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DYNM41CAL SUPERSYHHETRIC DIRAC HAHILTONIANS

Joseph N. Ginocchio

Theoretical Division
Los Alamos National Laboratory
Los Alarnos,NH 87545

INTRODUCTION

Most recently a relativistic quantum mcc!lanicaliipp~oachto nuclear
1

physics has proven promising. IIowe-orwe kn~w from the lntcri{ctingbosor
2

model of nuclei and the fermion dynamical symmetry model 01 nuclei3“5 th;,z
*

nuclrar spectra exhibit dynnmical symmtries. Perhaps these ~ymmetrics

have their basis in a renltivistic theory, partfc’~larlysinc~ the spln-

orbit potential is a relativistic effect. For this reason I #ould liku tc

explore illthis Symposium certain Dirac Ilamiltcmians,al.t.boughI don’t

pretend to come anywhere near the above-stated goal i.~this ti~lk. TIM:

DIrx llnmiltonlnnI would like to consider is that of n noutrnl f~’rmlon

ir[~ractln~ with a r.(’nsorflrlrl,sny for ex~lmplethe cloctromagno~lc rl~sl(:

tensor. In this pnpcr 1 sh.111usc the liInEuiIzcof QEl)since It Is our ho:-

kl)own~C~lLIVIStLC q[liillt:urn theory. Ilowuvrr,LllcHnml!lnlll;lnsrnillin~(~a

more p,cl:rr:llnpplicnblli(y for ox(lmplcto Qlll)lor :J(H)6,

.-.. . _____———
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First we shall disc~ss A supersymmetry found for a general Dirac

Hamiltonian of this type, Then we shall discuss a special case of this

type of Dirac Hamiltonian.

THE DIRAC HA!!ILTONIAN

A neutral fermion can interact with an external electormi~gneticficlci

through its ‘anomalous” magnecle moment M’ , i.e., the difference bctwcrn

its mensured magnetic moment and the Dirac magnetic morncnt. For cxnmplo

the anomalous magnetic moment of the neutron could be due to its meson

clcud. In any case the Dirac equntion is

We use the usufilnoLatlon l-orIIW 4 x h I)irncmntricrs,
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Oi

‘i-F ‘ i
-1,2.3 (3C)

‘i - ‘Ijk+k
Furthermore we asaume that B - 0, and the elec~:ic field is ce~~trally

“usymmetric ~ - r ~r , ln this case the Dirac Hamiltonian is spherically

symmetric and conserves the :oral anagular ❑omentum j ●nd projection p,

helicity v,
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H=H-

where

h+ o

OH . 1
-&- ROUGH DRAR

(6a)

i+ - (mc)2+hth-p2+ V-W (6b)

ii- (mC)* + hht .p*+v+u (6c)

and the potentials V and W are

[1
2

v- (mc)2 + $%

Clenrly the eigenvalucs of ~ are t~, Furthermore H+ and H are each.
Schrocllngerequntions which have $lffe~cnt pc:~nt,ials,but the san,q

cigrnvalues:

il$(-) - ,2,h(-)
-s s

(6d)

(6e)

(7il)

($- [10 h+
o (1

(J - [1
o 0

h O J

(Nil)

;III~l (lItl sill)[’l-svinin(’{l-l(. IlmilfrIIIl;IIl1s
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ii- (mc)2 + (Q+,Q]

and clearly

[Qt,ti]- [Q,H] -O

Thus Q+,Q, H generate an sl(l/1) supersymmetry,

For a singlet representation of this nl.gebra

Qtis- Qf#,- O

which implies that

I,t@(-)- 0
s

~,$(+)- ~
s

rrom (s) this leads to

ROUGH DRA~

(9)

(lo)

we would hz.:e

(11)

(123)

(121))

(131))
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is clear from (13) that there WY be more than ore of these eigenfunctions

with the same eigenenergy.

[1
Furthermore the Dirac eigenfunctions will be $s = @(+) ~ *, -

[1

s’ s

O,@(-) with CS - + mc and c - - mc respectively.
s s

In particular if #(r)r~rp,
(+)

where JR@, then clearly #s will be

normaliza’le and well-behaved for positive helicity states, u - 1. But
#)
s

will not be formalizable. Hence there will exist an infinite
13

❑ultiplet of states (j - z, ~, ...) with the same energy c - mc, and which
s

do not have a lower component.

For a doublet representation, the algebra gives for each eigcnfunction
2 2

with t~ # mc ,

~+vi-) - (c~- lhc)f+)
s

The covariant Dirac Hilmlltonlanwill then hav(tn dynnmic

supursymrncLry,

!-l-
C

!!llrr It

/Ill- mlQ’-Q

(14a)

(1411)

(lf,c)

(1!))
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In this Symposium, a similar supersymemtry has been found for the

Mrac equation with minimal coupling to the external four-vector

potential*. However this supersyuunetrydiffers from the one-we have

discussed in that 75 is diagonal rather than 7.. Hence chiral symmetry is

presetved rather than parity. We can call the supersymmetry dism’ssed here

70 -supersymmecry, and the other 75-supersymmetry.

A SPECIAL CASE

I-t us consider the special case of a harmonic electric potent!al

d - 4*Y*, Then the potential V is also harmonic V - (MC)2 + 4[1fdo*r*,
and the potential W has no radial dependence, U - W (;~l + 1

0 ~), where

‘o - (2)ksn)and w - 2p’#o/mc. Then the supersymmetric Hamiltonian can be

written in terms of the harmonic oscillator quantum number operator,

ii+ -’ (mc)2 + 2 m~w[; - ;J] (16a)

fi - (mc)2 + 2 m)lw[;+3 + ZS:] (16b).

.
t-wllerzN - a ~ a and counts the number of oscillator quanta

at.+

[q JzmPw ‘q + i~rq 1
card

(17a)
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This special Dirac HamiltonIan
10

has been considered as a model for spinor
11

quarks , befuxe supersymmetric

supersymmetric %mlltonian (16)

recognizing its relationship to

quantum-mechanics. Later the

was considered without (apparently)
9,12,13

the Dirac Hamiltonian.

The radial eigenfufictions

oscillator elgenfunctionswith

(13), and as noted in the last

behaved eigenfunctions with ES

are clearly given in terms of the harmonic

radial quantum number n - 0, 1, ...,. From

section, there are formalizable and well-

- mc which correspond to n - 0 and u - 1,

j-$e-fidor’
J+) *(+)r
n-O, V-l,j - j

(18)

However the lower component w(-) in (13) is not formalizable. This
n-O,v=l,j
7,8,9,12,13,M

corresponds to other results that the ground state of a

supersymmetric HamiltonIan has only a “boson” normnlizable eigenfunction.

We also note that the ground staL.eexists for an Infinite number of j,

1~
j-2J2, ,.. ,as noted in the last section, In fact this infinite

degeneracy is even more widespread. If we look at the exact eigenergie~;
11

for all states , which we can find easily from (16),

b-l

[ 1
i

1? (mc)2 + 4 m~wi 2
nu..lj-

U--l

(19il)

(191))
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Hence we see that, for the

depends only on the radial

-9- ROUGH DRA~

states with positive helicity, the energy

quantum number n and net on j, and hence these

states are infinitely degenerate for ●ach radial quantum number, not only

for n-O. The states with negative helicity have finite degeneracies. For

example for v--l, n-O, j-~ andn=l, j+ are degenerate. Because of these

degenerate bands, it is convenient to define a new quantum number in place

of the radial quantum number

k- 2n + (1 - U)(j+l) (20)

Then all the states in a degenerate band have the same value of j. Also

the bands with v-1 have k even, k-O, 2, ... and those with u--1 have k odd,

k-3, 5,,...

The etgenenergies will then depend only on the ir,tegerk,

‘k
- [(mc)2 + 2mhwk];

and the allowed values of k are

k- 0,2,3,4,5, ,..

and the allowed values of j are

(21a)

(21b)

FJ~rauseof these additional degeneracie~ we ❑ay ask whether or not

there is H higher symmetry in this special case similar to the hi.~i~~~ (SUq)
J

the non-relatfv~stic harmor.~coscillator. Tl~iS
~ase14,15 However we have found the ladder

from one Dirac state in the degencrnte band to the

operator is



-1o-

and it has the ladder property

lwkj
- ckj~k,j+u ‘

ROUGH DRA~

(22a)

(22b)

“hereckj
is some constant. That is, it leaves k constant but increases

(decreases) the angular momentum for positive (negative) helicity sc~:es

thereby generating all the states in a band., The It and ~ commute with the

Hamiltonians,

[iit,~] - [X,n] - [~t,H] - [~, H] -0, (23)

but ~,~i do not seem to form a closed algebra.

CONCLUSIONS

We have shown that the square of the Dirac HamiltonIan of a neu:ral

fermion Interacting ~’iaan anomolous magnetic moment in an electric

potentia~ is equivalent to a three-dimensional supersymmetric Schrodinger

equation, If the potential grows as a ~ower of r as r Increasea, #YdcrP ,

P>O, then tne lowest energy of the Hamiltonian equals the rest mass of the

fermion, and the Dirac eigenfunction has only an ‘Ippercomponent which is

formalizable. Furthermore there wI1l be an infinite number of states with

the same energy but different angular momenta, j - LJz, ~, ... , Also. :he

higher energy states have upper and lower components which form a

supersymmetric doublet, and each separately are eigenfunctions of th~

supersymmetric H.amiltonianwl.ththe snme eigenvaluc,
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