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DYNAMICAL SUPERSYMMETRIC DIRAC HAMILTONIANS

Joseph N. Glnocchio

Theoretical Division
Los Alamos National Laboratory
Los Alamos, NM 87545

INTRODUCTION

Most recently a relativistic quantum mechanical approach to nuclear
physics has proven promising.1 lowe ‘er we knew from the Interacting boson
model of nuclei2 and the fermion dynamical symmetry model oi nuclei:“-5 tha:
nuclear spectra exhibit dynamical symmotries.* Perhaps fthese symmetries
have thelr basis in a realtivistic theory, particularly since the spin-
orbit potential is a relativistic effect. For this reason I would like tc
cxplore in this Symposium certain Dirac Hamiltonians, although I don’'t
pretend to come anywhere near the above-stated goal Ia this talk. The
Dirac Hamiltonian I would like to consider is that of a neutral fermlon
irteracting with a tensor fleld, say for example the clectromagnetic fleld
tonsor. In thie paper [ shall use the lanpuage of QED sincce it is our be:-

known realtivistic quantum theory. However, the Hami!tonlans can have

1

more general applicability for example to QUD™ or QCDG.

* .
Sce also talks by R, Casten, D, U, Feng, and G. L, Wu i this Symposiam,
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First we shall discuss a supersymmetry found for a general Dirac
Hamiltonian of this type. Then we shall discuss a special case of this
type of Dirac Hamiltonian.

THE DIRAC HAMILTONIAN

A neutral fermion can interact with an external electormagnetic field
through its "anomalous” magnetic moment u', i.e., the difference between
its measured magnetic moment and the Dirac magnetic moment. For example
the anomalous magnetic moment of the neutron could be due to its meson

clcud. In any case the Dirac equatjon is

R ¥ 1 iz :
H‘l's - ﬂ[v'P t e 1“1"? + mC] \bs - «sws W)

We use the usual notation ror the 4 X 4 Dirac matrices,

1 0
[ 0 7
- - - bl ‘ R
1!: l 'Uk B ak, k 1, 2,1 ()
The bound states are deneied by the quantum number s and 7 are the 2
Fanli matrices.
The electromapnetic fteld tennor is
’ d
P U Y o
X Jdx
v T

where the feour-vecior potential, electrie field and magnetic eld are

A - co.ﬂ) Wt
"
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l-:l-r“. {=1,2. 3 (3c)

k
B, - cmpi (3d)

Furtheruore we assume that B = 0, and the elactiric field is ceatrally

A a!(..)

symmetric E =71 ar In this case the Dirac Hamiltonian is spherically

symmetric and conserves the totral anagular momentum j and projection u,

helicity v,

(i)
I+

which has cigenvalues 41, and parity n,

j-l
= v(-1) 2 (4b)

Thus we shall have

s - (nwjp) (4c)
where n is the radlal quantuz umber,

- \
We write the Dirac wavelZactlion as (wi‘),wi )) whor e Wi.' is the upper
() [ [ [

component , and t* the lower component.  “hen

the DIvae Hamfltonfan (1) red .cey to

t
me h .
no- [ h -me ] (’-I\

whore

h1 -

Casp t 1 op'E) (")

" we sguare 1, we pot a dlagc-al Hamiltonlan N
| ¥ !
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H 0

- 2 +

H=H = 0 I'-l_ (6a)
where

A= )2 s hthap?ev . (6b)

H - (mc)2+hhT -p2 +V+W (6c)
and the potentials V and W are

2, [u 4]’
V= (me) + [c dr (6d)
Mot (1 {4 24|, 2002

L r2 l ar ¥ ar) *rar ol (6e)
Clearly the eigenvalues of H are ci. Furthermore ﬂ+ and H_ are each
Schrodinger equations which have different pstentials, but the sane
elgenvalues:

5 () 2 (+) ]

H ¥, €V (7a)

i) - Zul) (/)

This means that the square of the Dirac Hamlltonian is a

. )
supersymmetric Schrodinger Hamiltonlan 8 in trree-dimensiouanl Hpnvv(. The
supersymmetric penerators are
t
t_. 10 h .
Q [ 0 0 (81
0 0 ]
Q- [ h 0 ) (#h)

and the supersvimmetric HamilTtonian Is
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R = (m)? + 1Q".Q
and clearly
Q') - (Q.R] - 0
Thus QT.Q, H generate an sl(1/1) supersymmetry.
For a singlet rc¢presentation of this algebra we would have
e, -aly -0
which implies that
ntel) -0

h¢(+) - 0

S
Trom (5) this leads to

; '
- (o)
(1) (1) Kc t
ws - AVJ [ r

where

Lt - () 1 ';_') -1

(+)

and A
v)

fs the normalization,

From (9) we sce that these singlet eigenfunctlions will be

. . ? .
clpenfunctions of the supersymmetric Hamiltonfan with ey 7 (e

course whether or no' they are well-behaved elpenfunctions, oo,

at the oripin ana normalfzable depends on the detadls of ¢(r).

ROUGH DRAFT

(9

(10)

(11)

(12a)

(12h)

(13a)

(13

of

repular

However [t
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is clear from (1)) that there may be more than ore of these eigenfunctions

vith the same eigenenergy.

Furthermore the Dirac eigenfunctions will be y = w<+),0 Y -
8 8 s S

[0,¢:') with € = + mc and ¢_ = - mc respectively.

In particular if ¢(r)r:°rP, where P>0, then clearly ¢§+) will be

normaliza’' le and well-behaved for positive helicity states, v = 1. But

wi-) will not be normalizable. Hence there will exist an infinite
multiplet of states (j = %, %, ...y with the same energy €, — mc, and which

do not have a lower component.

For a doublet representation, the algebra gives for each eigenfunction

with si ” mc2.

Q+W§-) - (cs- u.c)‘l!i+) (14a)
QW§+) - (e 4 mc)Wi-) (14b)
QW) — el -0 (Lac)

The covariant Dirac Hamlltonlan will then have a dynamic

supersymmetry,
'
Hc -M-m+rQ -Q

since It {8 a lInear combination of the pencerators. The elpgenfunct fons
<11 be either supersvinmetric doublets or sinpglets,  In fact we could have
wsed H - and Hl as the supersymmetry geonerators since

i - l|n ,n*) (%)
2 ¢' ¢
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In this Symposium, a similar supersymemtry has been found for the
Dirac equation with minimal coupling to the external four-vector
potential*. However this supersymmetry differs from the one we have
discussed in that g is diagonal rather than Ty Hence chirai symmetry {is
preserved rather than parity. We can call the supersymmetry discussed here
7" SuPersymmecry, and the other 75 -Supersymmetry.

A SPECIAL CASE

Let us consider the special case of a harmonic electric potential
¢ = ¢orz. Then the potential V i{s also harmonic V = (mc)2 + 4[ gl¢o]2r2,
and the potential W has no radial dependence, W = Uo(g-i + %), where
wo = (2fom) and w = 2p'¢o/mc. Then the supersymmetric Hamiltonian can be

written in terms of the harmonic oscillator quantum number operator,

k=S
]

(me)2 + 2 mpw[N - o1} (16a)
B = (mc)2 + 2 mpw[N +3 + a2+ (16b)

wher2 N - af- a and counts the number of oscillator quanta

t 1
aq J2me [pq + lmqu] (17a)
and
h! - geat (17b)

h - oea (17¢)

*
Sce talk by L. O'Ralfeartalgh In this Symposium,
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This special Dirac Hamiltonianlo has been considered as a model for spinor
quarksll, befure supersymmetric quantum mechanics. Later the
supersymmetric Hamiltonian (16) was considered without (apparently)
recognizing its relationship to the Dirac Hamiltonian9'12'13

The radial eigenfunctions are clearly given in terms of the harmonic
oscillator eigenfunctions with radial quantum pumber n = 0, 1, ... From
(13), and as noted in the last section, there are normalizable and well-

behaved eigenfunctions with €, = mC which correspond ton = 0 and v = 1,

1 -u’, 2

- ‘r

(+) - (+) J 2 Hc'0
0, v-1,§ " Ay F © (18)
However the lower component iﬁ;g v=1,] in (13) 1s not normalizable. This

corresponds to other results7'8'9'12'13’1a that the ground state of a

supersymmetric Hamiltonian has onlv a "boson" normalizable eigenfunction.

We also note that the ground state exists for an infinite numrer of j,
jo= %. %, ...,as noted In the last section. In fact this infinite
degeneracy is even more widespread. If we look at the exact eigenergies

for all statesll, which we can find easily from (16),

y=1

1
2

Enurlj- [ (mc)2 + 4 mpwn ] (19a)

v—-1

1
cnv"-lj_ [ (mc)2 + 4 mfw(n ) 4 l)]? (19b)
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Hence we see that, for the states with positive helicity, the energy

depends only on the radial quantum number n and nct on j, and hence these
states are Infinitely degenerate for each radial quantum number, not only
for n=0. The states with negative helicity have finite degeneracies. For
example for v=-1, n=0, j-% and n=l, j-% are degenerate. Because of these
degenerate bands, it is convenient to define a new quantum number in place

of the radial quantum number
k=2n + (1 - v)(j+1) (20)

Then all the states in a degenerate band have the same value of j. Also
the bands with v=1 have k even, k=0, 2, ... and those with v=-1 have k odd,
k=3, 5,

The eigenenergies will then depend only on the integer k,

2 1
e, = [(me)” + 2mhwk)2 (21a)

and the allowed values of k are
k=0, 2, 3, 4,5, ... {(21b)

and the allowed values of j are

Because of these additional degeneraciesn we may ask whether or not
there iIs a higher symmetry in this special case similar to the higner (SU3)
symmet1y that occurs In the non-relatlvistic harmoric osclllator. This

14,15

rloes not seem to be the case However we have found the ladder

operator whlch steps up from one Dirac state in the cdegenerate band to the

next Dlrac state., This operator is
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2t _ | @xHnt _.o]
A [ o ntexD) (22a)

“and it has the ladder property

rd
A ¢k_1 - ckj‘k,j*‘v ’ (22b)

where ckJ is some constant. That is, it leaves k constant but Iincreases
(decreases) the angular momentum for positive (negative) hellcity stares

thereby generating all the states in a band. The Kt and A commute with the
Hamiltonians,

(A1,8) = (.8] = (AT,H) = (A, u) =0, (23)
but K,K* do not seem to form a closed algebra.

CONCLUSICNS

We have shown that the square of the Dirac Hamiltonian of a neu:ral
fermion iateracting via an anomolous magnetic moment in an electric
potential is equivalent to a three-dimenslonal supersymmetric Schrodinger
equation. If the potential grows as a ,ower of r as r increases, ¢r:¢dcrp.
P>0, then tne lowest energy of the Hamiltonian equals the rest mass of the
fermion, and the Dirac eigenfunction has only an 'pper component whicx is
normalizable. Furthermore there wjill be an infinite number of states with
the same energy but different angular momenta, j = %. %. +++ » Also, the
higher energy states have upper and lower components which form a
supersymmetric doublet, and each separately are eigenfunctions of the

supersymmetric Hamiltonian wlth the same eigenvalue,
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