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To Professor Hannes Alfvén,
the discoverer of the wave
wﬁich has stimulated so much
important research in plasma

 physics.



'PREFACE

'Of the many types of waveé that exist in,plasmas;
the Alfvén wave is probably the best studied. However; some
qf its unique properties such as the absence of a disdreté
eigenmode in a nonuniform p;asma and the effect-of a finite
ion gyroradius are not widely known. While the importance
of the Alfvén wave in asﬁrophysicai'and space plaSmas was
realized soon after its discovery in 1942, plasma physicists
paid relatively less attention to it until recently due to
difficulties in exciting it in the laboratory. However,
the recent progress in thermonuclear fusion reéearch has
increased the possible éhysical size and magnitude of
plasma B8 (the ratio of the plasma to magnetic field pressure)
so that the Alfvén mode is now accessible in laboratory plasmas.
Consequently a large part of this book explores areaé of
relevance'of Alfvén waves to fusion. However, the monograph
is prépared so that it can also serve as a good review
fof“ scientists iﬁ the.areas of astrophysics, space
éhysics and solid state‘thSics. Recen£ references in these
areas are lisfed'at the end of Chapter I.

The monograph contains seven chapters.  Chapters
I and II introduce the Alfvén wave and describe its linear
properties in a homogeneous medium. Chapters III and IV

cover the effects of inhomogeneities on these linear properties.



Partiqular emphasisAislpla¢ed'oﬁA£ﬁe appéarancé of a
conﬁinuum épectrum and the ‘associated absorption of the
Alfvén'waye wbich arise due to the inhoﬁogeneity. ‘The
exélana;ionﬁof the physical origin of absorption is given
using kinetic tﬁeory.‘ Chapter V is devoted to the.associated‘
plasma instabilities. |
Iﬁ recent éubiications conéiderable interest Has

been shown in the study of ﬁonlinearAphenomena'assdciated
with theiélfvéﬁ wavé, As it is not possible to‘desérybe:
aliAthis‘work.we festricted ouréelves to £he study
ofvnohlineég processes in.laboratory'scale plasmaé. ﬁon- .
linear effécts discussed in Chaptef VI include quasiliﬁeaf
' diffusion, decéy, a solitary wave and a modulational insta-
bilify, To compensate for our omissions, we have in¢ludea
a iéfée numbe; of.referenceé on recent work at the:end‘of
tﬁé chapté;.' |

| The AlfVéh wave ié”a potential candidate fo% R.F.
héating of a fusioﬁ plasma because'low cost power sQﬁrces
in the éppropriateAfféquency‘range are readily available and
" its absorption rate is high. The principles of AlfﬁénVWaveir"
’héating; a design example aﬁd present-day expe;iméﬁtal
results are described in Chapter VII. |

The iaea for this monograph originated when the

authoré met at Bangalore, India, in December of 1916; "It has.

been diffiéultvto co-author a book while sitting on.opposite




sides of the earth, bﬁt thanks to our very~efficiept
typists, Ms. Hildegard Franks (U.S.A.) and Mr. K. S.
Rajagopal (India), it has gone rathef4smdothly3

After the manuscript was finished, one of the
authors (A.H.’ used it in a plasma seminar course aﬁ.
.' Coiumbia graduate school, to attempt tb teach plasmna physics
using the Alfvén wave as an example. The richness of
phenomena related with theAAlfvén wave which involves the
'MHD theory, the kinetic theory, plasma instabilities and
nonlinear effects is found to be very useful in showiné how -
. the plasma physics theory can be applied to a real problem.

" We afe.both gratefulvto our spouses, Miyoko
Hasegawa and Professor S. N. Balasubrahmanyém for their
enéouragemént and endurance. On of the authofs (A.H.) is
particuiarly-thankful to his favoritevmusic'colléague,
Sachiko Nishida, who has continuously helped to calm his
impatient spirit. The other (C.U.) is thankful that her
children. Raju and Sunu "understéod" when their mothef had

to go to the "office".
Akira Hasegawa

November, 1978 Chanchal Uberoi
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I. ALFVEN WAVE -~ 'IDEAL'

1.1 Introduction

| The Well‘known basic prinéiple of magneto—
hydromagnétics.is that when a conductingifluid_moves
in the presehce of a magnetic field, the motion of the

fluid gives rise to electromagnetic, force which produces

.electric currents. These electric currents modify. the

-

initial magnetic field and in the presence of the magnetic

field the mechanical force due to the electric currents modi- -
fies thé motion of the fluid. Thus there is én inter-
action between the magnetic field and the motion of the
fluid. The méch;nical effects of a magnetic field are

equivalent to a hydrostatic pressure BZ/ZUO, combined with

"a tension B2/u0 along the lines of force. In an incom-

pressible fluid the hydrostatic pressure can be balanced

by the pressure of the fluid so that only the tension

Bz/2u0 remains effective. Analogy with the.theory of
stretched strings suggests that this tension may lead to
the possibi}ity of transverse waves along’the lines of
force, with a velocity Va given by |

2 1

vi= Byt | (1.1)

where p is the mass density‘of the fluid.



The possibilityAOf such waves was first established -
by Alfvén in 1942. The name given by Alfvén was 'electro-
magnetic-hydrodynamic!' waves.

1.2 Dispersion Relation-

To study small amplitude wave propagation-iﬂ an
ideal incompressible fluid we linearize the ideal MHD
equations (Appendix) taking p to be constant and ¢ » «, an
infinite conducﬁivity~assumptionl The fluid is initially
étationary and equilibrium magnetic field is‘go =.(0,Q,Bo).
‘We consider a linearly polarized wave Qithvthe wave magnetic

and velocity fields are in the yfdirectiop;

We take the direction of wave propagation in x-z plane. This

is equivalent to take an incompressible perturbation, V-.v = 0.

Using (v*V)v = vy 5§X = 0, the equation of motion of fluid.
becomes, B
AV ' v
5 X = 5 —X = - -
e T T P T (1.2)

where the x component of the current density J relates to
By.through the Amperé's law,
| 9B o
= - _Y i -
ugdy == 3% - o (1.3)

Yy Y
law

B, and v are related through the electric field by Ohm's

=0, (1.4)



Solving this we find that

. and the Maxwell equation

3B 3E ' '
. = - —* , (1.5)
it 02

If we substitute Egs. (1.2), (1.4) and (1.5) into (1.3),

we have,
2 2 2
"B B "B
= e
ot HoP 5z
and
B . v
1 _ Yy 1.
v == ——DB = -V, = . .
b Yy A B
YiyP 0
Equation (1.2) represents a wave propagating
; o 4 -1/2
along z-direction with velocity v, given by + Bo(uop). g
The sinusoidal solution of Eq. (1.6) is
= 1 - }
By A sin w(z/vA t) , | 4$1~g),
and so
v = - A sin w(z/v,.~-t). i P
Y figp ? B
The lines of force,'now lie in the y-z plane and
their shape is given by the equation
B
dy - ¥ | R
4z By © o (1.10)
dy

3t = Vy’ i.e., the velocity of the

lines of force is the same as the fluid velocity. This leads
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- to the well kﬁown'concept of "frozen-in" fields. 'The mag-

netic lines of force are "frozen in" the conducting fluid
and are théreby constrained to move with the fluid. It is
ﬁhis concept which gives rise to the analogy of Alfvén
waves to those | waves alohg an elastic string. The
magnetic lines of force have a‘léterai pressuré and a-
tension equal to Bz/uo. As the magnetic lines are frozen
. in the fluid the density can be taken as.p, the fluid
density. Hence, the wave velocity along the magnetic
lines of force is given as Bo(uop)-l/z. We also note

that the wave equatién (1.6) is exact in that we did not
héve‘to linearize to obtain it [(v+:V) v term in Eq; (1.2)
is identically zero]. In this respect, the Alfvén wave is.

considered as an exact solution.

I ) M A TSV

carkngs
s

A
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1.3 -Properties

‘The most striking property of the Alfvéﬁ QaVe
is that it propagates in one direction only, i.e., along
the magﬁetic lines of force which.bass through it and
therefore suffers no geométric attenuation with distance,
i;e., it does not spread out three-dimensionally around
a source of disturbance which leadsvto 'spherical attenuation'.
There are cases of astrophysical importance where densitiés
are so low that attenuation due to collisional effééts
become negligible over relevant length scales..

The Alfvén wave is transverse in nature as the
particle velocities are perpendicular to the direction of
wave propagation. ' |

' It is a low frequency wave, as we have already
set an assumption of neglection of the displacement current.
Thé discovery of this wave in an incompressible medium
‘bécame very important and highly interesting phenomena as
the energy could be transmitted without large scale
exchanges "of the fluid elements.

Alfvén velocities are seen to be several orders
-of magnitude smaller than velocity of light, cf. the Table I.
Because of this velécity the wave can be easily controlied.
This fact is used in the éoupling of Alfvén wave to other

waves and as seen in the excitation of sound waves in solid.
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' TABLE I .

Media B vA

. -2 : -16 3 ' .
Solar Corona 10 Gauss 107" gm/Cm 3x10~ cm/sec
Galactic Arms ‘lO—S‘Gauss 10-24 gm/cm3 3x10 cm/séc
Hydrogen Gas 10%  Gauss -10—8'gm/cm3 3x10’ em/sec
(at. 100 micro
pressure
Bismuth 10° Gauss lo—loAgm/cm3 3x107 cm/sec
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In an Alfvén wave the energy is transmitted

. partly as magnetic and partly as kinetic. The electric

energy is small and is insignificant for the case of an

Alfvén wave. The kinetic energy density,

. ’
e e oL

1 2 _ 1 2.2 ey = R2
3 p v = -Z-'Ea JATsin U)(Z/VA t) B /2110

14

the magnetic energy density.)

o~
I

Therefore, for a magnetohydrodynamic. Alfvén wave the

kinetic energy density isrequai to the magnetic energy density.

This equi-partition of energy, is of course, a consequence

of the "frozen-in" lines of fofce and this will, therefore,

hold only for medium of infinite conductivity. |
However, es will be seen in'See. 2.6, the Al fvén

wave with perpendicular wavelength~compareble te the ion

'gyroradius carries electfic energy which is comparable to

the magnetic field energy. |

1.4 Reflection and Transmission

Here we consider reflection and transmission of

the Alfvén wave. We take: , ‘

!

: BY'= A sin w(z/vAl t),}z < 0, incoming wave , | )
. !
B = A'sin w(z/v_,,-t), z > 0, transmitted wave,
Y A2 |
By = A"sin,w(—z/vAl—t), z < 0, reflected wave , |
i
E = Av | /

sin w(z/v -t), z <0,

S Al™ Al
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= ’ . . - . N ) M
Ex A VapSin w(z/vA2 t), z >0 , (1.12)
" ' . : .
Ex = =~-A vAlS}n w(-z/vAl—t),-z <0 . (1.13)
Boundary conditions are:
] " v '
B +B_=B . (1.14
" ] . :
AEx + Ex = Ex ’ (1.15)
which gives
2v_ . > v - v :
A! V~ ilv A, Au - 5 A-]'.- = A2 A- . (1.16)
. Al A2 . Al A2 A

Rigid boundéry (conducting, Py = @) : A = A", no phase
shift in the induced magnetic field.i'Froﬁlthe relation
between Vy and'By.it can be easily shown that there

is 180° phase shift in the velocity field.

Free surface: (p2 = 0) : A= - A", hence there
is 180° phase shift in the magnetic field and veloéity field

is reflected with same phase;

e e oot ———— 44
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At a nonconducting boundary the current density

Jx associated with the wave must be zero, whiéh<gives A= - A",

Hence, phase shift in the magnetic and veiocity field is
same as in the case of the free surface. o
AAgeﬁeral treatment of the reflection and refraction
of Alfvén waves, when the magnetic field is inclined at an
angle of the plane of separation z = 0, has been given by
Ferraro (1954). It was shown that the general lawsAof
ref;ection and refraction no longer remain simple as in
the case when the magnetic field is normal.tq the surface
of separation, since they depend on the orientation of
the field with respect to the surface of separatibn of
the two liquids. |

1.5 Finite Conductivity

The 'infinite conductivity' is an ideal situation.

What are the conditiors for which Alfvén wave can still

~

exist if the conductivity is large but finite? This
can be studied by introducing effect of finite conductivity

in Ohm's law,

g . (1.4')

e 1 UL v 4] S DAL
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The dispersion relation is

2 _ ,2 , -iw 2 _ - ) .
Q (VA + ﬁga')‘k =0, (1.17)
or
- w iw 172 .
k = + — (1 + — ) , (1.18)
. A . uoo VA
.where ¢ is the conductivity.
For small damping
w iwz )
k v+ ( - T3 ) . (1.19)
A 2u00 vA '
'rpe damping distance is
Zpoc vi
Zo = ——;)2— P (1.20)

.For an AlfVén wave with wavelength A to exist,

B

L
BaA O us . '
—Q—Q—-—Q 5> 1. (1.21)

P

>> A, i.e., L

%0

L is known as the Lundquest number (Lundquest, 1949a,b).

1.6 . Compressibility Effects

When compressibility is taken into account the
dispersion relation assumes the form

4 2 ) 2
w w 2 2, . 2 2 2 W - 2 2 =
[;z - ;5 (cs + VA) + Cs VA COs 9](;7 VA cos 8) = 0,

(1.22)
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) Y . -
where cé= 5—9 is the sound speed and 6 is the angle
0 ‘ S : '
getween the equilibrium magnetic field direction and the
wave propagation direction.

There are three modes of. propagation

2 e 22 2..% :
97 = % (cifkvi)'i % [(ci + Vi)2 - 4 ¢, Vp ©OS Q]Z o (1.23)
N .

and
2 2 2 .
97 = vy, cos”6. (1.24)
k .

They are termed as fast, slow (magnetosonic waves) and ihter-
mediaté modes (Alfvén wave) respectivély.
When 6 = w/2, the only mode thaﬁ.persists is the
Féét mode which has about the same velocity as the Alfvén
speed in the case of magnetic pressure being large compargd to
the materiél'pressure and represents the compressional Alfvén
‘mode. The mode arises due to compression of the magnetic

lines of force.
When 6 = 0, we have the Alfvén and sound waves.

If vA >> cs, then the compressibility effects are

not very. large, the two hydromagnetic modes are v,cos 6,

A
4,cscos 6, anisotropic in direction and the mode which propagates

"due to compressibility is VA(l - ci cosze/vi) not effected

much by the direction.
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But if cs/vA is not small, we no'longer have a
disturbance transmitted along the lines of force as a
coherent whole, unless the motion is wholly normal to B,.

1.7 Coriolis Force Effects

In the presence of the Coriolis force 2pvxQ; where.
Q is the uniform angular velocity'directed4along the magnetic
field direction, the dispersion relation for AlfVén waves

assumes the form

‘ 2 .
4 : 4Q 2 2 4
Vph (l - —w'z-) 2Vph VA .+ VA = 0, ) (1.25)
where
2 2,2
th = w /k” .

- The two modes of propagation are
-1 R

known as 'inertial' or 'fast' mode and the 'magnetic’
or 'slow' mode.

Thus, in the presénce of Coriolis force a plane
Alfvén wa&e splits into two circularly‘polarizéd transverse
waves with velocities vphsl< vy < Vphf‘
shown that there is no equi-partition between the kinetic.

It can be easily

and the magnetic energies (Lehnert, 1954a).
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1.8 Cylindrical Geometry: Torsional Alfvén Wave

Most of the experiments utilize cylindrical
.containers,in the laboratory. To understand the theory of
these experiments we consider the Alfvén wave proﬁagation
in cylindricél geometry forlincompressible'aﬂd,finitely
 conducting fluid. |

Taking magnetic field in the z-direction and

considering axisymmetric perturbations so that %5 = 0, we
have
V. = 0, Vg =V, Vv, = 0
Br =0, By, =B, B, = 0. : (1.27)
The equation for B is given by
3%B . 1 9B 2 1
or r r :
where
. 3 (wz_kzvi),uo‘
kc = - [k" + . | (1.29)

1wn
and n(= o 1) is the resistivity.

Solution of B which is finite at r = 0. is given as

B = a7, (k_r)e> (K27t (1.30)

where Jl(kcr) is the Bessel function of the first order.

The field variables are:
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v = - Bo* B, J_=- kg J —kcJO(kcr)B :
- ’ - r - T D
HoPw r Mo z Mo Jl(kcr) A
’ (1.31)
. o J. (kr)
E, = % (szx - -lu‘*’—”)B Ez=3—bk‘c-—0——B. -
| 0 0 = J;kx) (1.32)

In the absence of resistivity, the electric
field is entirely radial. The Alfvén wave becomes a
torsional 6r shear wave. Adjacent magnetic surfaces are
able to shear past each other without mutual‘coﬁpling in
their motion. If we take k‘= kr + i/l; where k is thg
propagation constant and % the attenuation distance; £
- is given by | |
ﬁdef[V; + wznz/ug]

¢ = . .
3 5 2 ’ 11.33)
wn [w +kc VA]

kc will be determined by the boundary conditions.
For example if we take a liquid in the cylinder

with radius R and the height L and at the bottom z = 0

VAT . , »
excite a motion, v(r,t) = —%— e 1wt, the boundary conditions
are:

i) r = R, Jr = 0, R |

{3 - - r ~iwt B (1.34)

ii) =z 0, v=vgge.
and

.iii) z =L, J_ = 0.
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The first condition gives the wave numbers for
different modes of propagation asoJl(kchr) =,b,li.e;,
kcn is given by the zeros of the Bessel function. The
vcorrespohding.kn are then given by the Eq. (1.17).

Conditions (ii) and (iii) may be‘saﬁisfied as
follows: Consider theArepéated reflections of the waves.
AAwave\traveling up to the surface is reflected without phase
difference in v but h is iﬁ the opposite phase in the upward
and the downward wave. At the bottom, the conditions for h
and v are reversed. At a point z adding all the waves

t

traveling up and down, i.e.,

[eikz+e1k(2L—z)+e—1k(2L+z)+e-;k(4L—Z)+ sl

v(z) = v(0) '

the solution becomes ‘(1'35)
vir,z,t) = | AJ (k_r) S92 k{Lzz) =it (1.36)

cos kL '

n ' .
For z = 0 and r < R we have

R z AnJl(kcnr) (1'37)~

n=1 '

from which A may be determined. Finally, the expression

. for v(r,z) valid for 0 <v<Rand 0 <z <L is

v(r,z) 2Jl(kcnr) cos kn(L-z)

=)
v}r,O) n=1 kcnrJZ(kcnR) cos knL

. ‘(1.38)

The above analysis was given by Lundquist (1949a)

while studying the Alfvén waves experimentally.
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1.9 Experimental Studies

The'concept Qf hydromagnetic waves wa§~in£fo-
duced by Alfvén in 1942 but ﬁﬁe first expérimental oEéérVa—
tion in the laboratory was made only in-1§49,“seven yearé
later. This . was mostly.beqause of the difficulty -in obtaining
-conditions under which the wave attenuation is éufficieﬁtly
"low to allow observation. The early‘experimental studies
of Alfvén waves were conducted using liquid metals.

Liquid mercury was used by Luhdquist (1949Db) and liquia
sodium by Lehnert (l954b); As more recent experiments in
plasmas, as will be discussed in the second chapter, are
very similar to these early experiments we shall give a
brief account of these hére.

The mercury in a cylindrical vessel was placed
between the poie pieces of an electromagnet with thé axis of
the cylinder aligned parallel to the direction of the field.
Thé cylinder aiameter was 15 em, the height 15 cm and the
magnetic field about_lb4 Gauss. These parameters satisfy
the condition L >> 1. A c¢ircular disc was placed at the
base of the vessel so as to be free to oscillate in its
plane about the axis of the cylindér.

The oscillations of the disc do not produce any
motion of the mercury in the absence of the magnetic field
because éf the inertia of fhe mercury. But, as soon as

the magnetic field 1is switched on the motion of. the disc:
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interacts with the mercury éledtromagnetically and its
oscillations were transmitted along the mégnetié field.
This is in fact, the propagation of hydromagnétic waves
‘which in tﬁis cdse, are torsional waves along a cylinder.
These waves as they reach the surface produce a rotational
‘ motion. This could be detected by means of a mirror
floated suitably on the surface. The deflections of the
light reflected from the mirror would indicate the rota-
tional motion at the surface; Very low frequéncies, less
than one cycle per second, wére used in order to keep the -
daméing at a low level. Hence it was not vossible to qbtain
" any standing wave effects. The waves here will, obvibusly,
be standing for A = z/4 and the amblitude quite large. But
due to the damping effect, which originates from the finite-
ness of the conductivity of mercufy the amplitude on the
surface is much decreasea. '

Lehnert repegted the experiment with sodium, because
“its ﬁigher eiectrical conducﬁivity and lower density are
”more suitable for MHD experiments (the Lundquist'number is
35 times than in the mercury), but the experiment<is more
difficult to perform because of the nature of sodium. As
it is more easily oxidizeq, it is encloséd in a'Vessél in an
atmosphere of scme inegt gas. To observe the motion of
the surface in hydromagnetic osciilation, use is made of the
probes which are held at various points on the surface.

-The motion of the malterial carrying "frozen-in" lines of
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force with it, induces in the probe an electric field
given by

E = = vXxB. ©(1.39)

The relative magnitudes of. these electric fields
induced in different probes give at any instant the rela-
tive motions of the surface elements, hence the oscillation

of the surface.

The experimental results agree qualitatively

“with the theory.

deag
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II. ALFVEN WAVES IN PLASMAS

2.1 1Introduction

It is now well known that MHD or 1dea1 Alfven wave
is a fundamental mode of wave propagatlon in plasmas

involving low frequency ion oscillations in the presence

of a magnetlc field.
At first 51ght, it appears surprising that a
wave propagating in an incompressible and infinitely con-

ducting media can exist in an ionized gas where equatiom;

L re o

Vev = 0 and E + VXB * 0 hold . As p01nted out by Herlofson in
1950, these difficulties are more formal than real.
Alfvén wave ex1sts in plasmas for very low frequencies

w << W Hence, the equation of motion for plasma$

ci-

dv _ . :
T (§+YX§) ' , (2.1)

=11

at low frequencies becomes equivalent to the infinite con-
dustivity assumptidn in a liquid. Actually this character-
istic sondition means that the magnetic flux through a sur-
face moving with the liquid is independent of time. In both
cases the magnstic lines of force will therefore move with

the plasma. Concerning the incompressibility condition,
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the Alfvén wavé perturbations are such that the velocity of
the medium is always perpendicular to the wave normal and .
so do not compress the'plasmé.A Therefore, V-v = 0 is

satisfied without. suggesting that the plasma is incompressible.

2.2 Dispersion Relation
We shall use the two fluid‘descriptions for the
plasma in order to understand the electric field and

current which are set up in the plasma with the propagation:

of the Alfvén wave.

Since the perturbations do not compress the plasma,

the plasma can be treated as 'cold'. The equivalent dielectric

tensor derived from the two-fluid model for a cold plasma is:

S -iD 0
IS = iD S 0 ’ (2.2)
0 0. P . ‘
with
s =1 (k1) D=+ (R-L), (2.3)
2 2 .
2 2
“pe pi : -
R=1- —F - . (2.4)
wle-w_ ) wlwte ;) | .
2 2 .
pe “pi ' (2.5)
L = 1 - - ’ .
w(w+wce) w(w—wci) i
s 12 527 202 ) .
P = (1 wpe/w -_wpi(?_)',wm. ] (2.6?

/

The notations are standard and are listed in the Appendix.




. .&;’

= 36 - o | ;

The dispersion relation for the waves propagating

at an angle 6 with respect to the magnetic field BO =v(0,0,B0)
direction is given by

‘an* - Bn? +c =0 - (2.7)
where 2 2 ' ‘

A =S sin” 6 + P cos™ 8

B = RL sin%0 + PS (L + cos® 8)( (2.8)

C = PRL .

where n = ck/w is the index of refraction. When 8 = 0, the
two transverse mades are . e

C 2 2 _ o B

|} =R n =1L | (2.9)

These are circularly polarized modes. In the limit w << Weai

we find

(2.10)

‘where p = ngm. . The two modes, shear and compressional
Alfvén waves are in degenerate at 8 = 0.
From (2.10), we find
| 2

2,2 c -
w /KT = s = Vi ' - (2.11)
l+c /vA , .

“with vi'<< cz. Since (2.10) gives the dielectric constant

for a low fréquency wave the Alfvén wave can be treated'
as an electromagnetic wave which is modified by the high

dielectric constant of the medium.
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The electric field is in the'x—direction.' The

velocity components are then given as:

2 -1
ie ci oo T
v,., = — (1 - —==) E v (2.12)
ix Dm0 B
ew wzi ‘
o ci ci,-1
Viy = (1 '—2—”) E . (2.13)
Somyw )

The corresponding solution of the electron equation of motion

gives in the limit w? << wge '
Veg > 0 _ (2.14)
E : .
Voo = - 5 . , . (2.15)
ey By \ | |

The fluctuating magnetic field By' is given by

the Makwell equation VXE = - Bgyat, as
B .- g (2.16)

Thus, we have E -in the x-direction, in the z-direction

2o
which gives E xB, drift in the y-direction, which for

wz << wz. is same for both ions and electrons. Thus the

ci

. motion of the fluid in the y-direction has magnitude of
the velocity |E /BOI. The ripples in the magnetic

- field lines of force move with the velocity (w/k)[By/Bbl,

which is equal to fluid velocity. The plasma particles thus
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bound to the magnetic lines of force provide an added

. inertial effec£ which lowers the frequeqcy of an electro-
magnetic oscillation of the given wavelength. .The principal
| mode - induces a shear of the maghétic.lines but no
compression (i.e., magnitude of the field aoes‘not chénge

in the first Qrder). The restoring force is thus .derived
gplely from the tension (i.e., curvé£ufe)‘of the magnetic
lines. The string dnalogy as in the conducting liquid case
holds for ioqized media aléo. But, it should be noted that
cogcept of plasma frozen to lines of force and'moving with
them is an accurate one as long as there is no electric
field élong B, .

What sustains the electric field which was pre-
supposea to be there? As E fluctuates, the ion inertia
causes ions. to lag behind the electrons thch induces the
polarization drift Yp in the direction 6f g‘; This drift
Vi given by Eq.(2.12) causes a current g to flow ip the
' x—diréction. The fesulting J xB force on the fiuid is in
the y-d%rection and is 90° out of phase with the velocity
Y_. This force perpetuates the oscillation in the same way
as in any oscillator where the force is out of phase with the
Vélpcity. It is, of course, always the ion inertia that
caﬁses'an overshoot and sustains the oscillétion, but in'a

plasma the momentum is transferred in a complicated way

via the electromagnetic forces. .



2.3 Compressional'Alfvén Wave

In Eq. (2.7) when 6 = n/2, the dispersion

eqdation gives
& 1 + ———— when w << w_.. (2.17)
. ci

In this case, the wave propagates pérpendicularvto
the hagnetiq lines of force and it is theAcompression of
the magnetic lines which contributes to the restoring force
along with the curvature.

The (shear or torsional) Alfvén wave has no
magnetic field induced in the’longitudinal direction, while
the compressional Alfvén mode does have a component B

paraliel to B0 in general

Considering 6, not in the vicinity of /2 we get

2
n o1+ pugc , | (2.18)
B 0 ‘
and
2 2 puoc2
n"cos™6 v 1 + — . (2.19)
Bo

_The first isotropic mode is the compressional mode

and the second is a torsional or shear mode. This can be
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found out by calculating E, which shows that E, = 0 for
both the modes, wheréaéxEx'z 0 for (2.18) and Ey X Q.for

(2.19). From the relation
E+yxB=0, . o (2.20)
we get 3 e " - D,
v Nz coé(,kxx+kzi-w'£)l, . (2.21)
for the mode7(2.18) and
v vy cos‘(,kxx-lszz}-wt), - (2.22)

for the mode (2.19), which confirm the compressional and
torsional nature of these modes.

2.4 HallVCurrént Effects: Finite Frequency Alfvén wave.

The Hall current effect becomes more important than
the electrical reséstivity whenever the magnetic field B is
so large that the gyrofrequency of electrons{greétly exceeds
their collision frequency. This can happen in high temperaturé

low density plasma for reasonable strength of the magnetic

field.
When w << Wee? but w < Wy then
2 W . o2 w_ . :
R v 95 el and Lo 97 == . (2.23)
v w_ ., tw veow - W v
A c1 A ci



These two modés give

2

Vph

- vi (Ltw/w ;) s O (2.24)

where + and - stand for compressional and shear Alfvén waves.

' Hence, the effect bf finite ion gyrofrequency
disperses the Alfvén wave and the unidirectional property
which allowsAthe_'ideal' Alfvén wave to propagate without
attenuation. is not met in the case of a 'finite frequency'
Alfvéh wave.

When the Coriolis force is taken into account
in addition, an ihteresting effect appears (Uberoi, 1976).
The presence of rotation and Hall effects gives rise to a

_, lying between the rotational and

critical frequency, W

ion-cyclotron frequencies,

Wi, = 20(vi/A+29),  (2.29

where A = BO/4ﬂne, at which the slow and fast modes have the

-

séme phase velocity. Across ihis frequency both modes undergo
polarization reversal. At this critical frequéncy conditions
may exist for strong coupling between the two modes of pro-
pagation.

2.5 . Ion-Neutral Collisiog Effects

In a7partia11y ionized plasmé, the ion-neutral
collisions can become very important.
The effect of neutral atoms is introduced through

the collision term gln in the momentum equation for the

5500
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plasma ion. Since m, ¥ m

in ‘
P = nm v.+v )V
~ n

nn i ¥in . , (2.26)

i

 where v_. is the ion-neutral collision frequency. The:

1

velocity v is determined by the equation

—= =P, o (2.27)
with .
ni_ . _in ‘
S Bo=-F = - (2.28)
The Alfvén velocity is then given by
_ 1/2 - o
va = By/ (uyey) ' (2.29)
"with
- 1Y 7 (1402
Py = leoj+p (A+it)/(1+17)] (2.30)

where ™ = w/v_..
, / ni

2.6 Finite Larmour Radius Effects: Kinetic Alfvén Wave.
When the perpendiculér wavelength, Zf/ki, becomes.
comparable to the ion'gyroradius, pi,ions can no longer
follow the magnetic line of force, while electrons are still
attached to the field line becausé of their small Larmour

radius. - This produces charge separation and coupling to the
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~electrostatic mode (Stepanov, 1958,>Stéfént,'l970).A To treat

.this effect we must use Vlasév ééuations for ions. When kpi ; 1,;_
the frequehcy of the fast (compressional) mode becomethhe order of
éf the ion cyclotron freqUenéy;'héncé we can consider that the fast

' mode-is decoupled. Then the conpressional component of | B
the magnetic field perturbation B, can. be assumed to be

- much smaller than the transverse components. This allows

~us to use a scallar potential ¢ to represent the transverse

componént of the electric field, E1 ’

~

E, =-Y,0, | | (2.31)

because then Bz becomes zero. To represent z component:

bf the electric field we must use a different potential, vy,

- | E, = - 3y/3z , - (2.32)

so that the transverSercomponents of VXE are not zero. The
appropriate field equations are Poisson's equation,

2 azw e

Vi + —5 == (nymn) = 0, : ((2.33)
9z 0
and the z component of Ampere's law, : ‘
9 2 _ 3 , .
3z 1 (=) = uy 3% (35,776 (2.34)

ni, ne, Jiz' Jez are obtained fr0@‘¥;near}zed Vlasov
N equatiOnA(Appendix) of each species, by acsuming the unpecr-
turbed distribution function to be !Maxwellian (Rukhadze_

and Silin, 1969).
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éni wzi : -Ai
. -éo— = - _LZ [1 - Io(li)e ](b
V.
T1
2 2
w_ . k -A.
iz Ti .
+ _287—_ Io(yle T(1-18,)y, (2.35)
en wze A
== =__12’ (1 + 18_) 9, , o (2.36)
0 Ve
S wéi ke o TN | (2.37)
'quiz» =';'2—" w— IO(Ai)e (1 - 1<Si)1p, . . 4
. u)z
- - _P€ W i ' (2.38
uOJez c2V2 kz (1 + l(‘Se)l',) ' ) S ( )
' Te
where‘ : A, = k2 p2 I.()A.) is the modified Bessel
i L i’ 0'"i

Landau damping rates,

5, =2 Ve B;3/2 exp(-szl) (2.39)

(o]
i
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and

B.

2 2 ' 2.41)
i 2 VTi/YA ) : ¢ -

Ve and vTi are the electron and ion thermal speed. The
dispersion relation can be obtained by substituting
Egs. (2.35) to (2.38) into (2.33) and (2.34). If we ignore

the damping,l

-3 w2 . wz’ 1 ~X4
Z S z A '
W A (2.42
=k2v2 (l_Ioe ) o )
z Ti

where cg is the ion sound speed with electron temperature,

2 . . . .
c. = Te/mi; The above dispersion relation shows the coupling

s
of the Alfvén wave and the ion acoustic wave:  In a low B
plasma, since Cg >> Vg they are decoupled and the dispersion

relation of the Alfvén wave becomnes

2 A T, o
_2___2 = — + *T—' ;\l . ] (2.43)
kz Va1 - Ize 1 1

We call here the wave represented by this dispersion relation
as "kinetic Alfvén wave", because of this kinetic property.
If A; << 1, the dispersion relation of the kinetic Alfvén

wave rcduces to -



2 _ .2 2 2 2 > any
| wh =k vy [l o+ ki 0 (3/4 + T/T)] . (2.48) .

The kinetic Alfvén wave cén'propagate acros: the magnétic‘.

field and faces both electron ahd ion Landag damping because

of its coupling to~tﬁé electrostatic ﬁode. It is also important
to note the wa&e accompanies thé electric field in the direction

of the ambient magnetic field.

2.7 Alfvéﬁ Waves in Cylindrical Plasmas
Iﬁe-theory of Alfvén wave in cylindrical‘gébmétries
in Seétion 1.8 was developed to understand experiments,
where oﬁly.the torsional waves were excited. However, in a
plasma wave guide, (a long electrically conducting, cylindfical
tube containing a plasma confined by a uniform magnetic field
directed along the axis), there can be many different modes
of propagatioh. It therefore, becomes necessary to study the
properties of Alfvén wave relative to other modes of propa-

gation.
' Under laboratory conditions it is usual to assume

that.the plasma pressure is negligible compared fo the
‘-magnetic pressure.

The ideal MHD equations for axisymmetric perturba-
tions (m = 0) of the type exp(- iwt+ikz) : give the
followingithree equations for the componehts of the magnetic

field vector:

- kz)BO =0, . (2.45)
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2 2 .. dB
Oy - KB, = ik —Z o (2.48)
dB - d(rB_)
1 d Tz 2 _ s 1 r
= a;{(r &35 ) + kA BZ = ik T — (2'47),

drA

The equations thus decouple to giVe the pure
‘torsional and compressional Alfvén waves.

For the compressional mode B, is governed by the

equation
2 .
d™B dB - :
2+ —Z4 (k2 -k"- 3B, =0,  (2.48)
dr dr ’ r
which gives
B, = AJlch?), | (2.49)
where - 2._ 2 2 .
kc'— (kA - k7). _ (2.50)

The compressional modes therefore have a lower cut-

off frequency, obtained by setting k = 0 in Eq. (2.50),

Woe = kch ’ (2.51)

where kc is determined by the eigenvalue condition
Jl(ch) =0, | - (2.52)

which arises due to boundary conditions at r = R, the radius

-of the cylinder.
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For torsional or shear modes, the frequency is

- determined by

w = kv, . - (2.53)

Be is an arbitrary function of r. These modes are therefore
Acharacterized by a constant phase velocity va

absence of a cut-off. Since'R is not contained in (2.53),

and by the

the walls have no effect. The Alfvén mode thus has a very
special nature.

The compressiohal and shear Alfvén.mode cofrespond
to TE modes and principal modes respectiveiy in the hydro-
magnetic wave guide theory, first discussed by Newcomb (1957).

| The cut-off frequency woc'is the lowest frequency
.below which the compressional mode does not exist. In

laboratory plasmas the frequently w is often comparéble or 1is

oc
greater than the iOn—cyclotton‘frequency{ This makes the
study of Alfvén wave excited well below the ion-cyclotron

frequency simpler. For example, in the experiment of

Wilcox et al.to be described in the next section, the

Alfvén velocity Vap = Z-SX107 cm/sec for B0 = 10,000 Gauss.
’ . 8 _ 383 7 .. _
Therefore w,; ~ 10" /sec and w_ = —x= v, ~ 4x10 with R = 5 cm.

Hence w is comparable to w_..
~oc ci
' Moving away from the ideal situation and taking

Hall effect, finite conductivity and ion-neutral collisions

into account, the general dispersion relation when m #0

becomes (Woods, 1962)
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2 02,2 242020 12 . 2020
{sk®~ky (1+i8 k"+i§ k )} {s(k"+k]) - k, [1+i§ (k +k )11}

= K2 Pad)e?, o - (2.54)
where
o Phn 1 + it ‘ 1
s= Q1+ =), k= w/v._, Q ="w/wci , & =
Pi 1 + 1% L ~ S L

The two modes in (2.54) which are now coupled represent 'slow'
and 'fast' modes corresponding to torsional and compressional
modes at low frequencies. -

Let k =‘kr +,i/2; then at low frequencies (2.54)

gives
2 0] {slow)
X ,
k2 = A _ (2.55)
roos k2 (fast)
and
.2 2
k " § ,s.k (slow) | -
Lo R (s, 46 k2 11717, ; (2.56)
Zs1 kr 0 A(fast) :
where s = S + is,.
When s, = 1 and S, = 0; we get
2
2u k. v : :
¢ = 0Or A . (2.57)

2 2
onlip + ko)
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for the slow wave which is samé'as Eqg. (1.33) to lowest
order in n, in Chapter I.

When 6§ = 0 ,

- SVA

il 7 S (2.58)
wsy - - _
. for the slow wave. .We note that.Athe-damping distance due“to both
neutral particle collision and conductivity is'proportionél
to B, for the torsional Alfvén mode. |
When m # 0, the components of the magnetic field
vector associated with the slow and fast wave to first order

in & , are given respectively as:

!
-t
'
!
I

: k. @ Ty '
B_ = iC {7~ J (k r) - r J_ (k.r)}
r kr m'c 2 2, _ .2 m c ”
c : sl(kr + kc) kA .
’ V ' kf_ me : ‘
B, = - o {Jm (kcr) - 5 -~ P Jm(kcr)} (2.59)
kcr{sl(kr + kc) - kA} |
k 9 '
‘B, =-C — k J (k. r)
z 2 2, _ .2 cm C {
!
L.
“and
- ok (k2 4 k2) : }
B, = - ia { > 5— QI (k_r) _.erm-(kcr)

kcr Slkr f kA
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. kr(ki + kiig . .krm a
) = A { < k2 _ ) Jm(kcr) - ;{—r Jm(kcr)}
1'r A Cc
: (2.60) .
,Bz‘= Akch(kcr). y

i .

|
The boundary conditions give the following eigen-

value conditions:

. v
m # 0,' I (kcr) =0 * (fast wave) '
‘ : (2.61)
qm(kcr) =0 (slow wave) ,.
When m = 0, these become
] ’ ' .
JO"(kcr) = 0, for both waves. (2.62)

'The boundary conditions are for conducting walls.
But, for the case m = 0, the torsional wave has the boundary
condition (2.62) even in case of insulating walls.
| | We note from (2.59) that for low frequencies
w <<Awci and m =.0, the slow wave is almost entirely a tor-
sional wavé. Hence, at low frequencies and for axisymmetrical
perturbations, the'torsional wave decouples from the com-

pressional mode and if w ~n Way? the Alfvén torsional mode

ocC

is the only mode propagating in laboratory plasmas at very

low frequencies.
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2.8 Experimental Studies of Alfvén Wave Properties

The experimental generation and detection of Alfvén
waves in é:mégnetized;plasma was first'reporﬁed at Berkeley,
California by Allen, Baker, Pyle and Wilcox (1959)_and by
Jephcott. (1959) in England. | |

" The experiments reported in plasma, though
éonceptually very éimilar to that conducted by Lehnert,
allowed a détailed study of the properties of Alfvén waves
aiscussed in Chapter I. The majorldifficulty in these experi-
ments was that the damping distance both due to ion-neutral
collisions andhfinite conductivity was proportional to BO;

Td overcéme the damping it was necessary to have very high
magnetic fields of the order of 10 KG. With large Bj, Vv,
and hence the wavelength becomes unconmfortably large unless
the density is high.

In the experiment of Wilcox et al. (1960, 1961) with

B, equal to 10 KG, ‘a density of 6><1015/cm3 was used to achieve

0
a low Alfvén speed of 2-8><107 cm/sec. The work was done
in‘a highly ionized hydrogen piasma created in a cylinérical
copper tube immersed in a uhiform axial magnetic field which
could be varied in strength up to 16.K Gauss. The plasma
was produced by an ionizing wave front in many respects
similar to a 'switch-ion' shock wave. The plasma thus
produced was initiaily 80 to 100 percent ionized, With‘an

2
ion density greater than SXIOS/cm“, and an estimated

temperature around 104°K Torsional hydromagnetic waves
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were induced in the plasma by discharging a small capacitor'

between the copper cylinder and a co-axial electrode mounted

. in an insulator at the end of the tube. The co-axial driving-

electrode system has the property of generating azimuthally

~symmettical waves.. The wave magnetic fields were observed

with small magnetic probes, and the integrated wave electric

field observed as a voltage on co-axial electrodes. Since,

the theoretical analysis postulates an azimuthally symmetricai'
wave-propagation, care was takén to measure the azimuthal
symmetry. It was measured experimentaily with four magnetic
probes dispcsed490 degrees apart on the same base circle.
The symmetry was found to bevpresent within a few percent.

The experimental results are shown in Figs. 2.1—2.6.

Flgure 2 l shows measurements of phase veloc1ty versus magnetlc

fleld deplctlng the linear dependence as given by Eq (1.1)

in Chapter I.
Figure 2.2 gives the attenuation against the

magnetic field strength. The attenuation is mainly due to

finite conductivity as the.plaSma is fully ionized. A good
agfeement between theory and experimental values is seen.
The attenuation of Alfvén waves due to neutral damping was
measured by Jephcott and Stocker (1962) and Brown (1965).

| The most important check on.the theoretical pre-
dictions for the wave field was-provided by the observation

of wave reflections. The reflections were observed from an
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insulating beundary, represented_by a Pyrex end plate,'frem
a conducting boundary (a copper plate)‘end from a plasma—
neutral interface. The observed change of phase of the wave
 fields oﬁ reflection in Figs. 2. 3 2. 5 is seen to be 1n agree—
ment with the theory. - |

- The magnetic probe measurement of the azimuthal
magnetic field By associated with the waveeindicated that»the‘
strength of By was about 100 Gauss. Since the static field
is 10,000 Gauss the wave field is about 1%, and therefore
a small-amplltude theoretlcal treatment is valld

Flgure 2.6 glves the radlal dlstrlbutlon of BethlCh

"is described by a first order Bessel functlon as predicted .
by the theory.

2.9 Concluding Remarks

In low-B ideal MHD plasmas the axisymmetric perturba-
tions propagate as two types of decoupled waves, the torsional
or shear Alfvén wave and the compressional Alfvén wave. When
pressure perturbations are taken into account the torsional
modes are not affected becausc‘they do not involve any com-
"_pression of the.plasma. The properties ofAeompressional
wave however, change coneidefably and the wave couples to .
the ion acnustic wave. In a nonuniform plasma, on the other
hand the density gradient introduces a frequency dependent
coupling between the torsional and compreeeional'waves
of uniform plasma. As a result, an axial component of

the magnetic field perturbation, which is normally associated
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only with the éompressional wave, is now carried by the
torsional wave as well, and was in fact detected for low-B
plasmas at frequencies well belbw the lowest waveguide .
-cutoff (McPherson and Pridmore-Brown,.l966); The pressufej
pérturbation'is not imbortant for the toféional wave but
affects fhe.compressional modes in an unifbrm plasma.
However, in a non-uniform plasma, it piays a very important
role = .also . to the torsional mode. This change is
rather étriking and importantlfor the Alfvén wave in non-

uniform plasmas; we will discuss it in Chapter IV.
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III. SPECTRAL ANALYSIS OF IDEAL
_ALFVEN WAVE IN INHOMOGENEOUS
'~ MAGNETIC FIELDS

3.1 Introduction

In Chapters I and II we have discussed the
propagation and prope;ties of the ideal Alfvén wave in the
direction of a constant uniform magnetic field. ' In many
'cases of interest, however, the magnetic field though constant
in time, is not uniform and the magnetic lines of_forcé are,
in general, not straight.lines. The question thenbnaturally
arises as to what type of solution the hydromagnetic wave equation
will admit. Will it have well-defined discrete modes with 3
dispersion rélation whichAgives rise to wave propagation
analogous to the Alfvén wave? These questioné will be dis-
cussed in this chapter for a class of magnetic fields for
which the strength of the magnetic field varies along the
direction perpehdicular to the plane in which the field
lines lie. The choice of this class of magnetic fields
dérives‘from the fact that a theoretical étudy of bropaga—
tion of Alfvén waves in such fields has led té very striking
and important results; éhe local vériation[of Alfvén wave
velocity gives rise to a singularity in the wave equation
at the point where the wave phase velocity equals the

local Alfvén velocity, which, in turn leads to a continuum

spectrum of Alfvén wave frequencies .
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Such a study was initiated by Gajewski.and
Winterberg (1961). Actually( thé equation arrived at by Gw
did not show any singular behavior because these'authoré |
neglected the effect of pressure perturbations. The basic
characteristic of the ideal Alfvén waves, as noted in the
first chapter, is that the total pressure in the fluid defined‘
as the sum of ﬁhe fiuid énd magnetic présSufes, remains |
constant during the passage of the wave as a consequence of
the'incompressibility condition. "But, in ﬁhe case of inhoﬁo;
geneous medium the total pressure, in geheral, couples with
the dynamicé of the motion and the assuﬁption of negleét of
pressure perturbations becomes invalid. Uberoi (1964) con-
sidered the problem including the pressure perturbations and
found that a singularity arises in the wave equation. Sﬂe
showed that thére was no possibility of any dispersion rela-
tion.. Pridmore-Brown (1966)_discusséd various features of
the singular behavior of the wave equation but didbnot arrive
at the continuum spectrum of Alfvén wave frequencies. It is
iﬁteresting to note here that Grad in his popular review
(1969) mentioned the possibility of existence.of a conﬁinuum
spectrum of Alfvén waves. Uberoi (1972) noted that the
Alfvén wave eéﬁation exhibits rather complete similérity to
tﬁat governing high frequency electrostatic oscillations on
a cold plasma of nonuniform density. The latter equation had

been rigorously analyzed by Barston (1964). This similarity
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made it possible to exploit ana to extend the generélity,
rigor and inclusiveness of Barston's treatment to the case.
. of Alfvén waves..

It is of interest to mention here (Uberoi,‘1974)
tha£ the wave equation obtained in the study of the following
| four problems associated with inhomogeneous flowé éf liquids |
and plasmas: theftwo-dimensional shear parallel flow of
inviscid incompressible fluid-(the Rayleigh problem), the
two-dimensional motions of low-density crossed field electron
beams, the electrqstatic oscillations of inhomogeneous plasma,
and Alfvén waves propagation in inhomogeneous magnetic fields
show complete similarity to each other. The similarity between
the first two problems was pointed out by Briggs, Daugherty
and Levy (1970). We»note, however, that this singular
behavior of the Alfvén wave originates froﬁ the assumption
that exists behind the ideal magnetohydrodynamics, for example,
the zero Larmour radius and/or zero dissipation approximations.
It will be shown later that the singularity can be eliminated

by relaxing these approximations.

3.2 The Wave Equation

The variation in the static magnetic field is assumed
- to be perpendicular to the plane in which the field lines

lie, so that

2z

“

' - N
§0(x) = Boy(i{') ¥ + By

-

(x) z (3.1)
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This is consistent with the initial equilibrium state of
the systen. |

S Byl

YO f 0, p0 = constant,. Py + —jﬁa— = constant.

We have:éénsidered the denéity'to be unifbrm for
the sole purpose to understand in a simple manner the role
of varying magnetic field sfrength on the frequency spectrum
agsociated wifh Alfvén mode of prépégation. It will be |
shown in Chapter IV that for incompressible éerturbations,
the wave equation is similar either when only the magnetic
field:variation or both thé.density and magnetic field
variations in the.direction perpendicular to the magnetic
field are considered.

| For the initial magnetic field confiéuration given 
by Eq. (3.1), theAideal MHDfequations for incompressible
fluid after linearization, coﬁbiﬁe to givel

= — (8,7) % - EL v 5% (p +
at HoPy ~ 0 Ho

. We see from this equation that the total pressure
By°B

p = (p + ) is in general coupled into the dynamics
uo -

of the motion unless the medium is homogeneous.
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If the medium is homogeneous, we can take the.
divergence of Eg. (3.2) and obtain Vz(%%—) = 0,'whose>

only solution vanishing outside a bounded region is'%E— = cohstant,

N

which makes p = constant. This then gives the ordinary

- Alfvén wave satisfying the equation

Dv = 0, 

where the local Alfvén waveoperator D is given by

2

3 2
= = (B,*V) ™. 3.3
D H0Po 8_1:2- . (~ ) ( )

In the present case 5 is not constant. We take the x
component of the curl of Eq. (3.2),

D(Vvxv) = 0, ' : (3.4)
- v, o, ‘
where (VXV)X = | '—y—— - ‘g—z—— ).

-

Eliminating vy,,vz and p from Eqg. (3.2) and
Vev = 0, the final equation, satisfied by Ve the velocity
component along the direction in which the magnetic field

varies,can be put in the form

2 R
3 1 2
ve (¢ - (B.+V)3)¥v ] = 0. (3.5)
st2  MoPo .0 X
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This equatibn.is to be solved subject to the
boundary condition thaé v, > 0 as [x| » .

Equations (3.4) and (3.5) govern the two modes
that can propagate in the inhamogeneous fluid. Ih general;-
the individual velocity components are coupled together
by the incompréésibility condition, Vev = 0. 1In one parti-
cular case, there is no couplihg, namely, when there is ho |
dependence on z. Then v, satisfies sz =0, i.e., iﬁ pro-
pagates at local Alfvén speed and is uncoupled to Ver An
even simpler case is the two-dimensional one when the motion
is confined to the x-y plane. Then Eq. (3.4) drops out
altogether and v, and vy are conveniently computed from a
single stream function satisfying Eq. k3.5). In general,

" however, in any arbitrary velocity disturbance there will be
a part, namely, the component of thé vorticity, which will
propagate one-dimensionally along the field lines at the
local Alfvén speed. Other componeﬁts of the disturbance are
coupled to Vo which satisfies the more complicated three-
dimensional Eqg. (3.5). Thus we may erect that at sufficiently
large distances, the latter compdnents will die out énd only
(V*Y)x will survive. '

Now, we turn to more detailed analysié of Eq. (3ﬂ5){
For the Fourier analysis of Eq.'(3.5); wevtake the time and
space dependence as exp{i (- wt+kyy+kzz)1. The equation

satisfied~by U, (x,k_,k_,w), the Fourier transform of v_ is
- kw z ) _ X

Y
found to be



Y - du |
d 2 2 kw 2 2 2 o A
ax ([u7-wa ()] —2= ) - k70 [w™-wy(x)] =0, (3.6)
“where, k% = kI + k2, ui(x) = [Bo(x)-k1%/uge, = vi(x)k’cos’o
= ' 1/2 - A
VA(X) = |§0| /(uopo) » the local Alfvén speed and 6 (x)

is the angle between the direction of magnetic field and

wave normal direction."Equation (3.6) may be written as:

d kw - :
ax (f( ) = ) " g(x)f(x?Ukw(x) = 0, (3.7) .
_ 2 .2
where f(x) = wA(x) -0, = e < x <™
gx) = k%,
the boundary condition being
U, () 0 as [x]| > = (3.8)

3.3 Solutinn of the Wave Equation

We consider the magnetic field §~(x) to be every
where continuous and constant for all sufficiently lérge | x|
so:that the contributions to the discrete spectrum of the
regions of constant B, are taken into account. Therefore,
the functions mi(x)'in the Eg. (3.7) can be considered as
real valued, continuous, nowhere constant in some finite

interval I and constant outside this interval. 'Now, we
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.shall prove that the necessary condition for thé Eq. (3.7)
to have nontrivial solutions in this interval satisfying
boundary conditions (3.8) is that w? must.beAreal and satisfy
theiinequality minwi(x) < w2 < maxmi(x). This then
defines the continuous spectrum § ='Tw|minw§ < wz'i maxwi(x)l}
of the problem. |

We assume that f (x) does not vanish anywhere.
Multiplying the Eq. (3.7) with U; and integrating from e

to +» with the boundary conditions, we get

<
du 2 2
kw 2
[ £(x) [ i | +x IUkwl ldx = 0. (3.9)
- Q0 .
If w is complex, such that w2 = wﬁ + iwi, the real and

imaginary part of Eq. (3.9) gives

© du 2 2
kw 2
J-m fR(x)[l'—EE_ | -+ k |Ukw| ldx = 0, (3.10)
and ‘
o© 'Y 2
‘ kw .2 2,
[ fI(x)[l, I |+ %k |Uk |“1dx = 0
(3.11)
From (3.10) and (3.11) we can say that if fI(x) #0
"and fR(x) # 0 then ¢ (x) = b is the only solution. Therefore,
for a nontrivial ¢ (x), £1(x) =0, i.e., w2 should be real and

fo(x) =0, i.e., w? should lie in the spectrum S. This implies
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that there exists a point Xq in the interval i.such

2 . 2
that w —_wA(XO)‘

Returning to Eq. (3.7), the points x‘:_xo for which

f(xy) = 0, i.e., |vy(x)cos8(x)]| = |u/k| are thélsingular'points

0)
of the Eq. (3.7) and so the eigenfunctions U;Q(x) may not be
well behaved there. We shall now investigate the behavior
of the sOlutions}of this equation near such a singular point.’

Let f(x) and g(x) be analytic functions in a

neighborhood of Xy such that, -

[+ 2]
f(x) = Z fn(X-XO) ’
' n=1
where fn(x) # 0 for n > 1. Then near Xy which is a
regular singularity, the general series solution of the

.Eq. (3.7) 'is of the form

A W(x) + Bl[W(x)ﬂnIx~x0[ + (x-xon(x)], X > x4
Uy, (=9 : " (3.12) .

.AZW(x) + Bz[W(k)Kﬂlx-xoj + (x-xO)V(x)], X < Xy

Al

where Al’ Az, Bl' B2 are constants W(x), V(x) are analytical
in a neighborhood of Xy and W(xo) = 1. Thus the general
solution of Eq. (3.7) diverge at the point x = Xg the
divergence being’logarithmic.

It is easily shown that thése singularities will

appear in solutions which obey the boﬁndary conditions (3.8).

.
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Hence, in general the mode solutions of (3.7) are singular.

- But, a well-behaved solution of the;original boundary value
problem cén be constructed in the realm of”generalizéa'
functions by making an integral supefposition ové; the whole
spectrum S of these eigenfunctions with some expansion

coefficient Ak(w) such that

U (x,t) = J Ak(w)ukw(x)e‘iwtdm ‘ (3.13)

s

We shall now try to determine the arbitrary con-
-

- stants Al, A B, by applying certain matching relations

27 By By
which must be satisfied across the singular point x = Xge

We prove that,Al and A2 are arbitrary, while Bl = B2.

prove this we define,

Uy = WX)H(x-X,) \
u, E'Bl[W(x)Zn]x-xol + (x-xO$V(x)]
U, = B2[W(x)£n|n—x0| + (x-xO)V(x)i
U, = UyH(x-x5) + UjH(x4-x)

S oo
|

- where H(x) is the Heaviside function. Then we have from

(3.12)

U (x) = AW(x) + (A[-A,)U, + U (3.14)

k,w 4°
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‘Tt is then sufficient to show that.

Ix £ a3z ] - g(X)f(X)Ul = ,0' (3.15)
and
.4 'd?4 ' ‘ daf (x,)
ax (£ —ax ] - gx)£(x)U, = (Bl—Bz) —ax 6(x—x0) .
(3.16)
' 2 n oA L
Note that f(x) = I fn(x-xo) R fl # 0, f(xo) = 0, W(xo) =1,

n=1
dH(x—xo)/dx’= § (x-x,), and that y (%) 6 (x-%,) = y (x4) 8 (x-x)
if y(x) is contihuous at Xq

We shall first prove that A1 and A2 are arbitrary.

We have dUl a0 |
—-d—x = E}E H(X"XO) + 6(X-XO) ’
and so we find
Aan
e RN\, S
f -—a-;{- £ dx H(X Xo) .
Thereforé
' du, ' :
da 1, _ _ d dw aw _
dx[f——']—H(XXO)&[f‘&-].'ffa S(XXO)

H(xfxo) I (£ ax
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and so we obtain

du , ‘ : .
d 1 _ - -_d aw , _ Wl =
Ix (£ I 1 -gf U, = H(x XO)[ ax (f ax ) g £ W = 0.

Therefore, it is demonstrated that A, and A, are arbitrary.

Let us now show that Bl = B2. For this we define a function

G(x) as follows:

au : .
£(x) = x> x,
G(x) = '
au
£ (x) —a% x < X .

For'very small values of ¢, € > 0, .we have

dUZ(x0+é)» aw (x,+e) W (x,+e) av (x,+e)
ax =By I o h+t — te —gx— t Vixgte)l
du, (x-¢) aw (x-¢) W(xy=€) av(x-c) . o
I e - e - oA LD R
since
® af (x,.)
_ e n = 0
f(x) = z £ (x=xq)" , £, = 7 0/
n=1
we find
i dU2(x0+e)
G(x0+) =. lim f(x0+e) —ax = Blflw(xo) = Blfl,

e+ 0

2
B4

G 5 e e i
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au, (xy+€)
G(x,-) = lim f(x,+e). ———=——— = B.f
0 | e > 0 Q dx 271
: df(xo) T
and so G(x0+) - G(xo—) f (Bl-Bz) - rramll which shows

that Bl = B2f. o
The fact that the coefficients A, and A, are
"independent across a singularity precludés any funcﬁional
dependence of w on k, i.e., given any fixed value of k, w

is free to range over the continuous'spectrum’s and so our
medium does not give rise to éispersion,relationé. Well-
behaved solutions to Egq. (3.5) can be obtained by integrating
their singﬁlar modes over the spectrum S. The dominant terms
‘of the asymptotic expansion for Uk(x,t) as estimated by
Barston (1964)'aré' -

U (e, t) v & I S 0(1/t%).
Thus, each infinitely thin fluid layer oscillated with the
Alfvén.wave frequenéy wA(x)and the oscillations are damped -
as the inverse of time. | |

Hence, if wA(x) is continuous épd‘nowhere constant
in an interval I, the MHD plasma admits of only singular .
.modes and;an entirely continuous spectrum. No dispersion

relation exists. The spectrum consists of those valuesof w

that satisfy the equation wz = @i (x) for some x€I. We
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note that the anisotropy,indﬁced by‘the magnetic field due

~to which the bandwidth [minwi (x) cosze(x) < w? <
maxwi (x)‘cosze(x)] of the continuous spectrum continuously

changes with 06, cannot be'considered,as‘a dispersion in the
classical sénse.(see Fig. 3.1). L |

What about the'discreteispectrum?*Suppose.wi (x)
assumes constant values wzliand wiz on either side of the

open interval I, then +w,, and +w,, will form the entire

Al A2
discrete spectrum of the system. But, if jump discontinui-
ties are introduced in the function mA(x) in the interval:I,
such that wA(x) jumps discohtinuéusly from a value w,; to a.
Yalue wAi+l(>wAi) upon crossiné a surface S5 [i.g., planes
‘parallel to (y,z) plane] and if (wAi’wAi+l) and the range of
wA(x) have no point in common, then we can get well behaved
modes, the number being equal to the number if discontinuities,
which will also form part of the discrete‘spectrum. The

well behaved modes arising due td step-discontinuity in the
function wA(x) are the well known Alfvén surface modes, the
existence énd properties of these will be discussed in

Chapter IV.

3.4 Concluding Remarks

Knowledge of the existence of a continuum spectrum for
Alfvén waves plays an important role in practical problems
“both in space plasmas where inhomogeneity is both due to the

density variation and structured magnetic fields and in

laboratory plasmas where the density is nonuniform.

A N
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In space plasmas this knowledge has'led_toAan
understanding of the phenomenon of magnétic pulsatiohs.in
the ULF ranges (Lanzerotti et al., 1973; Chen and Hasegawa,
1974). | o
A practical method,for héatiﬁg plasmas iﬁ‘fusion
experiments‘by_creating cdnditioné for spaﬁial’fesonaﬁce
of the Alfvén wave has been proposed. This aséect ﬁill‘be
discussed in detail in Chapter VII.

The understanding of the spectral theory of
magnetohydrodynamics has led to a new approach in the study
of MHD stability theory. Relevant early references are
Grad (1973); Goedbloed and Sakanaka (1974) and Goedbloed
(19755.

The inhomogeneous nature of solar magnetié fields
haé been firmly established by observations (e.g., Harvey,
1971). We believe that the theory of Alfvén waves iﬁ
structured magnetic fields presented.in this chapter'will
play an important role in delimiting various effects in

solar physics.
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IV RESONANT ABSORPTION AND MODE CONVERSION
OF ALFVEN SURFACE WAVES IN NONUNIFORM o
PLASMAS '

4.1 Introduction

The study of Alfvén wave propagatioﬁ in:nonunifétm
cylindrical plasmas considered in the.second chapter was
limited'to low=-R plasmaé with the assumption that thé PrQSSUfe
perturbation does not hold for high-8 plasmas. Moreover,
as noted in the third chapter the coupling of preséure per-
turbations to the dynamics of the motion can complétély
change the properties of Alfvén wave propagation in inhomo-
géneous media. The Alfvén wave equatién shows a singular
behavior at the point where the externally applied frequency
w matches with the local’AlfvénA(shear Alfvén) frequency
k” (x)vA(x),.where k” (x) is the local wave number parallel
to the ambient magnetic field. Due to the presence of this
singularity a nonuniform plasma with continuously varying
density, is charaéterized by a continuum spectrum in the
ﬁydromagnetic frequency regime. On the other hand, if jump
discontinuities are introduced in the density profile, the
system édmits of discrete spectrum. The incompressible per-
turbations in the hydromagnetic regime give rise to Alfvén
surface waves propagating along the discontinuous plane with
définite frequencies. Most of the instabilities which originate
from the nonuniformitonf a plasma are in fact the instabilities
of a surface wave (Hasegawa, 1953). {The instabilities asso-

ciated with Alfvén surface waves will be discussed in Chapter V.)
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in the earlier part of this éhapter, we shall be.
concerned with the question of how to unite the'two‘
dissimilar pictures presented above; that is to say, we éSk
what'happens to the surface wave when the discontinuoﬁé
density profile is smoothed and whether there are some
collective modes of propagétion eveh in‘ﬁhe contiﬁuoué case.
We shall, therefore, treat the Alfvén wave equéﬁion (similar
to the Eq. (3.5) in Chapter III) afresh, by usihg the Laplace
transform technique to solve the corresponding initial—&alue
problem. Once again, using the analog between Alfvén wave
equation and the plasma wave equation we follow closely the
analysisAgiven by Sedlacek (1971) for the study of electro-
static oscillations of cold inhomogeneous plasma. This
approach, though equivalent to the normal-mode analysis
is known to provide results in a form suitable for.findihg
the.whole asymptotic time expansion (not just @hé dominant
térms) of the solution siﬁply by studying the éingtlarities
oﬁ its Laplace transform in the complex frequency plane. By
constructing the Green function of the wave equation we find
that there are branch point singularities on the real axis
of the complex w-plane, which correspond to the continuous
'spectrum, and which, asymptotically, give rise to non-
collective oscillations with position-dependent frequency
and damping proportional to negative.powers of time. 1In

addition, there are an infinite number of new singularities
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(simple poles) of the analytic continuationfbf the Green
function into the lower half of the‘complex-Q‘plane with
position independent frequency sd that théy.répresent
exponentially damped, collective (sﬁfface eigenmodes) modes
of wéve propagation. .Thus, the effect of a cbntinuous

density profile is to introduce damping to the originally

undamped surface modes of a discontinuous plasma. This damping

arises due to the presence of the continuous frequency
spectrum. The normal modes which make up the continuum can

phase mix in time, leading to decay of m&croscdpic variables.

‘The damping of Alfvén surface waves is thus'similar to the

well known Landau damping of plasma oscillations in warm

plasma.' The damping of surface waves has been observed

experimentally (Grossmann et al., 1973) and in a magneto-

hydrodynamic computer calculation (Pritchett.and Dawson, 1978).
| Another‘aspéct of the absorption of surface waves,

is that the system can irreversibly absorb‘enérgy when it'is

externally driven. The energy absorption rate iﬁ the presence

of an external driving source which is represented by a sheet

current loca£ed in the vacuum will be discussed in Section 4.4.

The absorption is a consequence of the local Alfvén resonance

"which occurs when the externally applied frequency matches

to that in the continuum. A characteristic of this absorption

is that it occurs locally in the space in which the continuum

'is defined. The relationship between a continuous
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‘spectrum and energy absorption has been noted and discussed
extensively for zero-temperature plasma oscillation in a
nonuniform plasma (Baldwin and Ignat, 1969).

Extensive studies on linear transformation and
absorption of electromagnetic waves in nonuniform plasma
have revealed the fact that collisionless resonant absorption
of waves in a plasma is connected with wave transformation
(review by Golant and Piliya, 1972). 1In Section 4.4,
we study the resonant mode conversion of the Alfvén surface
waves (Hasegawa and Chen, 1976) which will enable us to
understand the mechanism by which the surface wave energy
is absorbed and propagated in the plasma, away from the
resonant region.

4.2 Alfvén Surface Wave

Let us consider a plasma with a sharp density

gradient (cf. Fig. 4.1).

n(x)

n(x)

We shall also consider discontinuity in the magnetic

field, taken along the z-direction

~

By = Bg1? x 20
= -t < .
By = Bpo¥ x <0

Taking the ideal MHD model for the plasma, we con-

sider incompressible perturbations in the y-z plane given by

i(~ wt+kyy+kzz)

f(x)e . We seek for the surface wave solutions
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such that the wave amplitudes decay away from the interface
x = 0.
Following the procedure in the Chapter III, the

basic MHD equations after linearization can be written in the

form
2 By L - (
[ - i i jv = -~ — — Vp 4.1)
3t HoPo ~ Pp 3t
Vev = 0, (4.2)
- B,°B

where p = (p + ) po = m.n, with m, the ion mass and n,
the unperturbed plasma density. Eliminating 5 from (4.1)

and (4.2) gives

5 4
% Ve = 0, (4.3)

to be satisfied both in regions 1 and 2.
Therefore, the equation governing the surface perturbations is
the Laplace equation with the boundary conditions Ve and p

being continuous. From Eq. (4.1) 5 can be written as

. B2 k2 v
p=L_(wp, - 1L, X (4.4)
wkz 0 Mg X .
where k = k_, k, = k_ and k2 = k2 + k2 . The boundary
|| z' 7Ly N L

av
conditions therefore are continuity of Vo and € 3;5 with

B2 k2
12 - PoKL
0

€ = (w™p
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The solution of (4.3) for surface waves is given

as
v, = Ae-|k|x x>0
X A
. (4.5)
v, = Be+lk|x x < 0.
X
Applying the boundary conditions we get the following

dispersion relation for the surface waves:

wz 2

<

2 2

w
val) * P2l =3 = Vau )
| oy

H
o

Poy ¢ (4.6)

Considering a plasma-vacuum interface, Eq. (4.6)

with Poa = 0 gives the following dispersion relation for

the Alfvén surface waves (Kruskal and Schwarzschild, 1954)

2 .2
wy . = ( Fo1*P0z )k
As HoPo |

In the parlicular case with BOl = By, this frequency becomes

(Chen and Hasegawa, 1974)

Wpg = V2 vAkIl .

We note that the surface wave frequency in this case is higher
than the Alfvén wave frequency (the bulk resonant frequency)
in contrast to the electrostatic surface wave where the surface

wave frequency is given by wg = wp//?.
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In general the Eq. (4.6) will have real roots
only when the surface phase velocity satisfies the follow-

ing inequality:

2 2 2,2 2 2
Vay COS 8 < w/k” < Vap COS 0,
where 6 is the angle between k and B,- This condition was

obtained in Chapter III from Barston's theorem.
Defining n = p02/pOl and Y = B02/B01’ Eqg. (4.6)

can be written as

2 _1+7v?2 |
Vph ~ T ¥ 7 ! (4.7)
where vph = w/(k“ vAl). Fig. 4.2 gives an estimate of the

surface parameters n and y for given ratios of surface wave

velocity to Alfvén wave velocity Vag®

4.3 Resonant Absorption of Surface Waves

Instead of having a sharp density discontinuity we
now consiaer the situation in which the plasma density is
smoothly varying in x. For this we consider a small transition
layer -a < x < a in which the density varies smoothly. ' The

density profile, as compared to Section 2, then looks like

as shown by the broken line in Fig. 4.1.
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To study the surface waves in region (0) we
proceed as in Chapter III to obtain the wave equation, with
By = BOE to be uniform and dénsity bo = po(x) continuously
varying with x,

2 (B,-V)>

V- {lpg (x) z i
t 0

]va}% 0, (4.8)

Equation (4.8) shows the coupling of bulk Alfvén waves with
the surface Alfvén waves. Considering the perturbations
independent of the coordinate y, the Fourier analysis with

respect to z:

v E U (x,t) = I Ux,z,t)et 252
X
yields the equation
; )2 Bg k2 o, )2 Bg k2
% [DO(X) 7 T o ] SR k [DO(X) 7 T o ] Uk =
ot 0 ot Mo
(4.9)

This equation is now to be solved for Uk(x,t), subject to
the boundary condition that Uk(x,t) vanishes

at infinity and to the initial conditions Uk(x,O) and its
timé derivative 6k(x,0). The initial conditions for the

veiocity themselves must of course satisfy the appropriate

boundary conditions and must be physically acceptable, i.e.,
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must be sufficiently smooth and square-integrable in the
infinite interval.
The Laplace transform of Uk(x,t) is defined as

usual by the formula

o

Up,, (X) = J Uk(x,t)e‘iwtdt . (4.10)

0

where Imw > 0. Application of this transformation to Eqg. (4.9)

gives
2 .2 2 .2
B, k du B, k
d 2 0 kw 2 2 0

= S(w,x) , ' (4.11)

where S(w,x) corresponds to the initial conditions.

We shall now solve Eg.(4.11) with the aid 5f
Green's functions. As to be noted, the homogeneous Eg. (4.11)
is same as Eg. (3.7) discussed in Chapter II1I. The Green's
function G(x,s;k,w) can be expressed in terms of two-liﬁearly
independent solutions Ukw(l)(x) and Ukw(Z)(x) of the homogeneous
equation (4.11) satisfies the boundary conditions

at x = = ®, and that at x = - + ». The following formula

holds:

1

G(x,s;k,w) = J [U (x)U y (X)H(s-x)

kw(l) kw (2

+ Upw(2) B0y, (1) (S)H(x=-8)] (4.12)
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where H(x) is the unit step function and J(k,w) is the

so-called conjuhct of the two solutions Uk (1) and-Ukw(Z)'
du dau
_ kw (2) - kw (1)
J(,k,w) E(.X) [ ax Ukw (l) dx UkUJ (2)] ’ (4.13)
2 Bp X
with e(x) = p (x)w” - .
0 Ho

A theorem exists (Theorem (3.2) in Friedman, 1956),
which shows that J(k,w) is independent of x and s.

To make the homogeneous equation (4.11) solvable we
choose a monotonic density profile composed of linear

sections (Fig. 4.1) such that:

e(x) = € = mzuopl-szg, x < - a (region (1))
e(x) =¢e; + A g + 1), - a < x < a (region (0))
_ 2 2.2 .
e(x) = €17 = W HgPy, ~ k"B, "X > a (region (2))
2 _
w u
. _ 0 _
with A = R (Py=Pq) - (4.14)

With this density profile Eq. (4.11) assumes constant
coefficients in the intervals (1) and (2) and becomes a modi-
fied Bessel equation in the interval (0) (the transition
region).

The solutions Ukw(l)' bounded at x = - «, and
bounded at x = », in the three regions can be written

Ukw(2)’
as follows:
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ek(x+a)

Uko(1) = A1Ig(z,) + ByKy(z )

(4.15)

and

Upw(z) = § C2lotzx) *+ DpKy(zy)

\ e-k(x+a)

(4.16)
where 2 = - A(wzp p -k2B2 ), A = ka/A, I.(z) and K.(2) are the
X ' 0" x o’ =0 0
modified Bessel functions.

Using the matching conditions, as given in Section 2,
at the boundaries x = + a the constants Al,2’ Bl,2’ Cl,2 and
D1,2 can be decided.

Regardless of whether the solutions in the inter-

val (1), (0) or (2) are used, on substituting the two solu-

tions in (4.13) we get

J(k,w) = 3 z;2,D(k,0) , (4.17)

D(k,w) = [I,(2))+I; (2,)11Ky(2)) + K, (z))]

[Io(zl) - Il(zl)][Ko(zz) - Kl(zz)] .
(4.18)
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We shall now discuss the properties of D(k,w) as a
function of w in great detail. As it will be evident the
study of its analyticity, the structure of its Riemann
surface, its zeros and singularities will give the details
of the continﬁum spectrum and the discrete eigenvalues.of
the differential'equation (4.11) . Hence, it is appropriate
to call the function D(k,w) as dispersion fuhction.

The modified ﬁessel functions Io(z) and Il(z) are
entire functions and Ko(z), Kl(z) can be decomposed into a
loéarithmic term plus entire analytic function Wo(z), Wl(z)
respectively (Erdelyi and Bateman, 1953). Hence, D(k,w) may

be written as (Sedlacek, 1971)

D(k,w) = [Iy(z)) = I;(2)1[I,(2z,) + I;(z,)18n 2
71
[Ty(z)) - I(z)] Wy(z,) - Wy (z,) i—z ]
+ [Iy(z,) + I)(2,)1IWo(z) + W (z)) + =1 .
1

(4.19)

On writing wAl,Z = kVAl,Z’ the multivaluedness of

D(k,w) is determined by the logarithmic term

(w+w. 5 ) w=w
Al + £n(

a2) wT=Wa3

A2 ) (4.20)

Lnz./z, = - &n
2’71 (w+w

which shows that D(k,w) possesses four logarithmic branch
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points on the real axis: ~Waor —wAlf Wapr Wao each of which
coincides with a simple pole. If the w~plane is cut along
the intervals connecting the first pair and the second pair
of these points (Fig.4.3) the function Kn(znz/zl) becomes
a single-valued function of w. These cuts (or spectral cuts)
are identical with the intervals of the continuous spectrum
of the differential equation (4.11).

The function}D(k,w) has the same Riemann surface
as the function En(zz/zl). All the branches of D(k,w) may
then be constructed simply By replacing En(zz/zl) in (4719)

by £n(zz/zl) + 2nmi. The result is

D_(k,w) = Dy(k,w) + 2nmilIy(z)) - I;(z)]10I(z,) 4 I,(z,)].

(4.21)

We shall now investigate the zeros of D(k,wf. The
zeros lying on the principal sheet of the Riemannian surface
are identical with the discrete eigenvalues of the Egq. (4.11).
The zeros lying on Lhe outher sheets are usually referred to
as 'virtual' eigenvalues (because no independently
eigenfunctions correspond to them) and are associated with
the phenomenon of spectrai concentration whose physical
interpretation is quite similar to the theory of Landau

damping in warm plasma oscillations.
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With the aid of the Nyquist criterion it can be -
shown that there are no zeros of D(k,w) on the principal
sheet. There are, however, zeros on the other sheets of
the Riemannian surface. We shall calculate those that, at
least for small values of the parameter ka (i.e., the least-
damped modes), lie nearest to the real axis which are the
ones associated with the phenomenon of spectral concentration.
Considering first, the sheet n = - 1, we expand D_l(k,w)
in terms of the small parameter ka, retaining only the terms

of the zeroth and first order.

.D_l(k,w) = - % {I 1 5> + 12 ] (1l+ka)
Uopl (UJ -wAl) quz ((.U _U)Az)
o (wz-wz )
- Alen 2 . 32 - 27i)} .
(4.22)

If ka = 0, i.e., if the density profile is discontinuous the
dispersion function D(k,w) gives the dispersion relation

representing surface modes, as derived in Section 2,
2 2 2 2 _ '
pz(w wAl) + pl(w wAl) = 0. (4.23)

The roots of this equation are purely real, therefore we can
assume that the imaginary part of the solution of Eq. (4.22)

will be of order ka. We take w = wp + iwI, and then retaining
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only the terms of zeroth and first order in ka, we split
the Eq. (4.22) into real and imaginary parts, which gives

the following two equations to determinewq and W

[ 1 + —1 1 + ka [ 1
(w2 - wz )p (w2 - w2 )p (wg - w2 )p
R a1’Py R a2’ P2 - lwg a1’P1
, . S w2 =2
+ — 1 5 1 + -—353———7-[£n 53 + Ln g 22 1 =0,
(wp = way)ey (Py=pylug 1 Wp = @A
(4.24)
and
1 4 ka _
T 2erte w2 - w2 )% ' w2 - w? )% b (P=p.) w2 °
R a1’ Pi R a2’ P2 27Py1)ug
(4.25)

We see from (4.25) that the effect of a continuous
density profile (ka # 0) is to introduce dampihg to the
originally undamped surface wave modes of a discontinuous
(ka = 0) MHD plgsma.

We denote the roots onn = - 1 sheet as 0 )

Since the dispersion relation is a function of only w2, the
point )

(+)

and -w can be found in the same way.

is also a root. The roots 6n n = 1 sheet, w(+)



- 104 -

Considering the oscillation frequency ;)to-be
given approximately by the Eg. (4.23) we have

5 | |
0 v vz —2— . (4.26)
Hg (pytey)

Substituting in (4.26) this value of w_, we get the damping

R

rate UJI as:

w . (p "'p)
I ~ m 1 "2
- = (<) (2ka) ————~ . (4.27)
w(;) 4 (py+pP,)
If p2 << pl, we have
w(-)
w(;) n /2 kv,, and ;TgT v - 3 (ka). (4.28)
R

Here a v [dﬁnp/dx];io is the scale length of the density
variation. We note, therefore, that sharper the density dis-
continuity is, i.e., the smaller ka is, weaker the damping
is.

he complete solution of (4.9) will be given by
performing inverse Laplace transform which then gives U(k,t)

in terms of the Bromwich integral

1 —iwt . -
U (x,t) = 37 J U, (x)e 0% , (4.29)

C

where the integration path C runs parallel to the real axis

of the plane above all singularities of Ukw(x)'
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Without going into complete details of finding the
asymptotic behavior, we give the results as obtained by

Sedlacdek (1971)

g _1 —iw, (x)t _4 dw, (%)t
Uk(x,t) = Al(x;k)t 1e A + Az(x;k)t le A

iw(+)t

(=) -
+ B2(x;k)e .

+ Bl(x;k)e_lw t

(4.30)

The first two terms in (4.25) correspond to the non-

collective modes [the continuous spectrum S = {wlminwigpzimanwil}]
with asymptotically, position dependent frequency wA(x) and damping
proportional to inverse power of time. The second two terms,
though negligible in the asymptotic expansion (4.30), represent
the discrete spectrum, corresponding to the only collective
modes of oscillations (the surface eigenmodeé) with position
independent frequency and exponential damping (resonant absorp-
tion). The damping can be rather weak if the plasma parameters
have sharp variations. The damped surface eigenmode is used by
Chen and Hasegawa (1974) to explain the impulse excited damped
magnetic pulsations.

In the next section we elucidate thé physical
mechanism of the resonant absorption using kinetic theory.
This absorption is a manifestation of the resonant mode con-
version of the surface wave to the kinetic Alfvén wave intro-

duced in Section 2.6.
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4.4 Resonant Mode Conversion

In order to understand the energy absorption
mechanism we.shall study the linear transformation of the Alfvén
surface wave to the kinetic Alfvén wave in the neighborhood
of the resonance region (Hasegawa and Chen, 1976).

The logarithmic singularity in the solution of
Alfvén wave equation arises because the ideal MHD equations
do not have any dissipative mechanism and/or assume zero Larmour
radius. This singularity is seen to be removed when finite
resistivity effect or finite Larmour radius correction is
introduced in the ideal MHD equations. The effect of
resistivity on the Alfvén surface wave has been considered
by Kappraff and Tataronis (1977) and Uberoi (1978). This
treatment, however, is valid only when the plasma skin
depth is shorter than the ion gyroradius.. We note that
finite resistivity effects are smaller than kinetic effects
by O(veivi/mov;e), where ¥ is the electron-ion collision
frequency, and wq is either the applied frequency or the
eigenfrequency of the surface wave. For a typical hot

2 2 _ 5
plasma, vTe/vA = (Bmi/me) >> 1, and Ve < 107 /sec and

i
wg v 106 rad/sec. Therefore, the skin depth is generally
much larger than the ion gyroradius. Then the kinetic Alfvén
wave excited at the singular surface can propagate for

considerable distance measured by the size of ion gyroradius

and the energy is dissipated more uniformly in the plasma.
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This phenomenon cannot be seen by the one fluid MHD theory,
but can be studied only by the kinetic theory. We con-
sider the unperturbed distribution function for the ions

to be given by !

v .
£{9= gx + X )£y (4.31)
ci -
with fo(v) being the Maxwell distribution with the ion
temperature T, and g being a function representing the
plasma nonuniformity in the x direction.

The linearized Vlasov equation for the perturbed

distribution function of ions is

of £, afio) . of

-~ ~ ~

The perturbed distribution function of electrons

obey the drift kinetic equation

(0) (0)
of of E B of of
e e y X e e e
—_ + v, — + ( + v, =) - — E = 0. (4.33)
ot . z BzA B0 z BO ox m, 'z 3Vé
The field equations are same as derived in
Chapter II (Egs. (2.33) and (2.34)); the quasi-neutrality

condition,
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n. =n ‘ (4.34)

z5 VL (0=¥) = ug s (34T ). (4.35) -

In these expressions, the number density n and the current

density J are given by the distribution function £

n, = n, J fjdv r j o= 1,e, (4.36)
and

35 = agmng J vEdv , 3= ie. (4.37)

The set of equations from (4.31 ) to ( 4.37 ) describes the
electromagnétic waves in a magnetohydrodynamic frequency range
without restrictions on the size of the perpendicular wave-
length (but with a restriction of no compressional magnetic
field perturbation).

To study the resonant mode conversion of the Alfvén
wave, it is convenient to assume that ky, the wavenumber
perpendicular to the magnetic field as well as to the density
gradient, is much smaller than pzl and that the scale size
qf the density gradient is much larger than the ion gyro-
radius so that

cw/w, . >> Kk Kp? ’
_ ci y 1 '

where k™1 is the inhomogeneity scale,



~ 109 -

., in g
i g

This assumption allows us to ignore the term vy/wc
in Eq. (4.31) which is equivalent to the neglection of a
drift wave.

Finally, we assume that the wavelength in the x
direction near the mode conversion point is small but
larger than the ion gyroradius so that we can expand the
wave equation in the power of pid/dx.

With these assumptions the Fourier amplitude of

the number density and the current density perturbations are

given by
en w7 2 wz
_i__pi 4 3,2 4 a4y _ gx?2 _pi 2
e > lax @+ gey —2)lgg) - gk, ¢l + 5=k gV, (4.38)
wci dx W
2
en W
€5 V2 ! (4.39)
Te .
wzi kq
Hodiz = o Y (4.40)
c
and
w2
= - P U
Hodez 2.2 av . (4.44)
c vTe 4 1
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In these expressions, the ion and the electron plasma

frequencies, wpi and wpe are constants and refer to the

values at the maximum plasma density where g(x) is normalized
to unity.

To study the resonant mode conversion to the kinetic
Alfvén wave, we only consider the region near the resonant
point x = X, where w2 = ki vi/g(x=x0). We can then further
simplify the expressions using the assumption of a low B
plasma so that vi >> ci = Te/mi. This assumption eliminates
the possibility of a simultaneous coupling to the ion acoustic
wave. The wave equation can then be derived by eliminating v

from Egqs. ( 4.34 ), (4.35) and (4.38) to (4.41),

(w® 3 2. 1% 2 a, a4,
ki Vi 4 "i dx3 dx2 g Ti i dx dx
2 2
d W d 2 w _
+[dx(.kzvzg‘l)a’ky(w‘l)]¢—0
z A Z A
(4.42)

where the Alfvén speed vi

and g is normalized to unity.

is that of the maximum density .

We can immediately notice that if we put Py 0
in this expression, the wave equation reduces to
da¢

o e 21 - k2 e =0, (4.43)

here e(x) = 55 9 - 1,
A
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- Equation (4.43) has w structure identical to the magneto-
hydrodynamic wave equation (4.11). It is also noted that

in a uniform plasma, g = 1, Eq. (4.42 gives two decoupled

wave equations

Vf ¢ =0, - (4.44)
and
2 2 .
32 4+ (=% ~1)7¢ = o0, (4.45)
2 2 2
dx k™ v
z A
where 32 = (g + T /T-)p2 k. << d/dx is used in E (4.45 )
3 e/ "i'%i " Ty q. . .

Equation (4.44 ) represents a quasi-static electro-
magnetic perturbation (cut-off mode) associated with an
external source. In the absence of a source, this
equation represents a surface wave. Equation (4.45) is the
wave equation for the bulk kinetic Alfvén wave, Eg. (2.44).

We can thus identify that Eq. (4.42 ) represents
a coupling between a surface magnetéhydrodynamic mode Or an
externally applied electromagnetic perturbation and the
kinetic Alfvén wave. From Egq. ( 4.45 ), we can see that the
kinetic Alfvén wave propagates, after the mode conversion,

2 2

. . . 2 2
to the higher density side where kz Va (x) < kz Va (x = XO)'
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To study the mode conversioh, we must specify the
actual density profile. Because the wave after the mode
conversion is expected to propagate on the higher density
side, the solution depends on whether the converted wave can
propagate all the way across the plasma column or dissipates
significantly before it reachesvthe other side. We
assume here that the plasma to be semi-infinite in the x
direction.

As a simple example we take a linear profile for

the plasma density such that
g(x) = KX + a,

where x is a normalized distance whose origin is located

2 2

at the resonant point where g(x=0)w2/kz v, =1, or awz/ki vy =1,

2
A A
with 0 < a < 1. Eguation (4.42 ) is then reduced near x v 0

to a simple form

o2 (a%e /ax?) + kxEB, = Ey, - (4.46)
where
2 2
p? = (%+kz :A%-)pi : | (4.47)
W i
and .
E, = - 9¢/3x . ' (4.48)
E, is ap,integration constant representing a nominal

0
value of E at a large negative x (Ex associated with the

external source field or surface wave).
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In the derivation we also assumed that

|dg/ax/g| << |d¢/dx/¢

amplitude is much faster than the variation of the density

; that is, the variation of the wave

(WKB approximation). The wave equation of the type of

Eq. (4.46) has been studied extensively in relation to the
mode conversion of the electromagnetic wave to the Langmuir
wave. It is well.known that the solution can be expressed
in terms of the Airy functions.

If we introduce a scale length

A= (p2/)1/3, (4.49)

and use a normalized electric field intensity

2
£ = - ix () %3 (4.50)
X E m ! :
0
the general solution is given by
Ex = clAi(-x/A) + czBi(—x/A) + Gi(-x/A), (4.51)

where A;, B; are Airy functions and Gy is a function involving

integrals of Ai and B, .

. The integration constants cy and c, can be decided
by applying appropriate boundary conditions. For a semi-
infinite plasma as considered here, they are decided whether

or not the energy source exist internal or external to the

plasma.
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For the case of the resonant absorption or the
surface wave damping as discussed in Secti?§g3.3 and 4.3,
the suitable boundary condition for the kinetic Alfvén
wave 1is to accept only the right-going wave (no reflection
at x > «) and that which has no divergence at x » - ». We

can then
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find c, = 0 and cy = i. The asymptotic solution for

|x/A| >> 1 can then be written as

n1/2E0 L 1/4 . 32 E,
B, = - ——73 () explil 3 (7)) + 7l + — ., (4.52)
(xp) KX
for x > 0,
EX = EO/KX ' | (4.53)
for x < 0. The first term in Eq. (4.52) represents the

kinetic Alfvén wave and the second term as well as the

expression in Eg. (4.53) the source or surface wave field.

As is expected, the kinetic Alfvén wave propagates
on the higher density side (x > 0) of the resonant point as
can be seen in Eq. ( 4.52). 1In Eg. (4.52 ) it is worth

noting that the first few peak amplitudes of the kinetic

Alfvén wave after the mode conversion are given by EO(Kp)-2/3

2,1/3

with an effective wavenumber of (k/p , while away from

the resonant point, say at x v K~1, the amplitude and the

1/2

wavenumber of the kinetic Alfvén wave become EO(KD)— and

p—l, respectively. The qualitative feature of the mode
converted kinetic Alfvén wave is shown in Fig. 4.4.

We can see that the solution for x < 0 is identical

to the one obtained under the ideal magnetohydrodynamic
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approximation. Hence, the plasma impedance, and con-
sequently the absorption rate, seen from the external
circuit remains unchanged from the previous magnetohydro-

dynamic calculation.

If the energy source exis%?inside the plasma, we must V
take the left going wave also. Such a problem is important

in the analysis of the drift Alfvén instability, Section

5.5.
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'V. PLASMA INSTABILITIES
ASSOCIATED WITH THE ALFVéN
WAVE

5.1 Introduction

In this chapter, we discuss plasma instabilities
associated with the excitation of Alfvén waves. As many
other cases of plasma instabilities, the Alfvén wave
becomes unstable both due to the velocity space nonequilibrium
and coordinate space nonequilibrium. These instabilities
appear by a conversion of free energy stored in the plasma
to the Alfvén perturbation. The free energy exists
when the velocity distribution of the plasma particles is not an
.isotropic Maxwellian or when the plasma is not uniform in space.
The former case, a case of velocity space nonequilibrium
produces an instability called velocity space instability,
while the other case, the case of coordinate space non-
equilibrium produces an instability called coordinate space
instability. The instabilities work to equilibrate the
distribution. The instability is found by solving the
dispersion relation for the eigenfrequency w for a given
value of the wave number k. For an assumed Fourier amplitude
expression of exp i(E-§-w), the instability exist when w
has a positive imaginary part. We shall present

some of the typical Alfvén wave instabilities.
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5.2 Fire Hose Instability

Here, we present an instability when the plasma
has an anisotropic pressure. If we take the direction of
k vector in x-z plane, where z is the direction of the

ambient magnetic field, the Alfvén wave dispersionArelation

is written by

- € = Ol (5-1)

here € x is the xx component of plasma dielectric con-

stant, and is listed in the Appendix. In the MHD frequency
. << > , <<

(w/wcl 1) and the wave number (vai/wcl 1) range €

X

is given by

(5.2)

where the summation j is over different species (electrons

and ions), v,

to the ambient magnetic field and < > indicates average.

is the velocity in the direction perpendicular

Hence, the dispersion relation of the Alfvén wave becomes
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2

W 1
k v
z A

where, 8“ and Bl are the parallel and perpendicular component

of the ratio of the plasma pressure to the magnetic field

pressure,
2 2
1 m.n<vl>. m.n<v_>,
B, = z 3=, B = z =2 .
; B./2u B./2u
J 0 0 ] 0 0
From Eq. (5.3), it can be easily seen that when B" - BL > 2,

w becomes pure imaginary, hence the instability appears.
Because the physical mechanism of this instability is
similar to that which generates oscillations in the water
hose when the water pressure exceeds a'éritical value, this
is called fire hose instability. (Roéenbluth, 1956;

Parker, 1958)

5.3 Two Stream Instability

| When there exists a stream of charged barticles

in the plasma, the Alfvén wave becomes unstable. To analyze
this instability, we cannotluse the dispefsion relation

of the Alfvén wave, (5.1), because the existence of
streaming particle produces a ponvanishing Exy component.
For simplicity we consider the wave propagating in the
direction of the ambient magnetic field. Then the wave

equation can be written,



- 124 -

(5.4)

Since the Alfvén wave is the lower frequency .limit of the
ion cyclotron wave which is left-hand polarized, we have

introduced a left-hand polarized electric field vector

defined by E. = Ex,+ iE_ .

y
For a low B plasma the dispersion relation can

L

be written by using exy in the Appendix as

2 w2 wzs
k® - %+ B2 (u-kv) = o0, (5.5)
A cw
A ce
or alternatively,
2 kv av 2 2 v2
(& -2y (2.0 - -0
w_ . 2 w 2v 4 277
c1l A vA

(5.6)

where a is a ratio of streaming electron density to the
plasma density, Vo is the velocity of the electron stream.

. s 2
It is easily seen that the instability occurs for k = avowci/ZvA

and the threshold condition is L > v The interesting point

IS

of this instability is that the frequency at which the insta-
bility occurs is given by-awci/Z, that is, it is proportional

to the density ratio of the stream to the plasma. There
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exists another type of two-stream instability in the

Alfvén wave, when the finite Larmour radius correction is
included. In this case, the kinetic Alfvén wave is

excited by electrostatic coupling which requires a density
perturbation. The instability can be obtained by

using the dispersion of the kinetic Alfvén wave and by

including an additional term which originateé from the

streaming particles. The instability can be created by
streaming ions also in Tokamak (Rosenbluth and Ruther ford 1975).

5.4 Kelvin-Helmholtz Instability

When there exists a velocity shear, the Kelvin-
Helmholtz instability appears also in a plasma. In the
MHD frequency range the instability excites the Alfvén
wave.

For simplicity we assume two types of plasmna,
one is stationary and exists at x < 0 (medium 1) and the
other which exists at x > 0 (medium 2) and moves at the
velocity YO with respect to the former. x = 0 is the
boundéry surface between these two plasmas. We consider
a wave which propagates along this surface as
exp i(kyy + kzz - wt), where z is the direction of the
ambient field. The analysis is similar to that in Section 4.2
of Chapter- IV, except that one w is Doppler shifted with
repsect to another by E-Y . The dispersion relation is then

modified from Eq. (4.6),

2 2

2 =
* Pppllu-kevg)™ = (Kevpp)y 1= 0 (5.7)

P01

2
[Wo=(kev.,) ]
o~ ~Al 1
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where the vector Alfvén velocity v, is taken in the direction
of the magnetic field. The condition of instability can then
be obtained from the condition of a complex root of w as

(Chandrasekhar, 1961)

2 1 1 2
kvg) T > (5t ) Pgplkeva)g 02

: 2
(ﬁ-YA)z 1.

0I 02

(5.08)

We see that the instability is most easily excited
when the plasma flow Vo is perpendicular to the ambient
magnetic field and for the wave which propagates in the
direction of the flow. The excited wave is eliptically
polarized.

5.5 Drift Alfvén Wave Instability

In an inhomogeneous plasma the dispersion relation

of the Alfvén wave is modified by the diamagnetic drift of
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ions. If we ignore the finite Larmour radius effect, the

dispersion relation becomes,

w2 + ww, - ki v, = 0, : . (5.09)

* .
where Wy is the ion diamagnetic drift frequency
. Errzvey
w, = — (5.10)
i w ‘

ci

where k is the measure of the density gradience

kK = V&n n0 . (5.11)

The finite Larmour radius correction produces the coupling

to the electrostatic electron drift wave. The local dispersion

relation for w >> kzv . then becomes; (Mikhailovskii, 1967)

Ti
*

)
2 * 2 2 _ e . //i w
(w +ow kz VA) (1 . ) (1 + 1 > E;;—— )

Te
0 *
T 2 2 “i 5
= TI Aikz Va (1 + E_') ' (5.12)
. = 2
where Aj (k vpg /0 40 %> .
The Alfvén wave becomes unstable if 2kzvA < W, with the
frequency w and the growth rate y given respectively by
2 2
Kz Va

w = , (5.13)

[TUR
1
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and
T ki vi 1l - ' ,
Y = A /: Y (5.14)
i z wiZ ksze

Note that the Alfvén frequency is redwed in this case.
The dispersion relation is obtained by assuming kx =0,
where x is the direction of the density gradient. To
include the local effect, one must solve the eigenvalue
problem for a wave equation in the x direction. Such an
analysis gives results which distinguish whether the
instability is convective (séatial growth in x)of absolute
(temporal growth). This is a problem of recent controversy.
Tsang et al.'s (1978) analysis shows that the instability
is cbnvective.

If it is convective, the wave energy may escape from
the plasma in a manner exactly opposite from the resonant
mode conversion as discussed in Section 4.4. This may con-

tribute to anomalous heat loss trom a plasma.
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VI. NONLINEAR PROCESSES

6.1 Introduction

In the chapters up to now we have considered small
amplitude Alfvén waves. When the perturbed magnetic field
is no longer small compared to the ambient magnetic field
the study of nonlinear MHD equation becomes neéessary. It
is now well known that a circularly polarized Alfvén wave
described by ? = (BO, By, BZ) and v = (0, vy, vz) is an
exact solution of the nonlinear magnetohydrodynamic equations
(Ferraro, 1956). Ferraro also pointed out the equi-
partition of kinetic and mechanical energy, characteristic
of the magnetohydrodynamic waves. Can large amplitude
Alfvén wave persist in a real plasma? The decay instability
of this wave into a small amplitude Alfvén wave and a sound
wave has been discussed in detail by Sagdeev and Galeev
(1969) .

The large amplitude linearly polarized Alfvén wave

on thec other hand, has the local phase velocity

2
vph

_ 2 2

= [By + B(t)“1/u,0,

which, can be seen to approach the Alfvén velocity as

B(t)/B0 + 0. The rapid development of plane'polarized Alfvén

wave into hydromagnetic shock has been discussed by Montgomery

(1958) and was observed experimentally by Boley and Forman (1964).
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The possibility of the propagation of solitary hydro-
magnetic waves in the direction parallel to a uniform magnetic
field in a cold collision-free plasma was shown by Shaffman
(1961). It was noted that solitary Alfvén‘waves move much
faster the linearized Alfvén waves in the plasma.

A large number of papers on the nonlinear effects
of the MHD Alfvén waves are seen in the comparatively recent
literature. However, as we have seen in the linear theory
of the Alfvén waves, in most laboratory scale plasmas, its
inhomogeneity prohibits the existence of the ideal MHD
Alfvén wave. Hence the nonlinear theory of MHD Alfvén wave
is not applicable in most laborAtory plasmas. Hence, in this
chapter we shall consider nonlinear processes associated with
the Alfvén wave perturbation with particular emphasis on its
kinetic effects.

We discuss quasi-linear diffusion in the presence
of the kinetic Alfvén wave turbulence, Section 6.2 para-
metric decay and nonlinear Landau damping of the kinetic Alfvén,
Section 6.3, some solitary wave solutions, Section 6.4, and
the modulational instability of the finite frequency Alfvén
wave, Section 6.5.

6.2 Quasi-Linear Diffusion

In the collisionless plasma with a stationary
ensemble of waves, the quasi-linear diffusion occurs
only in the presence of wave-particle resonant interactions.
The MHD Alfvén wave does not have the wave-partiqle resonant
interactions, hence there should be no quasi-linear diffusion;
one should introduce either a finite frequency or finite wave

number effects.
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Consequently, we consider here the guwmsi-linear
diffusion in the preéence of the kinetic Al fvén wave twbu-
lence (Hasegawa and Mima, 1978). This is relevant in fusion
plasma because the kinetic Alfvén wave is excited for example

by the drift wave instability.

We first consider the electron diffusion. We use

the drift kinetic equation (Appendix), for the electron

guiding, center distribution function fe(v",x,t).

of of of
e

e
ot + Ve Bz + vl (Ydfe)

Here we used a local Cartesian coordinate in which the z
axis is taken in the direction of the ambient magnetic

field Byr E and B are the wave electric and magnetic fields
with subscripts z and i1 indicating the components in thel
direction parallcl and perpendicular.to the ambient magnetic
field respectively. Vs

to the magnetic field which, for electrons, is given by

is the drift velocity perpendicular

_ E1*Byg
V ————

Vg T T = v . (6.2)
0

By
B VA

B 0

We assumed also that the plasma B is small (compared with
unity) to warrant neglection of the magnetic compression

B_.
z
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We assume that the density gradient exists
the x direction. Then the quasi-linear equation for

average distribution function <fe> can be written as

(1)
a<f > of
e o 1 1)y, _ e_ e
T v (Ey+szx)fe > m, <E

B0 Z dv

(1)

e

where f is the linear response and < > shows the

ensemble average. If we use the Fourier amplitude

expression for the linear terms, such as fél) =
(1) LK x-we)
Re Z fk (x)e , the linear response of the
k -
distribution function fél) can be expressed as
>
f(l) - ip 1 kyv 8<fe> e 9<f :
E kzvz—w wBO ax mg sz J 25
_ 1 a<f_e> E
wB X vk
0 ~
e 8<fe> kyvz a<fe>
+ ﬂé(kzvz-w) m_ oV T B X Exx v
e z 0 ~

where P indicates the principal value, § the Dirac's §

function, and the Maxwell's equation VxXE = - 3B/3t is

to cxpress Bx in terms of Ey and Ez:

in

the

(6.3)

(6.4)

used



5

- 137 -

3 B, = (K

~

- : 6.5
yEzk szyE)/w . ( )

“If we substitute Eq. (6.4) into (6.3), the term multiplied

by the delta function, which represents the dissipation due
to the Landau démping, contributes to the quasi-linear
diffusion coefficient. The first term contributes to the
diffusion in velocity space, and the second term to that

in coordinate space. Taking the second term contribution

here we have

2 2
v

a<E_> k2 v? , a<£, >
T C 3% L ;Xi_i [Egp 1™ 78 (kv —w) —
" w By ~

(6.6)

As is expected only the z component of the wave electric
field contributes to the diffusion. The above result is
valid for any kind of low frequency electromagnetic waves
not restricted to the kinetic Alfvén wave.

The diffusion equation for electron density

n, = J <fe>dvz can be constructed by integrating Eq. (6.6)
over v, . If we assume a Gaussian distribution for <fe>,
i.e.,
1 —vi/Zvée
> =n(x) — — o : (6.7)
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we have, for v >> v,

Te A
on an
_e_ 23 _e 6.8
ot ~ ox De X } ' ( )
where
2 2 :
' kS |E_, | 1
b =ﬁ 4 Bk i (6.9)
€ 8 k2 B2 lk_|v
k z 0 z' "Te

As was stated previously, a unique feature of the
kinetic Alfvén wave is that it accompanies the electric

field E, in the direction of the ambient magnetic field.-

We now discuss the ion diffusion. The diffusion

coefficient can be formally obtained by using fi in place
of fe in Eq. (6.6). However because fi(v = w/kz = VA) v
exp(-vi/Zv%i) N exp(-B—l), if the plasma B is small the
diffusion coefficient obtained this way gives a negligible
small value compared with that of electrons.

However, it can be shown that if a local energy
balance is maintained between electron and ion dynamics,
the ambipolarity results, namely the ion diffusion coefficient
becomes identical to that of the electrons. To present an
example of such a case we consider a situation in which the
fluctuation is generated by the drift wave instability.

When the local energy balance exists, the fluctuation excited

by the inverse Landau damping of electrons is absorbed by
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ion damping and stationally state is maintained. If we take
the viscous damping as the damping mechanism by the ions,
and ignore the finite ion Larmour radius effect for simpli-
city, the ion density fluctuation Ny is obtained from the

~

equation of motion and the equation of continuity,

. .2
k k 1+ivk™/w
y :Yw( y/ )

- ~ |,  (6.10)
K 0o 9% By Wei By

where v is the viscosity coefficient, and the parallel ion
inertia is ignored for the Alfvén branch considered here.
We note that the diffusion coefficient Di is obtained by

calculating the diffusive ion flux,

. = <n. >
JD1 n1kak

= = Re[nikEyk]

~ ~

Bno
Di T . (6.11)

If we substitute Eq. (6.10) to this expression,
we can formally obtain the ion flux in terms of the viscosity

coefficient v, i

2
|E_ . | 3 .
vk k> vn ‘
Y ~ Y 0 2
T . .
D1 2 2 ww _ .
B0 c1i

To compare this with the electron diffusive flux, Eg. (6.8),

i -er » .. For
we need to exprees v and Eyk in terms of Ge and Ezk o}

~

For this purpose we derive the dispersion relation using
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quasi-neutrality and Ampere's law including the effect of
the density gradient. By assuming stationary state (real.
w), we have, from the real part of the dispersion relation,

Eq. (5.22),

2 2

2 .2
—n%x - =
(w-w*) (w kZ VA) Askz vV, W . (6.13)

and from the imaginary part

* -
§ w = vk2 w*/w=-1

e v X ' (6.14)

S

where w* is the drift wave frequency given by

2
x o kvae 1 Bno
w

ce n0 90X

The relation between E . and E

~

vk may be obtained from Ampere's

law;

k w(w=w*)
E, =< E 1 - Llezw?) (6.15)
kz A k2 v2

h sz A
Substituting Egs. (6.14) and (6.15) and using the dispersion

relation (6.13) into (6.12), we have

1 k zk ok k n, Ge
J.. = = X —— (T -y X2 &
Di 2 k 2 w w_ . A
z B0 ci s

If we compare this expression with Egq. (6.11), we see
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2 2
_ ky |Ez§| 1
D; = //% ) T T = D (6.16) .
k z 0 z' Te

hence the ambipolarity is proved.

However, we point out that if the local energy
balance between the electron and ion dynamics does not
exist, the ambipolarity disappears. For example if the
stationary state is achieved whereby the fluctuation produced

by the electrons are convected away by the wave, or

reabsorbed by electrons, the ion diffusion coefficient

becomes pratically zero.
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6.3 Parametric Decay

The MHD Alfvén wave is known to decay into another

Alfvén wave and the ion acoustic wave (Sagdecv and Galeev,
1969). Hence we treat the decay of the kinetic Alfvén wave

here,which has a much larger decay rate than the MHD Alfvén
wave (Hasegawa and Chan, 1976). We consider a self-

consistent punp wave ¢0(§,t) (the kinetic Al fvén wawe)

of the following form

¢0(§,£) = % {¢0exp[—i(w0t:k0‘§)] + c.c}l. (6.17)

Here, (wO,E ) satisfies the linear dispersion relation for
kinetic Alfvén wave. The pump field ¢O is assumed to be
sufficiently weak so that only interactions up to 0(|¢0|2)
need to be kept. Furthermore, since decay instabilities are
considered here, we ignore the upper sideband as being off-
resonant and only discuss the couplings among the pump wave,

(ztw tk.), the lower sideband (w_, k_) = (ms-mo, ks-k )

OI
and the low frequency wave (ws,ks). Note, again (iwo, tk.)
and (w_,k_) are kinetic Alfvén waves, and (wg,-kJ) is the

ion acoustic mode. For low B plasmas, |w0| N Iksz| > ol

" lkzcs . To further simplify the analyses, we make the
additional assumptions that |klpi|A< 1 and T /T, > 1, so that
we ignore the finite ion Larmour radius effect. The dynamics

of both species are then described by the following drift

kinetic equation
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afj BE q of .
StV L Dyt () (B r (ypBptal 2= 0,
J J v,
(6.18)
where

Vs Ggtvptvg)y » 3 = ed (6.13)
with v, = E xB /B2 V.. = (m/qu) (dE /dt) and v, = v_B,/B
~E ~17% 0 " <Pj 05 ~1 ~B z< 0°

fj(x,vz,t) is the drift distribution function and other nota-

tions are standard. - Note here, %E contains a convective
. a _ o
term; i.e., IE - 5% + (Y Y).

Let fj = féo) + fgl) + f?L and using the two

potentials ¢ and ¢ defined in Egs. (2.7) and (2.8), we
(1)

obtain the linear response fj as
(1) _ (0) = | . ~
fe = fe vy, (6.20)
and
(0)
_ of. " /v -
e o L5 g0 g 2L T T2y, (6.21)
i i - s
v_~-w/k
4 Z
- e T .2 2,2 .
where ¢y = ew/Tp, ¢ = e(b/TP and X = kl cs/wci . Equations

(6.20) and (6.21) are valid for both kinetic Alfvén and ion

acoustic waves. Note, however, since (ws, ks) is an
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electrostatic mode, ¢S = ws; while for the kinetic Alfvén

modes, (w_, k_) and (wg, kg), ¢_ 4 FV_ o -

In dealing with the nonlinear analyses, let us
note that because the kinetic Alfvén waves have X} ~ 0(1),

our results are, therefore, valid in the regime A >> wo/wci;
while the classic magnetohydrodynamic results of Sagdeev
and Galeev (1969) are valid in the opposite limit. The details of -
nonlinear interactions are different for the different
modes as well as species and will be treated separately.
Let us first consider thé ion acoustic (ws, Es)
mode. Since we are interested in either the resonant decay
to the ion acoustic mode or the induced scattering decay
when this mode is heavily damped, only nonlinear perturba-
tions up to 0(|¢0|) need to be kept here; i.e., we only have
fgz’

<< W

to calculate 0| ce

. For the electrons |ws], fw

and lkipel << lklpil <1, Ve the electron polarization drift,

~

thus, can be neglected. The dominant nonlinear contributions
to féZ) is then found to originate from, referring to Eq.

(6.18), the Vl-[YB(QO)fél)(g_) + (0 L - )] term as well as the

(a/m) {Ivg (2)xB, (212 + (0 z - )} (3£ 0 /3v ) term.

Here, we have denoted Q E-(wo,go), QO = (wm,§“) and
_ . (2) L
e, = (w,k)). With stl << IkzsvTel’ £.°7 (2,) is given by
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(2) . (0) [ "
£.57 Q) = £07 g (R)) + v (21, (6.22)
where iB corresponds to the v fél) term;
L2 N
- . icg ~ k“OA_(l+A0)
V(@) = 5——— (k_xk, )z [
B'.s ZwCik"s ~s <0 wg
k”_k0(1+x_) _
- o ] ¢_¢0 . (6.23)
and $E corresponds to the VEXB term;
. 2 b
- ic ~ k,~(1+%.)
I
- 2w .k R : 0
cl s
k“_(1+x_) :
-~ A1 6_¢, - (6.24)

In deriving Egs. (6.23) and (6.24), we have made use of the

fact that QO

Y (or Ez) and Bl are related to ¢ by Eq. (6.5).

In treating the ions, we note first that because

and Q_ are kinetic Alfvén waves and, hence,

lo_|, lwgl >> |k, oVp;ls Ik _vp;l, vy has negligible contri-
bution and, from Eq. (6.21), fil) of the kinetic Alfvén

wave is reduced to

= 4 k v T
(1) _ (0)7 z z ~(0) “e
£37@ =2 0@ = B g V@)

(1) (1) o -
fil + fiz ' for g = ¥0' @_ . (6.25)
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Secondly, we note that v i contains a nonlinear term from

its convective part; i.e., véi) = (m/qu) (veV) El’ However,
~ PRI
it can be shown that the contribution to the Vl-[v f] term
~ M i

(2)

(0) .
from Ypi fil cancels to the order wo/wci with that from

vEfii) . Thus, the only net contribution comes from the

vEfii) term; which corresponds to the usual (v -V)vz

convective nonlinear (ponderomotive) force term in the
parallel (to BO) equation of motion. Another important

nonlinear contribution comes from the (VEXB )z term,

similar to that of the electrons. Combining these non-

linear terms, we obtain

(0)
2 afi /ov

(2) - z (- -
£.77(0g) = cg [WC(QS) + ye (@1, (6.26)

-0 _/k.
Ve s/ Z2s

where mc corresponds to the Vl-[vEf{ih nonlinearity and is
given by
2 - -
c A~ k_AA k_ A
- . S z0 0 z-"- |7 7 :
() = - 1 g——— (k_Xk_) 2z - ¢_¢n
c'.s zwcikzs ~s ~0 wg © 0

and @E(Qs) is given in Eq. (6.24). Substituting Egs. (6.20),

(6.21), (6.22), and (6.26) into the quasi-neutrality equation

[nél)(gs) + né2)(9s)] - [nil)(gs) * niZ)(gs)]' (6.27)

we have
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e (000 = AJIFON) + e (R)1656_ (6.28)
where
eg = L+ A+ x; o (6.29)
, Bfio)/avz
Xy =7 % | w7k, Vs (6.30)
J Z S ZS
k k
Zs 0 - 0 ’
(k_xk,)*z
A= - i c? =8, . (6.32)
S Wei
and
F(A) = Ay + A+ Agh_ = A - (6.33)

Equation (6.28) describes the coupling of the ion acoustic
mode to the lowgr-sideband kiﬁetic Alfvén wave via the pump.

Let us now consider the kinetic Alfvén (w_, k_)
mode. For this mode we have to calculate both the charge
and parallel current density perturbations to 0(|;0|2);

i.e., f;B)(Q_) in order to take into account the induced

scattering process.
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Thus, nonlinear contributions due to both
f;l)(Qs) and fgz)(Qs) must be included. Let us first
consider the electrons. Again, vpe has negligible contri-

. - \ -
bution and dominant nonlinear contributions come from the

*
v

Va (90)[fél)(98) + féz)(gs)] term as well as the

* "~
[VE(Q ) x BL (,)]+2z term. It turns out, however, that

(2)

is negligible compared to n( ) due to the canceling

(3)

of dominant nonlinear terms; while ng is given by

(l+;0)k

(3) L2 20 L (2)
e () = ieg op—x——u, Kg*ko) Zc"o e (&) - (6.34)
ciz-0

Perturbations in parallel current density can then be

obtained from the continuity equation;

320a0) = ek, - tvga)n" () + v}

(1)
k, @0 (21 sk _

e

~E

(6.35)

and

ai3 ) = etk vy (2n® 2 - w-“(3)‘9-)]e/kz-'

(6.36)

As to the ions, because |w_| >> Ikz_vTi|, the

dynamic is mainly in the perpendicular (to Bo) plane.
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Thus, we can neglect Jzi and, from the continuity equation,

we find the ion density perturbations to be

@) =k - Iy AR (@ )n*(2,) + v, (go)n‘l)(gs)]'/w_ ,

~1- 0.p ~BE< ~E i
(6.37)
and
n{P ) =k -ty @n® @) Ju_ . (6.38)

1

Here, v;i)(g_) is the nqnlinear ion polarization drift due
to the convective (Yl-Yl) term,

The two field equations, Egs. (2.9) and (2.10),
including nonlinear perturbations become at 9 = Q

-~

@), 2 L (3 (), (), (3)

n. + n. + n,. . (6.39)
e e e i i i
P 2 _ ) (1) (2) (3)
5z V1 (¢-y) = Ho ) 3 sz + sz + sz ] ' (6.40)
jme, i

which can be produced to a single equation,

' eA(g_);_ = [;_(nfz) + n£3))

Now_A_ (1+X_)

0

_ - (2) (3)
(4% )k, (3,2 + 3,20)/e J

(6.41)
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where
k2 v
_ z— A -
EA(@_) =1 - 5 (1+x_), (6.42)
: w
n(2)1(3) = [n(Q ) - n (Q )](2)1(3) , (6.43)
and
32,03 L 52),03) 5, | (6. 44)
z- ze ~=

In deriving Eq. (6.41), we have noted that Q_ is a resonant
kinetic Alfvén mode and, hence, IéAI << 1. Substituting
Egq. (6.34) to (6.38) for the nonlinear charge density and
parallel current density perturbations into Eg. (6.41l), it

reduces to

~ - - —%
EA(Q_)¢_ = AAF(A)¢0 ¢s ' (6.45)
where
- - o (3)
€p = €A €A ’ (6.46)
e£3) is due to third order perturbations
6(3) _ |5 |2 |A|2 (l+AO) L kzdu_(l+ko)
A 0 k. w k. w )

z2s - z- 0

20 _ "z- (6.47)

’
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and

Ay = A/l A_(14A)] = = A/Iwgh_(1+3_)]. (6.48)

Combining the two coupled equations, Egs. (6.38) and (6.45)
we then derive the following dispersion relation for the

parametric decay instabilities

_ T (3) _ 2,57 2
€p ~ €a eg = MAF (x)|¢0| , (6.49)
where
~(3) _ _(3) Th L 12
€70 = €70+ AAASF(x)|¢0| (6.50)

With T, >> T,, the acoustic wave is weakly damped
and we have the resonant decay instability. In this case,

(3) _ X _ .
€a can be neglected. Let We We . + iy and w_ = Wa + iy,

where We and Wa = Wy T Wo satsify, respectively, the
dispersion relations for the ion acoustic and kinetic

Alfvén waves. Equation (6.49) then reduces to

- 2
de de 2 F°(0) | ¢,]
awsr 8wAr (y+T,) (y+T ) = %_ o _0 , (6.51)
sr A 0 A_(1+x)
de 2(1+X )
sr _ S , (6.52)
ow w

sr sSIr
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Wa
w .
Ws

Mkz

| Ao > A
TS

Ao< A | . }
(a) | |

Wp
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BeAr

ow =

A A

,  (6.53)

8|N

and FA' FS are the corresponding linear damping rates.
From Eg. (6.51), we can deduce the threshold pump field
by letting y=0. Well above the threshold field, the growth

rate is given by

L 1/2 s .
F(A)sin 6
ci| Ysr ‘BlO 8'1/2 PO |
" * w | [(1+X ) (1+%_) (1+%_)1%/2
4 Bo 0 - s
(6.54)
In deriving Eq. (6.54), we have let (k; ko) 2z = (k_xko).z
= kl_k1051n 8 and used the relation between Bio and
¢o(= e¢0/Té expressed in Eq. (6.5). The growth rate obtained

here is larger than that of the ideal magnetohydrodynamic

results by a factor of chi/wA.

This enhancement is expected because, due to the finite

A's, nonlinear effects induced by the'§X§ drifts of
electrons and ions do not cancel each other to the order of
; in the case considered here; while only ion polarization

| drift (which is smaller than the ExB drift by a factor géf )
contributes in the ideal magnetohydrodynamic limit. Fufiﬁer—
more, unlike the magnetohydrodynamic case in which only the

backscattering is allowed, three different types of decay

are possible here as illustrated in the w-kz diagram in Fig. 6.1.
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Note also since F(X)‘+ 0 as XO - 0, this decéy process

is pertinent to the pump wave being a kinetic Alfvén wave.
Let us now.consider the case with Te < STi such

that the ion acoustic wave is heavily Landau damped by ions.

In this case, the decay instability is made through non-

linear ion Landau damping, i.e., it is an ion-induced

scattering process or, sometimes also called, a quasimode

decay instability. From Eqg. (6.49), the growth rate Yy is

obtained to be

2,70 2
w AA_FO(N) |9, -
_ _ _A A's 0 (3) | _
Yy = 5— Im 3 + €a » FA . (6.55)
Note, from Eq. (6.50), sg3) does not contribute to the

growth rate and Yy further reduces to

2

_ %ot g-1 ) Pro | |es F”(\)sin%e  IMX;
=g F B w = N 2~ Ta v
0 A J (1+x) X+x) e ]

S (6.56)

which has its maximum value at st| ~ |k, vpy| and

(y.) - Yei B-l | Bio | Yei Fz(k)sinze Te/Ti
N 8 B m = = N -
max 0 Aj (1+xg) (1+A_) (14+2)7 + (Tg/T;)

(6.57)

Main conclusions are: (i) the growth rate obtained here is
larger than the classic magnetohydrodynamic value by a

factor (chi/wA)z, (ii) the results are pertinent to the
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pump wave being a kinetic Alfvén wave and (iii), similar

to the resonant decay instability, three types of decay

are possible here (c.f. Fig.é.D. Note that the threshold
pump field depends on FA which, in the collisionless regime,

is mainly due to electron Landau damping and, typically,

I‘A/wci N 0(10-2). Then for a reasonable choice of other

2

parameters; such as 8 ~ 10 °, wci/wA v 10 and Te N Ti,

. -2
the threshold amplitude of B gr (Blo)th/BO v10 T

6.4 Solitary Wave of the Kinetic Alfvén Wave

Solitary'wave is an nonlinear wave which propa-
gates in a stationary form. Usually, such a stationary
wave form is generated by a balance between a nonlinear
steepening effect and a dispersion effect.

Since the MHD Alfvén wave does not have dispersion,
to construct a solitary wave one should introduce either
the finite frequency effect (Kakutami, 1974) or the finite wavenumber
| effect. We consider the latter example and construct the
solitary wave of the kinetic Alfvén wave. (Hasegawa and Mima,1976)

The kinetic Alfvén wave has a dispersion for an
obligue propagation. The nonlinearity originates from its
compressible nature.

We make two assumptions. Firstly, that the plasma

\

B( = ZuonT/Bg) is small but much larger than the electron
to ion mass ratio. The effect of a high B correction is
studied recently by Yu and Shukla (1978). Secondly, the
variation exists in the x-z planc, where z ie the direction
of an ambient magnetic field B, and x is a perpendicular

direction.
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The low B assumption allows one to use the two

potential fields ¢ and Y to describe the electric field,

E_=- 3¢/9x and E, = - 3y/dz. They produce only shear
perturbations in the magnetic field; Bz = B0 (const),
B, = 0 and
x
aBy 82 .
3t  3xoz (6=v) . (6.57)

The relevant field equations are the quasi-neutrality

relation, for ion and electron densities ni and n»

n. = n_, (6.58)

and Ampére's law for J, the current density in the z
direction

)4 asz |
——— (¢-y) = Mo 3535 - (6.59)
3x“ 3z

In a low B plasma, the ion density is given by

on. m. 2
i_ 3 i 9%¢ _
3t 3x | 2 3xat i =0 (6.60)
eBO

The electron density is obtained from the drift kinetic
equation,

afe 5

z 3z 1 3%

Q
H

QL
-
I('D
il
o
L]

(v, £ ) +

axfe (6.61)

3|0
N
Q|
<

N
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Since the drift velocity v, (= sz/B0 + EX§/B0) has only the
y-component, the second term does not contribute. Hence the
electron density may be assumed to be given by the Boltzmann

distribution,

n, = noexp(ew/Te), (6.62)

where Te is the electron temperature. In Egq. (6.60), the
contribution of the ion parallel inertia term is ignored by the
low B assumptlon.

. Because of the low B assumption, the contribution
of ioné to the current density J, is negligible, hence JZ

is given by the electron density.:

aJ 3 (en )
z _ e
02 ot

. (6.63)

Equations (6.59) to (6.63) become dimensionless if
we introduce new variables, & = x/ps, z = zwpi/c, T = wg .t,

n = n/no, ¢ = e¢/Te, and @ = ew/Te where Py é (T /m )l/2 i

1/2.

(S

_ _ 2 . ‘
= eBO/mi, w_. = (e no/eoml) ng is the unperturbed

ci pi
plasma density and cis the speed of light. We then consider
a one-dimensional simple wave solution propagating obliquely
with respect to the ambient'magnetic field. The simple wave

is chosen to be stationary with respect to a coordinate n,

which is defined by

nKE+ K- (6.64)
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For the boundary conditions, we require that the
number density perturbation n(n) as well as its derivatives,
on/d9&, on/9dz vanish as £ - + ©», and ¢ - = . In terms of

¢ and , this means § = 3y/3E = 39/dC = 32¢/dE%=
E) 5/3523; = 0as £ » + ®» and 7 > * o,

Using these boﬁndary conditions, and the vériable n
Egs. (6.59) and (6.60) can be integrated. If we then eliminate
5, 5 and Jz from Egs. (6.59) to (6.63), we have the following
nonlinear wave equation,

2

(K, - n) (l-n) + Ki Ki n (6.65)

Bl
3
5[
|5
o —
!
>

The linear dispersion relation is obtained by substituting
n=1+én exp (iKn) = exp iK(KXg + Kzg - T) = exp i(kxx +
k z - wt):

z

.2 2.2
1=K, (1+k°K)). (6.66)

In terms of the original coordinates,

2 2 2 2 2
wo = kz Va (1 + kx ps). (6.67)

This is the dispersion relation of the kinetic Alfvén wave , Eq. (2.19).
The related solitary wave solution is expected to have a
structure scaled by the ion gyroradius Py in the perpendicu-

lar direction and to propagate almost in the parallel direction.



- 159 -

Q\ﬁ‘l(ﬁ( L



- 160 -

Equation (6.65) can be readily integrated once by

changing the independent variable from n to n. Using the

condition dn/dn = 0 at n = 1, we obtain
an |2 _ 2n -2 - 5 - _
— = 53 (l-n)(Kz + n) + (1 + Kz)n &n n
d K K
z
F(B,Ki)
= 55 - (6.68)
K K
X 'z

Expanding F around n = 1 identifies n = 1 as a double
root, a condition required for a solitary wave.

The potential function F(E,Ki) is plotted in
Fig. 6.2 for various values of K%. The nonlinear wave (s)
that we are seeking exist only for the range éf density
which makes F > 0 including n=1l. We see from this figure
that there exists no range if Ki < 1, only one range,
0 <n<1, if Ki = 1, and two ranges, 0 < n < 1 and

- _ = : 2
l<sn<n i K >1. K =1 corresponds to a wave that

propagates at the Alfvén speed in the z direction, hence
Ki > 1 (Ki < 1) corresponds'to a sub-Alfvénic (super-
Alfvénic) wave. For the sub-Alfvénic range there are two
types of solitary wave solutions, one accompanying a

- density hump (n > 1) and the other density dip (n < 1).
Qualitatively this result agrees with the small amplitude

result. However, the wave corresponding to n < 1 has a
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minimum density of zero which is beyond the scope of our
theoretical framework (since the Alfvén speed becomes
infinity), and other effects, such as the finite frequency
effect, need to be introduced to obtain a reasonable solu-
tion in this range oftﬁ.

Consequently, we consider only the wave corresponding
to E > 1. If Kg deviates from unity by a small amount, say
M= Ki -1<<1, (M > 0), the maximum amplitude Bmax of the
solitary wave is correspondingly small. For such a case we
can integrate Eg. (6.68) analytically for a small density
perturbation, A = n - 1, to give

A= 2 secn? e . (6.69)
| 2|KXKZ|
The corresponding magnetic field perturbation By (normalized

by Bo) is obtained from Egq. (6.57),

0

EE = -

S
y v,

OUZI |‘~<w

_ dn cg vYM n
(n-1) >—— = -3 VM sgn (K K ) — tanh | —8 —
RyXz Xz Vp 2|K K|

o

(6.70)

The wave accompanies a finite x component of the electric field

as n > * «, which is given by Ex(n +> * o) = VAK;l By(n > + ),

In general E, is given by
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ﬁ('r;'/Kx,Kg)z
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Ey va/Cg, EXVA/CS
(Amax = 10)







E (o] -
T = X - _ [ -1 %. (6.71)

The present solution is exact to an arbitrary
amplitude as long as the result is consistent with the low
B assumption. This means that the effective phase velocity

of the wave should be larger than the ion sound speed Cq

Hence the maximum allowable value of Kz is vA/cs, or Ki < B-l.

For a large value of Kg, the peak density ﬁmax is related to

max’
-1

2 2 =
Kz through Kz > nmax/‘gn n Hence the present result

should be valid if noo« < B

Fig. 6.3 shows the density pfbfiles for Hﬁax = 10
and N oox = 5. which are obtained by nﬁmerically integrating
Eq. (6.65). The dotted lines show the sech2 solutions that
are fitted to the maximum densiﬁy point. The exact solitary
wave is seen to have a wider structure than the ideal sech2
solution. The corresponding values E& and Ey are shown in
Fig. 6.4. The integration constant is chosen so that these
values vanish at the origin of the n coordinate. As expected
they have kink structures.

The structure of the total magnetic line of force
is also interesting. Because By(n > * o) > * constant, the
line of force must be straight as n + ¥ ». Hence the pro-

jection of the field line into the n - y plane is basically

a triangular shape with a round top as shown in Fig. 6.5.
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The actual line of force exists in y-z plane. Because the

phase stationary line at t = 0 exists on n = 0, such a
line can be expressed by wpiz/c = - (KX/Kz)x/pS namely
z2 = - (KX/KZ)(VA/cs)x. Hence the z axis has an angle

g = - tan—l(chs/vaA) with respect to n = 0 line. There-
fore, the actual line of force féllows the edge of an
oblique slice of the triangular roof-like surface by the
y-z plane as shown by the arrowed solid curve in the
figure. For a linear wave, Kx approximately equals

w_./w >>. 1, as can be seen from Eq. (6.67). Hence, the

Ccl

angle 6 is usually very small.
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" 6.5 Modulational Instability and Envelope Soliton

When a large amplitude wave propagates in a
nonlinear dispersive medium, the amplitude modulation is
known to grow under a certain condition. Such phenomena are
calied modulational instability. When the nonlinear dispersion
relation for w is given as w(k,a), where k is the wave
number and a ié the amplitude of the wave, the nonlinear
equation which describes the dynamics of a wave amplitude

¢(x,t) with a monochromatic carrier frequency wy and wave

number ko is given by (Xarpman and Krushkal, 1969)
v 2 oW
., 3¢ 3¢ 1 g 3% 0 2 2, _
i( 52 +V_ 52 ) + > - (1] = lo, )0 = 0,
at g 9x 2 Bko axz 3a 0
(6.72)
where
v = aw/akI
g k=k,, a=0
oV 2
g=3m
ok 8k2
k=k0, a=0
20 _ o |
Joa H&‘ !
k=kn, a=0

and |¢0| is the magnitude of the stationary amplitude. The
envelope function ¢(x,t) is shown to be unstable if the pro-

duct 3vg/3k°3w0/3a has a negative sign. To prove this we put
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o = VTlx,E) 0 xt) (6.73)

and obtain the dispersion relation © = Q(X) for small per-

turbations on p and o such that

P o P1 ..
s l= 0 + Re o) exp 1[K(x-vgt) - Qt] .
(6.74)
By substituting Egs. (6.73) and (6.74) into (6.72), we
derive the dispersion relation,
® = k%/4 - apx® (6.75)
where
awo v
o=~ =2 / % (6.76)

From Eq. (6.75), we see easily that an instability arises
when a > 0. This means a small perturbation in the wave
amplitude (envelope) grows in time. Such an instability
is called modulational instability and is originally dis-
covered in nonlinear optics.

The physical picture of the instability can be easily
understood if we realize that Egq. (6.72) represents the

Schrodinger equation of a quasi-particle in a potential field
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given by Bwo/aa(|¢|2 ~ |¢0|2), if o > 0, the potential is
attractive and the gquasi-particles are trapped in the
potential whose size is proportional to the quasi-particle
density |¢|2 itself. Hence the more the quasi-particles are
trapped, the deeper the trapping potential becomes, thus the
perturbation grows.

This self-trapping process leads to a solitary wave
solution for [¢(2.‘ If we put [¢0|2 = 0 and obtain an exact
stationary solution of Eg. (6.72) by imposing the condition

that |¢|2 + 0 at x » +.», we have,fora > 0,

1612 = pgsech’( Vapg (x-v )], (6.77)
and
ap
¢ = —2 ¢ . ' (6.78)
2

If o < 0, the solitary wave solution appears only under the
condition that |¢|2 + py(# 0) at x > £ =, The solitary wave

appears in the form of an absence of wave enerqgy (Hasegawa

and Tappert, 1973),

1612 = 0, {1 - pysech’[ / |aloy0, (x-v_t)1} , (6.79)
g
and
/33 tanh[ v Ioc|plp0 (x-vgt)]
o = sin~1
{1 - posechZ[ Ialpool (x-vgt)]}l/2
ol
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Zakhalov and Shabat (1972) have shown that the
nonlinear Schrodinger equation (6.72) can be solved exactly by
using the inverse scattering method and shown that these
solitary wave solutions are in fact solitons. That is the
time asymptotic solution of Eg. (6.72) for an arbitrary
initial condition can .be expressed in terms of solitary wave
solutions of Eqg. (6.81). |

In contrast to fhe solitary wave solutions of the
wave itself, these solitons are often called envelope
solitons.

Now let us see whether the Alfvén wave is modu-
lationally stable or not. As we have seen, the modulational
instability can be found by deriving the nonlinear dispersion
relation w(k,a) and finding the sign of ng/ak + dw/da.

First we note that the Alfvén wave propagating in
the direction of the ambient magnetic field does not have
any dispersion, so that avg/ak = 0. Hence to find the
modulational instability we must consider the finiﬁe
frequency correction. The dispersion relation as‘derived

in Chapter II (Eq. (2.24)) then becomes

2
2.2 wo .,
c g - (Pl = . (6.81)
w Woq (Wei™®

Hence we see that avg/ak = azw/ak2 < 0. Now to find 3Jw/da ,
we must apply a nonlinear perturbation theory. The perturbations

should include amplitude to the third order. The most elegant method
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for this is the reductive perturbation theory developed by
Taniuti and Yajima (1969). The reductive perturbation leads
directly to the noﬁlinear Schrédinger equation of the form
(6.72).

Leaving the detail of the perturbation processes to a
reference (Hasegawa, 1972), we show here the nonlinear
Schrddinger equation which describes the modulation amplitude of

the Alfvén wave,

2
v 2 kv
il v L3 Lt
g dXx 3% vg
2 2
(Jo1% = Tog1%r0 = 0. (6.82)

We see here that Bw/aal = kvi/(4vg) > 0. Since ng/ak < 0,

a=0
we find that the Alfvén wave is modulationally unstable.

The nonlinear frequency shift 3w/%a is closely related
to the ponderomotive forée. The modification of the back-
.ground plasma density due to the electromagnetic wave pressure
(ponderomotive force) leads to the local shift of the wave
frequency. In the case of the Alfvén wave, the wave energy
is primarily magnetic and the corresponding ponderomotive
force becomes negative; this means that the plasma is
attracted to the region of»larger intensity of wave magnetic
field (Kaufman et al., 1978). This leads to the modula-
tional instability in the region of negative avg/ak which is
opposite to the case of the well known Langmuir wave where

the ponderomotive force is positive.
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VII. PLASMA HEATING BY ALFVéN WAVE

7.1 Introduction

In this chapter we consider plasma heating by the
Alfvén wave. As we have seen in an homogeneous plasma, an
externally applied electromagnetic field with frequency Wy
faces spatial resonance absorption at the Alfvén resonant

surface r = r, given by

0
wy = k"(ro)vA(rO). (7.1)

If a proper choice of parameters is made, the absorption rate
approaches 100%, that is, the wave energy is deposited into
the plasma at the same rate as the frequency of the wave.
Plasma heating by utilizing this absorption has been proposed
independently by Grossmann and Tataronis (1973) and Hasegawa
and Chen (1974). The absorbed energy is shown to be converted
to the kinetic Alfvén wave. The plasma is heated when the
kinetic Alfven wave is dissipated by the particles either by
collision damping, Landau damping, and/or nonlinear effects
(Hasegawa and Chen, 1975). We derive the rate of absorption
in 7.2, the heating rate of each species in 7.3 and some

design example in 7.4.

7.2 Resonant Absorption and Energy Dgposition‘Rhte

As we discussed in Chapter IV, in an inhomogeneous
plasma, the Alfvén wave has continuous spectrum.: If a
A;nochronatic vvave or 2 osciilating nagnetic ficld Is appliiced
externally to an inhomogeneous plasma the wave energy is absorbed

at the resonant surface. The absorption rate can be obtained

by using the idcal MHD equations. This rate can be shown
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to be the same even if the kinetic theory is used if the
kinetic Alfvén wave, which is excited by the mode conversion,
propagates into the plasma and is eventually absorbed by

wave particle interactions. Here, we calculate the energy
absorption rate using a model boundary condition for a con-
ceivable plasma. We také planar geometry as shown in Fig. 7.1
in which the inhomogeneous plasma is located in x > 0. The
current in the antenna coil is represented by a surface
current gs at x = - h.x = xo represents the Alfvén resonant
surface. The plasma is assumed to be uniform in x > a.

The equilibrium properties of the plasma (mass density p, pressure
P, and the confining magnetic field B) vary only in the x

direction. B(x) has a shear component; i.e.,

-~

B(x) = Bz(x)ez + By‘x)ey. (7.1)

(In a toroidal plasma, x, y, and z correspond to radial,
poloidal and toroidal direction, respectively.) P (x) and

B(x) satisfy the equilibrium condition
2
d/dx(P + B /Zuo) = 0.

Linearizing the ideal magnetohydrodynamic equations,

including the compressibility effect, from the equation of motion we
have - 2 ~
UODE - (B:V) 5 = - UOVP - §(§'V)(V°§), (7.2)

~

where £ is the fluid displacement vector and
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?,-the perturbed magnetic field, is related to £ throuah
the Maxwell equations
B = (By'V)¢ - By(E-V)B, . ' (7.3)

Combining the adiabatic equation of state and the continuity

equation, we can express the perturbed plasma pressure p in

terms of £, as

p=- Ede/dx - yP(V-E). (7.4)
Assuming perturbations of the form

£ = E(x) exp[i(kzz+kyy—wt)],

~

with w = wy + i6 (6 0+) and adopting the local rectangular

coordinates with e, =B, /IB | and e, = e, xe, Eq. (7.2) then

becomes, for each component,

Egu = ik qu + 1B2k (lk E +lk 5 +d£ /dX), (7.5)

€€, = ik UgsP : (7.6)
and

eEx = uodp/dx . ‘ (7.7)
Here,

 P=p+ B*By/Uqy 4
k" (x)BO(x) = szOZ+ kyBoy,and kl (x)Bo(x) = kyBoz- kZBOy Using
Egs. (7.3) and (7.4), we can express gl(x) in terms of Ex(x),

as



- 183 -

. 2

1ale0 d&x
& (x) 2.2 .
akl B0 - £ dx
Here,
wzci
a(x) =1 + ) 5 . (7.9)
valw'=Cg vqq)

Substituting Egs. (7.6) and (7.8) into Eg. (7.7), we then

arrive at the wave equation for Ex'

2

caBZ ag
3% ( —— Z) - ek, = 0. (7.10)
akl BO - £ dx

Equation (7.10) contains the shear Alfvén, the
magnetosonic, and the ioh-acoustic.waves. Due to the non-
uniformities, these three waves are coupled. Note that
Eq. (7.10) has a singular solution at the resonant point
X = X where € = 0. This singularity then causes the wave
phase mixing and, hence, the energy of the excited wave is
dissipated. Equation (7.10) is a generalized form of
Eq. (3.5) in that the effect of'compressibility is included.
When Cs -+ « and kl = 0, this equation reduces to the ideal
Alfvén wave equation (3.5). We also note here that near

the spatial resonance where ¢ v 0, Eq. (7.10) is reduced to
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ag
d X 2 _
ax (& ax ) TR T 0 (7.1

hence it recovers the structure of Eq. (3.6). This indicates
that near the Alfvén resonance, the effect of compressi-

bility becomes irrelevant. 1In the subseguent analysis ve shall

~»

2
X7 and

it
“~
s 4

. 2
assume low B plasma is c_ << vi so that wg >> @

a(x) v 1+ ci/vZa o).

Let us now obtain the energy absorption rate
dw/dt. From the power conservation law, dW/dt should be
equal to the difference in power flow toward the plasma
before and after it reaches the resonance Surface Xg- The

total power flow P in a cross sectional area § = L L, is

Y
‘given by
L L
P = ——YZ—Z Re (ExH*+vp*)
L,L, ' x ~
= —Xf— Re 1w0€x P
L L_u . oL
X k2u ox
170

If we note that €x has a logarithmic solution near x = Xy

such that
Ex = C ln(x—x0+16), | (7.13)

'Eq. (7.12) indicates that the power flow is discontinuous (but
‘“not divergent) across the plane x = Xge Hence the absorption

rate is obtained as,
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2
_ L L % |c| de_

dt 2 2 _
k uo dx x—x0

X0+
Im[zn(x—x0+i6)]
XO‘
™ lc|? | ae_
= 0 o, I = , (7.14)
k uo x=x0

where €. is the real part of €. The above expression shows
that the absorption rate is proportional to the gradient

of € given in Eq. (7,8), and ]C{z. C is proportional to the
amplitude of the externally applied field intensity. For a
design purpose, C should be expressed in terms of driving
field. To do this we must solve the boundary value problem
of Fig. 7.1 and express C in terms of the current density

gs of the excitor coil. This process is straigbtforward

but tedious. Referring the process to Chen and Hasegawa

(1974), we write down the result here.

%% = 27w Mz, 1 12 B% o) , (7.15)
kgl ligxgl 1112 Yo
where
r = [Io(xo) - Il(xo)]Dl/Dz + KO(XO) + Kl(xo),
D,/D, = [Ry (X)) = Ky(Xp)1/11; (X5) + I5(X5)1
X =

o = Ikgleg/e, X, = Ik lepr/x .
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KX + eI 0
{ €
IT

| A
o

o X

<
e(x) = x >
In(x) and Kn(x) are modified Bessel function of the first

and the second kind, and Bi (0) is the magnetic field

induced by Jg in vacuum,

J
2 Hovs
Bx (0) 2

“expl- |k [hl. (7.16)

It _can be shown that if the plasma nonuniformity is weak such

“that k/k, << 1, then |Xp1 = |kyx >> 1, |x | = |ky(a—xo)| >> 1,

ol
-1/2 .
and T ~ V27 (Ikylxo) exp(lkylxo). Then the absorption

rate may be written,

2
aw LyLz Bx(xo)

TN Y . (7.17)

k.| Yo
Y

This expression shows that at each cycle of the wave, the
magnetic field energy given by |Bx(x0)|2/u0 in the volume of
LyLzlkyl_l is absorbed, an indication of a very efficient
rate of absorption.

7.3 Heating Rate

To obtain the heating rate of each species in the'
plasma, we must utilize the kinetic theory. As was shown
in Section 4.5,the absorbed energy due to the spatial
resonant is converted to the kinetic Alfvén wave. Hence the
heating rate of each species can be obtained by the damping

rate of the kinetic Alfvén wave by the species (Hasegawa

and Chen, 1975, 1976).
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First let us consider the collisional regime. Here
the ion heating is dominated by the viscous damping of the
transverse component of the wave field. The heating rate

is given by

1 .

2 E:0|Ex[2 w;i
0.7 vii(kxpi) 5 > for kxpi < 1
- Ooi
2 2
-1 €OlEx| wpl
0.9 vii(kxpi) > 5 for kxpi >1,
ci
(7.18)

2
1=,

where Vig is the ion-ion collision rate. Because kx’ [EX

and w;i/wii are all functions of x, the heatipg rate varies
as a function of the distance away from the mode conversion
point. However, the vériations tend to cancel among

each other and the heating rate remains'roughly constaht

and is given approximately by

-1,,2
n,(dT,/dt) v \)ii[IBy(K ) | /2u0] , C(7.19)

where By(K-l) is the value of the wave magnetic field at

x = kL. By, is related to the amplitude of the source field

BSy through the Airy function as shown in Section 4.5,

Bl ~ (xo) 72310+ (z /702 02118, 1), (7.20
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near the mode conversion region,

. -1/2 2 2 o
lByl voo(kpy) [1 + (T /Ty )k, oiJIBSyl , (7.21)
away from the mode conversion region (at x = K—l). If we take a
tokamak plasma, K n r'-l " 10_3p_1; hence, the y component of the

wave magnetic field can be enhanced by a factor of a hundred

near the mode conversion point.
The electron heating in a collisional regime is

governed by the Ohmic dissipation of the field aligned

current,
AT /dt) = 1 Re(J_E)
n = = _
0 e 2 z 2 (7.22)
2
Te 1 g tey2 SolBel epg o
el T. ) 0 2 wz k2 V2
i “i ci Tz ‘Te

If we compare this heating rate with that of the ions in

Eg. (7.18), we see that

2,2 2
dTi;dt . \)ei(Te/Ti)(wo/kz VTe)
4aT _/dt
€ Vii
m. 1/2 T. 3/2
i i 1l
N — ) ( T ) B (7.23)
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For most tokamak parameters, this ratio remains of order

unity. Hence, in a collisional regime electrons and ions

are heated approximately at equal rate. However, electrons

are heated in the parallel direction while ions are heated

in the perpendicular direction.
In a collisionless regime, the linear heating
occurs due to the Landau damping. Hence, particles are

: *
heated in the parallel direction, nOdT/dt ~ Re(JzEz/Z).

The Landau damping rate for trapped electrons by a local

mirror is reduced by the bounce motion. For simplicity,

we assume the case of a straight magnetic field. The

heating rate for ions in a collisionless regime is then

given by
“Ag 2 2
ar, 8, T, 2 Ige -A; 2 eolEXI o
n —=w -8, (7)) — (1 -1I.e ) :
0 dt 0 2 "1 Ti Ai 0 2 w2_
ci
(7.24)
where
- -3/2 - g7l 7.25
§; =2 /7 8,7/ “exp(- B;7), ( )

3 2
and Bi is defined for the ion pressure, Bi = ZVTi/vA

at the resonant point. Other quantities, except w are a

function of position. Maximum heating is achieved at

A. NV 1.
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The heating rate for electrons in a collisionless

regime is given by

2 2

dT T - eq|ELC wZ,

e _ e 1 _ i, 2 0'®"x i
Ny gt ~9% o, (- Ige )T ———— —3—2 , (7.26)

i fd 2 wl.

ci

where 6, is given by
- -1/2 1/2 1/2 | =

8o = /7 BT T /T )T T my/my) TS, | (7.27)

) 2 2 2 .
In Egs. (7.24) and (7.26) EOIEXI mpi/wci can be approximately
identified as the wave magnetic field energy B§/2u0'
The ratio of the heatingArate for ions and electrons

in the collisionless regime becomes

-\,
1
dTi/dt N (l/Z)BiIOe Te/TiGi
dT_/dt 5
e e
-1
2m, 1/2 T 3/2 -8,
v o ——= ) ( T ) e for Ai << 1.
m i
© (7.28)

The factor Bi on the ion heating rate appears because the
ion Landau damping is possible only through the coupling
to the ion acoustic wave. This ratio is negligibly small
for a low B plasma; that is, only electrons can be heated
in a low B plasma, However, when Bi approaches unity, the
ratio becomes order unity. For example( if Bi = 0.2,
Te/Ti = 2 makes this ratio unity and the corresponding

value of Gé becomes 0.13. Because of the trapped particle
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effect, this value of Ge is an overestimate.

The true

damping rate will probably be an order of magnitude less.

Let us now consider a nonlinear regime.

the kinetic Alfvén wave has an enhanced
the resonant mode-conversion, even with
amplitude of the external source field,
are expected to take piace.

As was discussed in Section 6.

wave decays parametrically into another

T..

and an ion acoustic wave if Te >> i

decays into another kinetic Alfvén wave
linear Landau damping of the ions.
ions are heated and the heating rate is

to the decay rates given in Egs.

Because
amplitude due to
a reasonably small

nonlinear processes

3, the kinetic Alfvén
kinetic Alfvén wave

N . ]
If Tg 2 T;0 1t

through the non-

In either cases, the

roughly proportional

(6.54) or (6.57),

dT; 2
g X YBy/2Mg s (7.29)
where y = Yp (Te >> Ti) or YN(Te v Ti)’ and are approximately
given by
w B
yoo= S22 ¥
D 4 B1/4 B0
and
y. = Yei 22 |»1_3X |2 j=F!
N 8 B B0 wa
and
1> A(= k2 p°) = max (A, A, A) -
1l s 0'"A’"s
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7.4 Some Design Examples

In this section we present some design examples of
the application of the kinetic Alfvén wave for supplementary
heating of a Tokamak type plasma. As the Ohmic heating
saturates at a temperature near 1 keV,‘a supplementary heating
is needed toincrease the temperature to a fuéion temperature

of 10 keV. Several methods have been proposed for this

purpose, but none is proved conclusively to be the best

choice. A reactor Tokamak typically has a dimension of the

following size.

A

density of electrons, ne,~2><10l
toroidal field BO; 70 KG

minor radius a; 3 m
major radius R; 12 m.

3 and output

This gives thé‘plasma volume of approximately 2><103 m
power of 3 GW. To heat such a plasma within the expected energy
containment time of 10 sec., one needs the input power of the
supplementary heating of 200 MW. If one subtracts heating'
efficiency, this number indicated that one needs a power
source with'an efficiency of the order of 50%. This is
rather a severe requirement for a power source with 200 MW.
The Alfvén wave whose frequency range is on the
order of 1 MHz is attractive in this respect because a power
source of this magnitude(and‘efficiency is currently available.
Plasma is heated when the kinetic Alfvén wave is

absorbed by the plasma particles. Supplementary heating has

meaning only in the collisionless regime where the Ohmic
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heating can no longer operate. 1In this regime, Landau

camping or nonlinear wave particle interaction is the important
absorption process.

Since the linear Landau damping, which effectively
operates only on electrons, is expected to saturate quickly
due to the plateau formation of the distribution function,
the nonlinear heating is probably the most important procegs.
There, ions can be heated by the nonlinear ion Landau damping.
The threshold value of the normalized wave amplitude BL/B0

is given by

Here we have assumed that the electron Landau damping has
been saturated by the plateau formation, hence only the ion

viscous damping Viik is a dissipative process. The ion-

i
“ion coliision frequency Vii for keV plasma with a density of
5><1013 cm.3 is approximately 103 sec-l. Hence the threshold

is given by

B, (G) = Yw/50.

. If one uses 1 MHz, the threshold amplitude of the kinetic
Alfvén wave becomes‘approximately-so G. This is quite a
reasdnable value if Qe recall that the amplitude of the

kinetic Alfvén wave is enhanced, due to the resonant mode

1/2 n 30, compared with the

conversion, by a factor of (psa)-
externally applied field.
If the kinetic Alfvén wave dissipates completely

as it propagates through the plasma column, the heating rate
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is given by the absorption rate of the externally applied

oscillating field by the resonant absorption. This means

that the damping rate per cycle should be larger than the

wavelength (%os) over the minor radius of the column, which'
3

for the example shown here is 10 °. The absorption rate

is given by

e 2
dt 2u0 !

where V is the plasma volume énd Bf (XO) is the value of
the magnetic field at the location cor;esponding to the
resonant surface in the absence of the plasma. This
relation shows that to provide 200 MW to the plasma, one
needs only 4 G of oscillating magnetic field. 1Inside the
plasma, this field will be enhanced to about 100 G and will
be well beyond the threshold value for the nonlinear
Landau damping.

The oscillating RF field with a typiéal frequency
of 1 MHz is launched by a coil placed at the wall helically
wound with respect to the toroidal magnetic field.. The

Ohmic (skin) resistance R of the coil is given by
R = Rsz/d,

where d and % are the width and the length of the coil,

and RS is the skin resistance '\110-4 Ohms for a copper and

-3

~10 Ohms for a tungsten,
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On the other hand, the radiation resistance
Rr is given by

w

o

R ~

r m “01 L wOL;

N

where L is the coil inductance. Hence the heating efficiency

of the coil n is given by

S 1
"= TERERE

r

where

R 1
R. = 21x10%d (m)

e

1

even for a tungsten coil.
If d v 0.1 m is used R/Rr << 1 and n v 1. The
Q value of the coil itself is given by wOL/R " 2ﬂX102d.
The Q value of the coil including the radiation impedance
is order unity because of the high efficiency of the resonant
absorption.

The induced terminal voltage V of the coil is

given by

vV = wOLI.

e
1

of 1 m length produce V ~ 100 Volt.

To produce 10 G amplitude of B (XO) at 1 MHz with a coil
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The excitation by a coil has ‘a merit in that it

can be designed such that the magnetosonic wave is made

cut off by choosing kyVA( = keVA) >> w whereby oﬁe can

suppress the
plasma. But
installation

An

unnecessary compressional motion of the
it has demerits that originate from the
of a large coil inside the reactor chamber.

alternative method is to use a waveguide, or a

smaller antenna coupling to excite a magnetosonic wave which

is resonantly absorbed at the Alfvén layer as shown by

Eq. (7.10).

If a plasma can tolerate the compressional

motion of the magnetosonic wave, this method can eliminate

the problem of the large antenna. (Ott et al., 1978; Kearney

and Perkins,

1978) .
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7.5 Experimental Results

We introduce here four major experiments of Alfvén
wave heating. (1) Theta pinch plasma in Lausanne, (2)
Stellarator plasma in Wisconsin, (3) Stellarator plasma in
Suhumi and (4) Heliofron plasma in Kyoto. 1In all these
experiments, an efficient absorption and heating have been
observed, however, there seem to exist discrepancies in the
existence of enhanced loss of plasma.

Here we introduce a brief summary of experimental
resﬁlts of these machines in‘this order.

Theta pinch.

Alfvén wave heating on linear theta pinch plasﬁa
has been studied by Keller and Pochelon (1978). The pinch
configuration and the helical launching structure are shown
in Fig. 7.2. The theta coil has a length of 142 cm and an
inner diameter of 9 cm. The main field reaches 16 kG in 3.8 us
at which time it is crowbarred. The quartz discharge tube
has an inner diameterof 5.2 cm. Two electrodes, 1.2 cm
in diameter, are 142 cm apart. The typical plasma para-
meters are: percentage of ionization, 75%; mean plasma radius,
0,76 cm; mean electron density, 2><lO16 cm_3; maximum plasma
temperature (Lefore heating), 40 eV. The helical launching
structure has an m = 1 configuration. The.energy source
is a 45 kV, 0.1 pyF low inductor condenser. Coupled with the

coil system, the ringing frequency is 1 MHz. The temperature

and heating power are measured by diamagnefic probe.
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Figure 7.3 shows the increase 6f tempefature (T) and plasma
beta (B) as the functional time. The heating efficiency
deduced from the experimental data is approximately 50%.
Evidence of resonant absorption is observed.

Proto-cleo.

Alfvén wave heating on proto-cleo plasma at
Wisconsin has been reported by Golovato et al. (1976). The’
proto-cleo is operated as an 2 = 3,7 field period Stellarator,
with a major radius of 0.4 m and an average plasma minor
radius of 5 cm. The plasma density is approximately lO12 cm_3
and the electron tempefature of the order of 10-20 eV. The
poloidal field is 3 kG and the energy confinement time is 1
ms. The experimental setup is shown in Fig. 7.4. The r.f.
coil is the helical winding that goes three times around
the major axis of the torus in going once around the minor
axis. It is inside the higher pitched confining field
windings. An up to 200 kW generator operating at pulse
length of 1 ms was used to launch r.f. Figure 7.5 is the
plot of the radial electron temperatufe profile immediately
after'r.f. was cut off, normalized to the temperature pro-
file at the same time without the presence of r.f. Notice
that several peaks are observed. These peaks roughly
correspond to the spacial resonant surfaces assuming one
dimensional theory. Both the electron and ion temperatures

appear to be doubled. One unique feature of this experiment
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is the observation of enhanced transport due to the applied r.f.
field. The anomalous transport varies approximately linearly

with respect to the amplitude of r.f. and is believed to be caused
by magnetic island formation.

RO-2.

Alfvén wave heating experiment on RO-2 at Suhumi
is interesting because éf the high intensity.r.f. field (Demirhanov,
et al. 1977). The schematic diagram of RO-2 and its coupling
coil is shown in Fig. 7.6.

Efficient heating is found to take place when the
plasma density is made larger than SXlO13 cm—3,at which
density the Alfvén wave can be coupled into the plasma.
Figure 7.7 shows the clear nonlinear aspect of the heating
as a function of r.f. magnetic field intensity. It is also
interesting that the temperature reached almost 20 times
of the initial temperature. 1In actual numbers, the ion tempera-
ture increases from 20 eV to 250 eV. The nonlinear threshold
of the heating takes place at the r.f. magnetic field ampli-
tude of about 50 Gauss. One remarkable aspect of this experi-
ment is that the fluctuating field observed by loop voltage
has disappeared and better confinement is achieved when the
Alfvén wave is coupled in the higher'density.phase of the
discharge. - The better confinement in the presence of large
amplitude Alfvén wave may be understood in terms of the negative

ponderomotive effect as was discussed in Section 6.5. Unlike
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the case of electrostatic ponderomotive force, magnetic
ponderomotive force tends to attract plasma into high inten-
sity region of r.f. field. If this is proved to be the
case, the Alfvén wave heating has a very attractive feature
in that the applied r.f. field works to heat as well confine
the plasma.

Heliotron-D

Alfvén wave heating of Heliotron-D has been
reported by Obiki et al. (1977). The machine has a major radius
of 1.1 m, minor radius of 10 cm, with the tofoidal field
of 2-3 kG, electron density ranging between 3x101%-3x1013 cm”3
The plasma is Ohmically heated before the Alfvén wave heating
is applied. A schematic diagram of the Heliotron is shown
in Fig. 7.8. The initial experiﬁental data tend to show a
successful heating but poor confinement of electron heat.‘
However, most recent.results seem to indicate.a good heating
and good confinement as shown in Fig. 7.9. The improvement
in confinement is achieved by better shielding of the r.f.
coil. One remarkable result of this experiment is in the
clear threshold of efficient heating as the function of
initial electron temperature as shown in Fig. 7.10. As was
shown in Section 7.3, the heating occurs due to the
dissipation of the kinetic Alfvén wave which is excited
at the resonant surface. However, the kinetic Alfvén wave

can exist only when the electron thermal speed is larger
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than the Alfvén speed at the resonanf surface. Otherwise,
the kinetic Alfvén wave cannot exist hence the mode conver-
sion cannot take place. In addition when the electron
thermal speed is larger than the Alfvén speed, electron
Landau damping and the consequent heating of electrons can
take place. This threshold can be seen in Fig. 7.10; the
temperature increases only when this condition is satis-
fied. 1If the kinetic Alfvén wave cannot be excited, the
heéting takes place only locally at the resonant surface.
Therefore, having an initially large enough electron tempera-
ture such that its thermal speed is larger than the Aifvén
speed is essential for a bulk heating. Among three toroidal
experiments introduced here, the Wisconsin results fall into
the case of no kinetic Alfvén wave excitation. The enhanced
plasma transport which seems to exist only in the Wisconsin

experiment may be related to this point.
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LIST OF SYMBOLS

magnetic field vector

speed of light in vacuum; 2.998x10% m/sec
ion sound speed VTe(me/mi)l/z

diffusion constant

dispersion relation; D (w,k) =‘0

electric field vector

Fourier amplitude of an electric field vector

with the wave vector k.

19

electron charge; 1.602x10 ~° coulomb; base

of natural logarithm

force

distribution function in v-x phase space

imaginary part

modified Bessel function of the first kind

vy = 1

current density

Bessel function of the first kind

modified Bessel function of the second kind
wave vector

Debye wave number; wp/vT
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31 kg

electron mass; 9.107x10
ion mass

number density of particles; harmonic number
order of x in magnitude

principal value

pressure

BO-B

Ho

Total pressure (p +

charge of a particle; e for proton, -
e for electron

radius

real part

temperature (energy unit)
time

velocity

group velocity, 3dw/dk

phase velocity, w/k

parallel speed; in cylindrical coordinates v,

Alfvén speed; cwci/wpi
drift speed

diamagnetic drift speed
thermal speed; (T/m)l/2

perpendicular speed in cylindrical coordinates

. . 2 2.1/2
with ano,_(vx + vy)

kinetic energy; m(vi + vﬁ)/2

pesition vector
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X coordinate

Yy ‘ coordinate

Z plasma dispersion function

z coordinate

B pressure ratio of plasma to magnetic field;

: 2
nOT/ (Bo/2u0)

Yy growth rate of a wave with the wave vector k
\v) e__a_-{-e §_+e.§_
: X 90X y 9y z 9z
8 (x) ' delta function
i3 Kronecker symbol; = 1(i=j), = 0 (i#j)

éo permitivity of free space; 8,854Xl0-1? farad/m
e,e(w,k) eguivalent dielectric constant
A ' wavelength

2.2 2
A k le/wc
AD Debye wavelength; vT/wp
VaB collision frequehcy of particle a to particie 8
u adiabatic invariant; mvf/(ZBo)
Mg permeability of free space; 4WX10-7 henry/m
n resistivity
o] conductivity

o(w,k) " equivalent conductivity; -iweoe(w,k)
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measure of density gradient; —V(lnno)
charge density

Larmor radius

mean free time

reduced time

electrostatic potential

amplitude of a modulated wave

solution for w for a given value of k of a
linear dispersion relation
/2

plasma (angular) frequency; (_ezno/eom)l

cyclotron (angular) frequency; zBo/m

drift wave (angular) frequency; klvi V(Znno)/wc

reduced spatial cobrdinate vector
plasma displacement; 93§/3t = v
ensemble average

complex conjugate

electron

ion (proton)

imaginary part

plasma

real part

unperturbed (dc) guantities

perpendicular to the magnetic field

parallel to the magnetic field
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APPENDIX
I. MHD Equations
on _
a—t-+V(nY)—0,
dv
™t ge -2 VP

dp _ 2 P
dn 3 n '’
oB
VXE = - 5t
VX? = Uog ’
veB =0 .,

II. Vlasov-Maxwell's Equations
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III. Drift Kinetic Equations
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etV Wofp) o (mfp) T O
fD = fD(V"rUr‘i(lt) ’
Yo = Ypi T Vb ¢
Vpy = VyB/B
FxB
vV, =V, + —5 ,
~ DL ~ B qB
(E+vHXB)XB
v, = —="__-
~ E B2
mvf ~ dvE
P, =-WwWB- g Rom-—gg +mg,

F = - uV“B + qE" .
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IV. Plasma Dielectric Tensor
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The argument of the Bessel functions Jn is klvi/wc; mc(= q?o/m)
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~ 0
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V. Plasma Dispersion Function
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FIGURE CAPTIONS

Fig. 2.1 Measured phase velocity of Alfvén wave as a
function of axial magnetic fiela strength,
initial mass density p = 1078 g/cm (from
A. W. Desilva, J. M. Wilcox,‘W. S. Cooper and
F. I. Boley; Magnetohydrodynamics, Proc. Fourth
Biennial Gasdynamics Symposium, Ed. A. B.

Cambel et al., North Western University Press,
Evanston, 1962).

Fig. 2.2 Attenuation measured as a function of axial
field strength. Solid curve is a plot of theory
derived from Eqg. (2.53) normalized at 12 K Gauss
(from A, W. Desilva et al., loc. cit.).

Fig. 2.3 Oscillogram showing reflection of Alfvén
wave from a pyrex end plate. The voltage reflects
in phase, the magnetic field out of phase, in
accord with theory for a non-conducting boundary
(from A. W. Desilva et al., loc. cit.)

Fig. 2.4 Oscillogram showing reflection from a copper
‘plate with ionizing current still flowing to the
plate. The electric field has reflected out of
phase and the magnetic field in phase, in agree-
ment with theory for a conducting boundary (from

A. W. Desilva et al., loc. cit.).
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FIGURE CAPTIONS

Oscillogram showing reflection from an interface
between plasma and neutral gas. The phases indi-
cate a non-conducting boundary at reflection (from
A. W. Desilva et al., loc. cit.).

The radial distribution of the magnetic field

be, measured near the receiving end of the tube
after the wave has made three transits of the
tube. The dashed curve is the theoretical
distribution for the lowest mode Jl(kcr). Higher
modes are all neglegible at the distance repre-
sented by this measurement (from A. W. Desilva

et al., loc. cit.).

The distribution of the spectrum of |w/k| sketched
as a function of 8, the angle between the wave
normal direction and the direction of magnetic
ficld (from C. Uherni, Phys, Fluids 15, 1673
(1972)).

The discontinuity in desnity is shown by solid
line and smooth variation by broken lines.

The ratio of the magnetic fields,y, and plasma
densities,n, on either side of the plane of
surface wave propagation are plotted against each
other for various values of the ratio of surface
wave velocity to the Alfvén wave velocity Va1’

Vph .
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FIGURE CAPTIONS

The branch cuts and the least-damped roots of
the dispersion function D(k,w) on the n = -1
sheet of its Riemannian surface.

Schematib diagram of Ex field of the kinetic
Alfvén wave excited at the Alfvén resonance
surface x = 0. EO shows the x component of

the external field or the surface Alfvén wave.
The Alfvén speed is assumed to decrease toward
the right.

Dispersion diagram to show the decay process of
the kinetic Alfvén wave at w, to another kinetic

Alfvén wave at w, and the ion acoustic wave at

A

wg -
Nonlinear potential function F versus the
normalized number density. The solitary wave
solution exists when F > 0.

The normalized density as é function of n/Kx.
The normalized electric Ex and magnetic §§ field
plotted as a function of ﬁ/Kx.

The magnetic line of force of the kinetic Alfvén
solitary wave has a kink structure as shown by
the curve with arrows.

Variation of E as defined in Eq. (7.8) and the

location of the surface current Js to excilte the

kinetic Alfvén wave for plasma heating.
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FIGURE CAPTIONS

Alfvén wave heating experiments on the Lausanne-
linear theta pinch (Keller and Pochelon, 1978).
Plasma temperature and B value in the presence
(solid circle) and the absence (open circle)

of the Alfvén wave (Keller and Pochelon, 1978).
Experimental setup of the Wisconsin proto cleo
(Golovato et al., 1976).

Change of temperature as a function of radial
position in the proto cleo Alfvén wave heating
(Golovato et al., 1976).

Experimental setup of Suhumi RO-2 Stellerator
(Demirhanov et al., 1977).

Diamagnetism which indicates the plasma

temperature as a function of Alfvén wave intensity.

A clear nonlinear heating is seen. (Demirhanov et
al., 1977).

Experimental setup of Kyofo Stellerator (Obiki

et al., 1977).

Electfdﬁ temperature profile with and without
Alfvén wave as a function of radial position

and time (Obiki et al., 1977).

Heating threshold as a function of the initial
electron temperature in the Kyoto heliotron

(Obiki et al., 1977).

125N



Wave velocity (cm/secx 10-T7)

—

L 1 N

8 12 16

Axial magnetic field ( k gouss)



L0
03% K 3
L0
o’*":é‘w '
) “50’
> r 03 6’
,N o® < 3(““\‘\ ﬁp |
\5(\\'3 gw\\ . )
3 36\36 ot RO B o> et
T : ‘*40 OQ,\(\\X‘ Y 3‘5
i A y
“ Q’A\b(\&'ﬁ N 6\“ }3 gﬁcl’
T 36 o‘}‘ ) 0 Y 0’ 6“ |
. e \}340 4 ‘3(\‘;. Ys%
;e\ : oaawze o> & )
: & RN B da
Y - ‘53 ﬁ\'QQO'_)‘4 ‘)\\“\ﬂ'ﬁ |
{‘ | 0 \\\ » 1
» | | | :
ot B o> - 8 v 3
*Q 0\’3‘ 30‘:\& Y\;é" **de’ 4? ._“5\2‘ h
oa%: RE i o @ ow‘“zs o g
) a4T ad ;(\“" w3 > — a0 ! ~5(\‘~\‘4¢‘
,ye,(\" c:,\\“ 3 0»04 a®
0 @ 6 "- . ﬁ‘a ) ‘-’
-3 * | | D
‘63 03 “.4\ \(\'4 B
P 4 ) | doo
o ONOQ & c,\v\\, . i
| 00* ‘\‘Q’d@ a2 3 00‘% by ﬁd\i\ o%”b N
) (\\'\da. ¥ *4‘ l)ﬁd))(\ |
0% 2l ot 22 oW -m(““ ,\“‘\’ N £ !
‘? 9360 ')d%o‘\ e 33 o 4 aN\vN\
.r.- ,yg,(\\ c,\&“& v\(\&h ’\Y\‘»
0 .d 6 FQ. N & =Y k
20 + B | dé ¥
B2 400 mx‘i . 636 OD* \‘N
| »0'4 :\ | \. ‘P‘ )4 ’)(\"
k‘:s 0‘.)&0 év “}\ + 'be . “»&ﬁ(\ 3 3 “3\\*&
v\, ‘é‘) ~\‘400 4 u)’(\ﬂ‘dﬁ \N‘ab“
| * W2 n c’gb(\\‘f) a ‘:1\\%\\’ :
. 507, 3\\‘\«‘ aa,b"’ <07 Pae®
V9 w> | | |
ox\bo &% o + £ 036(\ Yo ‘;\\A\ s
‘33 | ﬁe\ 6‘1 -+ -
’\ﬂo rd 5(\“ a2 o o© wv\w&
s ‘A(\&) r,\\*t' )',?d\ |
03 : 6 . %‘a 0‘5'8‘9 C,\ :
\63‘\ f 0?' ;‘i\i\ a‘c‘d | Ml
3 <4 ’s“\\ | doo :‘
00 Q¥ .Y *> W i
f\“\\\')'d 5“3“ » ‘:“ioo.jﬁ 50?\“\’ %361
53,;646 ‘:’ oqﬁ(\;ﬁé 6\\" o S 48 i
1\3 \'\‘30 J)“ 5(\‘\\
o) N g
oﬁi’aa“e’ 7 O e
; “ﬁd:\‘g"‘é ‘\\\'
® & | r\‘
N AR - J
& ‘.}.400 g 5(\\_\4“‘ ‘3’\‘)‘
N ) .gw-‘o - : l
Noo\:\ ;o\w‘i‘ ' 636“ @ \NOC“ *\\N\:'.
nr A\g& }‘0 23150 ;'\‘3 g \9\ 9
10° .‘,\4\\ G v e o : .‘ﬁ“
A 45“ x 9:4 ~ 50
V “\%& o . D \X\
£ ) .
0 4% | 6-6 | -‘
Ato ".4 éc\“ \5’\ A'ﬂ 60;
..\\?'\' ‘h% ‘; &'J
N o 0 ‘g
. 50‘&%&\ -636 :
<4 ~ * ’ |a\.\‘f“\:\ :
LY f“ao \\&' A ;
=\ . i
o~ ;‘2‘_\\.6\'\ |
‘\d ‘ oﬁ é(\\ N
e.\\'\\' |




I { T \ R
- © 4
L 4 | L R
© 0 <. 2 ~ -
(apnuidwo Buiap/epnitiduid pPanIdadaYy)

16 20

12

Axial niagn’e_tic field (kilogauss)

o



ol LA Y AUME- woeo

oA




10

+
. 1
/| <+
P “ L
! . ) &
~ -
\ 1
[ ]
H 1
. S
t 4 v
+
-
|
o O o
o) @)
N . —-—

(SHOA) A

(ssnob) mn

Time (psec) |



-2
a3° At °




lw 4
4
4 . 4
L A
| <+ 4
_ 4 4
7 § 4
i
<+ 4
It L
4 4
4 4
L Af
< Af
4 4
*
i
—_—

1

R e -

o
S w0
0 o
(SHIOA) A

gmm:oov_mn






Y

o N A

————

750,

S00

( si|on) .>

2350

> ~o
2 o

(ssnob) Gg

( HLsec)

Time



(:-sﬁ L=
4 2. 5 \N\'_:J

.
——



Wave 'rﬁogneti,c' field b8 (gauss)

60}

|

2 3 4
Radius (cm)




04\
07 PN










TR e e

noz'.

(2)

- X

e

n(x)g

(0)

(1)

No¢




[ SRS




4.0

3.0

>~ 20

1.0







waR -

Vo WalW V.1
Wih 1

Fa\
Wao

iwr )

_.wAz

~Wh 4

wi-)







i







. )‘O<)\A )\o>)\A
(a) ’ (b) -

Ao 2 \g

(¢)



&I

A%

- v (%Y &\U‘/l‘.’\ N
- ~ . > 0™ 4?2 AR S
. . AAY v Y O~ 42" WY ,r.oOﬂumev.xr /7& NES AN > oY a
had A O™ 43' » Y AT ) LAY A0 N
B Q AN 4 4% \ Y ] QYA AN 2T L8 o
_, 47 4T PSS o¥le o g 2% 4 SENE
| P, e AR SN 03" 40 07,3 ?
_ 00 48 3%, 8¢ 03,32 X
| 3%, 0?43 »
| v
m_ ¢ N £ " 104_“
_ LN r et R ) o’ \a%
I LI P2 g0 a hat ot o N 0® 3% a> 40 o;ﬁwﬂ
79 LY * 4/& - A/d/ o O Wn/ s 4 e <4 AV e} tv.A ) Y * y ;
SN ot jov | 0@ 3% 40 ¥ e LSS o o of ae?
wO bY 40 <> s 4.,& e A RRNE R GO 49 \w& &A O.w ,vo
870 PRV oY 20T EX AP IR ?
s avoa 2V a2 40 0,3 Y
Py S 02 40 3
__ ST )
]
|
L RN
0 . L
3 @8 L) < D\
IR L SN o av B ST NS
AR < SN Q7 L0V U A Yy \
L RPN 07 0 O o3 . <4 LI R ©
W 07 0% OF g3 o) L RO RN RN - 0Ny
0" 0y O 943w 4 4Ty b RNE - oaYla A
o 3w 4 \ . A % Q A AN 3 o ¢
. S RN b AT o> e 24 2% 4 07,1
MRS o>, 287 ¢ 83" 48 6,3 °
NS 58 49 03" 48 &
30 ¢ 02 1 =N
02,3 3
)
LI o
. LN Lt S S\
S LW LR P 07,0
e LA W o o 43
A W *oo ob 3V o> SRR T S SIS RS A
SRS o oy 09 3% v L RS BN\, A o> s COC LI
ov oy SRS AN 47 470 L ARVE R o>la A% 4 *°,0
PN X \ * ) oYa PN LW 07 9
4Ten RPN o¥le wt g AP RSN @
5 ARG ANS 0?0 43 S ? .
4 EXUPY 0?3 o)
i SN 3




.24

16}
AN Kz =1.5
z-.
osH{ \ , |
N ’\"\‘K§= .5\\ Nmax |
~ \’ N m
Ic < = ' -
g ° \ S 10 \} 2.0
\ ) \ Kz =10
| , \
S -o8f © \ \
o \\"/‘\ | by
. 2 .
P
. ‘l \
'
\
-24- \












éyVA /Cs

16

12

‘ — By VA—-/Cs, EXVA/CS
41~ " (Nmax =10)







y A |
L 4
L L




407 9 >
'60;) q\Y\
03 %&4 W a7 3
% 6(\\") \\AV
> 4 : -
0> y2° AN
5 AN
03\’ \16 S Rl -
30 FEEHET T
3“30 4 N Q
IR "5‘50 4% ' )
‘600 (\‘.\'d © Y)’t\é > Ad7
> 045 \,‘\_ }.g 3%(\& . e\
N\ o ot ¥ )
o 40 4 ,or w?
40 + <47 3 ? -
% 2 \\" » XY {
o S » < e
\6’-)6 + ~3 W £
o \ > <
O")"a ﬁé QOO g\“
* 3 é \
) v\%“\ o c‘,b‘d *)-'do ’)d ' Y . Q-
'4_)(\ ’z oY q,\‘ NY |
\ 6\\*\\ o LY 0’:;"5 2% & *‘“00 dé(\\‘\
o N <> o )
> V2 > 2 40t 490
NANMVY. s o™ ¢ ‘N"\ 6> 40
03 5’4 w0 3 S
@ SO et £
\50& C.)\ 0* ‘dﬁ
o> 40 4°7 o
‘35 > 'r)‘d \,\‘) %)
3 y \ L W©
c'% (\VQ & 46 d o
EY AT (0 % 22
£ S e W
3 Dt SR 0%
(0043¢ 82 SR v
A 93 e R qegx N e\
ﬁ(\&' 3 \ o < G -;,6‘
LTS A »
3 * e 2
) > q,\\‘\ + > ™
1 0 3 o
a3 49 40 Qv
29 > AN e 2
o?25e¢° LY ™
s ® \a(‘\’) g\eﬁ o* RO
L Mo o2 K <0 ‘s,;(\“

O < %(\\3 g %3 ) (\xg %\\.A\« ‘* ‘\‘b
(\\"3 \ \\(\3 00* ):\ 'd"\ 6'31536‘46 _]\V(‘Oooﬁ ,}0‘\
36\4' \Nd > 0.4 A N e \&.(\\' c.’\\

\ W * W 3 g
»® © o ¢ 0> ,2°
63° 58" 402 3% v
‘63 * (\\v')d \V\‘ Pe “Q\
032 50¢ N ’«H“Q N &
‘6:) " 2 C‘\(x » W
3‘3\ & \ ad
0?72 +¢° RS ®
s ® oY A ot K
LA o> 6"6 9360 ;33(‘
38 2w »2 430 ed
QY \ Y < o N
SN 22 KL ¢0° ~¢é‘“\ ° >
el i ! e \\'\\' + N
— f‘g -\"\'\D " $36 *\é(\& 46 (3\\)‘)’ 0 )‘9“\.‘3\:\ ~
b ? o? <4 <© o
}.9 0'30’ 4° N <4 o (\‘\
A 4“”\ 3& * 0“) w> Qe
AR s ° &\x N \ o LA
3 Sttt . Rt 000
a® oo ® ) \5(\&0 g\‘
_ . 3
A 038"
a . s
- f\* . ““‘4. °
. » !
(\* ,¢'~‘§‘¢§ g
. a* .};\v\"‘:\



PLASMA (x>0)

— X

b€ (x)

VACUUM (x<0) | -




\ Qg AU |



LAUSANNE 6 PINCH

y | = S
7 N\ NS M NNF
* o — e ¢ e—— ¢ — ¢ af— \o— T-.—._ S

AN | N P N

11111111111

ke kot dondl L Lendendndlondendlondendnndontendnddndditmdi




SNE

PR

~h Y




t(ps)

60

50}

401

30t

20|

10}
o)

et g







- PROTO-CLEO

VACUUM
‘TANK

CALUMINA

HELICAL — SUPPORT
~ MAGNETIC RINGS

 FIELD COILS.

HELICAL
LAUNCHING

STRUCTURE

\RF FEED



.J .
e i

PO,

PRTE 3




r (cm)






RO-2 STELLARATOR

TRANSFORMER

RN\ €T3 ROGOWSKY colL
| \\\\ \ $1300
PHOTOMULTIPLIER \\

~ — $85
, % — BOLOMETER
RF CIRCUIT .
C
C
HELICAL
WINDING
- 2=2

DIAMAGNETIC GAUGE



|

e



o I e e ="V 8 e, =
PN L e — e e e

T R e w — w —wr S m—————— e — - e

———— e e o —
——— e —— ———

140

120

100

®

Pev-cm

E x10

18
16
14

wuh o . © 7o) <

<

WSIJIL3NOVIAVIQ

oo
a0 60 |
RF INTENSITY

—300

20 .




e e e e ————



HELIOTRON-D

MONOCHROMATOR
HIGH SPEED CAMERA
T
TOROIDAL COIL e
s ) (LASER SCATTERING)
o MAGNETIC PROBE
" RF COIL Q?& -
| ~ S ——Ti -
 HELICAL ' (DOPPLER
CoIL BROADENING)
VACUUM
CHAMBER
Ne” o
(4mm L WAVE) MONOCHROMATOR

0 ~im DIAMAG LOOP







O WITH RF

/ .
® WITHOUT RF ,}5 - ~_/d .
4 /’ // // > o
Y f— e
//. // p
/
/ V4 / / V4
~
/ﬂ / -~
P / o &
] = N \@
| ! o &«
l ~
k Q\)
100
3 | B 2.9 kG
@ He
- ‘\‘{D
o) 1 1 1 1 |
0] 10

RADIUS (cm)






ATg (eV)

450
100}
"He .
50} ® 29kG
o 2.6kG
5 Ne =6~10x10'8 m3
X | :
O — o o0& a
B %)
| \ <l’?fé ]
0 100 200








