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I 
A fission channel has been added to the intr~nuclear-cascade-evaporation model of nuclear 

reactions so that this model may be used to obtain the differential particle production data 
that are needed to study the transport of medium-energy nucleons and pions through matter . 
The earlier work of Hahn and Bertini on the incorporation of fission-evaporation competition 
into the intranuclear-cascade-evaporation model has been retained and the statistical model 
of fission has been utilized to predict particle production from the fission process. Ap­
proximate empirically derived kinetic energies and deformation energies are used in the sta­
tistical model. The ca lculated residual nuclei distributions are in reasonable agreement 
with expe~imental data, but the neutron multiplicities at the higher incident nucleon 
energies > 500 MeV are sensitive to the level density parameter used. 
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Introduction I !the fission width in conjunction with the assumption 
1 jthat no fission occurs for elements with atomic number 

For several applications, e.g ., studies of the 
1 feasibility of converting fertilT to fissile material 
1 using medium-energy proton beams , and in designing 
facilitie s to produce an intense source of low-energy 
neutrons by using medium-energy protons2, it is neces­
sary to carry out calculations of the transport of I 
medium- and low-energy nucleons and pions through fis-

1 less than 91. After a fission has occurred, t1>10 ex­
cited residual nuclei remain and further particle 
emission by evaporation occurs. The work reported 

1 sionable materia l. To carry out such transport calcu-
l ations it is necessary to have available differential 

I 
particle production data from the co l lision of nucleons 
and pions with fissionable nuclei . In this paper a 1 

1 fission channel, that has been added to the intranuc- . 
1 lear-cascade-evaporation model of H. W. Bertini3,4 so 
1 that this model can be used to provide this needed 
J diffc1·cntial particle production data, is rlP~rri hPn I 
1 
and comparisons between calculational results and ex-

1 

1 perimental data are presented. 

I In a previous paper, H. L. Hahn and H. W. Bertini5 : 

I 
have shown how the probabil i ty of fission may be incor~ 
porated into the intranuclear-cascade-evaporation j 
model, but they did not extend their calculations to 1 

I include particle production following fission. In the ,· 
! present paper, this particle production following 
l fissi on is included by using a version of the statisti-
1 cal model of fission developed by P. Fong.6 To a large 

here is primarily concerned with estimating the mass, 1 

.atomic number, and kinetic energy distributions of the 

!
nuclei produced from fission and with estimating the 
kind, number and energy of the particles that are 

•evaporated following fission . 
! 

Statistical Model 

Let the set (Af,Zf, mof• Ef) be the nucleon 
number, proton number, rest mass energy, and excitation 

,energy of the fission ing nucleus . Similarly, let the 1 

I
~Pt. (A;, 7;, m0 ;, E- .) be the corresponding values for 

1 
the fission fragments where i takes values l and 2 
corresponding to the light and heavy fragment and r 

1takes values S meaning evaluation at scission time, ts } 
jand E meaning evaluation at evaporation time, tE . If 1 

1 I 

I 
md= mof - mol - mo 2 ; Q = Ef + md ' (l) ' 

conservation of energy gives6•9 I 
ElE + E2E = Q - KE = E1S + E2S + D (2) 

where D is the total "deformation" energy at ts and KE 1

1 extent the physical data that occur in the statistical 
, model have been derived from the ex~erime~t~l measure- 1 ' ments of D. H. Epperson .? Calculat1ons s1m1lar to 
1 those presented here have previously

8
been given by 

V. S. Barashenkov and V. D. Toneyev. In the model 
used here, however, much more reliance is placed on 
empirically derived constants than in Ref. 8. 

1i s the relat i ve kinetic energy at tE. Also 
( 3) , ~ -

Intranuclear-Cascade-Evaporation Model 
I 
1 The intranuclear-cascade-evaporation model of 
jmedium-energy nuclear reactions as implemented by 
· Bertini has been described in detail previously3,4, 
so on ly a very si mple discussion of those parts of the 

•model that have not been modified will be given here. 
Basically, the model assumes that nucleon- and pion­
nucleus nonelastic collisions may be considered to be 
a two-step process . In the first step the cascade 
nucleons and pions are emitted l eaving an exicted 

, residual nucleus. In th~ second ·step this excited 
nucleus loses its excitation energy by "evaporating" 
particles. If the excited residual nucleus has a suf­
ficientl y large atomic weight and number, fission will 
compete with the evaporation process. Hahn and 1 
Bertini5 have considered this competition and have 
found that reasonabl y reliable results can be obtained 
by using an excitation-e·nergy-independent empirica ll y : 
derived formula for the ratio of the neutron width to ' 

'where K, is the relative kinetic energy at ts, Cs is 
the Couromb potential energy of the deformed fragments 
lat ts, and Vs is the Coulomb potential energy of two 
1spherica l nuclei in contact . 

I Conser~ation of momentum can be carried out rela-
,tivisticall y at tF in the c.m. system. Then 
I -

(4) 

l , 2 
(5) 

(6) 

and P, the magnitude of the momentum of each fra gment, 

i 
! 

i s given by 
m m 

p2 "2K ~ 
E m!!f 

(7) 
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i ! The kinetic energies of each fragment are obtained : 
:using the value of P from Eq. (7) and isotropy in the · 
1 c.m. system. The density of kinetic energy states will 

be needed in the statistical model. The relativistic i 
. value for this is proportional to w(KE) where 

dP E1E2P A1A2 
w(KE) = p

2 dKE = --m;f i·.= A1+A2 IRE (8) 

i Thg primJry postulate of the statistical theory I 
·of Fang is that the yield of fission fragments, I 
1 N(A2 ~Ef), is taken to be proportional to the total ! 
· dens1ty of quantum states at scission time, integrated 
:over all variables. The density of excitation states 
; at ts is written 

"' P;s = Pr; exp [2/a;E;c] i = 1 ,2 

excitation energy above the 
"chargcteristic" ground-state 
level , 

(9) 

(1 O) 
I· 

. I . I 
I 1 

I

I ll; pairing energy, 
Pri preexponential factor, including 

I
I an integral over all angular 

momentum states, 
i a; = "1 evel density parameter." 

I For given deformation energies, D., the product 
'"' "' 1 '! iP 1sP2s w(KE)' where w(KE) has been given previously, 
!is proportional to the total density of states. De- ·I 
:fining 
i Rm = Q - t. 1 -t.2 (11)' 

P(D,k) = probability of a given D and k, 
one can wri·te quite generally, using 1 imits determined 

.bY the conservation of energy conditions, 

zH Rm-kminVs (Rm-D)/Vs Rm -D Rm-D-KE 

N(A,,E,Ifi:D kll:mio ['' [" 

( 12) 

j The limits zl' zH' kmin > 0, and D . (z 2) > 0, 
are assumed tentatively ·to ·be.gTven: __ oun __ .. _ · 
I 
I The probability function, P(D,k), and the lower 

:I 
i 

ilimit, kL(D), must be found from a theory of deforma­
jtion energies. For simplicity, we use the two-para­
.meter t.hP.ory of FonglO, I 

( 13) ! i C· 
'l D. = _21 ·8.2 

1 1 
= 1 ,2 

I 
(14) 

(15) 

: One can solve for 8 1 ~{D,k). The minimum possible 
:va 1 ue of k, if B 1 r is to e rea 1 , is given by 

I . r1s 2 
1 C2[(1+;=-)/a2] 

I kl (D) = [1+~ rl ; Do = 2(l+Dr:l ( 16) 

I D = S, (a1 r 1 s) r 1 s (A1 )/ 
3 

rp cl ll2r2S ; r2S = A2 . ( 17) 

Conversely, the minimum possible value of D(k) is 

I 
Integrations in Eq. (12) are interchanged systema 

tically so as to bring them into the order: 
KE,z 2 ,E 2~, D·and k. The upper limit of the E2c inte­
gration 1s E~ where 

E = m 

Dl (KE,z ) 
OW 2 

R - KE - D1 ( KE, t ) > 0 m OW :.! -

DL (KE/Vs) ' if : <kl (Dmin) 
s 

(18) 

(19) 

i The KE and z2 .. integration l.imits can be worked 

I, out ~o· satis~y Eq. (18). Gaussian-type integrations, 
, earned out 1n Fong 1 s6 manner give 

. N(A ,Ef) exp [2"(ari:a2)E J oK G'crE· p p T 
m E z zc; r1 r2 nn 

( 20) 

(22) 

The overbars indicate evaluation at a "most 
probable" value of 0 = z2 and at KE, the average 
value of KE. Both KE and ORE' the variance of the KE , 
distribution, are taken from experiment, for p on U235~ 
(s~e n~xt secti?n); Oz is the variance of the z2 dis- .· 
tnbut1on for f1xed KE, evaluated at KE; oE . is the 

f th . . 2C 
aver~ge o .e vanance g1ven gy the integral, {ap­
prox1mately. 1ntegrated by Fang ), 

exp[-2~)t;;;' 1 Em exp[Un 2 E2-;;- ·] ! 
oEzc - - dE2c j 

PrzPn exp[ -2/a 1 (Em -Ezc>] ! 
j 

. 1/2 ° x Pn Pr2 (23) .I 

(ala2) 3/4 
A--- s/4 Em 
-(a +a ) 

1 2 

1 The value of z2 is found approximately from the 
·condition 

·-d -·E.= 0 
. dz 2 m ( 24) 

usin9 the Fonq~Wingl2 empirical mass. fo~mula. Rest 
mass and pairing energie·s, taken from l~apstral3 and 
Cameronl4 are interpolated to obtain Rm = Rm(A 2,z2). 

- For the lev~l density·parameters, a;, we used 
where r 1 =radius of spherical nucleus, a 1, and a2 are, the formula 15 
P.arameters (or functions of A2,z 2) to. be determined, I ~ A. 2. 
and the C1 s are Mottelson 1 S "stiffness coefficients", 1 · • a; =......!.. [1 + y (A.-z.) ;A.2] 
.furnishedbyFonglO,ll. 1! B0 o 11.1 

----------------------~ 

(25) 

Pe1ge 
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iwhere B andY are constants. 

I 

0 0 

In this paper, the factors 
taken to be approximately those 
Fong6. 

I The function D0 in Eq. 0 6 ) was eva 1 ua ted using 

(26) 
\i 

'The Monte Carlo procedures to select the needed para­
meters for a random_mas~ splitting are to sample A2 
from Eq. (20) by reJectlon techniques; sample KE and 

i z2 from truncated Gaussians; sample E2 from the inte­
: grand of Eq. (23) by rejection. Then 

E2E E2C + 62+ D2 ; D2 = Dlow(KE,z2)/(l+Drp) (27) 

EIE (Em-E2C) + 61 + D2 Drp~-

Empirical Det~rmi~ation of Deformation Energy, 
Mean K1net1c Energy, and Variance 

of the Kinetic Energy 

Correlated experimental postevaporation distribu­
tions versus A2 for the residual nuclei yields, 
,Y(~ 2 ,E 1 ), average total kinetic energy of the fragment 
:pa1r~ an~ the variance of the kinetic energy for protons 
of k1net1c energy, EI, (< 30 MeV) incident on u23s are 
available from Epperson.- In principle, each of these 
d~str~but~ons i~ an integral over Ef of a preevaporatio 
d1str1but1on we1ghted by the probab1lity of fission at 
·Ef. Neglecting any deoendence on the prefission values 
of Af and zf, the prefission distributions may be 
obta1ned approximately from the po~tevap01·ation dist1·i­
bution by using an average emitted evaporation neutron 
multiplicity v. Thus, taking six values of the inci­
dent proton energy, i.e., Eij for j = 1 to 6, and cor­
.responding intervals in Ef,each with average value Ef·, 
lone has J 
I j 

I Yj(A2,Eij) ~ Pf(Efk)6EfkNk(A~k,Efk) 
I 

j=l ,6 

(28) 

which may easily be solved for Nk(A2k•Efkl· The Eij 
values used were 7, 10, 15, 20, 25, and 30 MeV and 
the fission probabilities and neutron multiplicities 

, were computed by using the intranuclear-cascade-evap-
oration model including the fission channel described 

tin this paper. The Nj's were obtained from Eq. (28) 
·. for Ef .::_ Ef6 • The same procedure was fall owed . 
;ito obtain the functions 'Kr (A 2,Efj) and ai<E(A2,Erjl. 

. The next step in the procedu~e was to fit the I 
yields Nj(A2,Efj) _by ~se.of Eq. (20) from the statistil 
~al model. In th1s f1tt1ng procedure the quantity 
~.Efj) was~determined, and then the quantities 
6Ec(A2.·iEfj), KE(A2,Efj) and crKE(A2,Efj) for Np236 . 
form a permanent data set for use in the statistical 
model code. Interpolation betwee(l the values of Efj 

. was used to obtain data at all values less thaM Ef .. 
. , When the excitation energy exceeds that corresoond9nn 

; to an incident proton energy of 30 MeV the values of­
. these functions (and the derived average deformation 
energy) are simply assumed to have the value calcula­

. ted at Ef6. 

L When the fissioning ·.nucleus is not NP236 a simple: 
--------...=-·------

I 1 . 
1 sea 1ng ~ro~edure is assumed. Thus, if primes are 

1nd1cate values corresponding to N 236 ; used to 
I p ' 
I 
I 

I 
( 29) 

E(A, ,E,l [~:: :::: d E' (A; ,E,l I 30) I 
" I 
!The functions KE(A2,Ef) and crK (A2,Ef) are arbitrarily I 
.s~aled in the same manner as ItA ,E ). These assump- I 
; t1ons modify the distributions jDstf enough to oive thei 
: corr~ct reflecti?n in A2 (since the statisticaf model i 
1 pred1cts symmetr1cally reflected distributions) and tol 
i rna i nta in genera 1 shapes. j · 

2.0 

z 
~ 1.2 
lil 
"' "' ~ 0.8 
a: 
u 

0.4 

'\' 

o.c.x.o,•.•· •- EXPERIMENT 

E(MeV) i 

Fiq. l. Nonelastic and fission cross sectfon vs inci~'·· 
dent proton kinetic energy for protons on U23S. The 
experimental data are taken from o Ref. 16,. ·Ref. 17,· 
~ Ref. 18,· ~Ref. 19, •Ref. 20, • Ref. 21, and 
• Ref. 22. 

Resul~~ and Discussion 

In Fig. 1. The calculated nonelastic cross sec­
tion and the calculated fission cross section for pro­
tons on U238 are shown as a function of incident pro- I 

! ton kinetic energy. The points on the calculated 

I 
curves indicate the energies at which calculations have 
actually been carried out. The dashed and solid curves 

i ~re drawn through the calculated points to aid in I 
. .

1 

1nterpreting the figure. The error bars on the cal cu-i 
lated points are statistical only and represent one I 

, standard deviation. The fission cross section values I 

I shown in the figure were calculated with B0 = ll MeV 

I 
(see Eq. 25), but these results are quite 1nsensitive 
to'the value used .. The calculated results shown in 

; Fig. 1 are not appreciably different from the results 
j obtained earlier by Hahn and Bertini. 

: Also shown in Fig. 1 are a large variety of ex-

1

, perimentally measured values of the fission cross 
section for protons of various energies on U238. In 

·the figure only representative results are shown from 
j some of the references because of the large number of 

.I points available. . 

Because of the spread in the experimental fission' 
cross section data it is difficult to say precisely 
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~that the calculated results agree with the experimental. 
data, but it is clear that above about 100 MeV the i 
calculated and experimental fission cross sections are: 

:in approximate agreement. The decrease in the fission. 
:cross section above approximately 500 f•leV where the 1 

nonelastic cross section is increasing slightly may be: 
due to the fact that pion production is becoming signi~ 

'ficant. As the incident proton energy decreases below, 
100 MeV the calculated fission cross section increases: 
slightly while the very few experimental points do not; 
show the slight increase. This may indicate, as one 1 
might expect, that the model becomes inaccurate at thei 
lower energies but more information is needed before !1 

this can be said with any certainty. 
i 
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!Fig. 2. "Evaporation" neutron multiplicity vs inci­
!dent proton energy for protons on U238. The cxpcri­
!mental data are taken from A Ref. 23, v Ref. 24, 
!0 Ref. 25, and o Ref. 26. 
I 

,J 
.j 

i 

! In Fig. 2 the calculated "evaporation" neutron 
'multiplicity is shown as a function of incident energy, 
if or protons incident on U2 38. The designation "eva pora:­
:tion" neutron multiplicity means all neutrons that are i 
'obtained from excited "compound" nuclei, and explicitly!' 
'excludes all neutrons that are emitted during the 
i"cascade" that takes place before a "compound" nucleus l 
!is formed. The evaporation neutron multiplicity in- I 
.eludes those evaporation neutrons that are emitted 
;before fission takes place, and those evaporation neu-

1 :trons from the excited nuclei produced by the fission , 
·process. The evaporation neutrons have a spectrum I 
that extends into the 25 MeV range, but the .large 
majority are below energies of the order of 10 to 15 · 
MeV. ! . 

Also shown in Fig. 2. are a variety of experimental 
."evaporation" neutron multiplicities for protons on , 
:u23s taken from Refs. 23-26. These experimentally I 
measured "evaporation" neutron multiplicities are de- : 
'fined only very approximately in the various references· 
·and the measured points in Fig. 2 correspond only ap­
proximately to the calcu~ated quantities. 

,. 
I 

L-------·--·-

I 
~ ltO Zm--I.J:I ~ 

i 
i Fio. 3. Residual nuclei distribution from 30 MeV 
i protons on U23s. The experimental data for A> 118 is; 
I from Ref. 7 and for A< 118 was obtained assuming sym­
'metry as described in the text. 

- ~lcuhted 

• eKperllll!nt 

I 
Fig. 4. Residual nuclei dist~ib~~·i~~ .from 300 MeV I 
protons on U2 3B. The experimental data are from I 
Ref. 16. I 

Calculated results are shown in Fig. 2 for three I 
values of the parameter B that occur in the level 
density formula (see Eq. ~25)). As the figure indi-

1 cates, at the .lower energies. the calculated evaporation 
· llneutron·multiplicity is not sensitive to the value of ! 

B0 used, but at an incident energy of 1 GeV the dif- i 

l
ference in thP. multiplicity values for the various B0 i 
values is appreciable. Considering the large spread i 
in· data, it is difficult to decide on "best" value of ! 

IB
0

, but from Fig. 2 'it seems that B0 = 11 MeV is a I 

!reasonable value. It should be.noted, however, that ! 
'jBo enters into the present calculations in a variety of 
complex ways, and therefore it should not be concluded 

1

1that this value is necessarily appropriate in any other 
context. 

I , 

I 
In Fig. 3 the calculated distribution of residual, 

nuclei is shown for the case of 30 MeV protons incident 
on U235 and in Fiq. 4 the calculated distribution is : 

!shown for the cas~ of 300 MeV protons incident on U238J 
I i 
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I In both figures the calculated results are normalized 
f 
! 10. P. Fang, Phys. Rev. Letters l!_, ( 1963). 

ito unity for A.< 160. . . . 

1 The exper1mental data 1n F1g. 3 for A > 118 1s 
1 taken from Ref. 7. Error bars on the measurements 

11. P. Fang, private communication (1978). 

112. J. Wing and P. Fang, Phys. Rev . .!lf_ ( 1964). 

\ A. M. Wapstra, Physica ~. 367 (1955). 
i were not given in Ref. 7 and therefore are not shown. 
:In Ref. 7 measured values were not given for A values 
; less than 118 so the data points in Fig. 3 were ob-
; tained by assuming symmetry about a midpoint defined 
:by l/2 [236 -average neutron multiplicity]. The ex-

113. 

:14. A. G. W. Cameron, Can. J. of Phys. 36, 1040 (1958). 

15. K. J. LeCouteur and D. w. Lang, Nucl. Phys . .u_, 
36 (1959). 

perimental data in Fig. 4 was taken from Ref. 13 and 
!again experimental error bars are not shown because 
; they were not given in Ref. 9. The norm~lization on 
:the experimental data is the same as that used (see 
1
above) for the calculated data. 

The calculated results in Fig. 3 are in very good 
agreement with the experimental data over the complete: 

:range of A values considered. To some extent, this is· 
:to be expected because the experimental data was used i 
:in obtaining the functions used in the statistical I 
1m?del, ~ut neverth~les~, the good agreement shown in I 
, F1g. 3 1s very sat1sfy1ng. The calculated results in 1 

16. P. C. Stevenson et al., Phys. Rev. !ll. 886 (1958). 

17\ (; 9~~l:ner and H. Jungerman, Phys. Rev. !Ql, 807 

· iFig. 4 are in good agreement with the experimental I 
1data at the larger A values (A~. 118) but overestimate: 
!the experimental data somewhat for the lower A values.: 
'In both Fig. 3 and 4 the residual nuclei for the larger 
A values (A~ 200) correspond to incident particle I 

!collisions in which no fission occurred. No experi- ! 
:mental comparisons between calculated results and ex- ! 
!perimental data for these higher A residual nuclei are. 
;considered here but such comparisons are given in i 
1 Ref. 5. I 
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