spectrometer 

because, of the eight sets of data (corresponding to the 

eight scattering angles) on the two solid samples, the 

deviations of the observed a
0 

comapred with the straight 

line fit have the same sign for four of the fits and oppo-

site signs for four. One would expect a systematic error 

to give the same sign deviation for scattering at the same 



• 

• 

152 

angle from two unrelated samples. Any misalignment of the 

cryostat/spectrometer system (e.g. sample cell center being 

misaligned, sample cell not being vertical, chopper being 

misaligned) would have a small first order effect on the 

center of the observed peak and a second order effect on 

the peak width. 

The following assumptions are implicit in our com-

parison of the diffraction data to deviations in Figure 78: 

1) A helium atom in the solid is confined inside a volume 

whose shape and dimensions correspond to a Wigner-Seitz 

cell for a 18.20 cm3/mole hcp 4He lattice. 50/ 2) The devi-

ation from isotropy that we observe in a given sample 

+ 
direction (defined by Q for a given detector group) is 

representative of the deviation from isotropy for the 

entire sample in that direction. This assumption, though 

not exact for every sample and sample direction, is cor-

rect, on average, for a statistical ensemble of samples. 

It is the best estimate one ean make given the limited 

data we have about the anisotropy of our sample. 3) The 

crystal did not rotate during the 67 hours we·observed it. 

I h . h . 41 d "b b . f n 1s t es1s,-- B. A. Fraass escr1 es o servat1ons o 

helium crystals that rotated in a cylindrical Lucite 

sample cell while x-ray diffraction data were being taken. 

We assume this did not happen in our case. 4) The aniso-

tropy factor described below varies sufficiently slowly 

that it can be interpolated between two angles differing 

by about 5°. 
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For a powder spectrum, the integrated cross-

section per unit cell for a reflection of multiplicity Z 

is 

cr = 4V sin (¢/2) (37) 

where Vis ·the volume of· the unit cell, ¢is the scattering 

angle, A is the neutron wavelength and jFj 2 is the magni-

tude squared of the structure factor. The structure 

. 57/ 
factors are easily calculated-- and their magnitudes 

squared are listed in Table 5. The multiplicity factors, 

also listed in Table 5, are taken from Reference 58. The 

neutron wavelengths must be calculated for each peak at 

each angle since they depend on the lattice spacing and 

the scattering angle via the Bragg condition (Equation 

(24)). The relative amplitudes of the diffraction peaks 

at each angle are then calculated. 

We include the anisotropy of the sample by assum-

ing that each helium atom is confined in a volume defined 

by the Wigner-Seitz cell of a hcp lattice. Since the 

expectation value of the momentum of a particle in a 

potential well varies inversely with the width of the 

well, we expect the average value of the momentum of a 

helium atom in a given crystal direction to vary (approxi-

mately) inversely with the width of the Wigner-Seitz cell 

in that direction. That is, if our sample was a single 

crystal, the measured momentum distribution would be 
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Table 5. Summary of parameters and data associated with3 the diffraction data collected on the 18.20 em I 
mole hcp 4He sample. Each of the numbers in 
this table is associated with Bragg reflections 
from one set of lattice planes; the Miller 
indices of the seven observ~d reflections are 
listed in the top row. jFj is the square of 
the structure factor for a monatomic hcp lattice. 
Z is the multiplicity of the scattering plane. 
The next row contains the calculated widths 
(perpendicular to the scattering plan~), in A, 
of the Wigner-Seitz cell for 18.20 em /mole 

IFI 2 

z 

Cell Width 

<P = 47.7° 

57.3° 

66.9° 

77.7° 

87.3° 

96.9° 

105.9° 

115.5° 

hcp 4He. The last eight rows contain a summary 
of the diffraction data collected on the sample; 
the numbers are the amplitudes (in hundreds of 
neutrons) of observed Bragg peaks at the eight 
scattering angles. 

100 200 110 101 102 103 002 

1 1 4 3 1 3 4 

6 6 6 12 12 12 2 

3.499 3.499 3.499 3.654 3.774 3.887 4.285 

30 18.8 15 12.5 

3.6 16 8.3 45 8.3 37.5 

35 13.5 

4.5 3.8 

1.6 4.8 

6.2 1.2 8.8 

14.0 3.1 

8.8 1.2 0 9 1.0 
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anisotropic with a directionally dependent width inversely 

proportional to the width of the Wigner-Seitz cell in that 

direction. However, our sample, being polycrystalline, 

has a momentum density given by the average of the momen-

tum densities of all the crystallites in a given sample 

(as opposed to lattice) direction. The calculated widths 

of the Wigner-Seitz cell in crystal ~irections correspond-

ing to the observed Bragg peaks (perpendicular to the cor-

responding reflecting planes) are given in Table 5. 

One should keep in mind that our inelastic 

measurements determine the momentum distribution in the 

+ 
direction of Q. In the diffraction (elastic) experiment, 

if a crystallite is aligned so that a (002) Bragg peak 

appears at a given scattering angle, then 0 lies along the 

(002) direction in that crystallite. If one then carries 

out a spectroscopic experiment so that the momentum trans­

fer is parallel to the 0 in the diffraction experiment, one 

would measure the momentum distribution in the (002) 

direction for that crystallite. An important consideration 

in this analysis is that for scattering at a glven angle, 

the momentum transfer, Q, for a diffraction experiment is 

not parallel to the momentum transfer for a spectroscopic 

experiment. The lighter the scattering atom the greater 

will be the difference in the momentum transfers for these 

two types of experiments. Thus, one must compare the dif-

fraction data taken at one angle with the spectroscopic 
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responding momentum transfers will be parallel. 
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Returning to our search for correlations between 

sample anisotropy and deviations of a
0 

from the straight 

line fit, we make two sums from our diffraction data. 

The first sum is the observed amplitude of a diffraction 

peak divided by the relative amplitude of the peak at 

that angle (including the Debye-Waller factor) summed over 

all the observed peaks at each scattering angle. The 

second sum is the peak amplitude divided by the relative 

amplitude and the width of the Wigner-Seitz cell perpen­

dicular to the reflecting planes summed over the observed 

peaks at each scattering angle. The anisotropy factor 

that we define is the second sum divided by the first and 

is associated with the sample direction defined by Q in 

the inelastic scattering experiment. Dividing by the 

first sum essentially normalizes the anisotropy factor so 

that the factor calculated for a few relatively small 

peaks can be compared with a factor calculated for several 

relatively large peaks. With this view in mind, the 

anisotropy factor is just the weighed average of the 

inverse of the Wigner-Seitz cell width normalized with the 

assumption that the fraction of the sample that gives rise 

to the Bragg peaks is representative of the full sample. 

We next calculate the direction of ~ for the dif­

fraction measurement at each of the eight scattering angles 

and the direction of Q for the spectroscopic measurement at 
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each scattering angle. We then interpolate the anisotropy 

+ 
factors between the elastic-scattering Q directions so 

that the interpolated factors and the inelastic scatter-

ing data correspond.to momentum transfers in the same 

direction. We expect a positive correlation between these 

interpolated anisotropy factors and the deviation of the 

corresponding oQ from the straight line fit to our aQ 

versus Q plot. We can make this comparison for only the 

six lowest Q points because our diffraction data do not 

+ 
extend to as large angles (between Q and the unscattered 

beam) as the inelastic data. 

We find very good correlation between the magnitude 

of the interpolated anisotropy factor and the sign of the 

deviation of oQ from the fit (five of the six points are 

so correlated). The correlation coefficientS!/ between 

the interpolated anisotropy factor and the oQ deviation 

(sign and magnitude) is 0.56. The fact that the correla-

tion coefficient is less than 1.0 (complete correlation) 

reflects the fact that there remains scatter in the data 

(expected to be roughly as large as the scatter in the 

liquid data) and unobserved sample anisotropy (probably 

the case of the one point for which the oQ deviation seems 

to have the wrong sign). 

A full analysis of the anisotropy requires con­

struction of a pole figure diagrarn59 / which would require 

that diffraction data be taken at several different sample 



• 

• 

• 

158 

orientations. This was not possible with our cryostat/ 

diffractometer system. However, we believe that the cor-

relation between the anisotropy factor and the cr0 devia­

tions indicates that most of the scatter in the data is 

due to anisotropy of the sample. It would be interesting 

h . . . 1 1 4 to carry out t 1s exper1ment on a s1ng e-crysta He 

sample so that the anisotropy of the momentum distribution 

could be directly measured . 
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6. SUMMARY 

Spallation neutron sources have made a variety of 

experiments possible that are, at best, 'difficult with a 

reactor based source. The availability of high flux epi­

thermal neutron beams makes feasible experiments in which 

single atom motion can be studied. If one can attain suf­

ficiently high momentum transfer, one can extract the 

single-atom momentum distribution by making the impulse 

approximation. The single-atom position space wave func­

tion can be inferred, in principle, from a sufficiently 

precise momentum distribution. Because the wave functions 

of nearest neighbor atoms in solid helium have significant 

overlap, knowledge of the single-atom wave function is 

important in determining the interaction of near neighbor 

atoms. 

Analysis of our experimental data depends on the 

applicability of the impulse approximation to scattering 

of epithermal neutrons from condensed matter.· The limits 

on the applicability of the impulse approximation in the 

case of Compton scattering are well understood. There are 

enough differences between Compton scattering and inelastic 

neutron scattering, however, that the generally accepted 

rules of applicability for the impulse approximation cannot 

be translated simply from the former to the latter sets of 

experiments. 
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There are characteristics of the data peaks that 

indicate when sufficient momentum transfer has been 

attained to satisfy requirements that are necessary 

(though not sufficient) for the applicability of the 

impulse approximation. The first characteristic is that 

the peak should be centered about an energy transfer that 

is the same as one would expect if the neutrons scattered 

from free helium atoms (Equation (17)). We find this is 

satis.fied quite well (Figure 58) with deviations qualita-

tively explained in terms of binding energy effects on the 

scattering event. These effects seem to have vanished at 

the higher momentum transfers attained in this experiment. 
~ 

Further, the width of S(Q,E) should be proportional to.the 

momentum transfer. This is also satisfied (Figures 78 and 

79). Deviations of the peak widths from the linear fit 

for data on crystalline specimens seem, in part, to be due 

to sample anisotropy. It would be extremely interesting 

to measure the anisotropy of the momentum distribution in 

single crystal hcp 4He. Estimates (my own) indicate that 

the Gaussian parameter, A, measured along the· (001) and 

(100) directions in the 18.20 cm3/mole sample should be 

0-2 
3.07 and 4.60 A respectively, a difference that should 

be easily observable. 

The data. show a fully resolved single-atom scatter-

ing peak. The dynamic structure factor extracted from this 

peak is fit to a symmetric Gaussian function. While 
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published calculations indicate that leading order correc-

tions to the impulse approximation introduce an asymmetry 

to the structure factor; 601 our data show no such asymmetry 

or other systematic deviation from Gaussian behavior. A 

+ 
Gaussian S(Q,E) implies that the momentum density is 

Gaussian which implies that the single-atom wave function 

is Gaussian. This justifies the assumption (Equation (2)) 

that the single-atom wave function is Gaussian. From the 

experimentally determined structure factor, the Gaussian 

parameter in the single-atom wave function (Equation (18)) 

can be determined. 

Since particle exchange and vacancy tunneling are 

affected strongly by the part of the wave function in the 

tails, the extent to which the tails of the peaks depart 

from a Gaussian shape is of great interest. We could find 

no systematic departure in our data. A detailed Monte 

Carlo calculation of the spectrometer resolution is 

planned; this, along with further cxpcrimcnto that will 

collect larger data sets to decrease the experimental 

uncertainty about the shape of the tails, should be help-

ful in searching for systematic deviations from Gaussian 

behavior. One should be cautious about such plans since 

it is precisely in the tails of the data that Weinstein 

and Negele43/ have shown that the measurement cannot be 

expected to give the momentum density unambiguously. 

Theories, however, have commonly indicated that the momentum 
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density should be Gaussian. The Green's Function Monte 

Carlo calculation by Whitlock et al., 25/ which gave gen-

erally good results for the properties of solid helium 

that were calculated, found a momentum density that shows 

no appreciable deviation from Gaussian behavior for the 

top 99% of the peak. 27 / Below this, there is an intriguing 

departure from Gaussian shape. So, within present experi-

mental uncertainties, the experimental evidence is that 

there is no deviation from a Gaussian momentUQ density, 

while the theoretical evidence is that the deviation is 

only in the extreme tails. 

In order to compare our results to theory, we need 

a calculation of the kinetic energy of the atoms in the 

solid. 8 19 61/ t-iany authors ' ' have calculated single-atom 

wave function Gaussian parameters for hcp 4He (and even 

more have calculated Gaussian parameters for bee 

3He8,l9,6l,62 ,6 3 ,6 4/). However, these results are not 

directly comparable to our results since these authors 

include correlations differently and therefore their 

kinetic energy per atom is not related to the ·Gaussian 

parameter by Equation (20). There have been two published 

. 25 26/ calculations that report single-atom kinetic energ1es ' 

and since they find nearly the same values for the kinetic 

energy, we will compare our results with the more recent 

calculation. 
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The calculation by Whitlock et a1. 25/ was carried 

4 out on solid and liquid He. Their calculation on the 

solid was carried out on fcc 4He interacting with a 

Lennard-Janes potential at molar volumes that range from 

24.0 to 17.0 cm3/mole (they quote the sample density in 

dimensionless units of pa~, in which units their densities 

range from 0.420 to 0.592). Though their calculation was 

d f b t 1 1 . 65/ . d' one on a cc structure, a su sequen ca cu at1on-- 1n 1-

cated that the difference between the results using a fcc 

instead of a hcp structure is minimal. The calculation on 

liquid and solid 4He yielded theoretical values for the 

Bose condensate fraction, the total energy, the kinetic 

energy, the potential energy, the pressure, the speed of 

sound, the structure factor, and the compressibility. 

Compared to available experimental values for pressure, 

compressibility, and total energy56/ for the solid phase, 

their results are very good but often outside the quoted 

uncertainty. Their results for the kinetic energy p~r 

atom are compared with our results and displayed in 

Figure 80 (note that zero has been suppressed· and the 

results are displayed in terms of Gaussian parameter or 

single-atom kinetic energy versus sample density or sample 

molar volume). The uncertainties in the theoretical values 

are given as the size of the points while the uncertainties 

in our results are indicated by the error bars. Obviously, 

the results do not agree. I hasten to point out that the 
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V (cm3 /mole) 

21 20 19 18 17 
4.0 I I I I I 

35 -

f • 
KE 3.5 -
(K) 

30 - A 
(A-2) 

• - 3.0 

25 r-

- 2.5 
• 

21L---------~'------------~1 ------------~ 
0.46 0.50 0.55 0.60 

Figure 80. A comparison of the present results with those 
reported by Whitlock et al. The kinetic energy 
(K/atom) is plotted versus helium density. The 
solid circles represent the theoretical data, 
the size of the symbols representing the uncer­
tainty. The open circles represent the results 
of the present experiment on the two solid 
samples; the triangle represents the liquid 
sample result. 
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slopes of the two curves are the same; that is, they both 

have the same dependence of the kinetic energy or molar 

volume.· 

An obvious difference between our experiment and 

the calculation is that the experiment was conducted at 

1.70 K while the calculation was carried out at 0 K. To 

see if we can explain the different results in terms of 

this temperature difference, we can use the Debye model 

for the specific heat to determine the energy difference 

between solid helium at 0 K and at 1.70 K. The Debye 

temperature for solid helium at 18.20 cm3/mole is 38 K. 

If we integrate the Debye specific heat between 0 and 

1.7 K, we find the energy difference between these two 

states of the solid, in temperature units, to be 0.009 K 

per atom. So we see that the solid at 1.70 K is essen­

tially in its ground state. 

Comparing the theoretical results with other experi­

mental results we find that the zero temperature pressures 

calculated by Whitlock et al. are below those measured by 

Edwards and Pandorf 561 for hcp 4He by about 20%. This 

implies that the kinetic energy per atom in solid 4He is 

higher than indicated by this calculation. 

One should be able to estimate the change in 

single-atom kinetic energy necessary to increase the pres­

sure by 20%. Since the theory and experiment give the same 

dependence of single-atom kinetic energy on molar volume, 
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one can assume that this value is accurate. The deriva-

tive of the expectation value of the single-atom kinetic 

energy with respect to the molar volume is 

a<KE> = -2.56 K mole/cm3 . av ( 38) 

We know the compressibility from the work ·of Edwards and 

Pandorf. Interpolating between their values to find the 

compressibility for hce 
4

He at 0 K, one finds 

1 av 
K = v aP = 

-0.160 

--0.242 

x 10-2 atm-l for· 18.20 cm3/mole 

x 10-2 atm-l for 19.45 cm3/mole 

Combining these one finds 

a<KE> 
ap = 

0.074 K/atom for 18.20 cm3/mole 

0.121 K/atom for 19.45 cm3/mole • 

(39) 

( 4 0) 

Inserting the increases in pressure necessary to make the 

theoretical pressures agree with the measurements, one 

finds that corresponding values for <KE> will increase by 

L1<KE> = 
1.00 K for 18.20 cm3/mole 

1.21 K for 19.45 cm3;mole • ( 41) 

Thus one finds some consistent qualitative discrepancies 

between the theoretical results and experiments, but the 

results still differ by more than the estimated uncer-

tainties. 
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Referring again to Figure 80, one will notice that 

the kinetic energy of the high density solid sample is 

0.5 K higher than the kinetic energy of the liquid sample 

with the same density. This result agrees quite \vell with 

the calculation by Whitlock et al. For solid and liquid 

helium at a molar volume of 22.86 cm3/mole, they find 

that the solid has a kinetic energy about 1.4 K per atom 

higher than the liquid. At higher density, the trend in 

their data is toward a smaller difference in the kinetic 

energies of the two phases. If one extrapolates (using a 

quadratic function fit to the data) their results for the 

liquid to 18.20 cm3/mole and interpolates their results 

for the solid to the same density, one finds that 'the dif-

ference in kinetic energies to be about 0.3 K per atom. 

Considering the unjustified nature of the above extrapola-

tion and the relatively large error bars on our experi­

mental results, these two results are very close. 

The reason that the atoms in the solid h.::tvc a 

higher kinetic energy than those in the liquid at the same 

molar volume is due, in part, to the uncertainty prin­

ciple. The atoms in the two phases have, on average, the 

same volume per atom; however, the atoms in the solid are 

restricted to lattice sites. Because they are more 

restricted in position space, the atoms in the solid have 

broader momentum-space wave functions which implies a 

higher kinetic energy. 
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There remain questions about the applicability of 

the impulse approximation to inelastic neutron scattering 

to determine atomic momentum distributions. By all cri­

teria currently available, our experimental method is 

valid. Further measurements of momentum densities in the 

various phases of solid and liquid 3He and 4He (as well as 

other suitable solids) are planned. By exploration of a 

broader range of experimental conditions, th~se should 

help answer any remaining questions about this experimental 

method • 
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APPENDIX. A 

I~ discussing the Compton defect in Chapter 5, 

mention was made of a cell model for the 4He solid in 

which each atom was treated as a ground state harmonic 

oscillator whose wave function is a Gaussian, given by 

169 

Eqn. (2), with widths as determined by the present experi-

ment (Eqns. (34)). In this appendix, this model will be 

discussed in more detail. 

The ground state \vave function for a harmonic 

oscillator is given by 

~(r) = c exp[-r 21Mk/2n] (A.l) 

where k is the oscillator force oconstant. Equating this 

wave function with the single-atom wave function we have 

determined to be appropriate for the ground state of hcp 

helium (Egn. (2)), one finds 

k = M 

and for the frequency 

w = 
/k 
I-= M M 

We thus find the energy level spacing for the three 

dimensional harmonic oscillator model to be 

(A. 2) 

(1\.. 3) 
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6E = nw = 3.58 meV for 19.45 cm3/mole 

= 3.95 meV for 18.20 cm3/mole 
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(A. 4) 

Now, our model for the ground state of the solid 

looks very much like an Einstein model, a collection of 

oscillators all having the same frequency. One can cal-

culate the Einstein temperature, eE' t~us 

And, 

hw 
eE = kB = 41.3 K for 19.45 cm3/mole 

= 45.7 K for 18.20 cm
3
/mole • 

using an approximation from Born and Huang,.£.§/ 

can estimate the Oebye temperature 

eo - .75 e = E 31.1 K for 19.45 cm3/mole 

34.3 for 18.20 
3 = K em /mole 

(A. 5) 

one 

(A. 6) 

(compare these values with Eqns. (35)). These e0 •s are 
. I 

consistent with the values found by Ahlers interpolated 

. ( - - 6 n7 I to 1.7 K 29. K and 35.9 K respectively).-·- Whether the 

e
0

•s in Eqn. (A.6) are within the uncertainties of those 

reported by Ahlers depends on the uncertainty one assigns 

to Eqn. (A. 6). 

From the Oebye temperature, one can estimate the 

Grlineisen parameter from 

(A. 7) 
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Taking the average of our molar volumes for V and the 

average of our Debye temperatures for e0 , one finds 

y = 2.89 . (A.8) 

Though not within the uncertainty, this is consistent with 

68/ the 1.7 K value found by Ahlers-- of about 2.7 . 
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